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Squeezed	bispectrum	and	spectral	distortions	
Squeezed	bispectra	generate	couplings	between	large	and	small	scales	i.e.,		
large	scale	modulation	of	small	scale	power	

Local	

This	modulation	couples	CMB	temperature	fluctuations	on	large	scales	to		
spectral	distortions	arising	from	acoustic	wave	dissipation	at	very	small	scales.	
	

•  Use	Tµ	to	measure	local	fNL	(Pajer	and	Zaldarriaga	2013)	
•  Further	constraining	power	on	fNL	running	(Biagetti	et	al.	2013,	Emami	et	al.	2015)	
•  Large	S/N	increase	for	“super-squeezed	“	shapes	(Ganc	and	Komatsu	2013)	

What	can	we	say	about	trispectra?	

“Probing	fundamental	Physics	with	CMB	spectral	dist.”	 CERN,	12-16	March,	2018	M.	Liguori	(Unipd,	INFN)	



Trispectrum	

Pictures	from	Lewis(	2012)	
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Diagonal	squeezed	
trispectrum: τNL	

Leg	squeezed	
trispectrum: gNL	

glocalNL = −9.0± 7.7( )×10−4

τ NL < 2800 (95% C.L.)
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Trispectrum	and	spectral	distortions	

•  The	µµ	spectrum	can	be	used	to	measure	small	scale	modulation	of	power	due		
						to	a	squeezed	diagonal	trispectrum.	Sensitivity	to	τNL	(flat	µµ	spectrum	in	the		
						Gaussian,	stationary	case)		

•  T(Tµ)	can	measure	large	scale	modulations	of	the	bispectrum	->	sensitivity	also		to	gNL		

“Probing	fundamental	Physics	with	CMB	spectral	dist.”	 CERN,	12-16	March	2018	M.	Liguori	(Unipd,	INFN)	
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so that the small-scale curvature perturbation modulated by the long-wavelength modes is
given by
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The fractional change in small-scale power due to the long-wavelength mode is therefore
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As written in the second equality the fractional change in small-scale power determines the
fractional change in the µ type distortions, since the average µ distortions are given by
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In Eq. (2.6) the indices 1, 2, 3 refer to three different positions on last-scattering surface (or,
by means of an angular projection from the last-scattering surface, they label three different
directions in the sky). Also, in writing Eq. (2.6) we have used that the large-angle temperature
fluctuation is given by �T/T ' �⇣/5 (in the Sachs-Wolfe (SW) approximation).

The equation above describes correlation between �T/T and the fractional change in µ-
distortions, �µ/µ. If we want to work with µ-fluctuations instead, we simply have to multiply
Eq. (2.6) by the average µ distortions, Eq. (2.5). In the case of a scale invariant spectrum of
primordial curvature perturbations with �
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As written in the second equality the fractional change in small-scale power determines the
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In Eq. (2.6) the indices 1, 2, 3 refer to three different positions on last-scattering surface (or,
by means of an angular projection from the last-scattering surface, they label three different
directions in the sky). Also, in writing Eq. (2.6) we have used that the large-angle temperature
fluctuation is given by �T/T ' �⇣/5 (in the Sachs-Wolfe (SW) approximation).

The equation above describes correlation between �T/T and the fractional change in µ-
distortions, �µ/µ. If we want to work with µ-fluctuations instead, we simply have to multiply
Eq. (2.6) by the average µ distortions, Eq. (2.5). In the case of a scale invariant spectrum of
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�1, i.e. on scales which are unaccessible by CMB temperature or po-
larization anisotropies, or by any other cosmological probe, including future galaxy and 21-cm
surveys. An ideal, cosmic-variance dominated experiment could extract a very large number
of modes in this range of scales, allowing in principle constraints on fNL . 10

�3. Moreover,
it was also shown that, by the same reasoning, cosmic variance dominated µµ measurements
could constrain ⌧NL with an exquisite level of precision as well. These original findings have
been followed by further studies from several groups, showing that µT correlations could be
used to study several other NG signatures besides standard local-type NG [27–35]. Recent
fNL constraints with this technique were obtained in [36] using Planck data.

