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Introduction

Idea: Automation
® Find generic strategy to evaluate soft functions

® Set up a numerical method based on universal structure of divergences
v’ Isolate singularities with universal phase-space parametrization
v Compute observable dependent integrations numerically
v SoftSERVE

Aim: extend our framework for calculating N-jet soft functions

Motivations

* Soft functions are essential ingredient of factorization theorems (N-jettiness, hadronic
event shapes, boosted tops and etc)

* Subtraction technique for the calculation of jet cross sections in fixed-order QCD
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Outline

Review of dijet soft function calculation (setup and strategy)

(a) NLO: Real emission
(b) NNLO: Virtual-Real & Double-Real emissions

Automating N-jet soft function calculation

(a) NLO: Real emission
Boost invariant parametrization
(b) NNLO: Virtual-Real & Double-Real emissions

N-jettiness soft function
(a) Constraints from RGE

(b) 1-jettiness Preliminary Results
(c) 2-jettiness  preliminary Results

Summary and outlook
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Review:

Dijet soft functions



Dijet soft functions at NLO

d

v Soft functions with back-to-back soft Wilson lines

S(r ) = 7= 32 M(r: () Tr {01880l X) (XIS} S5/0)
%

v" One-loop: Virtual corrections scaleless, real emissions diagrams

» <<

v Soft function at NLO:

s~ [ o (m) 5(K2) 6(K®) M(r; k) |A(K)[2

1
Kk k_

[A(K)[? ~
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Setup of calculation at NLO

Strategy

1. Parametrization: use transverse momentum and rapidity measure

Ky

kr = Vkiko, y= -

k_

2. Generic measurement function (inspired by Laplace space)

M(7; k) = exp ( — T kry"? f(y, 0))

» k7 dependence fixed on dimensional grounds

» 0 is angle between k; and measurement vector v

» f(y,0) finite and non-zero in collinear limit y — 0
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Setup of calculation at NLO

3. Integrate k. analytically

4. Derive a master formula
—1—|—n6—|—a/2

(1+y)~

St ~ (-2t —« / dy / dcosf sin~172¢ ¢ [f(y,@)]2€+a

» singularities from kr — 0 and y — 0 are factorised

» additional regulator is needed only for n = 0 (— SCET-2 observable)

5. Isolate singularities with standard subtraction techniques:

/ dx x— 1 f(x) _/ dx X~ [ £(x) — £(0) + £(0) ]

—_——— =~
finite 1/e
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Dijet soft functions at NNLO

v Virtual corrections scaleless
2 —l—g7—1—
v" Real-Virtual contribution: follow the same strategy of NLO gy (k)| ~ k+ ‘k_E

v" Double real corrections: soft gqq and gg emissions (assume non-abelian exponentiation for C% )

CFCA L CFTan _ CFCA

> & <

v Soft function at NNLO:

RR d v “ 2 0 d v “ 2 0 _ 2
S, N/dk <k++k_> 5(k)9(k)/dl <l++/_> o(IF)e(l”) M(r;k, 1) | A(k, 1|

» Non-trivial matrix element

Ak, DI | AR S R R L e
CrTEng (k_ +1_)2 (ky + 1.)2(2k - 1)2)—— overlapping divergence
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Setup of calculation at NNLO

Strategy

1. Parametrization: collective and relative variables related to a two body system

B k_/_|_ B Yi

pr = \/(k++/+)(k_ +1-) 4= \E \/;
Ky + 14 k_k K

y = -~ * b=,—" =T
ko + 1 I T

2. Generic form of the measurement function

M(7ik, 1) = exp ( — 7 pry"/? F(a,b, 0k, 01, 0))

» p7 dependence fixed on dimensional grounds
» three angles in transverse plane: 6y < (I_{L, Vy), 0, < (TL, V1), O < (lﬂ,ﬁ)

» F(a,b,y,0,0),04) finite and non-zero fory — 0
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Setup of calculation at NNLO

d

A D

fT Transverse
AN space
3&4. Integrate p. analytically and obtain the master formula

Soft divergence

A
r Y

['(—4e — 2a)
L(—e)I'(1/2 —¢)

4
SCFTan (7, 1) ~ (TefYE'U’) }

1 1
X / dydadb / dcos By dcosf; deosbs sin 1 72€0;; sin~172€ 0, sin"272¢6;
0 ~1

y—1—|—2ne—|—a de+20r

X 5 > [F(GJ, b,y,9k179l,95)} J(a,b,y, € )
(1 +a*—2a COS@kl>

N\ NG v N J

Collinear divergences Measurement function Matrix element

Jacobian
Rapidity regulator
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N-jet soft functions



