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Abstract

Old results about the calculation of the ladder diagrams is reviewed briefly.
The method to reduce the number of loops in the triangle ladder Feynman
diagrams in an arbitrary number of space-time dimensions is given
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Loop reduction in Feynman diagrams

ε1 + ε2 + ε3 = 0 always

J =
Γ(1− ε1)Γ(1− ε2)Γ(1− ε3)

Γ(1 + ε1)Γ(1 + ε2)Γ(1 + ε3)
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Proof of the loop reduction in d=4 dimensions. Part I
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Proof of the loop reduction in d=4 dimensions. Part II
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Proof of the loop reduction in d=4 dimensions. Part III
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Loop reduction in the momentum space

∫
ddp e ipx

1

(p2)α
= πd/2

Γ(d/2− α)

Γ(α)

(
4

x2

)d/2−α
=⇒

1

(x2)α
= π−d/24−α

Γ(d/2− α)

Γ(α)

∫
ddp e ipx

1

(p2)d/2−α
.
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Loop reduction in non-integer dimensions d = 4− 2ε

Igor Kondrashuk (UBB) On the calculation of triangle ladder FDs NP Aspects of QFT - 2017 9 / 29



Loop reduction in non-integer dimensions. Part II
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Loop reduction in non-integer dimensions. Part III
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Formulas to prove

∮

C
dz2dz3 D(u,v)[1 + ε1 − z3, 1 + ε2 − z2, 1 + ε3]×

×D(z2,z3)[1 + ε2, 1 + ε1, 1 + ε3] =

J

[
D(u,v−ε2)[1− ε1]

ε2ε3
+

D(u,v)[1 + ε3]

ε1ε2
+

D(u−ε1,v)[1− ε2]

ε1ε3

]
,

D(z2,z3)[ν1, ν2, ν3] =
Γ (−z2) Γ (−z3) Γ (−z2 − ν2 − ν3 + d/2)

ΠiΓ(νi )

×Γ (−z3 − ν1 − ν3 + d/2) Γ (z2 + z3 + ν3) Γ (Σνi − d/2 + z3 + z2)

Γ(d − Σiνi )
,

ε1 + ε2 + ε3 = 0 and D(u,v)[1 + ν] ≡ D(u,v)[1, 1, 1 + ν].
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Barnes Lemmas

∮

C
dz Γ (λ1 + z) Γ (λ2 + z) Γ (λ3 − z) Γ (λ4 − z) =

Γ (λ1 + λ3) Γ (λ1 + λ4) Γ (λ2 + λ3) Γ (λ2 + λ4)

Γ (λ1 + λ2 + λ3 + λ4)
,

∮

C
dz

Γ (λ1 + z) Γ (λ2 + z) Γ (λ3 + z) Γ (λ4 − z) Γ (λ5 − z)

Γ (λ1 + λ2 + λ3 + λ4 + λ5 + z)
=

Γ (λ1 + λ4) Γ (λ2 + λ4) Γ (λ3 + λ4) Γ (λ1 + λ5) Γ (λ2 + λ5) Γ (λ3 + λ5)

Γ (λ1 + λ2 + λ4 + λ5) Γ (λ1 + λ3 + λ4 + λ5) Γ (λ2 + λ3 + λ4 + λ5)
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The Integrant

D(z2,z3)[1 + ε2, 1 + ε1, 1 + ε3] =

Γ (−z2) Γ (−z3) Γ (−z2 + ε2) Γ (−z3 + ε1) Γ (1 + z2 + z3)

Γ (1 + ε1) Γ (1 + ε2) Γ (1 + ε3)
×

×Γ (1 + z2 + z3 + ε3) ,

D(u,v)[1 + ε1 − z3, 1 + ε2 − z2, 1 + ε3] =

Γ (−u) Γ (−v) Γ (−u + ε1 + z2) Γ (−v + ε2 + z3)