One interesting primordial NG parameter, that µT and µµ correlations are unable to
determine, is the gNL trispectrum amplitude. It can in fact be shown (see also Sec. 4) that
µµ correlations are not sensitive to gNL-type local NG. In this paper, we will point out that
gNL can however still be measured by going beyond two-point correlations and using the TTµ

bispectrum. We will then show that TTµ allows to measure not only gNL, but also to extract
additional information on ⌧NL. By a simple Fisher matrix forecast, we will finally conclude
that TTµ bispectrum estimates could in principle allow a sensitivity �gNL = O(0.1) in the
ideal, cosmic variance dominated case. Such exquisite precision can be attained, as usual
in this approach, thanks to the very large number of primordial bispectrum modes that are
contained in the TTµ three-point function.

The plan of this paper is as follows: in Sec. 2 we start with a simplified calculation,
aimed at putting in evidence the physical mechanism which produces the gNL and ⌧NL de-
pendencies in the TTµ bispectrum. We then perform the full calculation in Sec. 3, finding a
nice agreement with the previous result, and show some gNL and ⌧NL Fisher-based forecasts
in Sec. 4, before reporting our conclusion in Sec. 5.

2 Preliminary calculation

Here we show a preliminary calculation of the TTµ signal, using a configuration space ap-
proach originally introduced in [34], where it is explained in detail. The idea is to estimate
the expected correlations between µ and T via a short-long mode splitting of the primordial
fluctuation field. We are in fact interested here in CMB distortions arising from dissipation of
primordial perturbations on small scales. These will be proportional to the primordial small

scale power. For Gaussian initial conditions, different small scale patches are uncorrelated,
and the average distortion will be the same everywhere. If, however, we are in presence of
NG initial conditions correlating large and small scales, such as local-type NG, the average
small-scale power will vary from patch to patch, and it will be correlated with curvature
fluctuations on large scales. We can thus infer the expected fluctuations in the µ (and y)
distortions parameter by evaluating the contributions to small scale power, coming from cor-
relations with long wavelength modes. In this framework, let us consider a NG primordial
perturbation field, with non-zero gNL, while keeping fNL = 0 and ⌧NL = 0:
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Let us split the curvature perturbation ⇣
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(x) into short and long wavelength parts, ⇣G(x) =
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1 Introduction

Measurements of primordial non-Gaussianity (NG) are a powerful way to understand the
physical processes which gave origin to primordial cosmological perturbations. They provide
information about such processes which is complementary to what can be extracted from
power spectrum alone. If we focus on inflationary scenarios, all relevant NG information is
generally contained in the bispectrum (three-point function in Fourier space) and trispectrum
(four-point function in Fourier space) of the primordial fluctuation field. Both the functional
form (“shape”) and strength of these signals are model dependent, therefore constraints on
different inflationary scenarios can be obtained by fitting their predicted bispectrum and
trispectrum shapes to the data, and extracting the corresponding amplitude parameters fNL
(for the bispectrum), gNL and ⌧NL (for the trispectrum).

The first inflation-motivated primordial NG model to be considered in the literature
[1, 2] was the so called “local model”, which is characterized by the following ansatz in real
space:
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where ⇣ is the primordial curvature perturbation field, ⇣G is its Gaussian (G) part and the
NG components are local functionals of the G part. One can also consider models in which ⇣

G

is modulated by a second, uncorrelated, Gaussian field �, giving rise to a “⌧NL trispectrum”
[3]:

⇣(x) = ⇣

G

(x) +

p
⌧NL�(x)⇣

G

(x) . (1.2)

As we just mentioned, different primordial models can generate a large variety of different
bispectrum and trispectrum shapes, and to each of them correspond different NG amplitudes.
The focus of this paper will however be specifically on local-type bispectra and trispectra,
which are produced by a primordial curvature perturbation field expressed in the form above. 1

1
Therefore, since there is no room for confusion, we will simply refer to our NG parameters as fNL and

gNL, omitting the label “local”.
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The TTµ bispectrum induced by ⌧

NL
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from Eq. (1.2), where the small-scale curvature perturbation ⇣
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scale field �(x), we find (at leading order and up to disconnected parts)

�h⇣2i
h⇣2i ' �µ

µ

' 2

p
⌧

NL

�(x) . (2.8)

Notice that, following the conventional definition of ⌧
NL

, in Eq. (1.2) �(x) is normalized in
such a way that it has equal power spectrum as ⇣

