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Summary of 1st lecture: QED as a gauge theory

We start with the Lagrangian for a free Dirac field,

L = ψ (iγµ∂µ −m)ψ,

and observe that it is invariant under a phase transformation:

ψ → e−iωψ, ψ → e iωψ,

where ω is a constant (i.e. independent of x).

We now require invariance under local U(1) transformations, i.e.

ψ → e−iω(x)ψ, ψ → e iω(x)ψ,

where ω(x) now depends on the space-time point.

L = ψ (iγµ∂µ −m)ψ is not invariant under local U(1) transformations:

L → L+ δL = L + ψγµ[∂µω(x)]ψ ,

where we consider infinitesimal transformations

ψ → ψ + δψ = ψ − iω(x)ψ and ψ → ψ + δψ = ψ + iω(x)ψ .
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We can restore invariance under local U(1) transformations if we introduce a
vector field Aµ(x) with the interaction

−eψγµAµψ ,

so that the Lagrangian density becomes

L = ψ (iγµ(∂µ + ieAµ)−m)ψ .

The new Lagrangian is invariant under local U(1) transformations if we require

Aµ → Aµ + δAµ = Aµ +
1

e
[∂µω(x)] .

We need to add a Lorentz- and gauge invariant kinetic term for the field Aµ:

L = −1

4
FµνF

µν + ψ (iγµ(∂µ + ieAµ)−m)ψ ,

where
Fµν = ∂µAν − ∂νAµ .

A mass term for the new field ∝ m2
AAµA

µ is not invariant under gauge
transformations,

δL =
2m2

A

e
Aµ∂µω(x) 6= 0 ,

and thus not allowed.
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It is useful to introduce the concept of a “covariant derivative” Dµ as

Dµ = ∂µ + ieAµ .

With

ψ → ψ + δψ = ψ − iω(x)ψ and Aµ → Aµ + δAµ = Aµ +
1

e
[∂µω(x)]

one finds
Dµψ → Dµψ + δ(Dµψ) = Dµψ − iω(x)Dµψ

so that

L = −1

4
FµνF

µν + ψ (iγµDµ −m)ψ

is gauge invariant.

One can express Fµν in terms of the covariant derivative:

Fµν = − i

e
[Dµ,Dν ] = . . . = ∂µAν − ∂νAµ .
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Gauge transformations: Summary

L = −1
4
FµνF

µν + ψ (iγµDµ −m)ψ

I The Dirac Lagrangian is invariant under local U(1) transformations if we
add a vector field Aµ and an interaction −eψγµAµψ.

I The interaction is obtained by replacing the derivative ∂µ with the
covariant derivative Dµ = ∂µ + ieAµ.

I The gauge-invariant kinetic term for the vector field is ∝ FµνF
µν , where

Fµν ∝ [Dµ,Dν ].

I The new vector (gauge) field is massless, since a term ∝ AµA
µ is not

gauge-invariant.

I The Lagrangian resulting from local U(1) gauge-invariance is identical to
that of QED.
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Questions: Why does the term ∝ AµAµ correspond to a mass?

Consider free scalar field theory:

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2 .

From the Euler-Lagrange equations, ∂µ
(

∂L
∂(∂µφ)

)
− ∂L

∂φ
= 0 , we find

(∂µ∂
µ + m2)φ = 0 .

For fermions we consider the Dirac-Lagrangian,

L = iψγµ∂µψ −mψψ .

From the Euler-Lagrange equations, ∂µ
(

∂L
∂(∂µψ)

)
− ∂L

∂ψ
= 0 , we find

(iγµ∂µ −m)ψ = 0 .
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For vector particles we consider

L = −1

4
FµνFµν +

1

2
m2AµAµ .

From the Euler-Lagrange equations, ∂ν
(

∂L
∂(∂νAµ)

)
− ∂L

∂Aµ
= 0 , we find

∂νF
µν = m2Aµ .

Thus
∂µ∂νF

µν = m2∂µA
µ ⇒ ∂µA

µ = 0

and
∂νF

µν = ∂ν (∂µAν − ∂νAµ) = −∂ν∂νAµ = m2Aµ ,

i.e. each component of Aµ obeys the Klein-Gordon equation with mass m:

(∂µ∂
µ + m2)Aµ = 0 .

The coefficients of the Lagrangian terms quadratic in the fields correspond to
the particle masses.
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Questions: What about the anomalous magnetic moment?

The gyromagnetic ratio g (g-factor) is defined through ~µm = gµB
~S .

The Dirac equation predicts g = 2, which is also the leading-order prediction of
QED. The deviation from the Dirac (or leading-order QED) prediction is called
anomalous magnetic moment: al ≡ (gl − 2)/2, where l = e, µ.