N-jet soft functions at NLO

d

» Soft functions with multiple soft Wilson lines S_
ZM AR Tr (0] (S Sns S - ) 1) (X (S Sna S -+ ) 10)
d. the dimension of color representation and S_are matrices in color space

v" One-loop: Virtual corrections scaleless, real emissions diagrams contribute

v" N-jet soft function at NLO: Sy = Z To - Ty Sqp

ab
S~ [[atka) 00) (22 ) M () ()P
dipole matrix element Dijet matrix element
AR ~ 5o AW ~
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Setup of calculation at NLO

Strategy

1. Boost invariant parametrization: use the transverse momentum and rapidity measure in
the frame where each pair of dipoles are back to back

kr = 2 ka Ky yzﬁ Nagb = Mg "N
\  Mab b kx =nx -k

> Parameterizing the solid angle: Sudakov decomposition is a Lorenz covariant relation

p p

Na ny,
Nab Nab
— 7
NS
M
kJ_

kv, = —kr cos(6;)
ky, = —kp cos(6s) sin(6;)
ky, = —kr cos(04_2) sin(f4—3) ... sin(6;)
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Setup of calculation at NLO

2. Generic measurement function (inspired by Laplace space)

M(1;k) = exp ( —Tkry™? \/na/2 f(y, 01, 92))

» Factorized part of kinematic dependences on n_, : improves numerical convergence
» External kinematics are limited to 4-dim = 2 angles for N-jet processes

3&4. Master formula for N-jet soft function at NLO

Sap(T, pt) ~ F(F?ie) ) (V7ab/2 7'6'7’3,u)26

—14+neta/2

(1+y)

1 1 2¢et+a
X / dy / dcosf; dcosfs sin~ 17260, sin~272€ 0, J ]
0 —1

(9,61, 02)

» For three light like directions (n_, n,, n ):

align n_. with one of the coordinate axes — recover the master formula for dijet soft function
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Setup of calculation at NNLO

v" Two-Loop: Virtual corrections scaleless

v" Real-Virtual contribution

Srv = Tu-TySay + Y (Mab— Aak — Ak) fanc T3 T TS Sipe

a#b a#b#c
~— _
—_——
+1  if X and Y are both incoming/outgoing Three-parton correlation
Axy = 0 otherwise (process dependent)

» dipole contribution : follow the same strategy of NLO
Dijet matrix element

1+4e€ ,
Ag k 2 N ( nab ) ND N 71+ - Nn_ 1+e
| b( )| 2 kg ky AR)] (2A'+ A’:)

> tripole contribution:

v only present in processes with four or more hard partons

v choose dipole n_- n_and follow the same strategy of NLO

)
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Setup of calculation at NNLO

v" Double real corrections:

- - . 7] T
l) radiation of soft qq pair S%I =TF nys Z 1, -1y Sa,fnf
a#b
- ] C
Il) radiation of double-real gluons S99 = Cy Z T, - Ty S5
a#b
lIl) tripole and quadrupole contributions are accounted for by non-abelian exponentiation

» T_n. structure

stent /ddké(kQ)H(kO) (%)a/ddw(ﬂ)e(zo) (%)aM(T;k,Z) ’Ady(k,l)

matrix element

2

TF TLf

Aurp)||, 2RI L) il L kj)?

g (ki + 1) (kj +15)2 (2K - 1)?

Ak, 1 ) 2k U(k— + 1) (ky +14) — (b by — 1 k)
FDleprns (ke 4+ 1-)% (kg +14)2 (2K - 1)?
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Setup of calculation at NNLO

Strategy

1. Parametrization: collective and relative variables (similar to dijet case)
2. Generic form of the measurement function: five angles in transverse plane

M(T7 k7 l) = €Xp ( — TPpT yn/2 V nab/2 F(CL, b7 Y, Hkln anil 3 071/4:27 enll ’ Hnlz))

> External kinematics are limited to 4-dim —» 5 angles for N-jet processes

3&4. Integrate k, analytically and obtain the master formula

—4e — 2a ¢ [t
50~ g (Vi ) [ aydas

1
X / d cos Oy, dcos bk, dcosby, sin~172€0;; sin~272¢ Ok, sin—372¢ Oy
—1

1
X / dcosf,,;, dcosb,, sin~172¢ Oty sin—272¢ Onl,
~1

—14+2net+«
y

X |:F(afyb7y79k’l,0k‘70k’79l76l)
(1+a2_2a0089kl)2 T

“7(0’7 b? y? 6? a)

:| 4e+2cx
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Applications:

N-jettiness soft function



N-jettiness soft function

d

> N-jettiness variable: T = Z mm { 2q; - pk}

¢ runs over a and b for the beams and 1,...,N for the final-state jets and qf =w; N

For simplicity here we consider = min 4 n; -
plicity T = )_min{n; py}

k
where (Q); = 2 w;

Two approaches

» pySecDec (results shown in this talk)

general implementation of sector decomposition algorithm
Cuba library for numerical integrations

» SoftSERVE (in progress)

C++ implementation for N-jet soft function
Cuba library for numerical integrations
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Solving RGE

» RGE for the renormalized soft function and the counterterm

dS(r,pu) 1 1

LR _ 2 s = !