G

(x), h�2i = h(⇣G)2i. Therefore
⌧
�T

1

T

�T

2

T

�µ

3

µ

�
' 2

⌧
⇣

G

1

5

⇣

G

2

5

[1 +

p
⌧NL(�1 + �

2

)]

p
⌧NL�3

�

= 50⌧NL

⌧
�T

1

T

�T

2

T

�⌧
�T

2

T

�T

3

T

�
+ (1 $ 2)

�
. (2.9)

Finally, multiplying by the average µ distortion, we obtain the harmonic-space expression ofD
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In the next section, we will show how these results very nicely match a full detailed
computation.

3 The TTµ bispectrum

After the warm up in the previous section, we are now ready to perform a full computation
of the TTµ three-point function, arising from both gNL and ⌧NL contributions. At the end of
the section, we will find excellent agreement between the full and simplified treatments. Let
us note, before starting our calculation, that y-type distortions could have been considered
as well, and the TTy bispectrum would produce contributions to the signal coming from a
different range of scales. The authors of [27] originally did not include y-contributions in
their study of two-point correlations. This was based on the fact that primordial Ty and yy

signals would be affected by large contaminations coming from late-time Compton-y signals.
It was however argued in [34] that yT primordial NG signatures could in principle be used to
disentangle the high-redshift and low-redshift components. It remains anyway clear that µ-T
correlations provide the cleanest signal. We will thus focus here only on TTµ, leaving issues
related to TTy contributions for future work.

CMB temperature anisotropies are linked, at first order, to primordial curvature pertur-
bations via the usual formula:
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where T
`

(k) indicates the radiation transfer function, and ⇣

k

is the primordial curvature
perturbation.

The µ spectral distortion parameter from dissipation of acoustic fluctuations can instead
be obtained as (e.g. [27, 28, 36–50]):
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G

(x) is modulated by the large-
scale field �(x), we find (at leading order and up to disconnected parts)

�h⇣2i
h⇣2i ' �µ

µ

' 2

p
⌧

NL

�(x) . (2.8)

Notice that, following the conventional definition of ⌧
NL

, in Eq. (1.2) �(x) is normalized in
such a way that it has equal power spectrum as ⇣

G

(x), h�2i = h(⇣G)2i. Therefore
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Finally, multiplying by the average µ distortion, we obtain the harmonic-space expression ofD
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In the next section, we will show how these results very nicely match a full detailed
computation.

3 The TTµ bispectrum

After the warm up in the previous section, we are now ready to perform a full computation
of the TTµ three-point function, arising from both gNL and ⌧NL contributions. At the end of
the section, we will find excellent agreement between the full and simplified treatments. Let
us note, before starting our calculation, that y-type distortions could have been considered
as well, and the TTy bispectrum would produce contributions to the signal coming from a
different range of scales. The authors of [27] originally did not include y-contributions in
their study of two-point correlations. This was based on the fact that primordial Ty and yy

signals would be affected by large contaminations coming from late-time Compton-y signals.
It was however argued in [34] that yT primordial NG signatures could in principle be used to
disentangle the high-redshift and low-redshift components. It remains anyway clear that µ-T
correlations provide the cleanest signal. We will thus focus here only on TTµ, leaving issues
related to TTy contributions for future work.

CMB temperature anisotropies are linked, at first order, to primordial curvature pertur-
bations via the usual formula:
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where T
`

(k) indicates the radiation transfer function, and ⇣

k

is the primordial curvature
perturbation.

The µ spectral distortion parameter from dissipation of acoustic fluctuations can instead
be obtained as (e.g. [27, 28, 36–50]):

a

µ

`m

= 4⇡(�i)

`

"
2Y

n=1

Z
d

3

k

n

(2⇡)

3

⇣

kn

#Z
d

3

k

3

�

(3)

(k

1

+ k

2

+ k

3

)Y

⇤
`m

(

ˆ

k

3

)j

`

(k

3

x

ls

)f(k

1

, k

2

, k

3

) ,

(3.2)

– 5 –

Full	calculation	is	cumbersome.	Formulae	above	reproduce	quite	accurately	
The	exact	behavior		
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TTµ	bispectrum,	gNL	contributions	
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then converges to very high accuracy well before the K
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' 2000. This condition will always be verified in the following, since in our forecasts
we will take `

