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τ Hadronic Width: Rτ
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Rτ = NC SEW (1+ δP + δNP) Braaten-Narison-Pich ’92

= 6πi

∮

|x|=1

(1− x)2
[

(1 + 2x) Π(0+1)(m2
τ x)− 2x Π(0)(m2

τ x)
]

δP = aτ + 5.20 a2τ + 26 a3τ + 127 a4τ + · · · ≈ 20% Baikov-Chetyrkin-Kühn ’08

aτ ≡ α
s

(m2
τ )/π , SEW = 1.0201 (3) Marciano-Sirlin, Braaten-Li, Erler

δNP = −0.0064± 0.0013 (Fitted from data) Davier et al ’14
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1) The dominant corrections come from the contour integration

Large running of α
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along the circle s = m

2
τ e

iφ , φ ∈ [−π, π]

n 1 2 3 4 5

K

n
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r

n

−K

n

0 3.5625 19.9949 78.0029 307.78

A. Pich α
s

from τ data 4



Perturbative Contribution (m
q

= 0) aτ ≡
α
s

(m2
τ )

π

−s

d

ds

Π(0+1)(s) =
1

4π2

∑

n=0

K

n

a

s

(−s)n
δP =

∑

n=1

K

n

A

(n)(α
s

)

︸ ︷︷ ︸

CIPT

=
∑

n=1

r

n

a

n

τ

︸ ︷︷ ︸

FOPT

A

(n)(α
s

) ≡
1

2πi

∮

|x|=1

dx

x

(

1− 2x + 2x3 − x

4
)

(

α
s

(−m2
τx)

π

)

n

= a

n

τ + · · ·

2) CIPT gives rise to a well-behaved perturbative series
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s
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β
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β
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β
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FOPT overestimates δP by 11%
A. Pich α

s

from τ data 5



Non-Perturbative Contribution

s
0sth

ReIq2M

ImIq2M

A

ω
J (s0) ≡

∫

s0

s

th

ds

s0
ω(s) ImΠ

(J)
J (s) =

i

2

∮

|s|=s0

ds

s0
ω(s) Π

(J)
J (s)

Π
(J)
J (s) ≈ Π

(J)
J (s)OPE =

∑

D

O
(J)
D,J

(−s)D/2

A

ω,NP

J (s0) = π
∑

D

a−1,D

O
(J)
D,J

s

D/2
0

, ω(−s0x) =
∑

n

a

n,D x

n+D/2

A. Pich α
s

from τ data 6



Non-Perturbative Contribution

s
0sth

ReIq2M

ImIq2M

A

ω
J (s0) ≡

∫

s0

s

th

ds

s0
ω(s) ImΠ

(J)
J (s) =

i

2

∮

|s|=s0

ds

s0
ω(s) Π

(J)
J (s)

Π
(J)
J (s) ≈ Π

(J)
J (s)OPE =

∑

D

O
(J)
D,J

(−s)D/2

A

ω,NP

J (s0) = π
∑

D

a−1,D

O
(J)
D,J

s

D/2
0

, ω(−s0x) =
∑

n

a

n,D x

n+D/2

• Strong power suppression at s0 = m2
τ
: ∼ (ΛQCD/mτ )

D , D ≥ 4

O4,V/A ≈ 4π2
{

1
12π

〈α
s

GG 〉+ (m
u

+m

d

) 〈q̄q〉
}

≈ [(6.7± 3.2) − 0.6] · 10−3 ×m

4
τ

A. Pich α
s

from τ data 6



Non-Perturbative Contribution

s
0sth

ReIq2M

ImIq2M

A

ω
J (s0) ≡

∫

s0

s

th

ds

s0
ω(s) ImΠ

(J)
J (s) =

i

2

∮

|s|=s0

ds

s0
ω(s) Π

(J)
J (s)

Π
(J)
J (s) ≈ Π

(J)
J (s)OPE =

∑

D

O
(J)
D,J

(−s)D/2

A

ω,NP

J (s0) = π
∑

D

a−1,D

O
(J)
D,J

s

D/2
0

, ω(−s0x) =
∑

n

a

n,D x

n+D/2

• Strong power suppression at s0 = m2
τ
: ∼ (ΛQCD/mτ )

