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Conttents of today’s lecture

Accelerating cavity
It accelerates particles with high

Beam is sent to synchrotron frequency by applying an electric
accelerator from the pre-accelerator field at the right timing of the
(Tandem or Linac, etc.). particles passing through.
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Charged particles travel
around the track in a fixed
orbit by electromagnet.

Beam is sent to the
beam utilizing course
after acceleration.




Contents of today’s lecture

How can we keep the particles on a circular trajectory?

How can we keep the particles on a circular trajectory for 1000s of
turns?

How can we influence the beam size?

How can we describe the motion of a particle in an alternating
gradient storage ring?

What parameters are of importance?



Contents of today’s lecture

Beam dynamics in the transverse plane
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How we keep the particles on a circular
trajectory?

Usually use only magnetic fields for transverse control

F=q-(E+7xB)| LorentzForce

What is the equivalent E field of B=1 T?
— Ultra-relativistic: |v] = c~ 3 x 10%m/s

F =q-3-10°2.1T

=q-3- 108 "? . Xlg Equivalent electric field!!:
_ MV —
=¢- 30057 E| = 3004V

= To guide the particles we use magnetic fields from electro-
magnets.



Dipole magnets: guiding magnets

Vertical magnetic field to bend in the horizontal plane

Dipole electro-magnets:

= —

F=qg-vxB




Dipole magnets: guiding magnets

Circular accelerator: Lorentz Force = Centrifugal Force

FL = quB 2

F — mo » - =quB
centr 0 P

p __

= = Bp| Bp Beamrigidity

L~ 0.3 2]

plm] = Y p[GeV/(]

Useful formula:

Example for the LHC
— p*@7 TeV/c 1 — 0.3 3.3
- 83T 2.53 km 7000




Defiine design trajectory (orbit)

Length of dipole magnet and field define total bending angle of
magnet:
o = 98 ny dl — DBl
P P P
&,
w

ds

Circular accelerator: total bending angle:= 2x P

dez dez
Bp %

= 2T =

How many dipole magnets do we need in the LHC?

« Dipole length =15 m fB dl~ N1 B =212
- Field 8.3 T 9

27 7000 10%eV
N = 8.3T 15m 3-108Z¢ 1252




Focusing is mandatory for stability

Define design trajectory with dipole magnets

Trajectories of particles in beam will deviate from design trajectory

0

= Focusing

— Particles should feel restoring force when deviating from
design trajectory horizontally or vertically

v

Design trajectory



Focusing with Quadrupole Maghets

Requirement: Lorentz force increases as a function of distance from
design trajectory

E.g. in the horizontal plane 1
F(z)=gq-v-B(x)
We want a magnetic field that : y

by=g-x B:=g"Yy

The red arrows show the direction

-> Q_uadrupo|e magnet of the force on the particle
Gradient of quadrupole Normalized gradient, focusing strength
2,u0 nl T —2
g T [m] k T p/q [m ]



Strong focusing

Light lenses:

1 1_1,1 d
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Consider f,=f, f,=-f = F=f2/d>0

In a synchrotron: the lenses are the quadrupoles
|

FODO Cell: F = Focusing, 0O=nothing (bend, RF,..),
D = Defocusing
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The LHC FODO cell

106.90 m
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23 FODO cells

| Ulc"c

=
Qa
@

7
O
=
T
O
-
x

MSCB

Mom
cleaning

en

|

Betatron
cleaning



The LHC main quadrupol

Length = 3.2 m

Gradient = 223 T/m

Peak field 6.83 T

Total number in LHC: 392

LHC quadrupole cross section

Beam Screen

Cold Bore
Superconducting Coils
Stainless steel Collars
Iron Yoke Laminations
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e magnet
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Towards the Equation of Moftion

And now a bit of theory to see how we can calculate trajectories
through dipoles and quadrupoles.

Taylor series expansion of B field:

OB 10°B, 2 , 190°B, 3
By (.CC) p— Byo I axy i I 5 any i I 3' amgy i _I_ o o u

Normalize and keep only terms linear in x

5/((:;) = + kx + 27&332 + 3)(zx3 + .

y(x)
p/q + ki



Towards Equation of Motion

Use different coordinate system: Frenet-Serret rotating frame

The ideal particle stays on “design” trajectory. (x=0, y=0)
And: X,y << p

The design particle has momentum py = mgyv.

— A : :
d = pp% — TP .... relative momentum offset of a particle



Towards Equation of Motion

Replace time ‘t’ free parameter by path length ‘s’:

I _ dx
m_ds
d _dsd _ . d ../ _ Pz
dt — ditds V' ds v T 5,
. 1/ 1/
mi =F, - mr = iz |y = L=
\% VD

And F is the Lorentz force the particle feels in the magnet...