Γ (1 + ε1 − z3) Γ (1 + ε2 − z2) Γ (1 + ε3) Γ (1 + z2 + z3)
×

Γ (1 + u + v + ε3) Γ (1− z2 − z3 + u + v) ,

D(u,v)[1 + ε1 − z3, 1 + ε2 − z2, 1 + ε3]D(z2,z3)[1 + ε2, 1 + ε1, 1 + ε3]

=
Γ (−u) Γ (−v) Γ (1 + u + v + ε3)

Γ (1 + ε1) Γ (1 + ε2) Γ2 (1 + ε3)

1

ε1 − z3

1

ε2 − z2
Γ (−z2) Γ (−z3)×

×Γ (1 + z2 + z3 + ε3) Γ (−u + ε1 + z2) Γ (−v + ε2 + z3)×
×Γ (1− z2 − z3 + u + v) .
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The term D(u,v)[1 + ε3]

D(u,v)[1 + ε3]

ε1ε2
=

1

ε1ε2

Γ(−u)Γ(−v)Γ(−ε3 − u)Γ(−ε3 − v)Γ2(1 + ε3 + u + v)

Γ(1− ε3)Γ(1 + ε3)
,

D(u,v−ε2)[1− ε1]

ε2ε3
=

1

ε2ε3

Γ(−u)Γ(ε2 − v)Γ(ε1 − u)Γ(−ε3 − v)Γ2(1 + ε3 + u + v)

Γ(1− ε1)Γ(1 + ε1)
,

D(u−ε1,v)[1− ε2]

ε1ε3
=

1

ε1ε3

Γ(ε1 − u)Γ(−v)Γ(−ε3 − u)Γ(ε2 − v)Γ2(1 + ε3 + u + v)

Γ(1− ε2)Γ(1 + ε2)
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Simple trick

1

z3 − ε1
1

z2 − ε2
Γ (−z2) Γ (−z3) Γ (1 + z2 + z3 + ε3) Γ (−u + ε1 + z2)×

×Γ (−v + ε2 + z3) Γ (1− z2 − z3 + u + v) =

=
z2 + z2 + ε3

(z3 − ε1)(z2 − ε2)
Γ (−z2) Γ (−z3) Γ (z2 + z3 + ε3) Γ (−u + ε1 + z2)×

×Γ (−v + ε2 + z3) Γ (1− z2 − z3 + u + v) =

=

(
1

z3 − ε1
+

1

z2 − ε2

)
Γ (−z2) Γ (−z3) Γ (z2 + z3 + ε3) Γ (−u + ε1 + z2)×

×Γ (−v + ε2 + z3) Γ (1− z2 − z3 + u + v) .

∮

C
dz2

1

z2 − ε2
Γ (−z2) Γ (−u + ε1 + z2)

∮

C
dz3Γ (−z3) Γ (z2 + z3 + ε3)×

Γ (−v + ε2 + z3) Γ (1− z2 − z3 + u + v) .
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Application of the Barnes lemmas

∮

C
dz2

1

z2 − ε2
Γ (−z2) Γ (−u + ε1 + z2)

∮

C
dz3Γ (−z3) Γ (z2 + z3 + ε3)×

Γ (−v + ε2 + z3) Γ (1− z2 − z3 + u + v) =∮

C
dz2

1

z2 − ε2
Γ (−z2) Γ (−u + ε1 + z2)×

×Γ (z2 + ε3) Γ (−v + ε2) Γ (1 + ε3 + u + v) Γ (1 + ε2 + u − z2)

Γ (1 + u − ε1)
=

=
Γ (−v + ε2) Γ (1 + ε3 + u + v)

Γ (1 + u − ε1)

∮

C
dz2

1

z2 − ε2
Γ (z2 + ε3) Γ (−z2)×

×Γ (−u + ε1 + z2) Γ (1 + ε2 + u − z2) .
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Reflection

Γ (−v + ε2) Γ (1 + ε3 + u + v)

Γ (1 + u − ε1)

