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Consider DIS in center of mass frame.

Light cone notation helps us 
distinguish longitudinal +,- momenta 
from the transverse perp momentum
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Consider DIS in center of mass frame.

Light cone notation helps us 
distinguish longitudinal +,- momenta 
from the transverse perp momentum

Consider the case where the perp 
momenta are ordered as follows:
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Consider DIS in center of mass frame.

Light cone notation helps us 
distinguish longitudinal +,- momenta 
from the transverse perp momentum.

Consider the case where the perp 
momenta are ordered as follows:

�! DGLAP resummation

�! BFKL resummation
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Case where longitudinal momenta are ordered:

Our goal is to develop a setup for 
consistent resummation corresponding 
to these two orderings.
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Small-x logs in DIS

In standard DIS factorization for the hadronic structure function we have:

The μ RGE of the pdf and the coefficient function is given by DGLAP:

Both the μ anomalous dimension, the splitting functions, and the coefficient functions have 
large logs at small x that we aim to resum using the SCET Glauber Lagrangian formalism.
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Advantages of the SCET 
approach

• Gauge invariant soft function (instead of off-shell 
cross sections used in the classic approaches). 

• μ-ν RGE gives DGLAP and BFKL (instead of 
solving the BFKL in d-dimensions). 

• More straightforward to extend to higher orders. 

• Universal functions which appear in multiple 
processes.

[Altarelli , Ball, Forte ], [Ciafaloni , Coleferai , Salam, Stasto ], [Catani , Ciafaloni , Hautmann ]

[Rothstein , Stewart  2016]



DIS Kinematics

Fixing x and Q2 implies:
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• Small x corresponds to forward 
scattering where the t channel 
dominates. 

• The lepton sector injects O(λ) perp and 
+momentum in the hadronic sector that 
is fixed by x and Q2 

• Other limit of x ~ λ2 and y ~1 can be 
described by boosting the kinematics for 
x ~y~λ. So just consider this one.
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We have two contributions for small-x DIS:

Indirect Piece Direct Piece

has a soft sector at scale Q has NO soft sector at scale Q

Two cases for DIS small-x factorization

Here photon couples to soft quarks Here photon couples to collinear quarks
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The dotted propagator represents 
insertion of relevant operators from the 
Glauber Lagrangian.
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Here we sketch a quick derivation of the factorization of the Hadronic tensor:

Focus on the hadronic part:

To be able to factorize the matrix 
element strip out the O(λ0) momentum 
from JQCD so that it only has O(λ) soft 
momenta left:
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Steps that follow:  

• Power counting allows us to drop the soft momenta label on the collinear 

operators. 

• O(λ2) residual momenta can be dropped everywhere 

• The k- soft momenta label on the soft operators can then be made continuous 

• Apply momentum conservation
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Same collinear function
that appears in qøq
forward scattering

A new soft function

[Rothstein , Stewart  2016]
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F2,L correspond to taking appropriate 
projections on the soft function Sμν.

Sum logs of x

Here the logs of x are related to 
rapidity divergence and are 
resummed by BFKL.

F2 gets a contribution from both indirect and the 
direct piece.  FL gets contribution only from the 
indirect piece (with soft modes at Q).
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μ-Factorization of the Collinear Function

We assume that q’ ~ Q is a perturbative scale 
and hence we need to resum the large logs in 
the collinear function

Here UH does the DGLAP μ resummation 
between the matching coefficient and the pdf.

The arguments are fixed by noting that all the objects 
appearing in this equation are dimensionless, and 
hence can depend only on ratios of various energy 
scales and dimensionless parameters
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We note that for the choice of νC = P-, the logs of x on the left hand side are 
resummed, but we are still left with logs of ξ and ξ’. 

This requires a further resummation 
in rapidity for the H and the pdf.
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μ and ν  RG equations
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The μ and ν RG equations for the functions considered so far have the following structure: 

The ν anomalous dimension is simply the BFKL kernel:

The μ RGE is a convolution in the ξ variable:

g is dimensionless

⌫
d

d⌫
g

!
q!

µ
,

⌫

⇠P "

"
=

#
d2k! KBFKL(~q! ,~k! ) g

!
k!

µ
,

⌫

⇠P "

"

=
↵sCA

⇡2

#
d2k!

(~q! ! ~k! )2

$
g

!
k!

µ
,

⌫

⇠P "

"
!

~q 2
!

2~k 2
!

g

!
q!

µ
,

⌫

⇠P "

"%

g

!
q!

µ
,

⌫f
⇠P "

"
=

#
d2k!

µ2
U!

!
q!

µ
,
k!

µ
, ⌫f , ⌫i

"
g

!
k!

µ
,

⌫i
⇠P "

"



Solving the BFKL equation

One solves BFKL by finding eigenfunctions of its integral kernel:
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μ-ν RGE Consistency: for any two parameter function satisfying DGLAP and BFKL

BFKL for H gives

DGLAP for H gives
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Combining these two equations and taking N Mellin moment we get
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μ-ν Consistency
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Picking the N pole defines γN as

μ-ν consistency equation:
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Hence at Leading Log accuracy we obtain resummed gluon anomalous dimension:
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The Direct Piece for F2

We denote this piece as ΔF(x,Q2)

! F (x, Q2) =
!

i = q,g

" 1

x

dz
z

H !
i

#
x
z

,
µ2

Q2

$
f i (z, µ)

f i (z, µ) =
Z

d2k!

