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Introduction to probability and statistics (3) 

Andreas Hoecker (CERN)
CERN Summer Student Lecture, 17–21 July 2017

If you have questions, please do not hesitate to contact me: andreas.hoecker@cern.ch
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Outline (4 lectures)

1st lecture:
• Introduction 
• Probability

2nd lecture:
• Probability axioms and hypothesis testing
• Parameter estimation
• Confidence levels (some catch up to do…)

3rd lecture:
• Maximum likelihood fits
• Monte Carlo methods
• Data unfolding

4th lecture:
• Multivariate techniques and machine learning



Catch-up from yesterday
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Statistical tests in new particle/physics searches

Discovery test

• Disprove background-only hypothesis 𝑯𝟎

• Estimate probability of “upward” (or 
“signal-like”) fluctuation of background
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Exclusion limit

• Upper limit on new physics cross section

• Disprove signal + background hypothesis 𝑯𝟎

• Estimate probability of downward fluctuation 
of signal + background: find minimal signal, 
for which 𝑯𝟎 (here: S+B) can be excluded at 
specified confidence Level 

Background-only: 𝑯𝟎
PDF:	Poisson(𝑁+; 𝜇+ = 4)

Nobs for 5s
discovery
p = 2.871 10–7

Example: PDF of background-only test statistic

𝑁

Type 1 error 
α = 5%	 → 95%CL

Example: PDFs for B and S+B

𝐻: = 𝐵 𝐻< = 𝑆 + 𝐵

𝑁
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Exclusion limit

• Upper limit on new physics cross section

• Disprove signal + background hypothesis 𝑯𝟎

• Estimate probability of downward fluctuation 
of signal + background: find minimal signal, 
for which 𝑯𝟎 (S+B) can be excluded at pre-
specified confidence Level 

Background-only: 𝑯𝟎
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Realistic discovery and exclusion likelihood tests involve complex fits of 
several signal and background-normalisation (so-called control ) regions, 
signal and background yields, as well as nuisance parameters describing 
systematic uncertainties. 

We will come to this, but first need to learn about parameter estimation.
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Statistical tests in new particle/physics searches — teaser

Discovery test — Higgs discovery in 2012

• 5.9σ rejection of background-only hypothesis 
from statistical combination of dominantly       
H ® γγ, ZZ*, WW* decays at mH = 126 GeV

• No trials factor (look-elsewhere-effect, LEE) 
taken into account in above number, but 
would not qualitatively change picture
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Exclusion limit

• 13 TeV search for new physics (here: a new 
heavy Higgs boson) in events with at least two 
tau leptons

• Figure shows expected and observed 95% 
confidence level upper limits on cross section 
times branching fraction
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Parameter estimation

An estimator is a function of a data sample 𝜽@ = 𝜽@ 𝒙𝟏,… . , 𝒙𝑵 that estimates the characteristic 
parameter 𝜽 of a parent distribution.

Examples:

• Mean value estimator: 

• Variance estimator:

• Median estimator …..

• ...but also: CP-asymmetry parameter in B meson sample (very complex parameter estimation)

The estimator 𝜽@ is a random variable (function of measured data that are random)

The estimator 𝜽@ has itself an expectation value, an expected variance, for given 𝜽: 
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�̂� =
1
𝑁I𝑥K

L

KM:

(one way to define the mean value, there could be others)

𝑉O =
1

𝑁 − 1I 𝑥K − �̅� R
L

KM:

𝐸 𝜃O 𝑥 𝜃 = ∫𝜃O�� 𝑥 𝑓 𝑥 𝜃 𝑑𝑥® , with 𝑓 𝑥 𝜃 the distribution (PDF) of the expected data



Parameter estimation

𝜽@ is a random variable that follows a PDF. Consider many measurements / experiments:

→ There will be a spread of 𝜃O estimates. Different estimators can have different properties:
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BiasedLarge
variance

