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Observation: SCET is complicated.
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The Feynman rules are complicated:
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FIG. 1. Order λ0 Feynman rules: collinear quark propagator with label p̃ and residual momen-

tum k, and collinear quark interactions with one soft gluon, one collinear gluon, and two collinear
gluons respectively.

shown. Note that in the light-cone gauge n̄ ·An,q = 0 these Feynman rules are the complete

set, since interactions of a collinear quark with three or more collinear gluons vanish. In

this gauge similar Feynman rules for collinear gluons have been obtained in the framework

of light cone QCD [17]. However, the Feynman rules in Fig. 1 can be used in any gauge.

The LEET Lagrangian corresponds to the ξ̄n,p
n̄/
2 n·iD ξn,p term in Eq. (12) and is invariant

under a SU(2) symmetry [4,12] with generators S1 = (γ0Σ1)/2, S2 = (γ0Σ2)/2, and S3 =

Σ3/2 where Σi are the standard rotation generators. The collinear soft Lagrangian Lcs has

less symmetry than LEET because terms with γ1
⊥γ

2
⊥ violate the transformations generated by

S1 and S2. However, Lcs is still invariant under a U(1), namely the helicity transformations

generated by S3. Since S3 = γ5(1/2 − n̄/n//4) and n/ξn,p = 0 the helicity transformation also

corresponds to the chiral transformation generated by γ5/2.

To complete the construction of the effective theory we have to include heavy quarks.

This can be done by adding the usual HQET Lagrangian for the heavy quark field hv,

LHQET = h̄v iv · D hv . (13)

The covariant derivative in Eq. (13) contains only the soft gluon field because the heavy
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Observation: SCET is complicated.

+ higher orders - mixing between different modes

(Bauer, Pirjol, Fleming, Stewart, Phys.Rev. D63 (2001) 114020 )
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The low-energy degrees of freedom are complicated:

<latexit sha1_base64="IeguB52i6bRcLxsRtFjOLYEv+tU="></latexit>

<latexit sha1_base64="emQ809xlkIiuhYfPua2kQzFcURM="></latexit>

• the relevant degrees of freedom (soft/ultrasoft/collinear/soft-collinear/
hard-collinear/etc.) depend on the process being calculated 

• definition of the degrees of freedom is frame-dependent:

                                                          only holds in the COM 
frame, which may have no physical relevance to the problem

Observation: SCET is complicated.



SCET 20185

The power counting is complicated:

<latexit sha1_base64="RLrSujZsM6yVWVxR0Y0x+r3sJH0="></latexit>

• the power counting parameter    simultaneously counts powers of 
multiple ratios of scales 

•   scaling doesn’t necessary correspond to the renormalization scale
<latexit sha1_base64="RLrSujZsM6yVWVxR0Y0x+r3sJH0="></latexit>

(Hornig, Lee and Ovanesyan, JHEP 0905 (2009) 122)
<latexit sha1_base64="CwMRSb5g+Tz1lqgtxDHJr6Z3bg0="></latexit>
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only matches   scaling for thrust (a=0)

ex: SCETI analysis of event shapes:

<latexit sha1_base64="RLrSujZsM6yVWVxR0Y0x+r3sJH0="></latexit>

Observation: SCET is complicated.
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more

than necessary

^ ^Observation: SCET is complicated.
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p1

p2

q
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Collinear gluon emission:

more

than necessary

^ ^Observation: SCET is complicated.

QCD amplitude (with modified Dirac structure)

SCET amplitude
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ex: DIS

Results of SCET are independent of the frame

more

than necessary

^ ^Observation: SCET is complicated.

(A.V. Manohar, Phys. Rev. D68 (2003) 114019)
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FIG. 3: One loop correction to the electromagnetic vertex in the Breit frame from (a) ultrasoft, (b) n-collinear and (c) n̄-collinear
gluons.

Evaluating the k+ integral by contours, and letting k− =
zp−2 gives
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The n̄-collinear gluon graph Fig. 3(c) gives
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which is Eq. (30) with p2
2 → p2

1,
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The remaining graphs are the wavefunction graphs.
The ultrasoft gluon contribution to wavefunction renor-
malization vanishes in Feynman gauge, since n2 = n̄2 =
0. The collinear wavefunction renormalization graph is
the same as the massless quark wavefunction renormal-
ization in QCD, Eq. (23), since the interaction of n-
collinear quarks with n-collinear gluons is the same as
the interaction of quarks with gluons in full QCD.