~k 2
!

Sf
i

✓
k!

µ
,

⌫

zP"

◆
C
✓

k!

⇤QCD
,

⌫

P"

◆

The logs of z in the pdf are resummed by a 
rapidity factorization at the ΛQCD scale:

• C is the same matrix element as before, 
but now it is purely non-perturbative 

• factorization used to sum logs of z in the 
splitting functions
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H’ includes soft zero bin subtractions.
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Following similar steps for the direct piece ΔF yields: 

The first is same as we derived for H. The second 
proves that at the lowest order in small-x the quark pdf 
is directly related to the gluon pdf.
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Consistency between μ and ν RGE

For this piece we need both the LL and NLL equations from the consistency
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Final results for structure functions

Hence having resummed the leading small-x logs we now have 
following relations for the coefficient functions:

øF2(N ) = Cg
2 (N ) øf g(N ) , øFL (N ) = Cg

L (N ) øf g(N )

Where the coefficient functions are given by:

We calculated the moments of our soft function SL(γN) 
and S2(γN) (nf is the number of quark flavors):

R(γN) contains all the factors 
coming from the residues of the 
poles and DGLAP evolution.
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¥ This  problem  has been  long  under  investigation . 
First  resummation  for  the  coe!cient  function : 
Catani - Hautmann,  1994  

¥ Diagrammatic  approach . 

¥ Their  approach  involved  solving  the  n=4+2"  
dimensional  BFKL eqn . to  keep  track  of  the  IR 
divergences,  as they  deal  with  the  small - x  
resummation . 

¥ O#shell  cross  sections  not  gauge  invariant,  so 
not  obvious  how  to  make  it  gauge  invariant  
beyond  NLL. 

¥ Deals with  bare  quantities,  unlike  our  
factorization  theorem  where  the  functions  in  our  
factorization  formulae  have been  renormalized . 

¥ Our  results  for  S2 and  SL in  the  $ space agree  with  
theirs . We get  the  same consistency  equations .

Comparison with previous work

Fi g. 1. Fact or i zat i on of t he physi cal cr oss sect i on Fi n t er ms of par t oni c cr oss sect i ons ( F( o) , Fa( o) ,

 

and

par t on di st r i but i ons ( f ( o) , f 4o) , . . . ) . I n t he case of on- shel l par t ons ( p? = 0) , t he f i r st t er mon t he r. h. s . and
t hose i n par ent hesi s r epr esent r espect i vel y t he l eadi ng- and hi gher - t wi st cont r i but i ons .
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Fi g. 2. Expansi on of t he par t oni c cr oss sect i on F( O) i n t wo- par t i cl e i r r educi bl e ( 2PI ) ker nel s.

r egul ar i zat i on scal e i s denot ed by , t a . Once Fl ol has been r enor mal i zed ( usi ng, f or
i nst ance, t he MS r enor mal i zat i on scheme) , col l i near si ngul ar i t i es ar e aut omat i cal l y r eg-
ul ar i zed and show up as si ngl e pol es i n 11s . The f act or i zat i on t heor em al l ows one t o
subt r act t hese pol es f r omF( O) and f act or i ze t hem ( t o al l or der s i n as) i nt o pr ocess-
i ndependent t r ansi t i on f unct i ons I ' , accor di ng t o

FÇÈ= CI ' , ( 2 . l 5)

wher e t he coef f i ci ent f unct i on Ci s f i ni t e f or e - > 0. Usi ng t he t r ansi t i on f unct i ons I ' t o
def i ne t he ` physi cal ' par t on densi t i es f

( 2. 16)

one t hen r ecover s t he f act or i zat i on f or mul a ( 2. 8) by per f or mi ng t he l i mi t s - - > 0.
The f act or i zat i on pr ocedur e l eadi ng t o Eq. ( 2. 15) i s si mpl i f i ed i f we eval uat e t he

gauge- i nvar i ant par t oni c cr oss sect i on F( o) i n a physi cal gauge. Denot i ng by p~ =
P( 1, 0, 1) t he i ncomi ng par t on moment um( Fi g. 2) , we i nt r oduce t he f ol l owi ng Sudakov
par amet r i zat i on f or any ot her moment umk

kl ' =zp~' ' +k1+
k2+k2 p
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2. 3. Power count i ng andf act or i zat i on at hi gh ener gy

Fi g. 4. Expansi on i n t wo- gl uon i r r educi bl e ( 2GI ) ker nel s at hi gh ener gy f or ( a) t he par t oni c cr oss sect i on
F( ¡ ) and ( b) t he ( si ngl et ) quar k Gr een f unct i ons Cj ga, gqa,

consi der ed t he case of a f i xed coupl i ng const ant as . As shown i n t he f ol l owi ng, t hi s
si mpl i f i cat i on i s suf f i ci ent f or t he pur poses of t he pr esent paper .