Best

Glen Cowan
𝜃O𝜃

• Biased or unbiased: if 𝐸 𝜃O 𝑥 𝜃 = 𝜃 ® unbiased

• Small bias and small variance can be “in conflict”

– asymptotic bias ® limit for infinite observations/data samples 



Maximum likelihood estimator

Want to estimate (measure !) a parameter 𝜽

Observe �⃗�K = 𝑥:, … . 𝑥Z K, 𝑖 = 1,𝑁 (ie: 𝐾 observables per event, and 𝑁 events)

Hypothesis is PDF 𝑝^(�⃗�; 𝜃), ie, the distribution of �⃗� given 𝜃

There are 𝑁 independent events  ® combine their PDFs:

For fixed �⃗� consider 𝑝^(�⃗�; 𝜃) as function of 𝜃 ® Likelihood 𝑳(𝜽)

• 𝐿 𝜃 is at maximum (if unbiased) for 𝜃O = 𝜃abcd
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𝑃(�⃗�:,..	�⃗�L; 𝜃) =f𝑝^(�⃗�K; 𝜃)
L

KM:

log L=41.2 (ML fit) (a) 
log L=41.0 (true parameters) 
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Fig. 6.1 A sample of 50 observations of a Gaussian random variable with mean J1. = 0.2 and 
standard deviation cr = 0.1. (a) The p.d.f. evaluated with the parameters that maximize the 
likelihood function and with the true parameters. (b) The p.d.f. evaluated with parameters far 
from the true values, giving a lower likelihood. 

With this motivation one defines the maximum likelihood (ML) estimators 
for the parameters to be those which maximize the likelihood function. As long as 
the likelihood function is a differentiable function of the parameters (}1, ... , (}m, 
and the maximum is not at the boundary of the parameter range, the estimators 
are given by the solutions to the equations, -. 

oL 
O(}i =_ 0, i = 1, ... , m. (6.3) 

If more than one local maximum exists, the highest one is taken. As with other 
types of estimators, they are usually written with hats, 8 = ({h, ... , 8m ), to dis-
tinguish them from the true parameters (}i whose exact values remain unknown. 

The general idea of maximum likelihood is illustrated in Fig. 6.1. A sample 
of 50 measurements (shown as tick marks on the horizontal axis) was generated 
according to a Gaussian p.d.f. with parameters J.l = 0.2, (J' = 0.1. The solid 
curve in Fig. 6.1(a) was computed using the parameter values for which the 
likelihood function (and hence also its logarithm) are a maximum: fl = 0.204 and 
U = 0.106. Also shown as a dashed curve is the p.d.f. using the true parameter 
values. Because of random fluctuations, the estimates fl and u are not exactly 
equal to the true values J.l and (J'. The estimators fl and u and their variances, 
which reflect the size of the statistical errors, are derived below in Section 6.3. 
Figure 6.1(b) shows the p.d.f. for parameters far away from the true values, 
leading to lower values of the likelihood function. 

The motivation for the ML principle presented above does not necessarily 
guararitee any optimal properties for the resulting estimators. The ML method 
turns out to have many advantages, among them ease of use and the fact that 
no binning is necessary. In the following the desirability of ML estimators will 

Glen Cowan

50 observations of a Gaussian random variable with mean 0.2 and σ=0.1

Good 
estimate 

of 𝜃

Poor 
estimate 

of 𝜃

Task: maximise 𝐿 𝜃 to 
derive best estimate for 𝜃O

In practice, often minimise
− 2 1 ln(𝐿 𝜃 ) (see later why)  

® Maximum likelihood fit



Maximum likelihood estimator (continued)
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® In a full maximum likelihood fit one could now determine �̂� and 𝜎j

® If one is not interested in fitting 𝜎 but just 𝜇, one can omit the (then constant) 2nd term: 

