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Consider DIS in center of mass frame. —

Light cone notation helps us
distinguish longitudinal +,- momenta
from the transverse perp momentum
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Consider DIS in center of mass frame. —

Light cone notation helps us
distinguish longitudinal +,- momenta
from the transverse perp momentum

Consider the case where the perp
momenta are ordered as follows:

oy ke <<y <K~k

—— DGLAP resummation

(primed momentum doesn'’t affect the ordering)
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Light cone notation helps us
distinguish longitudinal +,- momenta
from the transverse perp momentum

Consider the case where the perp
momenta are ordered as follows:
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—— DGLAP resummation

Case where longitudinal momenta are ordered:
k> ko (> >k, >k ~k|

ki <k <. <k <k ~K

— BFKL resummation
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Consider DIS in center of mass frame. —

e
-
Light cone notation helps us
distinguish longitudinal +,- momenta
from the transverse perp momentum.
Consider the case where the perp
momenta are ordered as follows:
X
k2, < k2 <. <k < KR ~ES . :;
.

—— DGLAP resummation p

Case where longitudinal momenta are ordered:
ky >ky 1> ... ky >k ~ky
Y <kt | <. . <ky <K~k
— BFKL resummation

Our goal is to develop a setup for

consistent resummation corresponding
to these two orderings.




Small-x logs in DIS

In standard DIS factorization for the hadronic structure function we have:

! 1 " x QZ“"
Q%! (x,Q%) ~F(x,Q%) = dzC =,"s(u?), = fi(z,p)
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The py RGE of the pdf and the coefficient function is given by DGLAP:
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Both the y anomalous dimension, the splitting functions, and the coefficient functions have
large logs at small x that we aim to resum using the SCET Glauber Lagrangian formalism.
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Advantages of the SCET
approach

Gauge invariant soft function (instead of off-shell
Ccross sections used in the classic approaches).

[Altarelli , Ball, Forte ], [Ciafaloni , Coleferai , Salam, Stasto ], [Catani, Ciafaloni , Hautmann |

u-v RGE gives DGLAP and BFKL (instead of
solving the BFKL in d-dimensions).

[Rothstein , Stewart 2016]

More straightforward to extend to higher orders.

Universal functions which appear in multiple
Drocesses.



DIS Kinematics

Fixing x and Q2 implies:

x fixes this Q2 fixes this

Q2 = XVYS * Small x corresponds to forward
scattering where the t channel
dominates.

Power counting: * The lepton sector injects O(\) perp and

+momentum in the hadronic sector that
is fixed by x and Q2

* Other limit of x ~A2and y ~1 can be
described by boosting the kinematics for
X ~y~A. SO just consider this one.




Two cases for DIS small-x factorization
We have two contributions for small-x DIS:

Indirect Piece Direct Piece
Here photon couples to soft quarks Here photon couples to collinear quarks

Y

P, Pe Pe
S —> — _
N-—=»— — = —» ——>» - -7
b
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P P
has a soft sector at scale Q has NO soft sector at scale Q
i A
® Os The dotted propagator represents
insertion of relevant operators from the
® 04 Glauber Lagrangian.
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Two cases for DIS small-x factorization

Seqguence of factorization
and resummation:

- ™
¥ BFKL, Resum Inx, s! [ S®C C’

(indirect piece only)

Indirect Piece Direct Piece




Two cases for DIS small-x factorization

Seqguence of factorization
and resummation:
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Two cases for DIS small-x factorization

Seqguence of factorization
and resummation:

4 )

Indirect Piece Direct Piece

¥ BFKL, Resum Inx, s! [ /
(indirect piece only) S®C C
. J
4 0> )
oDGLAf;,Resumln!éCD, SI H! f, H!®fi
!
. Q“>1! qcp Y
4 )
e BFKL, ResumiIn!, ' 1 f l f
(logs in the pdf) SRS C .S




Factorization for the Indirect Piece

Seqguence of factorization for the indirect case.

4 N N

BFKL, Resum InX, S>> [t| DGLAP, Resum In 3,

* QCD




Small-x Factorization of Hadronic Tensor

Here we sketch a quick derivation of the factorization of the Hadronic tensor:

d | o2 [ .
dxd(ZQ2 - 2xO;esrg (QZ)L“' (QAWH (x,Q%)  (Spin avg.)