The expansi on i n 2PI ker nel s i nt r oduced i n t he pr evi ous subsect i on i s par t i cul ar l y
usef ul t o di scuss t he hi gh- ener gy behavi our . Hi gh- ener gy ( or smal l - z) l ogar i t hmi c con-
t r i but i ons ar e i ndeed gener at ed by mul t i pl e gl uon exchanges i n t he t - channel . Ther ef or e
we ar e l ed t o consi der ker nel s whi ch ar e t wo- gl uon i r r educi bl e ( 2GI ) .

For t he par t on cr oss sect i on F, , ( ¡1 ( a = qt , qt , g) , we si ngl e out t he par t whi ch i s
2GI by sel ect i ng t he f i r st ( st ar t i ng f r om above i n Fi g. 4a) t wo- gl uon i nt er medi at e
st at e . Consi der i ng t he smal l - N l i mi t i n N- moment space, t he 2GI ker nel behaves as
as ( 1 + as + . . . ) , wher e t he f i r st t er mcor r esponds t o t he t r ee- appr oxi mat i on and t he
r emai ni ng t er ms st and f or cor r ect i ons whi ch ar e subl eadi ng at hi gh ener gy. The l ar ge
per t ur bat i ve cont r i but i ons ( as/ N) k ar e t hus gener at ed pr eci sel y by k- i nt egr at i on f r om
t he ones i n t he gl uon Gr een f unct i ons 9‰0) ( a = qi , qi , g) . I n par t i cul ar , si nce f l avour
non- si ngl et par t on cr oss sect i ons ( Appendi x A) get no cont r i but i on f r om pur e- gl uon
i nt er medi at e st at es, we can i mmedi at el y concl ude t hat non- si ngl et anomal ous di mensi ons
and coef f i ci ent f unct i ons ar e r egul ar f or N- - > 0 or der by or der i n as .

A decomposi t i on si mi l ar t o t hat f or F‰¡) can be per f or med al so f or t he ( f l avour
si ngl et ) quar k Gr een f unct i on ( Fi g. 4b) . Si nce t he 2GI ker nel behaves i n t hi s case as
as ( 1 + as + . . . ) , we see t hat t he quar k anomal ous di mensi ons cont r i but e t o next - t o-
l eadi ng t er ms as ( asI N) k i n t he hi gh- ener gy l i mi t .

2PI Kernels for collinear singularities:

2GI Kernels for high energy limit:
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Summary
★ Forward Scattering formalism in EFT using Glauber Lagrangian 

gives a very unique understanding of the underlying physics.  

! Glauber contributions can be used to resum logs of x - not 
just something we’d like to drop out of our calculation to 
avoid factorization violation. 

★New gauge invariant soft function derived. 

★ Simultaneous BFKL and DGLAP resummation achieved by μ-ν 
RGEs. 

★ Future goal is to go to higher orders and extend to more 
processes.



Thank you
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The routing of O(λ) soft momentum needs to preserve power counting.
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Table 2. Summary of operators appearing in the leading power Glauber exchange Lagrangian in
eq. (5.21).

to making the BPS Þeld redeÞnition, so

L I(0)
G = L II(0)

G . (5.22)

However due to the appearance of couplings between the collinear and ultrasoft Þelds in
L (0)

ni for SCETI , and the di! erences between how momentum sectors are distinguished (via
subtraction terms), the precise behavior of these operators in loop diagrams will in general
be di! erent. We will see this explicitly when comparing our one-loop matching calculations
in sections7.1 and 7.3 for SCETII and SCETI respectively.

We can also consider the form of the LagrangianL I (0)
G after the BPS Þeld redeÞnition.

This Þeld redeÞnition only changes the collinear quark and gluon Þelds, inducing linesYn

or Yn for n-collinear Þelds, but leaves the soft Þelds unchanged. Due to the octet nature of
the Glauber operators inL I (0)

G , only the adjoint lines Yn and Yøn appear in this Lagrangian.
Additional ultrasoft lines can appear from interpolating Þelds for collinear initial and Þnal
states. For a situation where SCETI is the relevant theory there are no soft real emissions,
since they are ruled out by restrictions from the observable being measured, and hence the
soft gluons appearing in SCETI due to the presence of Glauber operators can only appear
as virtual soft ßuctuations.

5.1.3 Matching for all polarizations

For completeness, we can also repeat the matching calculations involving external gluons
with arbitrary external polarizations. This amounts to not specifying a speciÞc basis for the
physical states, and allows us to see how the scattering with non-transverse polarizations
are matched by the EFT. To carry out this calculation it is important to use the equations
of motion to simplify the gluon matrix elements. For a full theory scattered gluon of
momentum p the equations of motion imply p2 = 0 as well as

0 = pµAµ(p) =
1
2

øn áp náA(p) +
1
2

n áp ønáA(p) + p! áA! (p) . (5.23)

As an explicit example we consider the two-gluon two-quark matching calculation given
by the diagrams shown in Þgure11. Since the Glauber operatorOgq

øns obviously only yields
øn áA and A! polarizations, we use eq. (5.23) to eliminate the n áA polarization terms
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2