−2 1 Δln 𝐿 𝜇 𝑥 =I
𝑥K − 𝜇 R

𝜎R

L

KM:
® which is the “least squares” (𝝌𝟐) expression

where: Δln 𝐿 𝜇 𝑥 = ln 𝐿 𝜇 𝑥 − constant	term

Let’s take the Gaussian example from before: 𝐿	(𝜇, 𝜎|𝑥) = :
Ru� v

exp − ^yz {

Rv{
	

• Measure 𝑁 events: 𝑥:,…,𝑥L

• Full likelihood given by: 𝐿 𝜇, 𝜎 𝑥 = ∏ :
Ru� v

exp − ^}yz {

Rv{
L
KM:

• In logarithmic form: −2 1 ln 𝐿 𝜇, 𝜎 𝑥 = ∑ ^}yz {

v{
L
KM: − 2𝑁 1 ln :

Ru� v



Maximum likelihood estimator (continued)
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So far considered unbinned datasets (i.e., likelihood is given by product of PDFs for each event)

One can replace the events by bins of a histogram

• Useful if very large number of events, or PDF has very complex form,                                                        
or if only broad regions are considered rather than the full shape of a PDF

• Most LHC analyses use binned maximum likelihood fits

Each bin 𝒊 has 𝑵𝒊 events that are Poisson distributed around 𝝁𝒊

• The prediction of the 𝜇K can be obtained from Monte Carlo simulation

Likelihood function: 𝐿 𝜃 = 	𝑃 𝑁:	, …𝑁�����	; 𝜃 = f
𝜇K
L}(𝜃)
𝑁K!

𝑒yz}(�)
�����

KM:

−2 1 ln 𝐿(𝜃) = 2 I 𝜇K 𝜃 − 𝑁Kln 𝜇K(𝜃) − ln 𝑁K!
�����

KM:

…and in log form:



Maximum likelihood estimator (continued)

Maximum likelihood estimator is typically unbiased only in limit 𝑁 → ∞
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Asymmetric errors
• Another approximation alternative to the parabolic one may be 

to evaluate the excursion range of −2ln L.
• Error (nσ) determined by the range around the maximum for 

which −2ln L increases by +1 (+n2 for nσ intervals)

European School of HEP 2016 Luca Lista 58

θ

−2lnL

−2lnLmax

−2lnLmax+ 1

!+ !+ + δ+!+ – δ−

• Errors can be 
asymmetric

• For a Gaussian PDF 
the result is identical 
to the 2nd order 
derivative matrix

• Implemented in 
Minuit as MINOS 
function

1

If likelihood function is Gaussian (often the 
case for large 𝑁 by virtue of central limit theorem):

→ Estimate 1σ confidence interval for 𝜃
(“parameter uncertainty”) by finding 
intersections −𝟐 1 𝜟𝐥𝐧 𝑳 = 𝟏 around 
minimum

→ Resulting uncertainty on 𝜃 may be 
asymmetric

If (very) non-Gaussian:

→ revert typically to (classical) Neyman confidence intervals (® see later)
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Goodness-of-Fit (GoF)

Maximum likelihood estimator determines the best parameter 𝜽@

But: does the model with the best 𝜃O fit the data well ?

The value of −2 1 ln 𝐿(𝜃O) at minimum does not mean much ® needs calibration

→ Determine the expected distribution of −2 1 ln 𝐿(𝜃O) using pseudo Monte Carlo events, 
and compare measured value to expected ones

13
−𝟐 1 𝐥𝐧 𝑳(𝜽)−𝟐 1 𝐥𝐧 𝑳(𝜽@)

Gfitter group



Goodness-of-Fit (continued)

A Goodness-of-fit test is more straightforward with 𝝌𝟐 estimator 

Let’s use the binned example again. The task is to minimise versus 𝜃:

14

𝜒���R 𝜃O = min� 	𝜒R 𝜃 = I
𝑁K − 𝜇K(𝜃) R

𝜎KR

�����

KM:

	

