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Factorization theorems with TMDs 
 Definition of Operators

TMD factorization theorems        
Consistent treatment of 

rapidity divergences in Spin 
(in)dependent TMDs   

Self contained definition of TMD 
operators 

Without referring to a scattering 
process

Quark and gluon components of the generic TMDs

�
ij

(x, b) =

Z
d�

2⇡
e

�ixp

+
�

q̄

i

(�n+ b)W(�, b)q
j

(0)

�
µ⌫

(x, b) =
1

xp

+

Z
d�

2⇡
e

�ixp

+
�

F+µ

(�n+ b)W(�, b)F+⌫

(0)

The soft function renormalizes the rapidity divergences
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Factorization theorems with TMDs 
Drell-Yan cross section

  

Factorization theorems allow us to write cross sections as 
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We write the cross section in terms 

 of a product of TMDPDFs!

DIFFERENT POLARIZATIONS!



Small-b operator product expansion

Small-b OPE       Relation between TMD operators and lightcone operators
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Small-b OPE: Cancellation of rapidity 
divergences
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Small-b OPE for a generic TMD quark operator
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Spin dependent TMD 
decomposition

Hadron matrix elements of TMD decomposed over all posible Lorentz variants     
Polarized TMDPDFs

D.Boer et al. 1107.5294 
M.G.Echevarria et al. 1502.05354   

Naturally 
defined
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Helicity  
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Transversity
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Helicity gluons
Linearly polarized  

gluons

Decomposition over 
Lorentz variants 
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Transversity and 
Pretzelosity at 

NLO



Lorentz structure and 
matching
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Usual spinor structure

Scheme dependent Scheme independent!
Not mixture with gluons 

at leading twist
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Matching coefficients up to NLO
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Analogous relations 
for gluon distributions  
and crossed channels…



Renormalized TMDs up to NLO
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Diagrams contributing to TMDS at NLO

The calculation is  
striaghtforward 

 to the unpolarized case 
M.G.Echevarria et al.: 1604.07869
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Matching coefficients up to NLO
Transversity - Transversity small-b expression
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     This observation is supported by the measurement of                       
              asymmetries by HERMES and COMPASS!  
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COMPASS HERMES

JLAB C.Lefky, A.Prokudin 1411.0580



Transversity and 
Pretzelosity at  

NNLO



Transversity 
distribution



Virtual-Real diagrams

Double WL  Single WL 

Vertex 
Corrections

Self energy

Self energy
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RD RD

RD

L.H.S. R.H.S.
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Pole 1/✏3
Should be cancelled with vertex  

correction term 
in RR diagrams 

No crossed RD 

Pole 
Should be cancelled with  

single WL term 
in RR diagrams 

No crossed RD 

1/✏3

These diagrams are  
exactly zero! 

Quark self-energy 
+ 

Gluon self-energy (TrNf)



Real-Real diagrams

Vertex 
Corrections

 Single WL Double WL 

Self energy

Real ladder Complex ladder

q q

q q

Pole 1/✏3
Cancelled with  

vertex correction term 
in VR diagrams  

As in Unpolarized!
No crossed RD 

Pole 
Cancelled with  
single WL term 
in RR diagrams 

As in Unpolarized! 
Crossed RD 

1/✏3

Depend on  
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From
Crossed RD

Real ladder
Complex ladder

Double WL 
1/✏2

No RD 
Finite result, without plus-distribted terms and deltas

q q
It is zero! 

Odd number of gamma-matrices 
In each trace



Renormalization of TMD at NNLO 
Cancellation of rapidity divergences

Crossed RD cancelled!
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Pure UV divergence
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Matching coefficients
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Results
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Pretzelosity 
distribution



Reduction of the number 
of diagrams

Diagrams with a non-interacting quark are exactly zero
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At NNLO we have the same two cases that in transversity

1-loop result is ✏ -suppressed
Two loop diagrams are less divergent than in another TMDs 

All the diagrams have no poles in ✏



Non-zero Virtual-Real diagrams

Double WL  Single WL 

Vertex 
Corrections

Self energy

Self energy

RD

RD RD

RD

L.H.S. R.H.S.