L 5 1s S (7o 1) + 55T, 1) 7

,LLdZS(T“u) :_1%35@_ N) iTas {ZT Ty In(v/2ngp) ZT Ty Acal
du 2 7 a#b c#d

» Soft anomalous dimension given by consistency relation

Ys = FcuSp |: 2 Z T Tb IIl \/ 2 Nab W T + o Z T TbAab} + ,ynon cusp
a#b a£b

{ +1  ifaand b are both incoming/outgoing related to the anomalous dimension

of hard Wilson Coefficient from
0 otherwise matching QCD to SCET

Aab —

Solve iteratively for the bare soft function (provides a cross check for the poles)

SPare(r) = Zg(r, ) S(7, 1) ZE(7, 1)
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N-jettiness soft function

The soft function in Laplace space Zo=1- (Z—;)%
= Za s )2 (1) T=rT1eE
S(T,,u)—l—|—( ppe ) %Ta'Tb(\/2nab/jT> S, (€)
Z Olg de (2 C _\ e 2 Im)
+ [ZT Tb(\/Qna ,LLT) Sab ) + Z fABcT Tb T, (MT)
a#b a#b#c
2€
+— Y Ta Ty Te Td(2\/7nabnc W27 ) SD (15D (e) +oa§)
a;éb c#£d
known results for /
any number of jets
A
4 N This work: Preliminary Results
(1) . 2 0 Il Kl /
Sral)(e)_e_Q—'_g—'_ab—|_6 ab f
2 10 1, 56 7% 4 Tpn
5(2) :(T {____ _(__ ———I ) IFf:|
w ) =\Trms | =35 -gat (-7 g glw)
o 11 1,67 =« 1,202 1172 c
il get 2l 5) t (or T Tt g Te) + 1)
Tolateataly ) T \ar T e e g e ab

poles are known from RGE
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wmencaicness | One-jettiness in pp collision

ct, ¢t -9
1 2 -1 ni2
szb)(e) = —+—+1, +eKy,
¢ ¢ ‘ ni3 =1 — cos(6)
(2) CE3 Ciz Cgl Ca
Sab (6) = (Tan [ €3 + €2 + € Iab ]) na3 = 2 — ni3
1-Loop —, | .+
Proton

beam a
Relative 1.0
Uncertainty 1 sesssssssmmsmmspREEEES)
<0.01% 05 S§2)
0.0 0 0
00 02 04 06 08 10 g5 o5 g4 06 08 10 00 02 04 06 08 10
_ 0 0
2-Loop 03
—_— 10
TF n; -15 -2 -2
—20
-4 -4
Relative = -2.5 5(2) ’ (2) ' 9 . .
Uncertainty 30 - |Teng 13 | e S5 ron, | OUr numerical results using
<01% o -6 -6 VEGAS (dots) agree within the
-4.0 w uncertainty with the known

0.0 0.2 0.4 0.6 0.8 1.0 00 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 results at NLO and the

i divergent terms at NNLO
2-Loop 4 14 (lines)
Cc —_ 12 12 -
A
3 10 10
8 8
Relative 2 6 g2 6 2)
Uncertainty 4 oo® 4 7B e 4 So3 .
<0.4% Sia A
Ca 2 2ls +—s—s-23
0 0 0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

niz/2 ny3/2 nis/2
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Our predictions |

