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Introduction

The Heisenberg-Euler effective action [Heisenberg, Euler: Z. Phys. 98 714 (1936)]

Folgerungen aus der Diracschen Theorie des Positrons.

Von W. Heisenberg und H. Euler in Leipzig. Effective self-interactions of
Aus der Diracschen Theorie des Positrons folgt, da jedes elektromagnetische |nd uced by qua ntum vacuum
Feld zur Paarerzeugung neigt, eine Abdnderung der Maxwellschen Gleichungen . B
des Vakuums. Diese Abénderungen werden fiir den speziellen Fall berechnet, ﬂuctuatlons O'F e / e+ and Y.

in dem keine wirklichen Elektronen und Positronen vorhanden sind, und in
dem sich das Feld auf Strecken der Compton-Wellenlinge nur wenig &ndert.
Es ergibt sich fiir das Feld eine Lagrange-Funktion:

o n 5 - .

- cos ( - V&2 - B2 + 24 (EB) | + konj
2:%((22—232)+;§zj6'"9§{@'?72((‘393% (l@kt ) I'ng = /d456 LuE

Vil cos(TéJVG2—232+2i((SQ3))—konj

2
+ G2 + L (552—@2)}.

m?2 ¢3 1 e o it
| €] = 7 — 1374 (_62/111 2y — ,Kritische Feldstirke )

((ﬁ, B Kraft auf das Elektron.

Thre Entwicklungsglieder fiir (gegen |€y|) kleine Felder beschreiben Prozesse

der Streuung von Licht an Licht, deren einfachstes bereits aus einer Storungs-

rechnung bekannt ist. Fiir grofe Felder sind die hier abgeleiteten Feldgleichungen

von den Max well schen sehr verschieden. Sie werden mit den von Born
vorgeschlagenen verglichen.
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Introduction

The Heisenberg-Euler effective action [Heisenberg, Euler: Z. Phys. 98 714 (1936)]

— the considered microscopic theory is 1 = oka” — 0¥at

1 _
L = ¢(1’Y”3u—m)¢ _ wa/fuy + €¢’Y“CLM¢

— AV /;\
— typical vacuum diagram
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Introduction

The Heisenberg-Euler effective action [Heisenberg, Euler: Z. Phys. 98 714 (1936)]

— the considered microscopic theory is 1 = oka” — 0¥at

. 1 y . 1 )
L = ¢(1’Y“3u —mW o quuf'u + ewfylu(a,u_‘_Au)Tﬁ o ZF,UJI/FM

QED + (non-quantized) prescribed external field.

— o R 5

— typical vacuum diagram
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Introduction

The Heisenberg-Euler effective action [Heisenberg, Euler: Z. Phys. 98 714 (1936)]

Folgerungen aus der Diracschen Theorie des Positrons. Heisenberg & Euler evaluated
Von W. Heisenberg und H. Euler in Leipzig.

Mit 2 Abbildungen. (Eingegangen am 22. Dezember 1935.)

Aus der Diracschen Theorie des Positrons folgt, da jedes elektromagnetische
Feld zur Paarerzeugung neigt, eine Abdnderung der Maxwellschen Gleichungen
des Vakuums. Diese Abénderungen werden fiir den speziellen Fall berechnet,
in dem keine wirklichen Elektronen und Positronen vorhanden sind, und in

dem sif:-h dgs Fg}d auf Streckpn der Compton-We}lenléLnge nur wenig éndert. in constant external e.m.
Es ergibt sich fiir das Feld eine Lagrange-Funktion: field |
1 o2 * i cos(lwézl;[‘/@‘z—-%gi-?i(@%))+konj lelds at one loop.
L= o (@2—%2)+RJ e "‘;—} {m’n?(@%) .
: 4 cos(TC-gJ VG2—232+2i((EQ3))—konj
2
+ G2 + L (552—@2)}.
€, B Kraft auf das Elektron.
m2¢3 1 e . L
(l(ﬁkl = a7 — 137% (oFm )2 =— ,Kritische Feldstirke )

1 1 - -
= —F, F" = -(B* - E?
‘F 4 2 2( )7

1 * v D 5
G = ;Fu F" =—F B
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Introduction

The Heisenberg-Euler effective action

Folgerungen aus der Diracschen Theorie des Positrons.
Von W. Heisenberg und H. Euler in Leipzig.
Mit 2 Abbildungen. (Eingegangen am 22. Dezember 1935.)