�+µ

��⌫

No RDs 
Finite diagrams 

Vertex-correction QCD x 1-loop

RDs 
Finite diagrams 

Combined with RR diagrams by 
color factor RDs should be cancelled

These diagrams are  
exactly zero! 

Pretzelosity at NNLO  
does not depend on TrNf 
Sum of these diagrams  
with RR should be zero

No interacting quark 
All the X2 diagrams 

are zero!



Non-zero Real-Real diagrams

Vertex 
Corrections

 Single WL Double WL 

Self energy

Real ladder Complex ladder

q q

q q

No RDs 
Finite diagrams

Only RD in diag I 
With VR RDs should be  

cancelled

Depend on TrNf 
Cancelled with VR

Double WL is zero 

No RD 
Finite result, without plus-distribted terms and deltas

q q
It is zero! 

Odd number of gamma-matrices 
In each trace

No RDs 
Finite diagrams

RDs in both diagrams 
With VR should be 

cancelled



Cancellation of Rapidity Divergences
Expression for renormalized TMD
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Results
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First two diagrams are finite 
Third is zero 

Sum of the diagrams is exactly zero! 
Zero from the beginning 

Odd number of gamma matrices

q q CF part of the coefficient determined and different from zero! 
First term have an enhanced behavior at small-x! 



Helicity distribution



Schemes for     in DR. Small-b OPE   
Lorentz structures
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needs a definition 

in DR! 
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Diagrams contributing to TMDS at NLO

The calculation is  
striaghtforward 

 to the unpolarized case 
M.G.Echevarria et al.: 1604.07869
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Matching coefficients: scheme 
dependence
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scheme dependence!
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Conclusions
The evaluation of the OPE for a general operator restricts the Lorentz structures obtaining 
Leading dynamical twist TMDs 
We have  a complete set of NLO TMD matching coefficients. Complete   -dependent expressions 
allow us to do calculations at NNLO.  

Transversity has a matching coefficient calculated in an analogous way of the unpolarized 
function.  

Rapidity divergences cancelled (Polarized Factorization theorems at NNLO) 

Z’s do not depend on the polarization. 

Pretzelosity has a matching coefficient that 

Is    -suppressed at NLO, explaining phenomenological analysis 

Non-zero at NNLO (preliminar result). It has an enhanced behavior at small-x

✏
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Thanks!!!



Back up
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 of WL by power suppressed in   terms 
Only calculation at          is legitimate!
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R-factor is scheme dependent!

At diagram level                   Eikonal propagators

Non-abelian exponentiation satisfied  
at all orders!
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Pretzelosity distribution
Cuadrupole modulation of parton density in the distribution of transversely  

polarized quarks in a transversely polarized nucleon  
   A polarized proton might not be spherically symmetric

Pretzelosity distribution in convolution 
with the Collins FF generates 

                     asymmetry in SIDIS (HERMES 
& COMPASS) and future facilities (EIC, LHC-b)  
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Helicity matching coefficients: 
NLO results

At           we have the NLO coefficients  ✏ ! 0
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These results agree with the obtained in 
 M.G.Echevarría et al. 1502.05354 

A.Bacchetta A.Prokudin 1303.2129!!



Drawback of schemes.        renormalization 
constant

Drawback of both schemes        Violation of Adler-Bardeen theorem       Non renormalization  
of the axial anomaly

  Fixed by an extra renormalization constant,               Derived from a external condition

Only affect to the quark-to-quark part

At large      TMD factorization reproduces collinear factorization          It is natural to normalize Helicity 
distribution          It reproduces polarized DY which is normalized to unpolarized DY

qT

Equivalent in TMDs           Equality in polarized and unpolarized coefficients     h
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Linearly polarized gluons matching coefficients

Small-b expression for the linearly polarized gluon TMDPDF
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1 (x, b) = [�LCg q(b)⌦ fq](x) + [�LCg g(b)⌦ fg](x) +O(b2)

NLO matching coefficients

These results agree with the obtained in 
T. Becher et al. 1212.2621!!
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