The matrix element of the current in the effective the-
ory is given by the sum of Eqs. (28,30,32) and subtracting
half the wavefunction renormalization Eq. (23) for each
external quark. The net result is
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]

. (33)

The ultraviolet divergence of this result agree with the ul-
traviolet divergence in the effective theory inferred from
Eq. (19). Exactly on-shell, the effective theory integrals
are scaleless and vanish because the 1/ϵUV ultraviolet di-
vergences cancel the 1/ϵIR infrared divergences. The ul-
traviolet divergence in the effective theory should there-
fore be the negative of the 1/ϵIR terms in Eq. (19), which
agrees with the divergence in Eq. (33). The SCET cur-
rent operator is multiplicatively renormalized, and there
is no operator mixing. This allows one to compute the
anomalous dimension of the SCET current directly from
the 1/ϵIR terms in the full theory matrix element. In
cases with operator mixing, the 1/ϵIR terms in the full
theory matrix element gives the value of the anomalous
dimension matrix times the operators coefficients evalu-
ated at the matching scale.

The infinite part of the matrix element is canceled by
the vertex and wavefunction counterterms in the effective
theory so that the renormalized matrix element is
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(34)

The infrared divergence as p2
i → 0 in the full theory cal-

culation, Eq. (24) agrees with the infrared divergence of
the effective theory calculation, Eq. (34), and the differ-
ence gives the matching condition, Eq. (20), which is free
of infrared divergences, and depends only on Q2, not on
p2

i .
The ultraviolet counterterm for the ultrasoft graph

Fig. 3(a), n-collinear graph Fig. 3(b) and n̄-collinear
graph Fig. 3(c) and wavefunction graph are from
Eqs. (28,30,32,23)
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respectively. The individual counterterms are sensitive
to the infrared through their dependence on the small
components of momentum, p−1 and p+

2 . The total coun-
terterm is the sum of the four terms above,
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and depends only on the label momenta p−2 and p+
1 which

are both Q. The counterterms Eq. (36) give the anoma-
lous dimension for the coefficient of the current in the
effective theory,

µ
dC(µ)

dµ
= γ1(µ) C(µ) ,

γ1(µ) = −CF
αs(µ)

4π

[

4 ln
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]

. (37)

The SCET current anomalous dimension depends on lnµ,
because the one-loop diagrams have 1/ϵ2 terms from
combined collinear and soft divergences. Consistency of
the effective theory implies that to all orders, the anoma-
lous dimension is at most linear in lnµ, as will be shown
in Sec. IX.

The cancellation of 1/ϵ ln p−1 and 1/ϵ lnp+
2 between the

soft and collinear graphs might suggest that the coef-
ficients in the two sectors must be the same, i.e. that
the two contributions must have the same value of αs.
This suggests that SCET should use two-stage running,
in which all coupling constants are evaluated at a single
scale µ, unlike NRQCD, which requires one-stage run-
ning using the velocity renormalization group [8, 10]. In
NRQCD, there is a cancellation of infrared divergences
between the soft and ultrasoft sectors that naively sug-
gests that both should have the same value of αs. How-
ever, this is not the case, and a proper treatment of
NRQCD has the soft coupling constant evaluated at the
scale mν and ultrasoft coupling constant evaluated at
the scale mν2 [8, 10]. It has been pointed out that one-
stage and two-stage running give the same result in SCET
for quantities which have been computed so far [11]. In
NRQCD, the difference between one- and two-stage run-
ning first occurs at order v2 in the power counting. SCET
anomalous dimensions have so far been computed only to
leading order in λ, and do not distinguish between one-
stage and two-stage running.

p1

p2

(a)

p1

p2

(b)

FIG. 4: One loop correction to the electromagnetic vertex in
the target rest frame from (a) ultrasoft and (b) n-collinear
gluons.

B. Target Rest Frame

In the target rest frame, the electromagnetic current in
the effective theory contains a n-collinear quark and an
ultrasoft quark. The diagrams in the effective theory in
the target rest frame are those in Fig. 4 and wavefunction
graphs. Note that there is no n̄-collinear graph, since the
current Eq. (25) does not contain Wn̄ in the target rest
frame.

The n-collinear graph Fig. 4(b) is the same as in the
Breit frame, and is given by Eq. (30). The result is frame-
independent, since the final expression only depends on
p2
2, not on the individual components p±2 or the momen-

tum p1 of the incoming quark. The non-zero wavefunc-
tion renormalization graphs also agree between the two
theories. The n-collinear wavefunction renormalization is
the same as the corresponding graph in the Breit frame,
and the ultrasoft wavefunction renormalization of the ul-
trasoft quark is the same as the n̄-collinear wavefunc-
tion renormalization of the n̄ quark, since both are equal
to wavefunction renormalization of a massless quark in
QCD. Each wavefunction graphs depends only on p2 for
a single particle.

The remaining graph is the ultrasoft graph Fig. 4(a).
The ultrasoft graph in the target rest frame must contain
the contributions of both the ultrasoft and n̄-collinear
graphs in the Breit frame. The ultrasoft graph in the
target rest frame is

I = −ig2CF µ2ϵ

∫
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1
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.

(38)

Doing the k+ integral, and using k+ = zp+
1 gives

I = −g2CF µ2ϵγµ

∫ 1

0

dz

2π

∫

dd−2k⊥
(2π)d−2

×
p+
1 (1 − z)

(p+
2 − p+

1 z)(z(1 − z)p2
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⊥)

target rest frame (n, us)

Breit frame (n, n, us)
_

Individual graphs differ, but final result it the same in both frames.