D , D ≥ 4

O4,V/A ≈ 4π2
{

1
12π

〈α
s

GG 〉+ (m
u

+m

d

) 〈q̄q〉
}

≈ [(6.7± 3.2) − 0.6] · 10−3 ×m

4
τ

• Rτ : ω(x) = 1− 3x2 + 2x3 δNP = −3
O6,V+A

m6
τ

− 2
O8,V+A

m8
τ

Additional chiral suppression in |O6,V+A| < |O6,V−A

| ≈ (1.1± 0.2) · 10−4 ×m

6
τ

A. Pich α
s

from τ data 6



Non-Perturbative Contribution

s
0sth

ReIq2M

ImIq2M

A

ω
J (s0) ≡

∫

s0

s

th

ds

s0
ω(s) ImΠ

(J)
J (s) =

i

2

∮

|s|=s0

ds

s0
ω(s) Π

(J)
J (s)

Π
(J)
J (s) ≈ Π

(J)
J (s)OPE =

∑

D

O
(J)
D,J

(−s)D/2

A

ω,NP

J (s0) = π
∑

D

a−1,D

O
(J)
D,J

s

D/2
0

, ω(−s0x) =
∑

n

a

n,D x

n+D/2

• Strong power suppression at s0 = m2
τ
: ∼ (ΛQCD/mτ )

D , D ≥ 4

O4,V/A ≈ 4π2
{

1
12π

〈α
s

GG 〉+ (m
u

+m

d

) 〈q̄q〉
}

≈ [(6.7± 3.2) − 0.6] · 10−3 ×m

4
τ

• Rτ : ω(x) = 1− 3x2 + 2x3 δNP = −3
O6,V+A

m6
τ

− 2
O8,V+A

m8
τ

Additional chiral suppression in |O6,V+A| < |O6,V−A

| ≈ (1.1± 0.2) · 10−4 ×m

6
τ

• Sensitivity to OD with different ω(x) Measure δNP

A. Pich α
s

from τ data 6



Rτ suitable for a precise α
s

determination
Im(s)

m

Re(s)

2
τ

Rτ = 6πi

∮

|x|=1
(1− x)2

[

(1 + 2x) Π(0+1)(m2
τ x) − 2x Π(0)(m2

τ x)
]

Π
(J)
J (s) ≈ Π

(J)
J (s)OPE =

∑

D

O
(J)
D,J

(−s)D/2

• Known to O(α4
s ). Sizeable δP ∼ 20%. Strong sensitivity to αs

• mτ large enough to safely use the OPE. Flat V +A distribution

• OPE only valid away from real axis: (1− x)2 pinched at s = m2
τ

•
m

u,d = 0 s Π(0) = 0 Rτ,V+A

= 6πi

∮

|x|=1
(1− 3x2 + 2x3) Π

(0+1)
ud,V+A

(m2
τ x)

δNP ∼ 1/m6
τ

Strong suppression of non-perturbative effects

• D = 6 OPE contributions have opposite sign for V & A. Cancellation

• δNP can be determined from data: δNP = −0.0064± 0.0013 Davier et al

Rτ αs(m
2
τ
) = 0.331± 0.013 Pich 2014
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ALEPH Spectral Functions Davier et al. 2014

V A

V+A

α
s

(m2
τ ) = 0.329

Parton Model
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New analysis of ALEPH data
Rodŕıguez-Sánchez, Pich, arXiv:1605.06830

Method (V +A)
α
s

(m2
τ
)