Aus der Diracschen Theorie des Positrons folgt, da jedes elektromagnetische
Feld zur Paarerzeugung neigt, eine Abdnderung der Maxwellschen Gleichungen
des Vakuums. Diese Abénderungen werden fiir den speziellen Fall berechnet,
in dem keine wirklichen Elektronen und Positronen vorhanden sind, und in
dem sich das Feld auf Strecken der Compton-Wellenlinge nur wenig &ndert.
Es ergibt sich fiir das Feld eine Lagrange-Funktion:
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m?2 ¢3 1 e o it
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1 1 - -
= —F, F" = -(B* - E?
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((ﬁ, B Kraft auf das Elektron.

1 * v D 5
G = ;Fu F" =—F B
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[Heisenberg, Euler: Z. Phys. 98 714 (1936)]

Heisenberg & Euler evaluated

in constant external e.m.
fields at one loop.

— leading contribution in a
loop-expansion
Fl—loop -~ (g)l_l-
HE T

— to all orders in the
coupling to the external

field ~ eA" .

/
e el



Introduction

The Heisenberg-Euler effective action (in constant e.m. fields)

— at one loop:

[Heisenberg, Euler: Z. Phys. 98 714 (1936)]

1 loop [A]

[Weisskopf: Kong. Dans. Vid. Selsk., Mat.-fys. Medd. XIV, 6 (1936)]
— at two loops:
2 loop [A] [Ritus: Sov. Phys. JETP 42, 774 (1975)]
[Ritus: Sov. Phys. JETP 46, 423 (1977)]

1PI 1PR
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A fresh look on the Heisenberg-Euler effective action

The Heisenberg-Euler effective action (in constant e.m. fields)

— at one loop:

[Heisenberg, Euler: Z. Phys. 98 714 (1936)]

1 loop [A]

[Weisskopf: Kong. Dans. Vid. Selsk., Mat.-fys. Medd. XIV, 6 (1936)]

— at two loops:
2 100p A ‘\/\/\‘ [Ritus: Sov. Phys. JETP 42, 774 (1975)]
[ ] @ @ [Ritus: Sov. Phys. JETP 46, 423 (1977)]
1PI 1PR

— Lesson 1: The Heisenberg-Euler effective action is not a standard
1P| effective action I', as generically also 1PR diagrams

contribute. [Gies, FK: JHEP 03 108 (2017)]
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A fresh look on the Heisenberg-Euler effective action

Standard 1PI effective action I defined via Legendre transform:

Z|J] = /psp eiSlel+i [ Je

5 Tl swp {- [s6-imzp) 5= (o)
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A fresh look on the Heisenberg-Euler effective action

Standard 1PI effective action I defined via Legendre transform:

Z[J] = /psp eiSlel+i [ Je

— ['[¢] := sup {—/J¢ — z'an[J]} ¢ = (p)

J

Heisenberg-Euler effective action I'yg:

Z[J] = /DQ/DWM g Slab It ) Ja Sla, ¥, ¥] = Sqep
— Fugl|A4] = {—/JMA“ —ian[J]}
J=—(8F)
i.e., no Legendre transform
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A fresh look on the Heisenberg-Euler effective action

# 0 in constant external fields?

Previously: This contribution vanishes, because @r\m =0in

constant fields. [riws: sov. Phys. JETP 42, 774 (1075)]

[Dittrich, Reuter: Lect. Notes Phys. 220, 1(1985)]
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A fresh look on the Heisenberg-Euler effective action

# 0 in constant external fields?

Previously: This contribution vanishes, because @r\m =0 in

constant fields. [riws: sov. Phys. JETP 42, 774 (1075)]

[Dittrich, Reuter: Lect. Notes Phys. 220, 1(1985)]

1%

However: @'\N ~EkFo(k)  and VW~ gkz ,
g 2 2 _ TL®

such that 'V\N. / vy =k, 6*( /ch (k) = )i
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A fresh look on the Heisenberg-Euler effective action

