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Event Shapes

Event shapes are observables which are sensitive to QCD radiation. They are functions 
of all final-state momenta. 

In general, we denote the value of an event shape as follows 

Thrust axis is used to define two reference light-like momenta: 

In the case of a single soft-collinear emission: 

IRC safety requires: 
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Event Shapes: Recursive IRC Safety

Define rescaled momenta     such that: 

rIRC safety is the requirement that under such re-scaling: 

For additive observables, rIRC safety is trivially satisfied.

÷ki
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A Banfi Talk

Banfi, Salam, Zanderighi (2005) 

V ({p̃}, k̃i(⇣)) = ⇣
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Cumulative Distribution

Goal is to re-sum large logarithms in the cumulative cross section: 

Sudakov double logs arise from the soft-region of phase-space. 

Soft matrix-element squared:

⌃(v) = H(Q2)
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Webs

Webs are defined by integrating inclusively over the internal variables of the full 
cluster: 

Most important properties of the web: 
Independent of rapidity. 
Always possible to rescale invariant mass to obtain:

w(m2, k2t +m2; ✏) ! f(µ̂; ✏)
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Sudakov Radiator

We partition the matrix elements into clusters: 

Define a resolution observable: 

Pick a resolution parameter         . An unresolved cluster satisfies: 

In the portion of phase space where all clusters are unresolved, emissions are not 
constrained by the observable. 

This allows us to formally exponentiate the web diagrams, which is fundamental in 
building the Sudakov radiator. For instance, at LL the unresolved radiation becomes

M 2(k1, k2) = ÷M 2(k1) ÷M 2(k2) + ÷M 2(k1, k2)
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Sudakov Radiator

Virtual corrections can also be written in exponential form: 

Combine unresolved and virtual: 

Sudakov radiator:
Extracted delta dependance 

Coefficient of               in splitting 
function 
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Soft Part: This Talk



Sudakov Radiator

In fact, our choice of the resolution observable allows an analytic determination of 
Sudakov radiator. 

We can split the soft radiator into two parts: massless & massive

Rapidity bounded by kinematics Rapidity bounded by observable
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<latexit sha1_base64="syTylRvGiM8FEgLHMfJ0Gv1lusI="></latexit><latexit sha1_base64="syTylRvGiM8FEgLHMfJ0Gv1lusI="></latexit><latexit sha1_base64="syTylRvGiM8FEgLHMfJ0Gv1lusI="></latexit>

Finite in 4D at NNLL



Physical Coupling

In the massless soft radiator, the integration over the web mass is readily performed: 

The physical coupling is perturbatively calculable: 

To reiterate, single logs in the radiator only arise from the DGLAP anomalous 
dimension and the soft mass correction
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Coefficients of Physical Coupling (i.e. Massless Piece)

The NLO web yields: 

As an example, focus on the fermionic part: 

Integrating over the web mass yields:
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Mass Correction & NNLL Radiator

The mass correction to the soft radiator yields NNLL accuracy. 

The integral is finite: use 4D web. 

The radiator at NNLL accuracy requires the next coefficient in the physical coupling: 

The full radiator is then expressed as:
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Fractional Moments of Energy Correlations

The observable is defined by: 

IRC safety forces x<2. 

Typical observables: x=0 is the thrust, while x=1 is scalar sum of k_t. 

We are mainly interested in negative values of b, in particular x=3/2. 

This class of observables satisfy an important property: additivity
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Comparison Against Fixed-Order

Including the NLL and NNLL corrections, the cumulative distribution is: 

For additive observables, the NNLL corrections factorize and are evaluated analytically 
(rIRC is necessary). 

For instance, the second order expansion for FC3/2:
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Comparison Against Fixed-Order

ln v
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Comparison Against Fixed-Order
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Conclusions

A systematic method to compute Sudakov radiator, once and for all, for any rIRC safe 
observable. 

Complemented with transfer function, the ARES method achieves NNLL resummation 
for all rIRC safe observables for processes with two hard legs at the Born level. 

For a wide class of additive observables, we obtained a fully analytic result up to NNLL 
accuracy. 

As a case study we focused on an observable, with b=-1/2, where recoil effects are 
already important at LL level.
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