Figure 10. Example of the momentum routing in a T-product of soft-n and soft-øn Glauber
operators which produces two soft gluons. The virtual soft gluon is space-like and the two Glauber
operators each still satisfy their forward scattering conditions.

not always the case, due to the fact that the forward scattering constraints in eqs. (5.6)
and (5.15) only restricts one light-cone momentum of each scattering particle, and the
light-cone soft momenta are much smaller than either the momentum of then-collinear or
øn-collinear particles, náks ! nápøn and ønáks ! ønápn. In particular we can have diagrams that
satisfy the soft forward scattering constraints even though physically they do not appear
to be forward scattering soft particles. For example, consider the time-ordered product of
an Oqg

ns and Oqg
øns shown in Þgure10. Here the two soft gluons are produced in the Þnal

state and have momentan áki > 0 and øn áki > 0 for i = 1 , 2. Nevertheless, the two Glauber
attachments to the soft gluons still satisfy the forward scattering constraints sincen áq2 =
nák1 > 0 and" ønáq2 = ønák2 > 0. This is enabled by then and øn collinear particles which can
absorb the O(! ) soft light-cone momenta in one of the two directions. Due to the collinear
power counting constraints the momentum øn á(k1 + k2) must travel through the Glauber
potential with momentum q into the n-collinear particles, and the momentumn á(k1 + k2)
must travel through the Glauber potential with momentum q! from the øn-collinear particles.
This type of time ordered product will play an important role in our calculations later on.

Considering all terms which cause scattering between either colllinear or soft Þelds we
can write the full Glauber Lagrangian for SCETII as

L II(0)
G = e" ix áP

!

n, øn

!

i,j = q,g

Oij
nsøn + e" ix áP

!

n

!

i,j = q,g

Oij
ns

# e" ix áP
!

n, øn

!

i,j = q,g

OiB
n

1
P2

#
OBC

s
1

P2
#

OjC
øn + e" ix áP

!

n

!

i,j = q,g

OiB
n

1
P2

#
Oj n B

s . (5.21)

Thus we see that the Glauber Lagrangian consists of operators connecting 3 rapidity sec-
tors { n, s, øn} and operators connecting 2 rapidity sectors{ n, s} (and { øn, s} ). This is the
complete result for the Glauber Lagrangian, since as we will explain below in section5.3
there are no loop corrections to this form. For future reference we summarize the operators
relevant to forward scattering in table 2.

If we consider the interactions of soft and collinear particles in SCETI then none of
the tree level calculations that we have done in SCETII change, and hence the Glauber
operators are precisely the same as in SCETII . In this case we are considering SCETI prior
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The Glauber Lagrangian is given by:

Forward Scattering Operators

Can be classified into two and three rapidity operators.
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Graphs without rapidity divergences or sensitivity will give the same answer whether one
sets ! = 0 before or after the loop integration. We introduce factors of the ! -regulator for
each Glauber potential between the forward scattering components of the operators, so the
Glauber action with d = 4 becomes
∫

d4x L II(0)
G =

∑

n, øn

∑

i,j = q,g

∫
[dx±]

∑

k+
r ,k !

r

∫
d2q!

q2
!

d2q"
!

q"2
!

OAB
s,# k±

r
(q! , q"

! ) (5.46)

!
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n,k !
r

(q! ) w2
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"
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(" q"
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]

+
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n

∑

i,j = q,g

∫
[dx±]

∑

k!
r

∫
d2q!

q2
!

OiA
n,# k!

r
(q! ) w2

∣∣∣∣∣
" %ns k#

r + i øn á#"
$

∣∣∣∣∣

# !

Oj n A
s,k!

r
(" q! ) .

Here $ is the rapidity renormalization scale and the operators in transverse momentum
space are given above in section5.2.2. In the 3-rapidity sector operator, the factor |in á

"
"

+ i øn á#" |# ! regulates the n-øn Glauber potential, and for graphs where O(&2) momenta
do not ßow into the soft sector, one can integrate by parts and it becomes|2i #" z|# ! =
|i øn á#" " in á#" |# ! . Here these derivatives only pick outO(&2) momenta. In the 2-rapidity
sector operator the regulator involves a combination of then-collinear O(&2) momentum
and the O(&) soft momentum because it is regulating a soft-collinear Glauber potential.
The inclusion of the boost parameter %ns > 0 where %ns # & here ensures that these
momenta appear together in a homogeneous combination in the rapidity regulator. For
the pure Glauber potential in n-øn scattering we have no soft gluons, so can set

OBC
s,# k±

r
(q! , q"

! ) = 8 '( s q2
! ) 2(q! " q"

! ) ) k+
r ,0) k!

r ,0 , (5.47)

and eq. (5.46) gives a factor of |2i " z|# ! $! $ |2qz|# ! $! for each potential carrying momen-
tum q. This then yields the rapidity regulator factors used in the box and cross-box calcu-
lations in section 5.2.1. For n-s scattering the regulator for each potential is made homoge-
neous by the inclusion of the boost factor%ns # &. As discussed in section5.2.1, the result
for Glauber loops from Oij

ns iterations is independent of %ns. In section 10.3 we encounter
two-loop examples where both the! regulator in the Glauber potentials and in the Wilson
lines are needed simultaneously and justiÞes the choice of the power of! in eq. (5.46).