One-jettiness in pp collision

1 1
1 C, C, nig = 2
85 (€)= —7 + —L + 1k, + €KY, 12
¢ ¢ niz = 1 — cos(h)
@ c2, 2, C?, . c2, C?, 2, C?,
_ — -2 -1 FIf —4 — —2 -1 A .
Say (€) = (Tan [ s e T T Lab ] +Ca [ a ta g Tt Lab ]) n23 =2 =iy
1-Loop 1 15 1 15 1
»20 .
K12 K13 K23
Relative 15 10 10 Proton Proton
Uncertainty ) . beam a beam b
<0.01% 10 . . : .
51 . . . 5 ¢ . .
5
0 0 0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8
2-Loop -20 -20 -20
P ITan ITan ITFI‘lf
Ton, —Pg 12 -25; 113 -25 23
.t * . -30}"* e _30 . ‘e een
Relative —40 .
Uncertainty | - =35 . =35 .
<0.1% “ 1 -40 -40
-60 ] -45 © | -as)
-70 -50 * {1 -50
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.8 0.8 1.0
2(;L00p 180 G 160 C +1 160 C
—> . A A
A 6o I3 1a0] 113 140} + I3
Relative 140 120 *1120; |
Uncertainty 120} «
<0.3% 100 « {,100 . 100
80 : .. : 80 . 80 .
60 60 . 60 : .
40 40 e 20 .o
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 06 08 1.0
n13/2 n13/2 n13/2
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wmencaicness | One-jettiness in pp collision

Sum of the dipole contributions and color factors at NNLO for different niz =2
partonic channels gg — g,qq — g,qag — q in the distribution space n13 = 1 — cos(6)
(coefficients of §(71) ). Our results (dots) vs. fit result in Ref.[2] (lines) . N2 = 2 — N3
See Ref[2]<—8()i_ gg—~gaq—gag g 20
6ol K2 fit 0
\ Ref. [1]: Boughezal, Liu, Petriello (2015)
40\ -20
\ _40 Ref. [2]: Campbell, Ellis, Mondini, Williams
0 o (2017)
-20 \ -80
-40 NNLO: related to K',, contribution at one-loop -100 f NNLO: sum of all contributions
-60 \

00 02 04 06 08 10 o o0z 04 06 o8 10 [ef[1]providesone plotforqg— q

3
) 002 TH } | LH 2 Ref. [2] provides useful fits to their
Difference 0.00p 1 {' % % % % % % % % + T 11 1 numerical results. However we could
between our + + + ‘} + + + + + + + + + +H’

-0.02 ol 4 i . gl
results and 004 p not reconstruct their uncertainties!
the fit result 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 _
inRefl2] T 3 Our numerical error estimates (W.i.p)

) 2

EiﬁﬁmHHHHHHH 1ﬂ+++++++++++++++#

-0.02 0

-0.04

0.0 0.2 0.4 0.6 0.8 1.0 _1040 0.2 0.4 0.6 0.8 1.0
3

0.04

0.02 2 .

- | ST N N Ty o

’ 3|

-0.04

o.o+ 0.2 0.4 0.6 0.8 1.0 _10-0 0.2 0.4 0.6 0.8 1.0

i 1’113/2 n13/2
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Numerical checks | TWO'jettiness in pp COIIiSion

CJVZ Cll nig = 2
+— + Ly + e Kqp

C?, N c?, N Cc?,

62 €

ni3 = 1 — cos(0)

C? c2 C? C2
—4 3+ 72_'_ 71-1-15;*])

T
“‘Iaban]“‘CA[ a T3 n93 = 2 — nq3

1-Loo
P D 0fees

15
Relative '
Uncertainty 0.5
<0.01% 0.0

05 Proton
The first 10 beam a
Purple line
<1% L — N R N S RNY I e
0.0 0.2 0.4 0.6 0.8 1.0 o0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

2-Loop g
Tn, —> 12 | ppng

0.0

Relative  _g5
Uncertainty
<0.1%

_1.0 oo - - - -

Our numerical results using
VEGAS (dots) agree within the
uncertainty with the known

0.0 0.2 0.4 0.6 0.8 1.0

2-Loop Oless 3333 3 % 3 ¢ 3 3§ 3 333

Ca =, results at NLO and the
o s®@ divergent terms at NNLQ,
?lea (lines)
Relative -4 '
Uncertainty

<0.5% -6
-8

0 -10
0.0 0.2 0.4 0.6 08 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
n13/2 n13/2