An anomalous magnetic moment is introduced by quantum fluctuations,
including possibly new heavy particles:

}
+ |, +  "it ,

?
,

+

}
×

l l

d
+

...  + (Ipc + Ec
' mi

of - 2 +

# ME

→ the anomalous magnetic moment of the muon is more sensitive to new
physics than that of the electron by a factor (mµ/me)2 ≈ 4× 104.
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Questions: Why do we impose local phase invariance?

I Recall that the electromagnetic potentials are arbitrary up to “gauge
transformations” of the form Aµ → Aµ + δAµ = Aµ + (∂µω(x))/e .
Invariance of the QED Lagrangian with interactions, L ⊃ −eψγµAµψ,
will be preserved if we simultaneously change the phase of the fermion
field ψ → e−iω(x)ψ, ψ → e iω(x)ψ .

I At the quantum level, and considering theories with vector particles such
as QED or the Standard Model, gauge invariance is crucial to reconcile
unitarity and renormalizability.

I Gauge transformation are not physical in the sense that the symmetry
transformation only changes our mathematical description but does not
lead to a different physical situation. Thus some people prefer to talk
about “gauge redundancy”.

I Encouraged by the tremendous success of QED, and guided by the wish
to construct renormalizable theories, we shall apply the idea of gauge
invariance (i.e. local phase invariance) also to the other sectors of the
Standard Model.
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Outline

I QED as a gauge theory

I Quantum Chromodynamics

I Breaking gauge symmetries:

the Englert-Brout-Higgs-Guralnik-Hagen-Kibble mechanism

I Exploring electroweak symmetry breaking at the LHC
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Gauge transformations: non-abelian gauge groups

We now apply the idea of local gauge invariance to the case where the
transformation is “non-abelian”, i.e. different elements of the group do not
commute with each other.

We focus on the group SU(n), i.e. the group of special unitary transformations.

To specify an SU(n) matrix, we need n2 − 1 real parameters, so we can write

e−iωaT a

where the ωa, a ∈ {1, ..., n2 − 1} are real parameters, and the T a are called
generators of the group. [If you are unfamiliar with the concept of a group generator, you

can think of the T a as traceless, hermitian n × n matrices.]

The crucial new feature is that the elements of SU(n) do not commute,

e−iωa
1T

a

e−iωa
2T

a

6= e−iωa
2T

a

e−iωa
1T

a

,

because the generators do not commute:

[T a,T b] = if abcT c 6= 0 .
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Recall that the SU(n) transformations act on the fermion fields, so ψ carries an
index i , with i ∈ {1, ..., n}:

ψ →
(
e−iωaT a

)
ψ or ψi →

(
e−iωaT a

)j

i
ψj

Considering infinitesimal transformations

δψi = −iωa(T a)jiψj and δψ
i

= iωaψ
j
(T a)ij

one finds that the Lagrangian is not invariant under local SU(n)
transformations:

δL = ψ
i
(T a)jiγ

µ(∂µω
a(x))ψj .

We can restore local SU(n) gauge-invariance by introducing n2 − 1 new vector
particles Aa

µ, one for each generator of the group.

They should transform as

δAa
µ(x) = −f abcAb

µ(x)ωc(x) +
1

g
[∂µω

a(x)] .
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The interaction of the new vector particles and the fermions is obtained by
replacing the ordinary derivative with the covariant derivative

Dµ = (∂µ + igT aAa
µ) .

Note that in this case Dµ is a n × n matrix.

The SU(n) invariant Lagrangian then becomes

L = −1

4
F a
µνF

aµν + ψ
i
(iγµDµ −m)ji ψj

The field strength tensor is constructed from

Fµν = − i

g
[Dµ,Dν ]

with Fµν = T aF a
µν .

This gives F a
µν = ∂µA

a
ν − ∂νAa

µ − gf abcAb
µA

c
ν .
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Non-abelian gauge transformations: Summary

I A non-abelian gauge theory (“Yang-Mills theory”) is a theory in
which the Lagrangian is invariant under local transformations of a
non-abelian group.

I This invariance is achieved by introducing a gauge boson, Aa
µ, for

each generator of the group. The interaction between the gauge
bosons and the fermions is obtained by replacing the partial
derivative ∂µ with the covariant derivative Dµ = (∂µ + igT aAa

µ).

I The kinetic term for the vector field is ∝ F a
µνF

aµν , where F a
µν is

constructed from the commutator of the covariant derivative.

I F a
µνF

aµν contains terms which are cubic and quartic in the gauge
boson fields, indicating that the gauge bosons interact with each
other.

I The gauge bosons are massless, since a term ∝ Aa
µA

aµ is not
invariant under local gauge transformations.
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QCD as an SU(3) gauge theory

We start with the Dirac Lagrangian for a free quark q,

L = q̄ (iγµ∂µ −m) q ,

and require invariance under local SU(3) transformations.