CIPT FOPT Average

ALEPH moments 1 0.339 + 0.019
− 0.017 0.319 + 0.017

− 0.015 0.329 + 0.020
− 0.018

Mod. ALEPH moments 2 0.338 + 0.014
− 0.012 0.319 + 0.013

− 0.010 0.329 + 0.016
− 0.014

A

(2,m) moments 3 0.336 + 0.018
− 0.016 0.317 + 0.015

− 0.013 0.326 + 0.018
− 0.016

s0 dependence 4 0.335± 0.014 0.323± 0.012 0.329± 0.013

Borel transform 5 0.328 + 0.014
− 0.013 0.318 + 0.015

− 0.012 0.323 + 0.015
− 0.013

Combined value 0.335± 0.013 0.320± 0.012 0.328± 0.013

α
s

(M2
Z) = 0.1197 ± 0.0015

1) ω
kl

(x) = (1 + 2x) (1 − x)2+k

x

l (k, l) = (0, 0), (1, 0), (1, 1), (1, 2), (1, 3)

2) ω̃
kl

(x) = (1 − x)2+k

x

l (k, l) = (0, 0), (1, 0), (1, 1), (1, 2), (1, 3)

3) ω(2,m)(x) = (1 − x)2
∑

m

k=0(k + 1) xk = 1 − (m + 2) xm+1 + (m + 1)xm+2 , 1 ≤ m ≤ 5

4) ω(2,m)(x) 0 ≤ m ≤ 2 , 1 single moment in each fit

5) ω
(1,m)
a

(x) = (1 − x

m+1) e−ax 0 ≤ m ≤ 6

A. Pich α
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α
s

determination with ALEPH-like fit
Rodŕıguez-Sánchez, A.P.

ω
kl

(x) = (1−x)2+k

x

l (1+2x) , x = s/m2
τ , (k, l) = (0, 0), (1, 0), (1, 1), (1, 2), (1, 3)

Channel α
s

(m2
τ ) 〈α

s

π GG〉 O6 O8

(10−3
GeV

4) (10−3
GeV

6) 10−3
GeV

8)

V (FOPT) 0.328 + 0.013
− 0.007 8 + 7

− 14 −3.2 + 0.8
− 0.5 5.0 + 0.4

− 0.7

V (CIPT) 0.352 + 0.013
− 0.011 −8 + 7

− 7 −3.5 + 0.3
− 0.3 4.9 + 0.4

− 0.5

A (FOPT) 0.304 + 0.010
− 0.007 −15 + 5

− 8 4.4 + 0.5
− 0.4 −5.8 + 0.3

− 0.4

A (CIPT) 0.320 + 0.011
− 0.010 −25 + 5

− 5 4.3 + 0.2
− 0.2 −5.8 + 0.3

− 0.3

V+A (FOPT) 0.319 + 0.010
− 0.006 −3 + 6

− 11 1.3 + 1.4
− 0.8 −0.8 + 0.4

− 0.7

V+A (CIPT) 0.339 + 0.011
− 0.009 −16 + 5

− 5 0.9 + 0.3
− 0.4 −1.0 + 0.5

− 0.7

• High sensitivity to α
s

. Bad sensitivity to power corrections

• Cancellation in O6,V+A confirmed. V + A more reliable

•
K5 = 275 ± 400, µ2 = (0.5, 2)m2

τ

• Best values taken from V + A. Errors increased with sensitivity to O10

α
s

(m2
τ )

CIPT = 0.339 + 0.019
− 0.017

α
s

(m2
τ )

FOPT = 0.319+ 0.017
− 0.015

α
s

(m2
τ ) = 0.329+0.020

− 0.018

Good agreement with Davier et al.: α
s

(m2
τ ) = 0.332 ± 0.012 (arXiv:1312.1501)
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Experiment vs. (pinched) Perturbation Theory (only)
Rodŕıguez-Sánchez, A.P.

ω(n,0)(s = s0x) = (1 − x)n O
D≤2 (n+1) , α

s

(m2
τ ) = 0.329+ 0.020

− 0.018

n=0 n=1

n=2 n=3

A. Pich α
s

from τ data 11



Non-Perturbative Contributions Neglected
Rodŕıguez-Sánchez, A.P.