𝜒R has known properties: 𝐸[𝜒R] = 𝑛�.�.� = 𝑘 (= number of degrees of freedom)

Cumulative PDF: probability to find 𝜒R > 𝜒���R : TMath: : Prob(𝜒���R , 𝑘)
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Classical confidence level

Neyman confidence belt  for confidence level (CL) 𝜶 (e.g. 95%)

Statement about probability to cover true value 𝝁¢𝐭𝐫𝐮𝒆 of parameter 𝝁¢ fit to data  
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• Each hypothesis �̂�abcd	has a PDF of 
how the measured values �̂��§¨ will 
be distributed

20 33. Statistics

33.3.2. Frequentist confidence intervals :

The unqualified phrase “confidence intervals” refers to freque ntist intervals obtained
with a procedure due to Neyman [29], described below. These a re intervals (or in the
multiparameter case, regions) constructed so as to include the true value of the parameter
with a probability greater than or equal to a specified level, c alled the coverage probability.
In this section, we discuss several techniques for producin g intervals that have, at least
approximately, this property.

33.3.2.1. The Neyman construction for confidence intervals:

Consider a p.d.f. f (x ; θ) where x represents the outcome of the experiment and θ is the
unknown parameter for which we want to construct a confidence i nterval. The variable
x could (and often does) represent an estimator for θ. Using f (x ; θ), we can find for a
pre-specified probability 1 − α , and for every value of θ, a set of values x1(θ, α ) and
x2(θ, α ) such that

P (x1 < x < x 2; θ) = 1 − α =
x 2

x 1
f (x ; θ) dx . (33 .49)

This is illustrated in Fig. 33.3: a horizontal line segment [ x1(θ, α ) ,
x2(θ, α )] is drawn for representative values of θ. The union of such intervals for all values
of θ, designated in the figure as D (α ), is known as the confidence belt. Typically the
curves x1(θ, α ) and x2(θ, α ) are monotonic functions of θ, which we assume for this
discussion.

Figure 33.3: Construction of the confidence belt (see text).

February 18, 2012 20:15
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Neyman confidence belt  for confidence level (CL) 𝜶 (e.g. 95%)

Statement about probability to cover true value 𝝁¢𝐭𝐫𝐮𝒆 of parameter 𝝁¢ fit to data  
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• Each hypothesis �̂�abcd	has a PDF of 
how the measured values �̂��§¨ will 
be distributed

• Determine the (central) intervals 
(“acceptance region”) in these 
PDFs such that they contain 𝜶
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• Each hypothesis �̂�abcd	has a PDF of 
how the measured values �̂��§¨ will 
be distributed

• Determine the (central) intervals 
(“acceptance region”) in these 
PDFs such that they contain 𝜶

• Do this for all �̂�abcd	hypotheses

• Connect all the red dots: 
confidence belt
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Classical confidence level

Neyman confidence belt  for confidence level (CL) 𝜶 (e.g. 95%)

Statement about probability to cover true value 𝛍¢𝐭𝐫𝐮𝐞 of parameter 𝝁¢ fit to data  
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• Each hypothesis �̂�abcd	has a PDF of 
how the measured values �̂��§¨ will 
be distributed

• Determine the (central) intervals 
(“acceptance region”) in these 
PDFs such that they contain 𝜶

• Do this for all �̂�abcd	hypotheses

• Connect all the red dots: 
confidence belt

• Measure 𝝁¢𝐨𝐛𝐬

→ Confidence interval [	�̂�:, �̂�R	] given 
by vertical line intersecting the belt

𝜶

𝝁¢𝐨𝐛𝐬

𝝁¢𝟏

𝝁¢𝟐

® 𝛼 = 95% of the intervals [	�̂�:, �̂�R	] contain �̂�abcd	



Combining confidence intervals

The construction of Neyman intervals may involve large resources if done with pseudo Monte 
Carlo experiments. In many cases, experiments take “Gaussian” short cut, assuming that the 
PDF(�̂�abcd) is Gaussian and does not depend on �̂�abcd (see previous slides)