As a more complicated example of how the rapidity regulators work, we can consider
the H-graph involving two Lipatov vertices, which is shown in Þgure 14 for two di ! erent
momentum routings. In Þgure 14a we have a soft loop momentum*µ # & and a n-øn
Glauber loop momentum kµ # (&2, &2, &) for its (+ , " , %) components. In Þgure14b the
same diagram is shown but now using an-s Glauber loop momentumkµ

1 # (&2, &, &) and a
øn-s Glauber loop momentum kµ

2 # (&, &2, &). The routing of momentum in the two graphs
are related by the changes of variable

n ák1 = n ák , øn ák1 = øn á(k + *) , k1! = k! + *! , (5.48)

n ák2 = n á(* " k) , øn ák2 = " øn ák , k2! = " k! .
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Incorporate rapidity regulators in the Wilson lines and in the Glauber Lagrangian
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introduced to distinguish Glauber contributions. We also discuss zero-bin subtractions [59]
from the Glauber region for soft and collinear contributions.

To regulate rapidity divergences in graphs involving Wilson lines we include factors of

w

!
!
!
!
2Pz

!

!
!
!
!

! ! / 2

, w2
!
!
!
!
n á P

!

!
!
!
!

! !

, w2
!
!
!
!
øn á P

!

!
!
!
!

! !

, (5.43)

for Wilson lines involving (n áAs or øn áAs) soft gluons, n áA øn øn-collinear gluons, and øn áAn

n-collinear gluons respectively [58]. At one-loop rapidity divergences will appear as 1/ "
poles with a corresponding logarithmic dependence on the cuto! ! . Since! is dimensionful,
it technically is ! /µ that is associated to the rapidity, but we will still follow the common
practice of referring to ! as the rapidity scale. Herew is a book keeping coupling used to
calculate anomalous dimensions through

!
#

#!
w2(! ) = ! " w2(! ) , lim

! " 0
w(! ) = 1 . (5.44)

The powers of" are Þxed to ensure that the rapidity divergences cancel when summing over
sectors. That the correct choice has been made can be seen by regulating the corresponding
full theory diagrams and expanding around the soft and collinear limits. Counterterms will
have both 1/ " and 1/ $ poles, and are identiÞed by taking" " 0 prior to expanding for
$ " 0. The regulated expressions for the momentum space Wilson lines are
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(5.45)

Wn =
"

perms
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#

! g
øn á P

$
w2|øn á P|! !

! ! ! øn áAn

%&
, Wøn =

"

perms

exp
#

! g
n á P

$
w2|n á P|! !

! ! ! n áA øn

%&
.

Here the regulator momentum operatorsP act only on the gluon Þeld in the square brackets,
whereas the inverse momentum operators! g/ P act on all Þelds to the right when the
exponentials are expanded. We separately regulate every soft or collinear gluon from the
Wilson lines in order to maintain consistency with our use of the rapidity regulator for
Glauber loops (rather than introducing the regulator only for the group momentum as in
ref. [58]). We have conÞrmed that our choice maintains exponentiation for matrix elements
that only involve Wilson lines, since the exponentiation can be derived by permutations
of momenta under which the regulator is symmetric. An additional complication in the
operators we consider is the presence of inverse factors of ønáPand náPthat appear outside
of the Wilson lines. Since our operators can be written in di! erent equivalent forms, these
factors are required for consistency. Examples where this occurs includeOgB

n , OgB
øn , Ogn B

s ,
and Ogøn B

s , see for example eq. (4.15). Here, the inverse power to that in eq. (5.43) is used,
so for example øn á P " øn á P 1

w2

!
! ønáP

"

!
!+ ! in the numerator of the n-collinear operator OgB

n ,

and øn á P" øn á P1
w

!
! 2P z

"

!
!+ ! / 2 in the numerator of the soft operator Ogn B

s .
We also regulate Glauber loops with the rapidity regulator, by regulating 1/q 2

# factors
in the manner discussed in in section5.2.1. The limit " " 0 is always considered Þrst,
with the rapidity renormalization carried out at Þnite $, and then the limit $ " 0 is taken.
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One can derive the BFKL by considering the cross 
section for quark-antiquark forward scattering:

U(k,k’) refers to the term in Glauber Lagrangian with k n-collinear operator 
insertions and k’ n-bar-collinear operators. 
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To organize this factorization we expand the time evolution operator generated by the
Glauber Lagrangian. Written as a path integral the full time evolution operator in SCET is

U(a, b; T) =
! "

D!
#

exp
$
i
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! T
d4x

%
L (0)

n øns(x) + L II(0)
G (x)

&
'