But this is not manifest in the Lagrangian
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EFT mantra:  “match and run … match and 
run …”

Everything else (power counting, summing 
logs, factorization, power corrections …) 
then just falls out.

<latexit sha1_base64="EApMNUnHD85gY6CMJtZLXqYJjtM=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWazV6l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gAZqoyp</latexit>

<latexit sha1_base64="oUBTisE5f51MtTYoyIyFHDaVk4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSI+xt9pIlu3vH7pwQQn6DjYWKrX/Izn/jJrlCow8GHu/NMDMvzqSw6PtfXmlldW19o7xZ2dre2d2r7h882DQ3jIcslalpx9RyKTQPUaDk7cxwqmLJW/HoZua3HrmxItX3OM54pOhAi0Qwik4KuyrvBb1qza/7c5C/JChIDQo0e9XPbj9lueIamaTWdgI/w2hCDQom+bTSzS3PKBvRAe84qqniNprMj52SE6f0SZIaVxrJXP05MaHK2rGKXaeiOLTL3kz8z+vkmFxGE6GzHLlmi0VJLgmmZPY56QvDGcqxI5QZ4W4lbEgNZejyqbgQguWX/5LwrH5VD+7Oa43rIo0yHMExnEIAF9CAW2hCCAwEPMELvHrae/bevPdFa8krZg7hF7yPb/FXjk4=</latexit>

<latexit sha1_base64="ZmX9mVEDoPZlcBsSFYx49lDAFxQ=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqewWQb0VvXis4NpCu5Rsmm1Dk+ySZIWy9Dd48aDi1T/kzX9j2u5BWx8MPN6bYWZelApurOd9o9La+sbmVnm7srO7t39QPTx6NEmmKQtoIhLdiYhhgisWWG4F66SaERkJ1o7GtzO//cS04Yl6sJOUhZIMFY85JdZJQU9m/Ua/WvPq3hx4lfgFqUGBVr/61RskNJNMWSqIMV3fS22YE205FWxa6WWGpYSOyZB1HVVEMhPm82On+MwpAxwn2pWyeK7+nsiJNGYiI9cpiR2ZZW8m/ud1MxtfhTlXaWaZootFcSawTfDsczzgmlErJo4Qqrm7FdMR0YRal0/FheAvv7xKgkb9uu7fX9SaN0UaZTiBUzgHHy6hCXfQggAocHiGV3hDCr2gd/SxaC2hYuYY/gB9/gDy2o5P</latexit>

<latexit sha1_base64="T55buqxh4hJgXjOGBlqYgZYFyG4=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EULugjWUEzwSSI+xt9pIlu3vH7pwQQn6DjYWKrX/Izn/jJrlCow8GHu/NMDMvzqSw6PtfXmlldW19o7xZ2dre2d2r7h882DQ3jIcslalpx9RyKTQPUaDk7cxwqmLJW/HoZua3HrmxItX3OM54pOhAi0Qwik4Kuyrv6V615tf9OchfEhSkBgWavepnt5+yXHGNTFJrO4GfYTShBgWTfFrp5pZnlI3ogHcc1VRxG03mx07JiVP6JEmNK41krv6cmFBl7VjFrlNRHNplbyb+53VyTC6jidBZjlyzxaIklwRTMvuc9IXhDOXYEcqMcLcSNqSGMnT5VFwIwfLLf0l4Vr+qB3fntcZ1kUYZjuAYTiGAC2jALTQhBAYCnuAFXj3tPXtv3vuiteQVM4fwC97HN02djos=</latexit>

match

run

match
run

match

run

match

EFT below    contains all DOF below that 
scale.

Advantage: You don’t have to think very hard to do this.                 

…

Four-fermi theory wasn’t like this!
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Two questions:

(1) CAN we think about SCET as a 
“traditional” EFT? 

(2) Is it USEFUL?
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All DOF below cutoff included, 
manifestly same as in QCD, and 
independent of process - just 
depend on cutoff  

DOF below cutoff separated into modes, 
not manifestly equivalent to QCD (collinear 
modes are 2-component spinors, ultrasoft 
are 4-component spinor).  Degrees of 
freedom are process-dependent. 

Degrees of Freedom

SCET vs. “Traditional” EFT (4-fermi theory, HQET, etc.)

SCETTrEFT
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Dimensional analysis - counts inverse 
powers of the cutoff.

  -scaling - measures several ratios of 
scales simultaneously, required to 
define modes

Power Counting

SCETTrEFT

SCET vs. “Traditional” EFT (4-fermi theory, HQET, etc.)