ω
(1,m)

(x) = 1−x

m+1
O2m+4

ω(2,m)(x) = (1 − x)2
∑

m

k=0(k + 1) xk = 1 − (m + 2) xm+1 + (m + 1) xm+2 O2m+4,2m+6

Moment α
s

(m2
τ ) Moment α

s

(m2
τ )

(n,m) FOPT CIPT (n,m) FOPT CIPT

(1,0) 0.315 +0.012
−0.007 0.327+0.012

−0.009 (2,0) 0.311 +0.015
−0.011 0.314+0.013

−0.009

(1,1) 0.319 +0.010
−0.006 0.340+0.011

−0.009 (2,1) 0.311 +0.011
−0.006 0.333+0.009

−0.007

(1,2) 0.322 +0.010
−0.008 0.343+0.012

−0.010 (2,2) 0.316 +0.010
−0.005 0.336+0.011

−0.009

(1,3) 0.324 +0.011
−0.010 0.345+0.013

−0.011 (2,3) 0.318 +0.010
−0.006 0.339+0.011

−0.008

(1,4) 0.326 +0.011
−0.011 0.347+0.013

−0.012 (2,4) 0.319 +0.009
−0.007 0.340+0.011

−0.009

(1,5) 0.327 +0.015
−0.013 0.348+0.014

−0.012 (2,5) 0.320 +0.010
−0.008 0.341+0.011

−0.009

V+A

Exp.
errors
only

A

(2,m)(s0) , FOPT A

(2,m)(s0) , CIPT
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Non-Perturbative Contributions Neglected
Rodŕıguez-Sánchez, A.P.

ω
(1,m)

(x) = 1−x

m+1
O2m+4

ω(2,m)(x) = (1 − x)2
∑

m

k=0(k + 1) xk = 1 − (m + 2) xm+1 + (m + 1) xm+2 O2m+4,2m+6

Moment α
s

(m2
τ ) Moment α

s

(m2
τ )

(n,m) FOPT CIPT (n,m) FOPT CIPT

(1,0) 0.315 +0.012
−0.007 0.327+0.012

−0.009 (2,0) 0.311 +0.015
−0.011 0.314+0.013

−0.009

(1,1) 0.319 +0.010
−0.006 0.340+0.011

−0.009 (2,1) 0.311 +0.011
−0.006 0.333+0.009

−0.007

(1,2) 0.322 +0.010
−0.008 0.343+0.012

−0.010 (2,2) 0.316 +0.010
−0.005 0.336+0.011

−0.009

(1,3) 0.324 +0.011
−0.010 0.345+0.013

−0.011 (2,3) 0.318 +0.010
−0.006 0.339+0.011

−0.008

(1,4) 0.326 +0.011
−0.011 0.347+0.013

−0.012 (2,4) 0.319 +0.009
−0.007 0.340+0.011

−0.009

(1,5) 0.327 +0.015
−0.013 0.348+0.014

−0.012 (2,5) 0.320 +0.010
−0.008 0.341+0.011

−0.009

V+A

Exp.
errors
only

A

(2,m)(s0) , FOPT A

(2,m)(s0) , CIPT

Amazing
stability

Power corrections
don’t show up
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Models of Duality Violation

∆A

ω
V/A(s0) =

i

2

∮

|s|=s0

ds

s0

ω(s)
{

Π
V/A (s) − Π

OPE

V/A (s)
}

= −π

∫ ∞

s0

ds

s0

ω(s) ∆ρ
DV

V/A(s)
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Models of Duality Violation

∆A

ω
V/A(s0) =

i

2

∮

|s|=s0

ds

s0

ω(s)
{

Π
V/A (s) − Π

OPE

V/A (s)
}

= −π

∫ ∞

s0

ds

s0

ω(s) ∆ρ
DV

V/A(s)

Ansatz: ∆ρDV

V/A(s) = s

λ
V/A

e

−(δ
V/A+γ

V/A s) sin (α
V/A + β

V/A s) , s > ŝ0

1) Boito et al.: λ
V/A = 0 , ŝ0 ∼ 1.55 GeV

2 , ω(x) = 1

• Fit s0 dependence: {A(00)(s0), ρ(s0 +∆s0), · · · , ρ(s0 + (n − 1)∆s0)}

• Direct fit of the spectral function. OPE not valid

A. Pich α
s
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FOPT , V

(too large errors in A)