∮

C
dz2

1

z2 − ε2
Γ (z2 + ε3) Γ (−z2)×

×Γ (−u + ε1 + z2) Γ (1 + ε2 + u − z2) =

−Γ (−v + ε2) Γ (1 + ε3 + u + v)

Γ (1 + u − ε1)

∮

C
dz2

1

z2 + ε2
Γ (−z2 + ε3) Γ (z2)×

×Γ (−u + ε1 − z2) Γ (1 + ε2 + u + z2) =

−Γ (−v + ε2) Γ (1 + ε3 + u + v)

Γ (1 + u − ε1)

∮

C
dz2

Γ(z2 + ε2)

Γ(1 + z2 + ε2)
Γ (−z2 + ε3) Γ (z2)×

×Γ (−u + ε1 − z2) Γ (1 + ε2 + u + z2) =

Igor Kondrashuk (UBB) On the calculation of triangle ladder FDs NP Aspects of QFT - 2017 18 / 29



Result

−Γ (−v + ε2) Γ (1 + ε3 + u + v)

Γ (1 + u − ε1)
Γ(ε3)Γ(−ε1)Γ (1 + u − ε1)×

Γ (−u − ε3) Γ (−u + ε1) Γ (1− ε3)

Γ (1 + ε2) Γ (−u)
=

1

ε1ε3

Γ(1− ε1)Γ(1 + ε3)Γ(1− ε3)

Γ (1 + ε2)
×

Γ (−v + ε2) Γ (1 + ε3 + u + v) Γ (−u − ε3) Γ (−u + ε1)

Γ (−u)
∼ D(u−ε1,v)[1− ε2]
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Ladder diagrams

p3 −→
p1+

r1

←−−−
−

p1+
r2

←−−−
−

p1+
r3

←−−−
−

←−−−−p2 − r1 ←−−−−p2 − r2 ←−−−−p2 − r3

↑ r1 − r2 ↑ r2 − r3 . . .

←−
p1

←− p
2

p1
+rn

←−−−
−−

←−−−−−p2 − rn

↑ rn−1 − rn ↑ rn= 1
(p23)

nΦ
(n)

(
p21
p23
, p

2
2

p23

)
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Explicit form of Usykina-Davydychev functions

Φ(n) (x , y) =

∮
dz2dz3x

z2y z3M(n) (z2, z3)

The explicit form of the function is given in Davydychev and Usyukina
papers:

Φ(n) (x , y) = − 1

n!λ

2n∑

j=n

(−1)j j! ln2n−j (y/x)

(j − n)!(2n − j)!

[
Lij

(
− 1

ρx

)
− Lij(−ρy)

]
, (1)

ρ =
2

1− x − y + λ
, λ =

√
(1− x − y)2 − 4xy .
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Diagram which we calculate by the same trick in
d = 4− 2ε

p
3

p
2

p
1

1

1

1

1

1 1−3

∮

C
dz2dz3 D(u,v)[1− z3, 1− z2, 1− 3ε]× D(z2,z3)[1, 1, 1] =

1

ε2
Γ2(1− ε)Γ(1 + ε)

Γ(1− 2ε)
D(u,v)[1− 3ε]

− 1

2ε2
Γ(1− ε)Γ(1 + 2ε)Γ(1− 2ε)

Γ(1− 3ε)Γ(1 + ε)

(
D(u−ε,v)[1− 2ε] + D(u,v−ε)[1− 2ε]

)
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Integral Equation for this diagram

p
3

p
2

p
1

1

1

1

1

11 2−4

∮

C
dz2dz3 D(u,v)[−z3,−z2, 2− 4ε]×M(z2, z3) =

1

ε2
Γ2(1− ε)Γ(1 + ε)

Γ(1− 2ε)
D(u,v)[1− 3ε]

− 1

2ε2
Γ(1− ε)Γ(1 + 2ε)Γ(1− 2ε)

Γ(1− 3ε)Γ(1 + ε)

(
D(u−ε,v)[1− 2ε] + D(u,v−ε)[1− 2ε]

)
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Ladder diagrams
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Fourier-invariance of UD functions, JHEP08(2008)106
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Fourier-invariance of UD functions via MB transform

1

[31]2
Φ(n)

(
[12]

[31]
,

[23]

[31]

)
=

1

(2π)4

∫
d4p1d

4p2d
4p3 δ(p1 + p2 + p3)×

×e ip2x2e ip1x1e ip3x3 1

(p22)2
Φ(n)

(
p21
p22
,
p23
p22

)
.