<latexit sha1_base64="RLrSujZsM6yVWVxR0Y0x+r3sJH0="></latexit>
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Factorization into Wilson coefficients 
(short distance) and matrix elements 
(long distance) occurs automatically 
at each matching scale

Wilson coefficients factorize hard 
physics from the rest; soft and collinear 
factorization is a dynamical result and 
manifest in the Lagrangian 

Factorization

SCETTrEFT

SCET vs. “Traditional” EFT (4-fermi theory, HQET, etc.)



SCET 201814

Perform an OPE (formally in deep 
Euclidean), integrate out DOF above 
cutoff, keep running down

Square matrix element, Fierz into 
factorizable form, renormalize each factor 
at appropriate scale (no expansion or 
integrating out degrees of freedom)

SCET

Inclusive Rates

b

+

b b b

+ + . . .

Oi

Σ=
i

+ . . .
u

u

b b b
b

TrEFT

SCET vs. “Traditional” EFT (4-fermi theory, HQET, etc.)

(also early SCET papers)

with As, Ās respectively in the fundamental or anti-fundamental representation. The jet
fields �n = W †

n⇠n and �n̄ = W †

n̄⇠n̄ are combinations of collinear quark fields made invariant
under collinear gauge transformations by Wilson lines of collinear gluons [18, 19], where

Wn(x) =
X

perms

exp

�g

1
P̄

n̄ · An,q(x)
�

, (2.11)

where q is the label momentum of the collinear gluon field An, and P̄ is a label momentum
operator which acts as P̄An,q = (n̄ · q)An,q [19]. Recall that, in SCET, collinear momenta
pµ

c = p̃µ + kµ are divided into a large label piece, p̃µ = (n̄ · p̃)nµ/2 + p̃µ

?
, and a residual

piece, kµ, where n̄ · p̃ is O(Q), p̃? is O(Q�), and k is O(Q�2). The residual momenta are
the same size as soft momenta, ks, of O(Q�2). Below, however, we will see how the natural
scaling of the collinear modes varies with the choice of observable ⌧a. The integral over x

in Eq. (2.7) enforces that the label momenta of the jet fields in the two-jet operator satisfy
n̄ · p̃n = �n · p̃n̄ = Q and p̃?n = p̃?n̄ = 0.

We must also match the operator ê in full QCD onto SCET. To do so we simply
replace the QCD energy-momentum tensor Tµ⌫ appearing in the definition Eq. (2.6) with
the energy-momentum tensor in SCET, and, as noted above, set the thrust axis equal to
the jet axis n in the two-jet operator Onn̄. After the BPS field redefinition, to leading order
in � the SCET energy-momentum tensor is a direct sum over contributions from fields in
the n, n̄ collinear and soft sectors, since the Lagrangian splits into these separate sectors
with no interactions between them. (Beyond leading order in �, there are power-suppressed
terms in the SCET Lagrangian in which interactions between collinear and soft fields do
not decouple following the BPS field redefintion [54, 55, 56, 57].) Then the event shape
operator ê splits into separate collinear and soft operators,

ê = ên + ên̄ + ês , (2.12)

where each êi is constructed only from the energy-momentum tensor of sector i of the
e↵ective theory. So, finally, the event shape distribution in SCET factorizes into purely
hard, collinear and soft functions,

1
�0

d�

de
= H(Q;µ)

Z
den den̄ des �(e � en � en̄ � es)Jn(en;µ)Jn̄(en̄;µ)S(es;µ) , (2.13)

where the hard coe�cient is the squared amplitude of the two-jet matching coe�cient,

H(Q;µ) = |Cnn̄(Qn/2,�Qn̄/2;µ)|2 , (2.14)

and the jet and soft functions are given by the matrix elements of collinear and soft oper-
ators,

S(es;µ) =
1

NC

Tr h0|Y †

n̄(0)Y †

n (0)�(es � ês)Yn(0)Y n̄(0) |0i , (2.15)

and

Jn(en;µ) =
Z

dl+

2⇡
Jn(en, l+;µ) , Jn̄(en̄;µ) =

Z
dk�

2⇡
Jn̄(en̄, k�;µ) , (2.16)
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Figure 1: The (A), (B) real and (C), (D) virtual contributions to the soft function. The gluons
all have momentum k.

Since cutting a gluon puts it on shell, the operator ⌧̂ s
a returns these values when acting on

a cut soft gluon. When no gluon is in the final state cut, the operator ⌧̂ s
a simply returns

zero. The real and virtual diagrams then contain delta functions, which we denote �R and
�V , respectively,

�R ⌘ �R(⌧ s

a , k) = ✓(k� � k+) �
⇣
⌧ s

a �
1
Q

��k+
��1�a

2
��k�

��a

2

⌘
(3.8a)

+ ✓(k+
� k�) �

⇣
⌧ s

a �
1
Q

��k�
��1�a

2
��k+

��a

2

⌘
,

�V ⌘ �V (⌧ s

a) = �(⌧ s

a) . (3.8b)

In terms of these delta functions, the (bare) perturbative soft function can be written