Bad quality fit (Model dependence. Instabilities. Very low p-value)
A. Pich α

s

from τ data 13



Models of Duality Violation
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∮
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• Fit s0 dependence: {A(00)(s0), ρ(s0 +∆s0), · · · , ρ(s0 + (n − 1)∆s0)}

• Direct fit of the spectral function. OPE not valid
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FOPT , V

(too large errors in A)

Bad quality fit (Model dependence. Instabilities. Very low p-value)

Boito et al. value

A. Pich α
s
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Ansatz: ∆ρDV

V/A(s) = s

λ
V/A

e

−(δ
V/A+γ

V/A s) sin (α
V/A + β

V/A s) , s > ŝ0

2) λ
V

≥ 0: ŝ0 ∼ 1.55 GeV
2 , ω(x) = 1 Rodŕıguez-Sánchez, A.P.

λ
V

α
s

(m2
τ )

FOPT δ
V

γ
V

α
V

β
V

p-value

0 0.298 ± 0.010 3.6± 0.5 0.6± 0.3 −2.3± 0.9 4.3± 0.5 5.3%

1 0.300 ± 0.012 3.3± 0.5 1.1± 0.3 −2.2± 1.0 4.2± 0.5 5.7%

2 0.302 ± 0.011 2.9± 0.5 1.6± 0.3 −2.2± 0.9 4.2± 0.5 6.0%

4 0.306 ± 0.013 2.3± 0.5 2.6± 0.3 −1.9± 0.9 4.1± 0.5 6.6%

8 0.314 ± 0.015 1.0± 0.5 4.6± 0.3 −1.5± 1.1 3.9± 0.6 7.7%

• Fitted α
s

is model dependent

• λ
V

= 0 (Boito) gives the worse fit

• Fit quality & α
s

increase with λ
V

closer to data at s < ŝ0

• ∆ŝ0 3 times larger errors

Not competitive & unreliable

Fitted region

A. Pich α
s

from τ data 14



Ansatz: ∆ρDV

V/A(s) = s

λ
V/A

e

−(δ
V/A+γ

V/A s) sin (α
V/A + β

V/A s) , s > ŝ0
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λ
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s

is model dependent
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New analysis of ALEPH data
Rodŕıguez-Sánchez, Pich, arXiv:1605.06830

Method (V +A)
α
s

(m2
τ
)

CIPT FOPT Average

ALEPH moments 1 0.339 + 0.019
− 0.017 0.319 + 0.017

− 0.015 0.329 + 0.020
− 0.018

Mod. ALEPH moments 2 0.338 + 0.014
− 0.012 0.319 + 0.013

− 0.010 0.329 + 0.016
− 0.014

A

(2,m) moments 3 0.336 + 0.018
− 0.016 0.317 + 0.015

− 0.013 0.326 + 0.018
− 0.016

s0 dependence 4 0.335± 0.014 0.323± 0.012 0.329± 0.013

Borel transform 5 0.328 + 0.014
− 0.013 0.318 + 0.015

− 0.012 0.323 + 0.015
− 0.013

Combined value 0.335± 0.013 0.320± 0.012 0.328± 0.013

α
s

(M2
Z) = 0.1197 ± 0.0015

1) ω
kl

(x) = (1 + 2x) (1 − x)2+k

x

l (k, l) = (0, 0), (1, 0), (1, 1), (1, 2), (1, 3)

2) ω̃
kl

(x) = (1 − x)2+k

x

l (k, l) = (0, 0), (1, 0), (1, 1), (1, 2), (1, 3)