The Equation of Moftion

All we have to do now is to insert F, of e.g. a quadrupole magnet

F—qBV—qg:UV

after a bit of maths: the equations of motion

" 4+ kxr =0
—ky =20

Quadrupole field changes sign between x and y




Solution of Equartion of Motion

Equation of motion in horizontal plane*:

Equation of the harmonic oscillator
// _
T Kx = 0 with spring constant K

Solution can be found with ansatz
x(s) = aq cos(ws) + as sin(ws)

Insert ansatz in equation =>
For K > 0O: focusing w=vVK

2(s) = a1 cos(VKs) + as sin(v'Ks)

*: for completeness: K := p% + k take focusing of dipole field into account



Solution of Equartion of Motion

a; and a, through boundary conditions:

) x(0) =x9, a1 =
sEET ' (0) = x), ag =

L0
/
Lo

VK

Horizontal focusing quadrupole, K > O:

x(s) = xg cos(VKs) + x{)\/% sin(vV K s)
v'(s) = —xoV K sin(VKs) + xf cos(vV K s)

X
Use matrix formalism: TRANSFER MATRIX ( ! )

Mfoc — (

cos(VKs)
—VK sin(vVK3s)

L sin(vVKs)

VK

cos(VKs)

)

Mfoc' (



Soluttion of Equattion for Defocusing Quadrupole

Solution of equation of motion with K < O:
// _
'+ Kx =0
New ansatz is:

x(s) = aq cosh(ws) + asg sinh(ws)

And the transfer matrix

M ( cosh(1/|K|s) \/%sinh(\/fﬂs))
T\ VIK[sin(/K]s)  cos(\/[K]s)




Summary of Transifer Matrices

Uncoupled motion in x and y K =1/p® —k ..horizontal plane
K=k ....vertical plane

Focusing quadrupole, K >0:

e cos(V K s) sin(vV/K s)
foe —VKsin(vVKs)  cos(VKs)

Defocusing quadrupole, K< O:

S

Moo = ( Cosh(.ms) \/|1K_|sinh( |K|s) )
JR]sin(/[K]s) " cos(/TKs)

Drift space: length of drift space L

1 L
Mdm’ft:(o | j




Transter matrix of syndhrotron

focusing lens
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The Hill’s Equation

We had...
'+ Kx =0

Around the accelerator K will not be constant, but will depend on s
ZC”(S) —+ K(S)%(S) = () Hill’s equation

Where
> restoring force = const, K(s) depends on the position s
> K(s+L) = K(s) periodic function, where L is the “lattice period”

General solution of Hill’s equation:

z(s) = /2J58:(s) cos(¥(s) + ¢)




The Beta Function & Co

Solution of Hill’s Equation is a quasi harmonic oscillation (betatron
oscillation): amplitude and phase depend on the position s in the

ring. _ \/1{%3) COSW(S

integration constants: determined
by initial conditions

The beta function is a periodic function determined by the focusing
properties of the lattice: i.e. quadrupoles

B(s+ L) = (s)

The “phase advance” of the oscillation between the point O and
point s in the lattice.

fO ﬁ(s)



The beta functions around the machine
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Courant-Snyder Parameters: g (s), @ (s), ¥ (s)

Definition: ~ a(s) = —18'(s)  ~(s) = 14a(s)”

B(s)
2(s) = \/2Jz8x(s) cos(¢(s) + ¢)
t'(s) = —y/ 5755 (a(s) cos(¥(s) + ¢) +sin(¥(s) + ¢))

Let’s assume for s(0) = sg ¥(0) = 0.
Defines ¢ from xgy and x’g, Bo and og

Can compute the single particle trajectories
( L ) — M ( L ) between two locations if we know a, 3 at
S1 S0

x, gj’ these positions!

M =

( %(COS Y + agsin ) Vv BB sin )

(ooo)cosv(taco)sing [ (cosep — avsine)))

v BBo



The trajectory around the ring

Whereas the beta functions are several 100 m...

...the trajectories are 0.0020 CAS FODO lattice MAD-X 5.02.00_29/06/15 09.58.56
in the order of ~ mmz . X
< 0.0015 -
0.0010 A
- 0.0005 -
The number of oscillations -
0.0 -

around the ring is |
less than 1 in this example. -0.0005 -

0.0010 -
The periodicity of the i

oscillation is not the same -0-0015 -
as the p_er|0d|C|ty of the 000 N
magnetic structure 0.0 200.  400.  600.  800.  1000.

s(m)




The Tune

The number of oscillations per turn is called “tune”

- w(Lturn) _ 1 d
Q o 27 27 ,B(:Z)

The tune is an important parameter for the stability of motion over
many turns.
It has to be chosen appropriately, measured and corrected.