In Gaussian case, measurements can be combined by multiplying their likelihood functions

Otherwise: it is important to combine individual measurements, not the confidence intervals: 
construct confidence belt of combined measurement

The following “Gaussian shortcut” will be wrong in that case:

19
In a perfectly Gaussian and uncorrelated 
case, this simple formula is correct 
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Maximum likelihood fits

21

ATLAS 𝐻 → 𝛾𝛾 likelihood model used in fit



Likelihood functions
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The likelihood function for a simple counting experiment is given by the Poisson PDFs:

𝐿 data(𝑁�§¨)|𝜇 =
𝜇𝑆 + 𝐵 L³��

𝑁�§¨!
1 𝑒y(z´µ¶)	, where:

In an unbinned case, the relevant likelihood function for 𝑁d·d�a¨ events reads:

𝐿 data|𝜇 = 𝑒y(z´µ¶) 1 f 𝜇𝑆 1 𝑝¸ 𝑥K + 𝐵 1 𝑝+ 𝑥K

L¹º¹�»�

KM:

where 𝑝¸ 𝑥K and 𝑝+ 𝑥K are the values of the signal and background PDFs for the variable 𝑥K

𝑁�§¨ observed number of events
𝑆 expected number of signal events
𝐵 expected number of background events
𝜇 “signal strength” modifier



Likelihood functions with nuisance parameters

23

In realistic use cases, 𝐿 𝑁�§¨, 𝜇, 𝜃 can be more complex:

• Both signal and background predictions are subject to multiple uncertainties parametrised by a 
set of 𝑚 nuisance parameters 𝜃 = 𝜃:, … , 𝜃½

• There are several distinct signal and background contributions

• Several signal and background control regions are simultaneously fit

• The parameter of interests may not only be event abundances, but also signal properties

• The likelihood may be split into categories with different subpopulations of events with common 
and non-common parameters

If the background prediction is subject to an uncertainty, one adds a nuisance parameter 𝜽:

𝐿 𝑁�§¨, 𝜇, 𝜃 =
𝜇𝑆 + 𝜃𝐵 L³��

𝑁�§¨!
𝑒y(z´µ�¶) 1 Gauss(𝜃 − 1, 𝜎�)

which is (in this example) constrained to 𝜽 = 𝟏 within 𝝈𝜽 by a Gaussian PDF

The profile likelihood function is maximised with respect to both 𝜇 and 𝜃
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To compare the compatibility of the data with the background-only and signal+background
hypotheses, where the signal is allowed to be scaled by some factor 𝜇, we construct the 
following test statistic based on the profile likelihood ratio:

𝑞Âz = −2 1 ln
𝐿 data|𝜇, 𝜃Oz
𝐿 data|�̂�, 𝜃O

, 0 < �̂� < 𝜇	

Remarks:

• Large 𝑞Âz values correspond to disagreement between data and hypothesis 𝜇.                   

• 𝑞Âz behaves as χR for large data samples and Gaussian 𝜃 parameters

• Note that the denominator in 𝑞Âz is independent of 𝜇 and only a normalisation term

where nominator and denominator are independently maximised. 
𝜃Oz is the conditional maximum given the signal strength modifier value 𝜇
�̂�, 𝜃O are the values corresponding to the global maximum of the likelihood 

(Condition enforces one-sided confidence 
intervals for discovery and upper limit tests)
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1. Construct likelihood function 𝐿 𝜇, 𝜃

2. Construct test statistics 𝑞Âz

3. Perform fits on data and determine observed 𝑞Âz,�§¨ and 𝜃Oz,�§¨ for hypothesis 𝜇

4. Generate pseudo Monte Carlo events to construct the PDF 𝑝z 𝑞Âz|𝜇,	𝜃Oz,�§¨ of 𝑞Âz
(for hypothesis 𝜇, and where 𝜃Oz,�§¨ is the set of conditional nuisance parameters found in fit to data). 
The nuisance parameters are fixed to 𝜃Oz,�§¨ for the MC generation, but allowed to float in the fits.         
In the asymptotic limit, 𝑝z 𝑞Âz|𝜇,	𝜃 is independent of 𝜃. 