3) ω(2,m)(x) = (1 − x)2
∑

m

k=0(k + 1) xk = 1 − (m + 2) xm+1 + (m + 1)xm+2 , 1 ≤ m ≤ 5

4) ω(2,m)(x) 0 ≤ m ≤ 2 , 1 single moment in each fit

5) ω
(1,m)
a

(x) = (1 − x

m+1) e−ax 0 ≤ m ≤ 6

A. Pich α
s
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α
s

at N3LO from τ and Z

1 2 5 10 20 50 100 200
0.1

0.2

0.3

0.4

0.5

E HGeVL

Α
sH

E
L

α
s

(m2
τ ) = 0.328± 0.013

α
s

(M2
Z

) = 0.1197± 0.0015

α
s

(M2
Z

)Z width = 0.1196± 0.0030

A very precise test of

Asymptotic Freedom

ατ
s

(M2
Z

)− αZ
s

(M2
Z

) =

0.0001± 0.0015τ ± 0.0030
Z

A. Pich α
s
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α
s

at N3LO from τ and Z

1 2 5 10 20 50 100 200
0.1

0.2

0.3

0.4

0.5

E HGeVL

Α
sH

E
L

α
s

(m2
τ ) = 0.328± 0.013

α
s

(M2
Z

) = 0.1197± 0.0015

α
s

(M2
Z

)Z width = 0.1196± 0.0030

A very precise test of

Asymptotic Freedom

ατ
s

(M2
Z

)− αZ
s

(M2
Z

) =

0.0001± 0.0015τ ± 0.0030
Z

α
s

(M2
Z

)Lattice = 0.11852± 0.00084 (ALPHA, arXiv:1706.03821)

A. Pich α
s
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α
s

determination with ALEPH-like fit
Rodŕıguez-Sánchez, A.P.

ω
kl

(s) =

(

1−
s

m

2
τ

)2+k

(

s

m

2
τ

)

l

(

1 +
2s

m

2
τ

)

(k, l) = (0, 0) → α
s

,O6 V/A,O8 V/A

(k, l) = (1, 0) → α
s

, 〈a
s

GG〉,O6 V/A,O8 V/A,O10 V/A

(k, l) = (1, 1) → α
s

, 〈a
s

GG〉,O6 V/A,O8 V/A,O10 V/A,O12 V/A

(k, l) = (1, 2) → α
s

,O6 V/A,O8 V/A,O10 V/A,O12 V/A,O14 V/A

(k, l) = (1, 3) → α
s

,O8 V/A,O10 V/A,O12 V/A,O14 V/A,O16 V/A

Channel α
s

(m2
τ ) 〈αs

π
GG〉 O6 O8

(10−3 GeV4) (10−3 GeV6) 10−3 GeV8)

V (FOPT) 0.328+ 0.013
− 0.007 8+7

− 14 −3.2+ 0.8
− 0.5 5.0+ 0.4

− 0.7

V (CIPT) 0.352+ 0.013
− 0.011 −8+ 7

− 7 −3.5+ 0.3
− 0.3 4.9+ 0.4

− 0.5

A (FOPT) 0.304+ 0.010
− 0.007 −15+ 5

− 8 4.4+ 0.5
− 0.4 −5.8+0.3

− 0.4

A (CIPT) 0.320+ 0.011
− 0.010 −25+ 5

− 5 4.3+ 0.2
− 0.2 −5.8+0.3

− 0.3

V+A (FOPT) 0.319+ 0.010
− 0.006 −3+ 6

− 11 1.3+ 1.4
− 0.8 −0.8+0.4

− 0.7

V+A (CIPT) 0.339+ 0.011
− 0.009 −16+ 5

− 5 0.9+ 0.3
− 0.4 −1.0+0.5

− 0.7

Good agreement with Davier et al. (arXiv:1312.1501)

A. Pich α
s
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1 Fit one more condensate to test stability/uncertainties

Channel α
s

(m2
τ ) 〈αs

π
GG〉 O6 O8 O10

(10−3 GeV4) (10−3 GeV6) 10−3 GeV8) (10−3 GeV10)