n13/2
‘I UNIVERSITAT
SIEGEN SCET 2018, Amsterdam 25/28




New predictions |

Two-jettiness in pp collision

1 1
1 C,  C, nig = 2
S (€) = —= + —L + 1y + Kl
‘ ni3 = 1 — cos(6)
C? C? C? C? C? C? C?
8(2) (6) — (Ten -3 2 + —1 + ITan + C —4 —3 2 —1 + ICA _ 2 .
ab — \“FU 3 2 . ab Al a4 3 2 c ab n23 = n13
1-Loop —»3 K 35 ] 35 )
30 30 30
. 12 Kis . Ks;
Relative 25 . 1 25 25
Uncertainty og| * 20 o0l *
0, .
< 02% 15 . 15 15 Proton
10 « e ® 10 * 10 beam a
5 5... . 5 . - ..
0 NS Y sy P
00 02 04 08 0.8 10 00 02 04 06 0.8 1.0 00 0.2 04 06 08 1.0
2-Loop 0 0
Trng Trng T
Ten,  — Iz I3 | By
-20 -20
-40 L. . .. e : . + e
. .| -0 .. -40 .
Relative -60f ° ,
Uncertainty : .
<01%  -80], ~60 -9
-100 1 -80 -80L,
00 02 04 06 08 10 o0 02 04 06 08 10 00 02 04 06 08 10
2(-:Loop 300 . 00l o 300
— A . A . C
A 250 I3 250, 113 250! L
Relative 200 | 200 .| 200
Uncertainty . .
<0.3% 500 . . 150 150
100 ’ 100 : 100 ..
50 50f=s» . 50 - . -
0 0 0
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
n13/2 n13/2 n13/2
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Two-jettiness in pp collision

c a
aF#b#c

(2.1m)

Ie)

~(2,Im)
c

reamo = S5 4 S

_I_

€

2,I'm)
+ 1

S© fape TATETE S5 (€) = fape TATE T 1317 (¢)

nig = 2
ni3 = 1 — cos(0)

n93 = 2 — ni3

| Numerical checks |

New predictions

4000}
200 .
2000} °.

-2000
-200
-4000
~400
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2
nis/2 Relative Uncertainty < 0.3%

V" Our numerical results using VEGAS
(dots) agree within the uncertainty with
the known results at NLO and the
divergent terms at NNLO (lines).

0.4
n13/2

0.6

0.8

1.0

Proton
beam b

Proton
beam a
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Conclusions and outlook

Conclusions

v" Systematic extension of our framework for automated calculations of N-jet soft functions

* First step assumes non-abelian exponentiation and SCET-1 type observable

v First NNLO results
* Numerical results for 1-jettiness soft function
* First numerical results for 2-jettiness soft function

* Areliable error estimate needs further studies (w.i.p)

Outlook

» Other observables on the horizon (angularities, boosted-tops, hadronic event shapes, etc) (w.i.p)
* may trigger new ideas for subtraction techniques

> N-jet implementation in SoftSERVE (w.i.p)

Thank you for your attention!
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One-jettiness (RGE vs Numerics)

ct, ct

S((zi)(e) =2 + — L+ I, + eKgy
c2, %, (2 cz, (2, (2 C2
2 — - — n - - - -
S‘gb)(e) B (Tan [ 633 * 622 - € S I;rg f] +Ca [ 644 + 633 * 622 - € - Igﬁ])
0.00010] (1) 0.00010 (1) 0.00010 (1)
] ™ L L
ST T T T T T T T T T T T T T T T T T T T T T T T T T T T T
-0.00005 -0.00005 -0.00005
'0'00010040 02 04 06 08 10 _0'000100.0 02 04 06 08 10 _0'000100.0 02 04 06 08 1.0
0.004 (1) 0.004 (1) 0.004 S(l)
M?ﬁ NERREREIN | e o ol el -
0.000 0.000 dogorporgd ©0.000 s o
-0.002] HI I ‘ I I 1 I J I J I J HH v—0.002 I I II” -0.002] HI b
-0.004| —-0.004 -0.004
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
0.002 0.002 0.002]

e TERRRRRRTLE: o TR RRRRNALLS B HTTSRRRRETNIY:

-o001f (2 ~o001} g ~o001f 52

ol L =L L= T
H\ H! U H\ U !HW H | H H! \H HMH W “ H m HH

" ni3/2 ni3/2 nisz/2
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Two-jettiness (RGE vs Numerics)

Sc(L}))() 2 + + 1, + e Kqy,
$G () = (Trny [C%f” + C:f + Czl + I ]+ Ca [C:;“ + C:,f‘ C:; + le +130))
51y 51y 54y
oI oIl ot
o [T T T _O.OOOOSHHHI [T T T T _O.OOOOSUHIH [T T T T
N g e 5D
o ORI e AT | s T
o 1] ‘ ‘ ‘ T II‘ LI
w0 PR oo B I bee N
O:OOOHHH 14 4T4Fr;f+ i HHHI'O:OOOWH i lFl fl | HHIU O:OOOMM 1 P lFinfl R
T == T ST
I R e e e F Ry
o MRTRRRRRNETTIR, Do WUPRPUUTION & WU
gt AR RS RRRANIN B~ iR RARRR I =i R ERRRRAAL

. ni3/2 nis/2 ni3/2
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