Recall that SU(3) is the group of special unitary transformations, i.e. the group
of all 3× 3 unitary matrices with determinant one. To specify an SU(3)
transformation, one needs 32 − 1 = 8 real parameters, so we can write

e−iωaT a

where the ωa, a ∈ {1, ..., 8} are real parameters, and the T a are the generators
of the group.

SU(3) is a non-abelian group, i.e. its generators and thus its elements do not
commute,

[T a,T b] = if abcT c 6= 0 and e−iωa
1T

a

e−iωb
2T

b

6= e−iωb
2T

b

e−iωa
1T

a

.
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The SU(3) transformations act on the quark fields, so q carries an index i , with
i ∈ {1, ..., 3}:

q →
(
e−iωaT a

)
q or qi →

(
e−iωaT a

)j

i
qj

The quantum number associated with the label i is called colour.

For local SU(3) invariance one needs to introduce 32 − 1 = 8 new vector
particles Aa

µ, one for each generator of the group. Those are the gluons.

The interaction of the gluons and the quarks is determined by gauge invariance
and obtained by replacing the ordinary derivative with the covariant derivative,

Dµ = (∂µ + igT aAa
µ) .

The SU(3) invariant Lagrangian then becomes

L = −1

4
F a
µνF

aµν + q̄i (iγµDµ −m)ji qj

with F a
µν = ∂µA

a
ν − ∂νAa

µ − gf abcAb
µA

c
ν .

Because of the gauge symmetry, the gluon is massless.
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The interactions of QCD follow from gauge invariance:

Linteraction = g Aa
µ q̄γ

µT aq − g f abc(∂µA
a
ν)Ab µAc ν − g 2f abc f adeAb

µA
c
νA

d µAe ν :

17 / 21



The QCD coupling

Consider a dimensionless physical observable R, e.g. the ratio of two cross
sections, evaluated at some large energy scale Q. If Q � m, one can set
m→ 0, and dimensional analysis implies that R should be independent of Q.

This is not true in quantum field theory. Quantum fluctuations change the
value of the effective coupling:

The calculation of R as a perturbation series in the coupling αs ≡ g/4π
requires renormalization to remove ultraviolet contributions. This introduces a
second mass scale µ – the point at which the UV contributions are subtracted.
Thus

R = R(Q2/µ2, αs(µ
2)) .
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However, a physical observable must not depend on the scale µ, i.e.

µ2 d

dµ2
R(Q2/µ2, αs(µ

2)) =

[
µ2 ∂

∂µ2
+ µ2 ∂αs

∂µ2

∂

∂αs

]
R = 0 .

Introducing
t = ln

(
Q2

µ2

)
, β(αs) = µ2 ∂αs

∂µ2

we have [
− ∂

∂t
+ β(αs)

∂

∂αs

]
R = 0 .

This renormalization group equation is solved by defining a running coupling
αs(Q

2):
∂αs(Q

2)

∂t
= β(αs(Q

2)) .

The β-function has a perturbative expansion and can be extracted from an
explicit calculation of higher-order loop-corrections to propagators and vertices.
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The running of the coupling at one-loop is thus determined from

∂αs(Q
2)

∂t
= β(αs(Q

2)) and β(αs) = −bα2
s

which yields

αs(Q
2) =

αs(µ
2)

1 + αs(µ2) b ln(Q2/µ2)
with b =

33− 2nf
12π

.

For nf ≤ 16 the QCD coupling decreases with increasing Q2. This is the
famous property of asymptotic freedom.

Note that in QED one finds b = −1/3 so that the QED coupling

αQED(Q2) =
αQED(µ2)

1− αQED(µ2)

3π
ln(Q2/µ2)

increases with increasing Q2.
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The running QCD coupling

Dissertori, PDG

9. Quantum chromodynamics 39

reasonably stable world average value of αs(M
2
Z), as well as a clear signature and proof of

the energy dependence of αs, in full agreement with the QCD prediction of Asymptotic
Freedom. This is demonstrated in Fig. 9.3, where results of αs(Q

2) obtained at discrete
energy scales Q, now also including those based just on NLO QCD, are summarized.
Thanks to the results from the Tevatron and from the LHC, the energy scales at which
αs is determined now extend up to more than 1 TeV♦.

QCD αs(Mz) = 0.1181 ± 0.0013

pp –> jets
e.w. precision fits (NNLO)  

0.1

0.2

0.3

αs (Q
2)

1 10 100
Q [GeV]

Heavy Quarkonia (NLO)

e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

October 2015

τ decays (N3LO)

1000

 (NLO

pp –> tt (NNLO)

)
(–)

Figure 9.3: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).
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♦ We note, however, that in many such studies, like those based on exclusive states of
jet multiplicities, the relevant energy scale of the measurement is not uniquely defined.
For instance, in studies of the ratio of 3- to 2-jet cross sections at the LHC, the relevant
scale was taken to be the average of the transverse momenta of the two leading jets [379],
but could alternatively have been chosen to be the transverse momentum of the 3rd jet.
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