SPT(0)

a (⌧ s

a ;µ) = �(⌧ s

a) + 2 �R + 2 �V , (3.9)

where we used that the tree-level contribution is just �(⌧ s
a) and that the two real and the

two virtual diagrams in Fig. 1 give identical contributions.
In pure dimensional regularization, the virtual contributions are scaleless and hence

vanish so we only need to evaluate the real diagrams. They add to

2 �R = 2g2µ2✏CF n·n̄

Z
ddk

(2⇡)d

1
k�

1
k+

2⇡�(k�k+
� |k?|2) ✓(k�)�R(⌧ s

a , k) . (3.10)

Performing the k integrals gives

SPT(0)

a (⌧ s

a ;µ) = �(⌧ s

a) + ✓(⌧ s

a)
↵sCF n·n̄

⇡(1� a)

✓
4⇡µ2

Q2

◆✏ 1
�(1� ✏)

1
✏

✓
1
⌧ s
a

◆1+2✏

. (3.11)

Nonzero values of ⌧ s
a regulate the IR divergences, and so here the 1/✏ pole is of UV origin,

✏ = ✏UV.
Applying the distribution relation (valid for ✏ < 0)

✓(x)
x1+2✏

= �
�(x)
2✏

+

✓(x)
x

�

+

� 2✏


✓(x) lnx

x

�

+

+ O(✏2) , (3.12)
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(B)(A) (D)(C)(A) (A)

Figure 3: Diagrams contributing to the angularity jet function J n

a
(⌧n

a
, l+) with incoming momen-

tum l = n

2 Q + n̄

2 l+ and gluon momentum q: (A) Wilson line emission diagram and (B) its mirror;
(C) sunset and (D) tadpole QCD-like diagrams. The contributions to the jet function Jn

a
(⌧n

a
)

are given by the integrals of these diagrams over the + component of the incoming momentum,R
dl+J n

a
(⌧n

a
, l+) = 2⇡Jn

a
(⌧n

a
).

call these classes of cut diagrams “real” and “virtual” respectively. The real and virtual
diagrams contain the delta functions,

�R ⌘ �R(⌧n

a , q, l+) ⌘ �
⇣
⌧n

a �
1
Q

h
(q�)

a

2 (q+)1�
a

2 + (Q� q�)
a

2 (l+ � q+)1�
a

2

i ⌘
,

�V ⌘ �V (⌧n

a , l+) ⌘ �
⇣
⌧n

a �
�
l+/Q

�1�
a

2

⌘
, (3.22)

which are obtained using Eq. (3.7). In this case we simply consider the contribution to ⌧a

from a final state with a single on-shell collinear quark of momentum l for �V and from a
final state consisting of an on-shell collinear gluon of momentum q together with an on-shell
collinear quark of momentum l � q for �R, and use that the ‘�’ component of momentum
is always larger than the ‘+’ component for on-shell collinear particles. The momentum l

flowing through the diagrams in Fig. 3 has a label component which is fixed to be Qn/2
by the labels on the collinear fields in the matrix element in Eq. (2.17a).

Before turning to evaluate the diagrams in Fig. 3, we first perform a few simplifications
to facilitate the computation. First, we note that the Wilson line emission diagram, Fig. 3A,
and its mirror, Fig. 3B, give identical contributions. Second, we employ the fact that the
number and complexity of jet function diagrams needed in loop calculations is reduced by
noticing that the QCD-like diagrams can be computed using ordinary QCD Feynman rules
with appropriate insertions of the projection operators Pn = n/n̄//4 and Pn̄ = n̄/n//4 [47, 61].
In particular, for our one-loop example we use that the sum of Fig. 3C and Fig. 3D reduces
to

+ = Pn Pn̄ . (3.23)

Next, we relate the ⌧n
a -discontinuity to the ordinary discontinuity,

Disc ⌧n
a

h
2 + Pn Pn̄

i
(3.24)

⌘

h
2 + Pn Pn̄

i
�R +

h
2 + 2 Pn Pn̄

i
�V

= Disc
h
2 + Pn Pn̄

i
�V +

h
2 + Pn Pn̄

i⇣
�R � �V

⌘
,

where in the third line the we used that the real diagrams induced by taking the disconti-
nuity in the first term cancel the coe�cient of �V in the second term.
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Additional hierarchies in infrared 
scales implemented in subsequent 
matching - no power counting in the 
infrared

Multiple IR Scales

SCETTrEFT

SCET vs. “Traditional” EFT (4-fermi theory, HQET, etc.)