1

= `

2

= `

3

= 1000 as our maximum value. The last equality in Eq. (3.14)
expresses the completeness of spherical Bessel functions. Plugging Eq. (3.14) and the gNL
trispectrum formula (3.6) into Eq. (3.13) finally yields:
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where we have defined:
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Let us now consider a scale-invariant primordial power spectrum, P (k) = 2⇡

2

A

S

k

�3.
Using again asymptotic properties and the completeness relation for spherical Bessel functions,
as well as keeping into account the k

D

cutoff in Eqs. (3.17) and (3.19), we can approximately
evaluate ↵
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where we have defined L
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. In Eq. (3.15) we can thus operate the replacement
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in the sum. In light of this, and using the Stirling approximation to evaluate the
Wigner symbols, we can get the following asymptotic formula:
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), as the damping scale at recombination k

D

(z⇤ ' 1100) [36], and the integral
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we will take `
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= `
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= 1000 as our maximum value. The last equality in Eq. (3.14)
expresses the completeness of spherical Bessel functions. Plugging Eq. (3.14) and the gNL
trispectrum formula (3.6) into Eq. (3.13) finally yields:
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Let us now consider a scale-invariant primordial power spectrum, P (k) = 2⇡

2

A

S

k

�3.
Using again asymptotic properties and the completeness relation for spherical Bessel functions,
as well as keeping into account the k

D

cutoff in Eqs. (3.17) and (3.19), we can approximately
evaluate ↵
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where we have defined L
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Wigner symbols, we can get the following asymptotic formula:

h

2

l

1

l

2

l

3

' 2l

1

⇡

2

, (3.23)

where we assume l

1

' l

2

, in virtue of the triangle inequality, imposing |l
1

� l

2

|  l

3

 l

1

+ l

2

,
and of the condition l

1

, l

2

� l

3

.

– 8 –

In	SW	limit,	using	asymptotic		
approximations	for	integral	of		
product	of	jl	and	for	Wigner	symbols,	
we	recover	previous	result,	modulo	a		
pre-factor	

l2  (l
+1

)2  b
TT
µ

lll
   

/ (
2π

)2  ×
 1

026

l

gNL = 1
τNL = 1

10-2

10-1

100

101

102

101 102 103

Figure 1. TTµ for gNL = 1 and ⌧NL = 1. The solid and dashed lines describe the results including
full transfer function (computed from Eqs. (3.25) and (3.31)) and those in the SW limit (computed
from Eqs. (3.26) and (3.34)), respectively. As expected, the SW approximation agrees well with the
full calculation on very small `’s.

We tested the approximation (3.23) by comparing h
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3

computed numerically with
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2, for l

1

⇠ 1000, and found that the error it introduces is ⇠ 20%, which is completely
reasonable for the order of magnitude Fisher forecasts in the next section. We can then
operate the further replacement:
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After substituting Eqs. (3.20) and (3.21) into Eq. (3.15), keeping the leading order terms in
the sum over L

1

, and evaluating the sum via integration, we finally arrive at the expression:
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If we take the Sachs-Wolfe (SW) limit, T
`

(k) ! �1

5
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(kx
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), we can further simplify this into
the following analytical expression:
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where CTT

`,SW

=

2⇡AS
25`(`+1)

. This is consistent with our expectation in Eq. (2.7) (the 4/⇡ difference
is simply due to the approximation in Eq. (3.23)).
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Forecasts	

Simple	Fisher	matrix	forecasts	(assuming	perfect	component	separation)	

3.3 Contributions of the Gaussian part

Before concluding this section it is however important to consider whether Gaussian contri-
butions to the trispectrum might produce a bias in gNL and ⌧NL measurements from the TTµ

signal. The short answer is “no”, and this is due again to the fact that µ-distortions filters very
small scales, while temperature anisotropies are generated at large scales, so that, in absence
of mechanisms coupling short and long modes, the two are uncorrelated. A full calculation
confirms this. We start with the primordial 4-point function generated by Gaussian primor-
dial perturbations. If we neglect disconnected term, contributing only to the monopole, this
reads
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If we plug this into Eq. (3.4), and follow analogous steps as for the calculation of the gNL
signal, we obtain, keeping into account the approximation used in Eq. (3.14) :
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In the SW limit, we can take ˜
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T
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(z) ! �1
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�
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, z). If we now consider the asymptotic
approximation (3.21), we can see how this quantity is essentially vanishing in the relevant
range of scales `

1

, `

2

, `

3

⌧ L

f

. Assuming Gaussianity of the noise, for a given experiment,
we can then conclude that the TTµ statistic is able to provide unbiased estimates of the local
trispectrum parameters gNL and ⌧NL.