, (8.1)

where L (0)
n øns = L (0)

n + L (0)
øn + L (0)

s is the non-Glauber parts of the SCET Lagrangian, a, b
indicate the Þeld boundary conditions at time t = ! T, + T, and [D! ] is a short hand to
indicate the functional integral over all relevant SCET soft and collinear Þelds. We will
only be interested in the large T limit, T " # (1 ! i0). All these Lagrangian terms are
leading order in the power counting. Using eq. (5.37) we can expand the Glauber part of
the time evolution operator as
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U(k,k ! ) , (8.2)

where hereT is the time-ordering operation. For simplicity we have suppressed the presence
of the rapidity regulator for the Glauber exchanges. In the last equality of eq. (8.2) we have
organized the expansion according to the number ofn-collinear operatorsk, and number of
øn-collinear operatorsk$, rather than according to the number of insertions of the Glauber
Lagrangian. Any symmetry factors like 1/k ! are included in the deÞnition ofOA 1áA k ,B 1áááB k !

s(k,k ! ) .
For example, the Þrst nontrivial term with k = k$ = 1 is
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Here the soft operator includes both a direct contribution from the two index soft oper-
ator OAB

s from a single insertion of L II(0)
G , as well as a T-product term from the product

Oi n A
s Oj øn B

s that comes from two insertions ofL II(0)
G :

OAB
s(1 ,1) ,# k ± (q" , q!

" )(÷x, ÷x!) (8.4)
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Os(1,1) contains a single insertion of the 3-
rapidity and a T product of two 2-rapidity 
operators.

|X ! " |X n ! |X øn ! |X s!

For this operator we can factorize the cross section by splitting 
the final state into different rapidity sectors:

BFKL from Glauber Lagrangian

! forward
pp! ! X !

!

X

"pp"|U 
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We have factorized the cross section by separating the 
collinear and soft matrix elements of Glauber 
operators. This factorization holds for lowest order 
graphs that give Leading Log BFKL.

The cross section can then be manipulated to give

BFKL from Glauber Lagrangian

! forward
pp! ! X =

!
d2q" d2q#
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" , p#+ )SG (q" , q#

" )Cn (q#
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We can derive the LL BFKL equation for soft function 
by collecting all the rapidity divergent pieces for 
either purely soft or collinear diagrams. We choose 
soft here:
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BFKL for the Soft Function
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law divergent. Similarly, for the ßower graph we have
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Combining eqs. (8.22) and (8.23) we see that the self contraction of Wilson lines in the soft
ßower graph cancels one of the terms in the eye-graph, leaving
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The contribution coming from the soft Wilson line and the time ordered product can be
combined to give the full O(%s) virtual correction to SG(q! , q#

! )

2
Sq

q'

+ 2
S

q

q'

(8.25)
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where in the last line we usedd" 2k! = d2k! / (2$)2 and the tree level S(0)
G from eq. (8.18).

The factors of 2 next to the graphs appear because we get the same contribution when the
virtual loop appears on either side of the cut.

The results up to O(%s) from eqs. (8.18), (8.21), (8.25) can be summarized as yielding
the O(%s) rapidity divergent correction to the bare soft function,
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.

(8.26)
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The rapidity divergence in the soft function is renormalized by a standard SCET soft
function counterterm ZSG (q! , q"

! ) through the convolution

SG(!q! , !q"
! , " ) =

!
d2k! ZSG (q! , k! ) Sbare

G (k! , q"
! ) . (8.27)

To cancel the 1/ # divergence we require

ZSG (q! , k! ) = $2(!q! ! !k! ) !
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! !q2
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! (!k "

! ! !q! )2

#
. (8.28)

The rapidity renormalization group (RRG) equation then follows from the " -independence
of the bare soft function,

0 = "
d

d"
Sbare

G (q! , q"
! ) = "

d
d"

!
d2k! Z # 1

SG
(q! , k! ) SG(k! , q"

! , " ) . (8.29)

Writing out the derivatives of the two terms and inverting, we Þnd that the renormalized
soft function obeys the RGE equation

"
d

d"
SG(q! , q"

! , " ) =
!

d2k! ' SG (q! , k! ) SG(k! , q"
! , " ) , (8.30)

where the anomalous dimension is given by

' SG (q! , q"
! ) = !

!
d2k! ZSG (q! , k! ) "

d
d"

Z # 1
SG

(k! , q"
! ) . (8.31)

Inserting the one-loop result from eq. (8.28) and using (" d/d " )w2(" ) = ! # w2(" ) then
sendingw2(" ) " 1 this gives

' SG (q! , q"
! ) =

2CA %s(µ)
&2
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! )2 ! $2(!q! ! !q"
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2!k 2
! (!k! ! !q! )2

#
. (8.32)

Note that this anomalous dimension is not just a function of the di! erenceq! ! q"
! , but it

is easy to see from eq. (8.32) that it is symmetric,

' SG (q! , q"
! ) = ' SG (q"

! , q! ) . (8.33)

The anomalous dimension' SG yields an RGE for SG(q! , q"
! , " ) which is precisely the

leading logarithmic BFKL equation,

"
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! SG(q! , q"
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2!k2
! (!k! ! !q! )2