Hierarchy of infrared scales present in 
definition of the theory (SCETI, SCETII, 
etc.), at matching scale

“Sufficient unto the day is the 
evil thereof.” (Matthew 6:34, as 
quoted by H. Georgi)
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Multiple IR scales: HQET for exclusive                  decay

<latexit sha1_base64="UT71cRskqxrbFpCy+UxiGMO4RUI="></latexit>
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In the EFT between        and       , both         
and                      effects have the same power 
counting, even though 

This is necessary if you want to get the logs right:
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effects both come from  
operators of same dimension and 
mix under renormalization

Below               , c quark integrated out,       
operators become fixed corrections to LO results, 
               operators continue to run and give   
corrections
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and
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(Falk and Grinstein, Phys.Lett. B247 (1990) 406-411)
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SCETII (collinear, mass [soft] modes)

Multiple IR scales: SCET with a massive gauge boson
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mg is irrelevant - SCETI (collinear, ultrasoft 
modes)

Multiple IR scales: SCET with a massive gauge boson

(similar issues in NRQCD if                                 )

but why should the EFT at Q know anything 
about when QCD gets strong? 
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The main point of this talk … SCET is complicated because 
it separates the IR degrees of freedom into modes at the 
matching scale Q - power counting in the IR  

Taking a more traditional EFT approach (match and run, 
don’t power count IR physics) gives a simpler, and more 
general, framework
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Let’s start with something really simple … Deep Inelastic 
Scattering
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match

run

match

run
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(OPE)

(Manohar; Neubert, Becher and Pecjak, …)
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The physical picture is the same as in standard SCET:

• particles in final state interact with one another as usual 
(QCD) - no 1/Q expansion for interactions within final state  

• particles in initial state are highly boosted w.r.t. final state 
particles - lie above cutoff - integrated out of EFT for final 
state, replaced by light-like Wilson line - the 1/Q expansion 
exists here 

• the same story applies to initial state, so the theory consists 
of two decoupled sectors, each interacting via usual QCD 
interactions, coupled via Wilson lines in the external current

<latexit sha1_base64="Ih3GKX1mqfsSG7ZfD3oqqavMeFU="></latexit>
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“n sector”: final state 
described by QCD

“n sector”: initial state 
described by QCD

_

sectors couple via Wilson lines in 
the external current
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separate gauge groups - sectors don’t directly interact

:  The effective Lagrangian is very simple
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the 1/Q expansion 
lives here

(ML and S. Freedman, Phys.Rev. D85 (2012) 014003) (with soft modes) 
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Matching and Power Counting:

it’s convenient to define the boost-invariant expansion 
parameters
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<<1 for initial state particle

<<1 for final state particles

where
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then we can expand the tree-level QCD matrix element in powers of 1/Q:

This is reproduced in the EFT by
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(using spinor-helicity formalism 
for convenience)

Matching and Power Counting:

subleading currents have the same Wilson 
line structure as leading order current, with 
additional fields/derivatives either at the 
origin or along one of the Wilson lines
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We can similarly expand the QCD 1-gluon amplitude:
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Matching and Power Counting:

(RGE: Goerke and Inglis-Whalen, arxiv:1711.09147)

http://arxiv.org/abs/arXiv:1711.09147
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This isn’t (usual) SCET .. ($CET?)
• Sectors defined by cutoff in invariant mass, NOT scaling.  

“sector”    “mode” (each sector contains all modes below cutoff, 
sectors lie above each other’s cutoff) 

• no expansion in the individual sectors, just in  

• No    ’s : Expansion parameter is manifestly 1/Q.   

• No explicit soft or ultrasoft degrees of freedom - no multipole 
expansion/label momenta/soft expansion 

• Manifestly boost invariant:  

• No distinction at this stage between SCETI, SCETII, etc. - as long 
as your external states satisfy 
 
 
this is the right EFT 
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In SCET, ultrasoft and collinear modes were originally introduced to 
allow the theory to be consistently renormalized

but this theory behaves at one loop just like standard SCET with 
only collinear modes - how to sensibly renormalize?

But it’s not obvious it makes sense:

Deep inelastic scattering as x ! 1 using soft-collinear e↵ective theory

Aneesh V. Manohar1

1Department of Physics, University of California at San Diego, La Jolla, CA 92093

(Dated: September 2003)

Soft-collinear e↵ective theory (SCET) is used to sum Sudakov double-logarithms in the x ! 1
endpoint region for the deep inelastic scattering structure function. The calculations are done in both
the target rest frame and the Breit frame. The separation of scales in the e↵ective theory implies
that the anomalous dimension of the SCET current is linear in lnµ, and the anomalous dimension
for the N th moment of the structure function is linear in lnN , to all orders in perturbation theory.
The SCET formulation is shown to be free of Landau pole singularities. Some important di↵erences
between the deep inelastic structure function and the shape function in B decay are discussed.