5. Determine the observed p-value for hypothesis 𝜇:                        

6. Perform “discovery” test by computing 𝑃 𝜇 = 0

7. Find the 95% upper bound 𝜇 = 𝜇ÆÇ,�§¨ for which: 𝑃 𝜇 = 0.05

See: ATLAS & CMS https://cds.cern.ch/record/1375842

	𝑃 𝜇 = È 𝑝z 𝑞Âz|𝜇,	𝜃Oz,�§¨ 	𝑑𝑞Âz
É

ÊÂË,³��

In case of complex fits the pseudo-MC procedure can be very CPU intensive. For sufficiently large 
number of expected and observed events one therefore usually employs asymptotic formulas that are 
based on the identification: 𝑞Âz ≈ 𝜒R

Cowan, Cranmer, Gross, Vitells: https://arxiv.org/abs/1007.1727
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To be more conservative (to avoid that downward fluctuations of background contribute to 
the p-value), the LHC experiments compute upper limits using: 𝑃ÍÎÏ(𝜇) = 𝑃 𝜇 /𝑃 0 = 0.05

• CL¸ usually over-covers, ie, less than 5% of repeated experiments would lie outside the given bound

• A property of CL¸ is that in case of 𝑁�§¨ = 0, the resulting 95% CL upper limit is 𝜇ÆÇ,�§¨𝑆 ≅ 3, 
independent of the background expectation and the nuisance parameters
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Let’s get back to our earlier discovery and limit plots:
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Figure 6.1: Graph representation of the model used in the H ! �� discovery analysis. Each
node represents either a numerical value, an expression or a PDF. The black box is the top-
level PDF, the green boxes are the signal PDFs for each category, and the pink boxes are the
background PDFs. The bottom part of the graph describes the background: the brown ellipses
are the background normalization parameters, while the orange ellipses are the shape parameters.
The dark red ellipses are the signal normalization expressions, and the blue ellipse in the center
represents the µ parameter. The left part of the graph is devoted to the parameterization of
SM signal yields: the gold ellipses are the coefficients of the parameterization, while the blue
ellipses are per-mode µ parameters. The right side of the plot describes the signal shape: the
dark gray boxes are the signal shape parameters, the blue ellipse represents mH , and the cyan
ellipse is m�� . Finally, the purple ellipses represent the nuisance parameters associated with
systematic uncertainties, and the white boxes with blue outlines are the parameters describing
the uncertainties. The red-lined boxes are the expressions that bind the model together.

Frequentist limit setting procedure (continued)
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The underlying fits are often 
complex. On the right a graph of 
only the 𝐻 → 𝛾𝛾 likelihood model:

Figure caption: Each node represents either a numerical value, an expression or a PDF. The black box is the top- level PDF, the green boxes are the signal PDFs for 
each category, the pink boxes are the background PDFs. The bottom part of the graph describes the background: the brown ellipses are the background normali-
sation parameters, while the orange ellipses are the shape parameters. The dark red ellipses are the signal normalization expressions, and the blue ellipse in the 
center represents the μ parameter. The left part of the graph is devoted to the parameterization of SM signal yields: the gold ellipses are the coefficients of the 
parameterization, while the blue ellipses are per-mode μ parameters. The right side of the plot describes the signal shape: the dark gray boxes are the signal shape 
parameters, the blue ellipse represents mH, and the cyan ellipse is mγγ. Finally, the purple ellipses represent the nuisance parameters associated with systematic 
uncertainties, the white boxes with blue outlines are the parameters describing the uncertainties. The red-lined boxes are expressions that bind the model together. 