#
. (8.34)

The BFKL equation is often [106Ð108] written in terms of the derivative of a rapidity,
Y = ln( " 2/µ 2) # ln s. The fact that ( / ( Y = (1 / 2)" d/d " explains our factor of 2 in the
prefactor on the right-hand side of eq. (8.34). Note that in our SCET calculation, the
fact that eq. (8.34) is obtained for the all orders soft function SG (rather than just the
one-loop soft function) follows immediately from the structure of the e! ective Þeld theory
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The rapidity renormalization group (RRG) equation then follows from the " -independence
of the bare soft function,
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Writing out the derivatives of the two terms and inverting, we Þnd that the renormalized
soft function obeys the RGE equation
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Note that this anomalous dimension is not just a function of the di! erenceq! ! q"
! , but it

is easy to see from eq. (8.32) that it is symmetric,
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The anomalous dimension' SG yields an RGE for SG(q! , q"
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The BFKL equation is often [106Ð108] written in terms of the derivative of a rapidity,
Y = ln( " 2/µ 2) # ln s. The fact that ( / ( Y = (1 / 2)" d/d " explains our factor of 2 in the
prefactor on the right-hand side of eq. (8.34). Note that in our SCET calculation, the
fact that eq. (8.34) is obtained for the all orders soft function SG (rather than just the
one-loop soft function) follows immediately from the structure of the e! ective Þeld theory
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Note that this anomalous dimension is not just a function of the di! erenceq! ! q"
! , but it

is easy to see from eq. (8.32) that it is symmetric,
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The BFKL equation is often [106Ð108] written in terms of the derivative of a rapidity,
Y = ln( " 2/µ 2) # ln s. The fact that ( / ( Y = (1 / 2)" d/d " explains our factor of 2 in the
prefactor on the right-hand side of eq. (8.34). Note that in our SCET calculation, the
fact that eq. (8.34) is obtained for the all orders soft function SG (rather than just the
one-loop soft function) follows immediately from the structure of the e! ective Þeld theory
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Writing out the derivatives of the two terms and inverting, we Þnd that the renormalized
soft function obeys the RGE equation

"
d

d"
SG(q! , q"

! , " ) =
!

d2k! ' SG (q! , k! ) SG(k! , q"
! , " ) , (8.30)

where the anomalous dimension is given by

' SG (q! , q"
! ) = !

!
d2k! ZSG (q! , k! ) "

d
d"

Z # 1
SG

(k! , q"
! ) . (8.31)

Inserting the one-loop result from eq. (8.28) and using (" d/d " )w2(" ) = ! # w2(" ) then
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Note that this anomalous dimension is not just a function of the di! erenceq! ! q"
! , but it

is easy to see from eq. (8.32) that it is symmetric,
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The anomalous dimension' SG yields an RGE for SG(q! , q"
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leading logarithmic BFKL equation,
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The BFKL equation is often [106Ð108] written in terms of the derivative of a rapidity,
Y = ln( " 2/µ 2) # ln s. The fact that ( / ( Y = (1 / 2)" d/d " explains our factor of 2 in the
prefactor on the right-hand side of eq. (8.34). Note that in our SCET calculation, the
fact that eq. (8.34) is obtained for the all orders soft function SG (rather than just the
one-loop soft function) follows immediately from the structure of the e! ective Þeld theory
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Putting the pieces together we get:

The bare soft function is then renormalized:

This now allows us to derive an RG equation for the soft function in rapidity space …

BFKL for the Soft Function
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The rapidity divergence in the soft function is renormalized by a standard SCET soft
function counterterm ZSG (q! , q"

! ) through the convolution

SG(!q! , !q"
! , " ) =

!
d2k! ZSG (q! , k! ) Sbare

G (k! , q"
! ) . (8.27)

To cancel the 1/ # divergence we require

ZSG (q! , k! ) = $2(!q! ! !k! ) !
2CA %s(µ)w2(" )

&2 #

"
1

(!k! ! !q! )2
! $2(!q! ! !k! )

!
d2k"

! !q2
!

2!k "2
! (!k "

! ! !q! )2

#
. (8.28)

The rapidity renormalization group (RRG) equation then follows from the " -independence
of the bare soft function,

0 = "
d

d"
Sbare

G (q! , q"
! ) = "

d
d"

!
d2k! Z # 1

SG
(q! , k! ) SG(k! , q"

! , " ) . (8.29)

Writing out the derivatives of the two terms and inverting, we Þnd that the renormalized
soft function obeys the RGE equation

"
d

d"
SG(q! , q"

! , " ) =
!

d2k! ' SG (q! , k! ) SG(k! , q"
! , " ) , (8.30)

where the anomalous dimension is given by

' SG (q! , q"
! ) = !

!
d2k! ZSG (q! , k! ) "

d
d"

Z # 1
SG

(k! , q"
! ) . (8.31)

Inserting the one-loop result from eq. (8.28) and using (" d/d " )w2(" ) = ! # w2(" ) then
sendingw2(" ) " 1 this gives

' SG (q! , q"
! ) =
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#
. (8.32)

Note that this anomalous dimension is not just a function of the di! erenceq! ! q"
! , but it

is easy to see from eq. (8.32) that it is symmetric,

' SG (q! , q"
! ) = ' SG (q"

! , q! ) . (8.33)

The anomalous dimension' SG yields an RGE for SG(q! , q"
! , " ) which is precisely the

leading logarithmic BFKL equation,
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. (8.34)