I. INTRODUCTION

The ultraviolet counterterm for the ultrasoft graph
Fig. ??(a), n-collinear graph Fig. ??(b) and n̄-collinear
graph Fig. ??(c) and wavefunction graph are from
Eqs. (??,??,??,??)
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n̄-collinear:
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respectively. The individual counterterms are sensitive
to the infrared through their dependence on the small
components of momentum, p�1 and p+2 . The total coun-
terterm is the sum of the four terms above,
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and depends only on the label momenta p�2 and p+1 which
are bothQ. The counterterms Eq. (2) give the anomalous
dimension for the coe�cient of the current in the e↵ective
theory,

µ
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dµ
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�
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The SCET current anomalous dimension depends on lnµ,
because the one-loop diagrams have 1/✏2 terms from
combined collinear and soft divergences. Consistency of

the e↵ective theory implies that to all orders, the anoma-
lous dimension is at most linear in lnµ, as will be shown
in Sec. V.
The cancellation of 1/✏ ln p�1 and 1/✏ ln p+2 between the

soft and collinear graphs might suggest that the coef-
ficients in the two sectors must be the same, i.e. that
the two contributions must have the same value of ↵s.
This suggests that SCET should use two-stage running,
in which all coupling constants are evaluated at a single
scale µ, unlike NRQCD, which requires one-stage run-
ning using the velocity renormalization group [8, 10]. In
NRQCD, there is a cancellation of infrared divergences
between the soft and ultrasoft sectors that naively sug-
gests that both should have the same value of ↵s. How-
ever, this is not the case, and a proper treatment of
NRQCD has the soft coupling constant evaluated at the
scale m⌫ and ultrasoft coupling constant evaluated at
the scale m⌫2 [8, 10]. It has been pointed out that one-
stage and two-stage running give the same result in SCET
for quantities which have been computed so far [11]. In
NRQCD, the di↵erence between one- and two-stage run-
ning first occurs at order v2 in the power counting. SCET
anomalous dimensions have so far been computed only to
leading order in �, and do not distinguish between one-
stage and two-stage running.

A. Target Rest Frame

In the target rest frame, the electromagnetic current in
the e↵ective theory contains a n-collinear quark and an
ultrasoft quark. The diagrams in the e↵ective theory in
the target rest frame are those in Fig. 1 and wavefunction
graphs. Note that there is no n̄-collinear graph, since the
current Eq. (??) does not contain Wn̄ in the target rest
frame.
The n-collinear graph Fig. 1(b) is the same as in the

Breit frame, and is given by Eq. (??). The result is frame-
independent, since the final expression only depends on
p22, not on the individual components p±2 or the momen-
tum p1 of the incoming quark. The non-zero wavefunc-
tion renormalization graphs also agree between the two
theories. The n-collinear wavefunction renormalization is
the same as the corresponding graph in the Breit frame,
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and depends only on the label momenta p�2 and p+1 which
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dimension for the coe�cient of the current in the e↵ective
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The SCET current anomalous dimension depends on lnµ,
because the one-loop diagrams have 1/✏2 terms from
combined collinear and soft divergences. Consistency of

the e↵ective theory implies that to all orders, the anoma-
lous dimension is at most linear in lnµ, as will be shown
in Sec. V.
The cancellation of 1/✏ ln p�1 and 1/✏ ln p+2 between the

soft and collinear graphs might suggest that the coef-
ficients in the two sectors must be the same, i.e. that
the two contributions must have the same value of ↵s.
This suggests that SCET should use two-stage running,
in which all coupling constants are evaluated at a single
scale µ, unlike NRQCD, which requires one-stage run-
ning using the velocity renormalization group [8, 10]. In
NRQCD, there is a cancellation of infrared divergences
between the soft and ultrasoft sectors that naively sug-
gests that both should have the same value of ↵s. How-
ever, this is not the case, and a proper treatment of
NRQCD has the soft coupling constant evaluated at the
scale m⌫ and ultrasoft coupling constant evaluated at
the scale m⌫2 [8, 10]. It has been pointed out that one-
stage and two-stage running give the same result in SCET
for quantities which have been computed so far [11]. In
NRQCD, the di↵erence between one- and two-stage run-
ning first occurs at order v2 in the power counting. SCET
anomalous dimensions have so far been computed only to
leading order in �, and do not distinguish between one-
stage and two-stage running.

A. Target Rest Frame

In the target rest frame, the electromagnetic current in
the e↵ective theory contains a n-collinear quark and an
ultrasoft quark. The diagrams in the e↵ective theory in
the target rest frame are those in Fig. 1 and wavefunction
graphs. Note that there is no n̄-collinear graph, since the
current Eq. (??) does not contain Wn̄ in the target rest
frame.
The n-collinear graph Fig. 1(b) is the same as in the

Breit frame, and is given by Eq. (??). The result is frame-
independent, since the final expression only depends on
p22, not on the individual components p±2 or the momen-
tum p1 of the incoming quark. The non-zero wavefunc-
tion renormalization graphs also agree between the two
theories. The n-collinear wavefunction renormalization is
the same as the corresponding graph in the Breit frame,

individual modes have IR 
sensitive UV divergences counterterm is not IR sensitive
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There are too many low energy degrees of freedom!