Focus on the hadronic part:

WH (x,Q%) = d*x'e @ (P|38cp (0)]X ) (X [Igep (X)IP)
avg.spin X

XL OIP" #1 X, XTIELL 0 [ dXLE IP*

Z /dx*dx (27)? Z/d2

1)=4,9

XX TOK ()X, x )0 (S )(xT,x)IELL(X)P"

To be able to factorize the matrix | i L
element strip out the O(A%) momentum JQCD (') = e? Jsoft( ) 2
from Jacp so that it only has O()A) soft o5t P f..m f;(a:') o 5
momenta left:



Small-x Factorization of Hadronic Tensor

Steps that follow:

* Power counting allows us to drop the soft momenta label on the collinear

operators.

W (,QY) =

Apply momentum conservation

d*o
b2

O(A2) residual momenta can be dropped everywhere

S (@ yq aP" vy = =5 (2m)3%(a —a —Py)d( a7 —P%)

The k- soft momenta label on the soft operators can then be made continuous

Crler 127 2 ) 27 S (o @ o0 ) i O

A new soft function

X Z <O|T/d2 fois AEY T (0, —q )X ><XS|T/d2:zognA(5;)Jsoﬂ (0, ¢ )|0)

V,! QCD )P# (5AA" — Z 2(27‘-)352(})})@

spins X,

x Y (P|Oi4(0)

i, = qg

—q )o(Px, — P*)

Xn){Xnl0;(0)|P)

Same collinear functior
that appears in Qg
forward scattering

[Rothstein , Stewart 2016]



Small-x Factorization of Hadronic Tensor

x y (0T / d?3" O () Tl (0, —q )| X )(X,|T / d*7 O (%) gk (0,01 )10)
3,3 =ag

Same collinear functior

that appears in Qg

" p# , # cAA 32/ p! " #  pH
Crn(q , P" vl qep )P 070 = Z 2(277) 0°(Px, — @ )o(Px, —P") forward scattering

spins X,
X Z <P|Of;A" (O)an><Xn|OflA(O)|P> [Rothstein , Stewart 2016]

i, = qg



Sum logs of x

Projections of the hadronic tensor: p
(P! )ZW“ X" oggFL 2(..1' V) F2
$ I=_"H—9
o(") o("'1)
F, = + ..., FL = ——nyn Wu
° 2Xs R

Fo L correspond to taking appropriate
projections on the soft function Skv.

F> gets a contribution from both indirect and the
direct piece. F_gets contribution only from the P
indirect piece (with soft modes at Q).

2 d2 / 1 q/ Vs
Flndlrect Q _ / S S O 1 ’
2L (.CB, l éCD —»/2 2,L | 91, QJ_7 rP— n l oCD P

d?q'| Vs ¢ e
/ —>/2 —>//2 SZ,L <QJ_7QQ_7 QZ‘P) U! (V57VC7QS_7QSI_)CH <| OCD 7P_

Here the logs of x are related to

rapidity divergence and are Inzr = In <_>
resummed by BFKL. —




p-Factorization of the Collinear Function

We assume that g" ~ Q is a perturbative scale Cn
and hence we need to resum the large logs in
the collinear function

C, G cC _ d"H, G C_f.

oo | P? p#E
e £y By !
; o U pEe
/p—
/

Here Uy does the DGLAP p resummation
between the matching coefficient and the pdf.

The arguments are fixed by noting that all the objects
appearing in this equation are dimensionless, and

hence can depend only on ratios of various energy
scales and dimensionless parameters

¢ lc

%EE% #%%

%1




BFKL within the Collinear Function

q-!- !C’ ~ 1 ) I | "
Cn<!QCD’P#>_/dH< #">fj<7!QCD>
l|| I ' | ) |
/ "/ TR ( P#f.._) UII?(:UJHayJ! 7"-) f]( 7!/QLCD>

We note that for the choice of vc = P, the logs of x on the left hand side are
resummed, but we are still left with logs of € and ¢'.

This requires a further resummation
in rapidity for the H and the pdf.