'With FFT get
-frequency of -9
_oscillation: tune

vertical tune

Measure beam position at
one location turn by turn

relative amplitude

Beam position will change

"™ x cos(2m Qi) 0L




The importance of the Courant-Snyder Parameters:
B (s)s @ (s)s; ¥ ()

The general form of the transfer matrices that describe the one
period cell:

M, = 1Icosu, +.5-A,;sin i,

where [ is the identity matrix S is the antisymmetric matrix and A,
IS a symmetric matrix containing the Courant-Snyder parameters:

_ 0 1 _ Yz Oy A-1 = Be —ay
S_(—l O) Ax_(&x 533) v <_0433 7:13)

Can calculate the Courant-Snyder parameters at another location:

Aa;(81)_1 = M, (s1, SO)A:U(SO)_lM:U(Sla SO)T




The importance of the Courant-Snyder Parameters:
B (s)s @ (s)s; ¥ ()

Construct quantity J, from the phase-space coordinates x, x'
1 / L
Jx:§(az x )Aw( ,>
T
We call it action variable.

Now we have a look at how J, transforms through the accelerator:

Jo =5 (@ o ) MY ((MT)_leM_l)M< ¥ >

T
:%(a: x’)Aa;(;?,):Jx

J.is an invariant of motion through the beam line, accelerator of
repeated e.g. FODO cells,...



The importance of the Courant-Snyder Parameters:
B (s)s @ (s)s; ¥ ()

J, can be written as:

phase space

J, = % (fyxe + 2,13’ + @,@’2)

....the equation of an ellipse in
the phase-space x, x' V2Jy 2
The area of the ellipse is v

A — 2 70 - Jx

The area in phase space is
Invariant.

The shape and orientation are
defined by the Courant-Snyder
parameters.

Area = 2mJ,



Courant-Snyder Paramesters and Particle Distribution

We had...

L = \/2/833‘]58 COS 1y

The mean square value of X at a given location is

X'A

4

P .

L

/ X

<£132> — 25w<‘]w cos” ¢x> — 5%<Jw> = Bty

assume action and phase uncorrelated, and uniform distribution in

phase from O to 2=

Define emittance of particle distribution; Invariant of motion

(Jo) = /(2?){z"?) — (za’)

= €,



Courant-Snyder Parameters and Particle Distribution

Typically particles in accelerator have Gaussian particle distribution

In position and angle. — x

L N
pla) = o€ 257
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Emittance during Acceleration

What happens to the emittance if the reference momentum P,
changes?

Can write down transfer matrix for reference momentum change:

(1 0 P

The emittance shrinks with acceleration!

With P = ﬁfymc where y, 3 are the relativistic parameters

The conserved quantity is 61 Y1€x1 — 50%65,;0

It is called normalized emittance.



AUNNDETS. ..

The LHC consists of 8 arcs. Each arc consists of 23(+2) FODO
cells.

The regular FODO cell has the following characteristics:

FODO
' ]
| ! | F‘Dr H | h Phase advance: 90°
| | Maximum beta: 180 m
200, Cell-12 Beam 1 MAD-X 1.12 31/07/0319.1415 ,
‘S\ . | B T IB T IDI T T T T T I . ‘E\
= 182.4 ™ i 20 g 0 = v ef
£ 1644 VA |
a4 ] 1.8 The beam size changes
- - 1.7 along the celll
128. y 16
. F 1o Maximum horizontal
| - 14 . .
92. 1 » beam size in the focusing
74. 1 -_1"2 quadrupoles
56. - -
6 T N B 1.] . .
38, | “_Lio Maximum vertical beam
' [ size in the defocusing

20. T T T T T T T T T T T 0.9
1500. 1520. 1540. 1560. 1580. 1600. 1620.

quadrupoles
s(m)



AURNDErS. ..

The emittance at LHC injection energy 450 GeV: ¢ = 7.3 nm

At 7 TeV: ¢ = 0.5 nm Y450G eV

ETTeV = €450GeV Som——

Normalized emittance: ¢* = 3.5 um
Normalized emittance preserved during acceleration.

And for the beam sizes:
At the location with the maximum beta function (Bax = 180 m):

O4506ev = 1.1 mm
071ev = 300 pum

Aperture requirement: a> 10 o
Vertical plane: 19 mm ~ 16 0 @ 450 GeV