Nicolas Berger, Habilitation thesis, 2016

The ATLAS & CMS Run-1 
Higgs coupling combination 
analysis comprises a total of 
4200 nuisance parameters !    
(Of which a large fraction is of 
statistical nature)
ATLAS & CMS http://arxiv.org/abs/1606.02266

The tool of choice to perform 
such complex likelihood fits is 
RooFit (contained in ROOT)
https://root.cern.ch/roofit
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See also G. Cowan, https://arxiv.org/abs/1307.2487

As we have discussed yesterday, it is common practice in particle physics to regard an 
observed signal a “discovery” when its significance exceeds Z = 5, corresponding to a 
one-sided p-value of the background-only hypothesis of 2.9	110−7

This is in contrast to many other fields (e.g., medicine, psychology) where a p-value of 5% 
(Z = 1.64) may be considered significant 

Discoveries of new particles have been relatively frequent during the last ~20 years in the 
low-energy hadron spectra, but are very rare at high energy 
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See also G. Cowan, https://arxiv.org/abs/1307.2487

As we have discussed yesterday, it is common practice in particle physics to regard an 
observed signal a “discovery” when its significance exceeds Z = 5, corresponding to a 
one-sided p-value of the background-only hypothesis of 2.9	110−7

This is in contrast to many other fields (e.g., medicine, psychology) where a p-value of 5% 
(Z = 1.64) may be considered significant 

Discoveries of new particles have been relatively frequent during the last ~20 years in the 
low-energy hadron spectra, but are very rare at high energy 

Certainly, from Bayesian reasoning: “extraordinary claims require extraordinary evidence”

A discovery (beyond the SM) will be a game changer that we do not want to have to unsay

Another reason for the high Z is the influence of non-statistical systematic uncertainties in 
some of our particle searches, which alter the properties of the p-value found

Finally, and importantly, the large look-elsewhere-effect (LEE) is a source of fluctuations. 
While it can be accounted for in a given analysis, the LEE is a global phenomenon that 
affects the entirety of the searches: the probability of seeing a fluctuation with local Z = 5 
anywhere is much larger than 2.9	110−7 !
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See also G. Cowan, https://arxiv.org/abs/1307.2487

As we have discussed yesterday, it is common practice in particle physics to regard an 
observed signal a “discovery” when its significance exceeds Z = 5, corresponding to a 
one-sided p-value of the background-only hypothesis of 2.9	110−7

This is in contrast to many other fields (e.g., medicine, psychology) where a p-value of 5% 
(Z = 1.64) may be considered significant 

Discoveries of new particles have been relatively frequent during the last ~20 years in the 
low-energy hadron spectra, but are very rare at high energy 

Certainly, from Bayesian reasoning: “extraordinary claims require extraordinary evidence”

A discovery (beyond the SM) will be a game changer that we do not want to have to unsay

Another reason for the high Z is the influence of non-statistical systematic uncertainties in 
some of our particle searches, which alter the properties of the p-value found

Finally, and importantly, the large look-elsewhere-effect (LEE) is a source of fluctuations. 
While it can be accounted for in a given analysis, the LEE is a global phenomenon that 
affects the entirety of the searches: the probability of seeing a fluctuation with local Z = 5 
anywhere is much larger than 2.9	110−7 !

Note: a discovery requires more than a “5σ” value. It needs the judgement 
of the scientist that the question asked and the experimental setup used 
are meaningful, that systematic uncertainties are under control, and that 
the analysis and interpretation were performed in an unbiased manner.
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Summary 
for today

Parameter estimation with the maximum likelihood technique, goodness-of-fit, and 
the derivation of a classical Neyman confidence belt were discussed

Maximum likelihood fits are powerful optimisation tools that allow for any required 
complexity

Next: Monte Carlo techniques and data unfolding