The explicit form of the function is given in Davydychev and Usyukina
papers:

Φ(n) (x , y) = − 1

n!λ

2n∑

j=n

(−1)j j! ln2n−j (y/x)

(j − n)!(2n − j)!

[
Lij

(
− 1

ρx

)
− Lij(−ρy)

]
,

ρ =
2

1− x − y + λ
, λ =

√
(1− x − y)2 − 4xy .
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Fourier-invariance of UD functions via MB transform

Mellin-Barnes transform for the ladder functions:

Φ(n) (x , y) =

∮
dz2dz3x

z2y z3M(n) (z2, z3)

1

[31]2
Φ(n)

(
[12]

[31]
,

[23]

[31]

)
=

1

(2π)4

∫
d4p1d

4p2d
4p3 δ(p1 + p2 + p3)×

×e ip2x2e ip1x1e ip3x3 1

(p22)2
Φ(n)

(
p21
p22
,
p23
p22

)
=

=
1

(2π)8

∫
d4p1d

4p2d
4p3d

4x5e
ip2(x2−x5)e ip1(x1−x5)e ip3(x3−x5) ×

× 1

(p22)2
Φ(n)

(
p21
p22
,
p23
p22

)
=
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Fourier-invariance of UD functions via MB transform

=
1

(2π)8

∫
d4p1d

4p2d
4p3d

4x5

∮
dz2dz3

e ip2(x2−x5)e ip1(x1−x5)e ip3(x3−x5)

(p22)2+z2+z3(p21)−z2(p23)−z3
×

×M(n) (z2, z3) =

=
(4π)6

(2π)8

∫
d4x5

∮
dz2dz3

Γ(−z2 − z3)

Γ(2 + z2 + z3)

Γ(2 + z2)

Γ(−z2)

Γ(2 + z3)

Γ(−z3)

× 22z2+2z3−2(2+z2+z3)M(n) (z2, z3)

(x2 − x5)−z2−z3(x1 − x5)2+z2(x3 − x5)2+z3
=

=

∮
dz2dz3

M(n) (z2, z3)

[12]−z3 [23]−z2 [31]2+z2+z3

P. Allendes, N. Guerrero, I. Kondrashuk and E. A. Notte Cuello, “New four-dimensional integrals by Mellin-Barnes

transform,” J. Math. Phys. 51 (2010) 052304 [arXiv:0910.4805 [hep-th]].
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“Orthogonality”

1

[12]α3 [23]α1 [13]α2
∼
∮

C
dudv

[13]

[12]

u [23]

[12]

v 1

[12]α1+α2+α3
×

∮

C
dz2dz3 D(z2,z3)[d/2− α1, d/2− α2, d/2− α3]×

×D(u,v)[d/2 + z3, d/2 + z2, d − z3 − z2 − α1 − α2 − α3]

Two poles survive u = −α2, v = −α1

∮

C
dz2dz3 D(u,v)[−z3,−z2, 2− 4ε]×M(z2, z3) =

1

ε2
Γ2(1− ε)Γ(1 + ε)

Γ(1− 2ε)
D(u,v)[1− 3ε]

− 1

2ε2
Γ(1− ε)Γ(1 + 2ε)Γ(1− 2ε)

Γ(1− 3ε)Γ(1 + ε)

(
D(u−ε,v)[1− 2ε] + D(u,v−ε)[1− 2ε]

)
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