1
lng—lnzc, ve = EP T
S
1 % _
lng—lnyg, vd = EE'P




M and v RG equations

The p and v RG equations for the functions considered so far have the following structure:

d
wW-—g(l,n;q ") = #1 g

o o, 1:g ") g(‘* - )

el g ) = # g, g P
The v anomalous dimension is simply the BFKL kernel: g Is dimensionless
d . | 1% : L7 . ki 1%
V——g ! yo—— = d’k Kprxo(d k) g —, ==
dv™ &P " g1 M &P, , y
_ CL/SCA dzk! g. k! 1% | ﬁg. 0] 1%
I ) #7T2 (q{ ! E! )2 H ’?P" ' 211%:!2 L4 TEP
g vy _ d7k U. q ki . g. ke vy
g 9 " — ! ’ 9 y ’ "
poEP s pop ! po &P

The py RGE is a convolution in the € variable:

d b | .
sz—uz i) = . !—!ij 7 fe( R
d . ¢ ! | i 7
p2H, =~ SrHi Pej T



Solving the BFKL equation

One solves BFKL by finding eigenfunctions of its integral kernel:

d 0] | ) 2 - Ki |
| — I I "
'S gl P ) d<k; KBI|:KL 4 % )g 1 ’| B
g ! d?k; g ki ke !
g - = oy B g
TR M R S poP
: : 1" 1
Figenfunctions: f, | @ ﬁ N g See OQCDat high energyOby Kovchegov , Levin
o 1
kit s @ e
d’ki Kerie (B, k), F = S#A$(n,%fn,! qi
Our factorization theorem projects onton =0
L") I'(n=0,")=2#(1)" #(")" #Q" ")
Using Mellin's inversion theorem we define y transform as :
CCI R 27 e g j2rn
a(!) = — = = = - = g(!)
U M M M Ly ZHL
Then the solution for the BFKL Kernel is given by
SN TR g 1 vscanyn i B2 T §2

Lo e = —_ = Fify L fas
Vi TRETRAL S Lgin 201 # O AT



M-v RGE Consistency: for any two parameter function satisfying DGLAP and BFKL
BFKL for H gives

o *liig LsCa | o #—%: 2 "oy, T2 AL
H, q,".Pc# _ %%e —E () In gx %; dI2 I2 H, I ,".PS#
M lyis | M % M U 08 M
(" #! )
%H; ", 5
# 1eis A
r O Liyisenicy 8 H;j (#,1)
#& P 1uig 251 $ 2
DGLAP for H gives
d ' d !¢ B o S e .
2 Y 4. — el ~n!
H duz ! pp# o M i u'mip# Pig ()
Combining these two equations and taking N Mellin moment we get
# o c &
| o Hi(1,1) !#kj | Fq(j —s=A$(1) $ %N 4
d 1 vl - 0
oo | ! sC , 02 B
2" N1 ==ag(l) Q
N Mellin moment:
1 CoeHT N o | |
g(N) = dxxN' 1g(x), g(x) = —x' Ng(N) Cc is In the region on X axis

0 ot in 2 where g(x) is analytic.



p-v Consistency

# " &
| o Hi(U,1) Wy ! B seas(l) S %

d 1 L
i " N1 sCag(l) ¢ 7
y | s |
Picking the N pole defines yn as
s C g
N X(Yw)
-
U-v consistency equation: | Hi('ny 1) "k In ! F%- (N )” =0
K

Hence at Leading Log accuracy we obtain resummed gluon anomalous dimension:

Ho(!n, 1) 'n ! Pgg(N) + Hg('n,1) ! Pgg(N) =0

. .
Hg('n,s1) ! Pgq(N)




The Direct Piece for F»>

We denote this piece as AF(x,Q?2)

I 1 X 5 W \
- dz X U |
| F(x,Q%) = —H{ =, = fi(z,p P, P,
- x £ z Q _ —>
- 4.9 (e I
o

H' includes soft zero bin subtractions. 4 g
[1- - —->»- n-hard
— —>
The logs of z in the pdf are resummed by a P Px

rapidity factorization at the Aqcp scale:

d2k! f k! Vv k! V
f,(Z,IJ) —/ '@ Si ( u P >C<AQCD P ) \Quark DIS operator

e C is the same matrix element as before,
but now it is purely non-perturbative .

e factorization used to sum logs of z in the
splitting functions




Consistency between g and v RGE

Following similar steps for the direct piece AF yields:

I h
g s i M 1 s
!gN Sy(In,1)+ _qN Sq(!n,1) = Sg('n, 1)
RS, A o LRSpgea ) N
FﬁqfiN)Sé(!N,lﬁ q_qﬁN)Sf('N,l) = Sy('n 1)