# 0 in constant external fields?

Previously: This contribution vanishes, because @r\m =0 in

constant fields. [riws: sov. Phys. JETP 42, 774 (1075)]

[Dittrich, Reuter: Lect. Notes Phys. 220, 1(1985)]

1%

However: @'\N ~EkFo(k)  and VW~ gkz ,
g 2 2 _ TL®

such that 'V\A. / 7 k2 k 5 ) /]{;5 (k) — (271')4 :

— Lesson 2: The 2-loop 1PR contribution is finite even in constant

external fields. [Gies, FK: JHEP 03 108 (2017)]
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A fresh look on the Heisenberg-Euler effective action

For const. fields can be determined exactly from L.

[Gies, FK: JHEP 03 108 (2017)]

The result is:

1-loop 1- loop
oL iloop gl

2loop
E ‘1PR OF v aFNV
_F (%f (3%5@)2 \ g 0L QL™
OF oG oYa G

— vanishes for £ 1 B, |E|=|B]|.

— closed form expressions for G =0 in terms of Hurwitz zeta function.
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A fresh look on the Heisenberg-Euler effective action

For const. fields can be determined exactly from Lj;o°P.

[Gies, FK: JHEP 03 108 (2017)]

The result is:

1-loop 1- loop
oLl ol

2- loop
'C ‘1PR OFmv anW
_ <8£EIEOOP>2 ~ <8£11$°p)2 L og DL DLy
OF oG OF G

— vanishes for £ 1 B, |E|=|B]|.
— closed form expressions for G =0 in terms of Hurwitz zeta function.

— Lesson 3: 1PR diagrams of this type are of course also relevant

beyond two loops < not considered so far. [cf. Schubert, et al]
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A fresh look on the Heisenberg-Euler effective action

Scaling in weak and strong field limits for purely magnetic field.

[Gies, FK: JHEP 03 108 (2017)]

eB
weak (—2 < 1)
m

1-loop
2- loop’ L
L 1PI —
2- loop‘ L
LR g =
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A fresh look on the Heisenberg-Euler effective action

Scaling in weak and strong field limits for purely magnetic field.

[Gies, FK: JHEP 03 108 (2017)]

eB
weak (—2 < 1)
m

El—loop . m* (€B)4
HE 36072 \m?2
2- loop’ L
L 1PI —
2- loop‘ L
LR =
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A fresh look on the Heisenberg-Euler effective action

Scaling in weak and strong field limits for purely magnetic field.

[Gies, FK: JHEP 03 108 (2017)]

eB
weak (—2 < 1)
m

El—loop L m* (€B)4
HE 36072 \m?2
£2 loop ’ L v g 4_0
1PI T 9
2- loop L
LR =
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A fresh look on the Heisenberg-Euler effective action

Scaling in weak and strong field limits for purely magnetic field.

[Gies, FK: JHEP 03 108 (2017)]

eB
weak (—2 < 1)
m

El—loop L

2- 100p . a 40

Lig ™| p = abmirey
2- loop .

LR o =
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A fresh look on the Heisenberg-Euler effective action

Scaling in weak and strong field limits for purely magnetic field.

[Gies, FK: JHEP 03 108 (2017)]

eB eBB :
weak (—2 < 1) strong (—2 > 1) fields
m m
£1—loop _ m* (63)4
HE 36072 \ m?2
2- 100p . a 40
Ly ’1131 - ahirey
2loop| ad (ﬁ)Q
Ly ‘1PR - * 745 \m?
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A fresh look on the Heisenberg-Euler effective action

Scaling in weak and strong field limits for purely magnetic field.

[Gies, FK: JHEP 03 108 (2017)]

weak (—B < 1) strong (m—B > 1) fields

m?2

[lloop _ m? (eB)4 m? (eB)Q1 (eB)
P— [ n —_—
HE 36072 \m?2 2472 \'m? m2
a 40
£2 loop ’ _ = =¥
1PI T 9
a4 reB\?2
£2 loop‘ _ X——(—)
1PR m 45 \m?2
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A fresh look on the Heisenberg-Euler effective action

Scaling in weak and strong field limits for purely magnetic field.
[Gies, FK: JHEP 03 108 (2017)]

weak (—B < 1) strong (m—B > 1) fields

m?2

[l _ (B () ()
HE 36072 \ m2 24rz \m2/) \m2
2100p a 40 ad
Lrg | ipr = 79 Y
2-loop a4 eB\?
L ‘1PR X7T45(m2)
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A fresh look on the Heisenberg-Euler effective action

Scaling in weak and strong field limits for purely magnetic field.