The BFKL equation is often [106Ð108] written in terms of the derivative of a rapidity,
Y = ln( " 2/µ 2) # ln s. The fact that ( / ( Y = (1 / 2)" d/d " explains our factor of 2 in the
prefactor on the right-hand side of eq. (8.34). Note that in our SCET calculation, the
fact that eq. (8.34) is obtained for the all orders soft function SG (rather than just the
one-loop soft function) follows immediately from the structure of the e! ective Þeld theory
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dimensions cannot involve convolutions in the large conserved collinear momenta, and hence
are independent ofn and øn. To exploit eq. (8.35) it is useful to write the RGE for the soft
function in a symmetric form. As noted in section 8.2, both SG and ! SG are symmetric in
their two arguments, so the BFKL equation for the soft function can be written as

"
d

d"
SG(q! , q"

! , " ) =
1
2

"
d

d"
SG(q! , q"

! , " ) +
1
2

"
d

d"
SG(q"

! , q! , " ) (8.37)

=
1
2

!
d2k!

"
! SG (q! , k! )SG(k! , q"

! , " ) + SG(q! , k! , " )! SG (k! , q"
! )

#
.

Plugging eqs. (8.36) and (8.37) into eq. (8.35) we then have

0 =
!

d2q! d2q"
! d2k!

$
Cn(k! , p# , " )! C (q! , k! )SG(q! , q"

! , " )Cøn(q"
! , p"+ , " ) (8.38)

+ Cn(q! , p# , " )SG(q! , q"
! , " )! C (q"

! , k! )Cøn(k! , p"+ , " )

+
1
2
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! , p"+ , " )
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1
2

Cn(q! , p# , " )SG(q! , k! , " )! SG (k! , q"
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%

.

Swapping the integration variables k! ! q! in the third line, and k! ! q"
! in the fourth

line, we see that this equation can only be satisÞed for arbitraryCn, SG, and Cøn functions
if ! C (q! , k! ) = " 1

2! SG (k! , q! ) and ! C (q"
! , k! ) = " 1

2! SG (q"
! , k! ), which implies that ! C is

also symmetric in its two arguments and given by

! C (q! , q"
! ) = "

1
2

! SG (q! , q"
! ) . (8.39)

Therefore the RGE equations forCn and Cøn are also given by a BFKL equation. Writing
this out explicitly we have

"
d

d"
Cn(q! , p# , " ) = "

CA #s
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%
, (8.40)

and we will also have the same BFKL equation forCøn(q! , p"+ , " ). Note that there is a
factor of (" 1/ 2) for these BFKL equations for the collinear functions as compared to the
soft function in eq. (8.34). The sign comes from the fact that the collinear functions run in
the opposite direction in rapidity space, from " # p# =

$
s down to " #

$
t, and the 1/ 2

comes from the fact that two collinear functions must balance against a single soft function.
Again both virtual and real collinear diagrams contribute if we compute the diagrams
needed to directly determine these collinear RGE equations. The direct computation for
the virtual contributions was carried out in section 7.2 and agrees with the factor of (" 1/ 2)
that we determined here by the renormalization group consistency argument.

9 Glauber exponentiation and (non-)eikonalization

Below in section 9.1 we carry out the all order resummation of Glauber boxes in for-
ward scattering, demonstrating that the rapidity regulator yields an eikonal phase. In
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dimensions cannot involve convolutions in the large conserved collinear momenta, and hence
are independent ofn and øn. To exploit eq. (8.35) it is useful to write the RGE for the soft
function in a symmetric form. As noted in section 8.2, both SG and ! SG are symmetric in
their two arguments, so the BFKL equation for the soft function can be written as
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Swapping the integration variables k! ! q! in the third line, and k! ! q"
! in the fourth

line, we see that this equation can only be satisÞed for arbitraryCn, SG, and Cøn functions
if ! C (q! , k! ) = " 1
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2! SG (q"
! , k! ), which implies that ! C is
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and we will also have the same BFKL equation forCøn(q! , p"+ , " ). Note that there is a
factor of (" 1/ 2) for these BFKL equations for the collinear functions as compared to the
soft function in eq. (8.34). The sign comes from the fact that the collinear functions run in
the opposite direction in rapidity space, from " # p# =

$
s down to " #

$
t, and the 1/ 2

comes from the fact that two collinear functions must balance against a single soft function.
Again both virtual and real collinear diagrams contribute if we compute the diagrams
needed to directly determine these collinear RGE equations. The direct computation for
the virtual contributions was carried out in section 7.2 and agrees with the factor of (" 1/ 2)
that we determined here by the renormalization group consistency argument.

9 Glauber exponentiation and (non-)eikonalization

Below in section 9.1 we carry out the all order resummation of Glauber boxes in for-
ward scattering, demonstrating that the rapidity regulator yields an eikonal phase. In
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This is an important result since the same collinear function 
appears in the DIS cross section in the small-x limit.

!
d

d!

!
d2q! d2q"

! Cøn (q"
! , p"+ )SG (q! , q"

! )Cn (q"
! , p# ) = 0

… and the RG equation is precisely the Leading Log BFKL equation:

Through the consistency relation one can determine the RG for the collinear sectors:

BFKL for the Collinear Function from consistency