For this piece we need both the LL and NLL equations from the consistency

X

Iﬁgg(N): N S;(!N): !—Ng(N)S;(!N)

The first is same as we derived for H. The second
proves that at the lowest order in small-x the quark pdf
is directly related to the gluon pdf. qg(N )

Tg(N)



Final results for structure functions

Hence having resummed the leading small-x logs we now have
following relations for the coefficient functions:

2 (N) = CI(N)(N),  FL(N)= C/(N)(N)

Where the coefficient functions are given by: R(yn) contains all the factors

coming from the residues of the

CE(N) = S (! N )R(! N )H (! N 1) poles and DGLAP evolution.

2nf F@qg(N )

N

C5(N)= S;(!n)R(INIH (!N, 1)

We calculated the moments of our soft function Si(yn)
and Sa(yn) (nfis the number of quark flavors):

16" %#s #sTi Nr ,, (2431 1 3 2LAL 1) (1)
P! 2" 83! 21) 3111 341

Sy(l) =

16" 2#s #sTyne, (11 DAL DI(A+1T),
p! 2 @r 2y 3 34

SL(!)=



Comparison with previous work

¥ This problem has been long under investigation .

First resummation for the coelcient function : 2P| Kernels fOI’ collinear singularities:
Catani -Hautmann, 1994

¥ Diagrammatic approach .

¥ Their approach involved solving the n=4+2"
dimensional BFKLeqgn. to keep track of the IR
divergences, as they deal with the small -x
resummation .

y O#shell cross sections not gauge invariant, so

not obvious how to make it gauge invariant | . l , N\
7/
beyond NLL. "Q ' 7 N0 A
AN | // N
= 2GI +
¥ Deals with bare quantities, unlike our f
factorization theorem where the functions in our ! + | \1/
factorization formulae have been renormalized . P | g [
. | asg

¥ Our results for S, and § in the $ space agree with
theirs . We get the same consistency equations .

BFKL Iin 4+2¢ dimensions:

_ (242! "Ca Pk 1 ECERD “
(O = SN0 R T gy PV kO SR SR @)




summary

* Forward Scattering formalism in EFT using Glauber Lagrangian
gives a very unigue understanding of the underlying physics.

| Glauber contributions can be used to resum logs of x - not
just something we’'d like to drop out of our calculation to
avoid factorization violation.

* New gauge invariant soft function derived.

* Simultaneous BFKL and DGLAP resummation achieved by y-v
RGEs.

* Future goal is to go to higher orders and extend to more
Processes.



Thank you



Backup slides



Flow of sublabel momenta

The routing of O(A\) soft momentum needs to preserve power counting.

pa~pg~(Q Q7% Q)
N
pT p’ p

ks ' (Rig Rigr i)
p+ p! p
A A
= =
pT o PL




Forward Scattering Operators

The Glauber Lagrangian is given by:
| | | |

H0) _ _"ixaP’ ' ij "ix 4P’ ' i
L’ = e Oney + € O}
n,wij=q,9 n ij=q,9
! ! 1 1 ¢ ! !
" ix 4P B 1 ~BC + A " ix 4P B 1 ~jnB
# e O, PZOS PZO“ + e O, pzos
n,vij=q.,9 i i n ij=q,9 i

Can be classified into two and three rapidity operators.

Summary of all components of Glauber operators:

OF =1 158, OF = 5f®P B, , 2 4(P+P )BD
OFf =1,T85 1, 0g® = 1fBC0 B L aP+P )BRY )
' | BC
03¢ =8"#; PFSTSsP ! P gBY SISs! ST S,0B% P! gBM STS,0B2, ! 2 STigBH' s,
$ % $ 0
Of® =8"#s FLT® 58S OgB =g"#, LfBC0 BIC D 4pP+P )BIH
$ % $ 70

O®B =g"#, $BTELGE 0%"® =8"#, Lf°P B, 24P+P )BIH




Rapidity Divergences

Incorporate rapidity regulators in the Wilson lines and in the Glauber Lagrangian

0 0
S ~ # | g $W|2P || T ) /0& S ~ " # | g $W|2PZ|| 1/ 2 ] A)&
n — exp naP |||/2 naAS J g — eXp uép |||/2 ua'A\S )
perms perms
# $ %& 1] # $ VAYLS &
l g wl@aP|' . g w?lnaP|’ ,
W, = exp AP T BaA, , Wy= exp =5 T naAy
perms perms