There is nothing to stop partons from going into the “wrong sector” - O2 
can emit n-sector gluons into final state - double counting!
This is permitted in the EFT as long as the partons’ momenta are 
below the cutoff of BOTH theories (ultrasoft gluons fall into this 
category)

_

Double counting:

These effects must be subtracted, both from tree level probabilities (not 
amplitudes) and loops - “overlap subtraction”
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Overlap subtraction - tree level:

expand in n-sector limit:

need to subtract overlap contribution from phase space integrals 
(matching probabilities, not just amplitudes)

“overlap” gluon

n gluon
_
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Overlap subtraction - loop level

<latexit sha1_base64="9SiwtLJdgD28SBKz7BqQCYja0us="></latexit>

<latexit sha1_base64="qXT1qlRSGGPk4Fq72M762cyL8LA="></latexit>

<latexit sha1_base64="7A+jvv6dgZkm4ZfN+uBOqY8x+ss="></latexit>

<latexit sha1_base64="Fr5/zqw3baWhHjNdiPvzq8Ute3Y="></latexit>

<latexit sha1_base64="cZsTSxupj4io89/+6fJpVmV3IFE="></latexit>

<latexit sha1_base64="V4obVfBW2h8B2SydXpOX/R/0030="></latexit>

<latexit sha1_base64="V4obVfBW2h8B2SydXpOX/R/0030="></latexit>

<latexit sha1_base64="NjaLmGG8P38WV9NoYBgXNxoTREM="></latexit>

(+ wave function)
<latexit sha1_base64="FiJKB6zkI4cWT5NLGNHSf3eg3O4="></latexit>

gluon mass regulator

n loop
_

n loop overlap loop
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Overlap subtraction - loop level

n loop
_

n loop overlap loop

Overlap subtraction is required to make loop integrals well-defined

(This works exactly the same way as n+n-soft in standard SCET)
_

(Chiu et. al., Phys.Rev. D79 (2009) 053007, Idilbi and Mehen, Phys. Rev. D76 (2007) 094015, Lee and 
Sterman, Phys. Rev. D75 (2007) 014022) )
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This is reminiscent of 0-bin subtraction.  Like 0-bin subtraction, it is 
formally equivalent to dividing matrix elements by the VEV of Wilson 
lines:

<latexit sha1_base64="cHNJsUllQmuUpCumeLMC7fvaoP8="></latexit>

<latexit sha1_base64="KZtoOFUhHfDbS3ayFtUbDsYepOs="></latexit>

This includes T products (phase space integrals):

Like 0-bin, this is a “prescription”, but uniquely determined by 
matching conditions
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This is where the process dependence/SCETI vs SCETII etc. 
distinctions come in.

which can then be used to sum logs over lower scales (if any)

This defines the EFT at Q - similar for any 2-jet/sector process (DIS, 
event shapes, massive Sudakov form factor, etc.) 

Run down to the next matching scale, which depends on the process:

DIS
match onto

PDF

thrust
match onto

soft function

Massive Sudakov FF
match onto

free theory
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: OPE and match onto PDF

The process dependence arises here - match onto PDF for DIS, 
measurement function for event shapes, etc. in the usual way

<latexit sha1_base64="dFDEwQ9MYH366YORv2FCwUPkkXI="></latexit>

expand in 
powers of

<latexit sha1_base64="ttU9OW2EXTw7Se0RGvyL9kBpA8M="></latexit>
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: OPE and match onto PDF

• “anti-collinear” DOF’s don’t have to be subtracted by hand - spurious 
DOF’s cancelled by overlap 

• “jet function” is not something directly calculated, but a matching 
condition.  PDF = matrix element in low energy theory (as usual) 

• recover the usual factorization formula

The process dependence arises here - match onto PDF for DIS, 
measurement function for event shapes, etc. in the usual way

<latexit sha1_base64="dFDEwQ9MYH366YORv2FCwUPkkXI="></latexit>

matching 
onto SCET

matching 
onto PDF

NP matrix 
element

<latexit sha1_base64="iS5LyPlAMhVxUeYih9elcZYzE6E="></latexit>
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So it works for DIS.  What next?

• Rapidity logs - related to scheme dependence in overlap subtraction 
(in progress - massive Sudakov form factor)  

• Other simple processes (in progress):  
•                     - heavy and n sectors 
•  subleading corrections to event shapes 
•  multijet sectors - simple extension  

• applications to processes with more complex factorization/more 
infrared scales

<latexit sha1_base64="eRgJHTo/D0ABlhkc90TwgIyTQ4w="></latexit>
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Conclusions

• SCET is less complicated than it appears

• it’s useful to write SCET as a theory of decoupled QCD 
sectors coupled via Wilson lines - no mode decomposition, 
multipole expansion, label vs residual momenta:  interactions 
within a sector are manifestly QCD, interactions between 
sectors are mediated by Wilson lines, power corrections are 
much simpler to write down, theory is manifestly boost 
invariant

• need an overlap subtraction prescription to remove double 
counting - also fixes problem with IR dependent UV 
counterterms

• works for DIS - whether this makes more complex, multiscale 
problems more tractable remains to be seen 