V (FOPT) 0.320+ 0.016
− 0.014 10+ 9

− 17 −4+ 3
− 2 6+ 2

− 2 −2+5
− 5

V (CIPT) 0.337+ 0.020
− 0.019 −1+ 10

− 10 −5+ 2
− 2 6+ 2

− 2 −4+4
− 4

A (FOPT) 0.347+ 0.022
− 0.021 −31 +16

− 33 11 +5
− 4 −12+ 4

− 4 15+ 9
− 9

A (CIPT) 0.373+ 0.029
− 0.029 −50 +18

− 16 10 +3
− 3 −11+ 3

− 3 14+ 7
− 7

V+A (FOPT) 0.333+ 0.013
− 0.012 −8+ 10

− 24 7+ 7
− 4 −5+4

− 6 12+ 12
− 9

V+A (CIPT) 0.355+ 0.016
− 0.015 −23+ 10

− 8 5+ 3
− 3 −5+3

− 3 10+ 8
− 8

• Good stability of αs with respect to previous fit

• Larger variation in condensates values and increased errors

2 Take central values from first fit, adding differences as errors

A. Pich α
s

from τ data 19



α
s

determination with ALEPH-like fit
Rodŕıguez-Sánchez, A.P.

ω
kl

(x) = (1−x)2+k

x

l (1+2x) , x = s/m2
τ , (k, l) = (0, 0), (1, 0), (1, 1), (1, 2), (1, 3)

Channel α
s

(m2
τ ) 〈α

s

π GG〉 O6 O8

(10−3
GeV

4) (10−3
GeV

6) 10−3
GeV

8)

V (FOPT) 0.328 + 0.013
− 0.007 8 + 7

− 14 −3.2 + 0.8
− 0.5 5.0 + 0.4

− 0.7

V (CIPT) 0.352 + 0.013
− 0.011 −8 + 7

− 7 −3.5 + 0.3
− 0.3 4.9 + 0.4

− 0.5

A (FOPT) 0.304 + 0.010
− 0.007 −15 + 5

− 8 4.4 + 0.5
− 0.4 −5.8 + 0.3

− 0.4

A (CIPT) 0.320 + 0.011
− 0.010 −25 + 5

− 5 4.3 + 0.2
− 0.2 −5.8 + 0.3

− 0.3

V+A (FOPT) 0.319 + 0.010
− 0.006 −3 + 6

− 11 1.3 + 1.4
− 0.8 −0.8 + 0.4

− 0.7

V+A (CIPT) 0.339 + 0.011
− 0.009 −16 + 5

− 5 0.9 + 0.3
− 0.4 −1.0 + 0.5

− 0.7

• High sensitivity to α
s

. Bad sensitivity to power corrections

• Cancellation in O6,V+A confirmed. V + A more reliable

•
K5 = 275 ± 400, µ2 = (0.5, 2)m2

τ

• Best values taken from V + A. Errors increased with sensitivity to O10

α
s

(m2
τ )

CIPT = 0.339 + 0.019
− 0.017

α
s

(m2
τ )

FOPT = 0.319+ 0.017
− 0.015

α
s

(m2
τ ) = 0.329+0.020

− 0.018

Good agreement with Davier et al.: α
s

(m2
τ ) = 0.332 ± 0.012 (arXiv:1312.1501)

A. Pich α
s
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Playing with the s0 dependence

ω
(20)

(s = s0x) = (1 − x)
2

O4 , O6

ω
(21)

(s = s0x) = (1 − x)
2
(1 + 2x) O6 , O8

ω
(22)

(s = s0x) = (1 − x)
2
(1 + 2x + 3x

2
) O8 , O10

Fit to the (9) s0 > 2 GeV
2 points. One moment only (avoid correlations)

V + A channel Rodŕıguez-Sánchez, A.P.