, d%q
/d4xL||(0) S‘ S‘ /[dX:I:] Z /d | qz OA#k (CI| ,CII)

N8 ij =,
# |
in &' +ip &
! O'A (CII )W % OJ,JBkr (" CII)
+Y Y /[dX ] Z/ Oln,#k; (a)w r$ Ojs?kﬁ "a)
n ij=q,49

bns 1 O(")



BFKL from Glauber Lagrangian

One can derive the BFKL by considering the cross
section for quark-antiquark forward scattering:

Lok b PRIV gy IX#X U gy [Pt
X

Uik k) refers to the term in Glauber Lagrangian with k n-collinear operator
Insertions and k' n-bar-collinear operators.

| . .+(!d2-d2!."
Upy =i [dxt][dx* ] qg qu‘ 0%,
ki

$ Os(1 1),# k* (o, G (% %).

#
(¢ )+ Oy (@) (X) O,a,k+(q )+ Og+ () (%)

Os(1,1) contains a single insertion of the 3-
rapidity and a T product of two 2-rapidity
operators.

For this operator we can factorize the cross section by splitting
the final state into different rapidity sectors:

X" X! X! X!



BFKL from Glauber Lagrangian

The cross section can then be manipulated to give

forward —  A2e 2 o # #
Lo = dq d°df Ca(df, p* )Sc(ar L o )Cn (o, p®) “
We have factorized the cross section by separating the — pg-collinear =

collinear and soft matrix elements of Glauber
operators. This factorization holds for lowest order
graphs that give Leading Log BFKL.

Cn(g ,p*)!  (2)*3(Px, " ¢ )"(P{ " p¥)

i '=q,9 Xn
#$p|OLA (0)[X %%, |O™ (0)|p%

1 !
b

"#O|O?(?,1)(Q! ,q;') |XS$#(S|O§‘(?’1)(C]! ,q;l )|0$

Se(a ,q )= ") (a ! q ! Py )# ! P )#qg" + PS)



BFKL for the Soft Function

We can derive the LL BFKL equation for soft function
by collecting all the rapidity divergent pieces for

either purely soft or collinear diagrams. We choose
soft here:

0y i A

Tree level bare graph: O

ay: |

N
U * S|S : fQ! ol .
Real radiation: ~ STTO00Y | TYTITe = S SwA S
d | b
Virtual corrections: .
AN AN

NSRS IR

q.¢ M&S *q. g%s fqu _, Cals o #

=59 (q ,q )=(8!" (NI 1)(2!)2#2% ' &)



BFKL for the Soft Function

Putting the pieces together we get:

bare [, ity — <@ . 78CA o A " 87 <o
Sg (@ .g° )= S (0 ,q') + 32 w3 b | g )2 Se’ (k- ,g)! 2|(28 (¢ .g")
The bare soft function is then renormalized:
Se(by . b ,")= d’ki Zs,(q .k ) Sk ,q )
N | F
_ 2CA % (L)w=(") 1 | d°k, b*
Zso (g ki )= $(0 ! ki)! 22 4 1o T ki ) 21§ )2

This now allows us to derive an RG equation for the soft function in rapidity space ...

d I d " "
0="-2S¢"(a .q)= "5 &k Zgi(a .k)Se(k .q ")
11 d " [ 4] | 2 1 " 11

T g, )= dk "s.(a .,k )Scg(k ,q,")



BFKL for the Collinear Function from consistency

... and the RG equation is precisely the Leading Log BFKL equation:

: | . . , -
"ESG(Q! ,q;' ’..): 2CaA % (1) dzk! SG(k! e )I q! SG(CI! G )

d” & ki ' )2 2k ! by )2

Through the consistency relation one can determine the RG for the collinear sectors:

!di! d?g d?g Cu(q ,p " )Sc(a ,q )Cn(g ,p*)=0
" 1 "
lc(q ,q )=" Q!SG(CI! Q)
d Catts “Cn(ki ,p*,") . B Cn(a . p*.")
! Cn | #," = " d2k| :
g @ P T T TR e AW g

This is an important result since the same collinear function
appears in the DIS cross section in the small-x limit.