[Gies, FK: JHEP 03 108 (2017)]

eB eB :
weak (—2 < 1) strong (— > 1) fields
m m
El—loop . m? (€B)4 m* (63)21 (6B>
HE 36072 \ m? 2472 \m2) * \m2
2- 100p . a 40 ad
Lig ™| p = 19 “T1a
2loop . gi(@)Q al eB
= ‘1PR_ “ T a5\ m2 x;§1n< )
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A fresh look on the Heisenberg-Euler effective action

The 1PR diagram .AM. has additional interesting features:

— beyond QED, the two loops do not necessarily involve the same

particle species

— in 1Pl sector only possible at >2 loops, e.g., C)*@ :
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A fresh look on the Heisenberg-Euler effective action

The 1PR diagram .AM. has additional interesting features:

— beyond QED, the two loops do not necessarily involve the same

particle species
— in 1Pl sector only possible at >2 loops, e.g., C)*@ :

Consider two different species of Dirac fermions with parameters (e, m)

and (e, m) in a constant magnetic field.

eB eB
— — K 1, —5 > 1:
m m m*é? seB\4. /éB
E ~/ 1 ( 5 > ln<~—2> .
21607* \'m m
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A fresh look on the Heisenberg-Euler effective action

Photon propagation in QED in external electromagnetic fields.

(a) one-particle irreducible: [Gies, FK: JHEP 03 108 (2017)]
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A fresh look on the Heisenberg-Euler effective action

Photon propagation in QED in external electromagnetic fields.

(a) one-particle irreducible: [Gies, FK: JHEP 03 108 (2017)]

O

(b) one-particle reducible:

O O
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A fresh look on the Heisenberg-Euler effective action

Photon propagation in QED in external electromagnetic fields.

(a) one-particle irreducible: [Gies, FK: JHEP 03 108 (2017)]

O

(b) one-particle reducible:

O O
(c) current-current correlators:
O O
w\@ @'\’V # of loops < powers of a

O OO OO0
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A fresh look on the Heisenberg-Euler effective action

Photon propagation in QED in external electromagnetic fields.

(a) one-particle irreducible: [Gies, FK: JHEP 03 108 (2017)]

: In low-frequency limit attainable
@ from the Heisenberg-Euler action.

[FK, Shaisultanov: Phys. Rev. D 91 085027 (2015)]
(b) one-particle reducible:

O O
(c) current-current correlators:
O O
w\@ @'\’V # of loops < powers of a

O OO OO0
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A fresh look on the Heisenberg-Euler effective action

Photon propagation in QED in external electromagnetic fields.

(a) one-particle irreducible: [Gies, FK: JHEP 03 108 (2017)]

: In low-frequency limit attainable
@ from the Heisenberg-Euler action.

[FK, Shaisultanov: Phys. Rev. D 91 085027 (2015)]
(b) one-particle reducible:

W T (k, K| A)
O O

(¢) current-current correlators:

O O
VV@ @'\’V # of loops € powers of a

O OO~ OO0
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Conclusions and Outlook

In this talk,

— | have highlighted that the Heisenberg-Euler action is not a standard

1PI effective action.

— | have shown you that at two loops there is a finite 1PR contribution,

previously assumed to vanish in constant fields.

— Similar contributions are also relevant beyond two loops.
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Conclusions and Outlook

In this talk,

— | have highlighted that the Heisenberg-Euler action is not a standard

1PI effective action.

— | have shown you that at two loops there is a finite 1PR contribution,

previously assumed to vanish in constant fields.
— Similar contributions are also relevant beyond two loops.
— Finally, | briefly discussed photon propagation in external e.m. fields.

— The corresponding diagrams can be derived from the 1Pl sector of the

Heisenberg-Euler effective action 4+ photon propergators.
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Thank you for your attention!
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