Moment Method α
s

(m2
τ ) Lower-D Condensate Higher-D Condensate

(10−3 GeVD ) (10−3 GeVD )

A

ω(20)
(s0) FOPT 0.331 + 0.013

− 0.018 −9+12
−4 −4+3

−7

A

ω(20)
(s0) CIPT 0.333 + 0.011

− 0.009 −11+7
−6 0± 1

A

ω(21)
(s0) FOPT 0.322 + 0.010

− 0.006 3+1
−2 0± 2

A

ω(21)
(s0) CIPT 0.334 + 0.011

− 0.009 0± 1 2± 2

A

ω(22)
(s0) FOPT 0.319 + 0.009

− 0.006 −2+3
−2 −1+4

−5

A

ω(22)
(s0) CIPT 0.334 + 0.011

− 0.009 2± 2 −5± 4

α
s

(m2
τ )

CIPT = 0.335± 0.014

α
s

(m2
τ )

FOPT = 0.323±0.012
α
s

(m2
τ ) = 0.329±0.013

A. Pich α
s
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Rodŕıguez-Sánchez, A.P.

A

ω(20)
(s0) CIPT

ω(20)(s = s0x) = (1− x)2

Fit to last n = 4, · · · , 9 s0 points

vs. starting s0 fitted value

A. Pich α
s

from τ data 22



From V + A : Amazingly stable results

α
s

(m2
τ )

CIPT = 0.335± 0.014

α
s

(m2
τ )

FOPT = 0.323±0.012
α
s

(m2
τ ) = 0.329±0.013

BUT. . .

• Bad quality fit (χ2
min/d.o.f.)

• Much worse behaviour in separate V & A channels

• Fitting the s0 dependence removes pinching:

Fitting m points of A(n0)(s0) is equivalent to a fit of

{

A

(n0)(s0),A
(n−1 0)(s0), ...,A

(0 0)(s0), ImΠ(s0),
d ImΠ(s0)

ds0
, ...,

d

m−n−1 ImΠ(s0)

ds0

}

Local duality assumed! Violations of Duality

(estimated uncertainty included in quoted error)

A. Pich α
s
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Ansatz: ∆ρDV

V

(s) = e

−(δ
V

+γ
V

s) sin (α
V

+ β
V

s) , s > ŝ0

Fitted αs is model dependent: {α
s

(mτ )
FOPT; δ

V

, γ
V

, α
V

, β
V

; ŝ0}

A. Rodŕıguez-Sánchez, PhD Thesis 2018

Chapter 3. 3.7 Modeling duality violations 99

Figure 3.14: Comparison between the tuple prediction of Ref. [115], the tuple
associated to FOPT ) = 0 and data. Notice how below the explicitly
fitted interval, the deviation is dramatic for both tuples.

before and because is in principle just an arbitrary energy. The claim that
DVs should be small in the channel for most of the weight functions is
based, besides of the theoretical point that the hadronic multiplicity is large at
that energy, on the fact that the spectral function is very well approximated
by its OPE approximant from very low energies. The minimal requirement we
should ask to a model is the same: below the fitted energy region (where we
have used free parameters to ensure agreement to data), is the convergence to
the model soft? In order to answer this question, we plot the model prediction

ther with the spectral function. Below the fitted data region one can see
how the model dramatically deviate from data, so that one necessarily has to
unreliably assume that the model is not only exactly but also abruptly valid
from = 1 55 GeV without any reason. One can play with that and assume that
instead is abruptly valid, for example, from = 2 GeV. Then, taking the tuple

FOPT, δ , γ , α , β ) = (0 51 88 84 one gets agreement with
data in [2 GeV , m with a p-value of an 8%, to be compared with the extremely
poor p-value of a 6% of the central tuple of the = 1 55 GeV fit of Ref. [115]
in the same interval or (maybe fairer) with the 5% in [1 55 GeV , m . If one
ignores the bad convergence of the tuple below the fitted region (Fig. 3.14), why
should the value FOPT = 0 should be chosen instead of FOPT = 0 ? By
changing one can build tuples with any possible

• Boito et al model: {0.298 ; 3.6, 0.6,−2.3, 4.3 ; 1.55 GeV} p-value = 5%

• Model 0.33: {0.330 ; 0.51, 1.88, 0.84, 2.78 ; 2 GeV} p-value = 8%
A. Pich α

s
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Ree data analysis Boito et al, 1805.08176
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FOPT suffers a large renormalization-scale dependence  (Le Diberder- Pich , Menke) 
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