4 Forecasts

If we consider a case with fNL = 0, we can forecast error bars on TTµ estimates of gNL and
⌧NL using the Fisher matrix:
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where ˆ

b

TTµ denotes the TTµ bispectrum normalized at gNL = 1 or ⌧NL = 1, and we took
C

Tµ

`

= 0 in the denominator, as it is the case when fNL = 0. Regarding the µµ contribution to
the denominator, the contribution arising from the Gaussian part of the signal is computed
as C

µµ,G

`

⇠ 10

�30 for ` . 1000, in the same manner as [27]. We note here that, if ⌧NL
does not vanish, the NG contribution to µµ dominates over the Gaussian part at small `’s
(the G contribution is constant, while the NG part scales like `

�2 [27]). We account for the
degradation of the error bars, obtained with the inclusion of this NG contribution, by simply
adding it to C

µµ

`

in the denominator of Eq. (4.1). A full forecast, including different fiducial
values of fNL, gNL and ⌧NL and the joint covariance between 2 and 3-point signals, while
interesting, is beyond the scope of the current analysis, and will be pursued in future work.
Regarding the contribution to µµ arising from the gNL-part of the primordial trispectrum,
similar calculations to those performed in [27] for the ⌧NL-part show that this is negligible
with respect to the Gaussian part, for values of gNL which are not ruled out by Planck [6].
We find in fact C

µµ,gNL
`

⇠ 10

�37

gNL for ` . 1000.
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•  Fiducial	fNL	=	0.	No	Tµ	terms	in	the	variance	

•  Cµµ	depends	on	τNL. Cµµ,τNL ~ (5 x 10-23 τNL l-2)  dominates	over	Gaussian	part,	
     Cµµ,G ~  10-30,	if	τNL	does	not	vanish	

•  We	fix	several	values	of	τNL	and	compute	ΔgNL	in	each	case	

•  S/N	scaling,	from	flat	sky	approximation		

4.1 Cosmic-variance dominated measurements

The expected 1� errors on gNL and ⌧NL, given by �gNL,�⌧NL = 1/

p
F

TTµ, in the cosmic
variance dominated regime are shown in Fig. 2. For a futuristic, cosmic variance dominated
experiment up to ` ⇠ 1000 (in µ), we can see that spectral distortion based estimators can
produce extremely tight error bars, �gNL ' 0.4 and �⌧NL ' 5 ⇥ 10

�3, for fiducial values
fNL = 0, and ⌧NL = 0. This, as originally pointed out in [27], is due to the fact that µ spectral
distortions provide (integrated) information up to very high wavenumbers. However, if we
have ⌧NL 6= 0, the sensitivity is reduced due to the increase of Cµµ

`

, as described in Fig. 2.
This in particular implies that ⌧NL = 5 ⇥ 10

�3 is not the smallest detectable ⌧NL, since the
error bar computed for this central value satisfies �⌧NL|

⌧NL=5⇥10

�3

> 5⇥10

�3. An inspection
of the bottom panel of Fig. 2 and a fact that �⌧NL scales like p
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(due to C
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) shows that the smallest value of the parameter
for which �⌧NL|⌧NL=⌧̄
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< ⌧̄
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(at `
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= 1000) corresponds to ⌧̄

NL

⇠ 40.
To understand the `

max

dependence of �gNL and �⌧NL, we can estimate Eq. (4.1)
analytically, using the flat-sky approximation [52, 53]
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This should be accurate for large `. For simplicity, we work here with the SW formulae (3.26)
and (3.34) and assume ⌧
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= 0, i.e., Cµµ
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After computing this, we finally obtain
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For the ⌧NL case, the Fisher matrix is proportional to
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For large `
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, this is proportional to `
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and we finally have
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For `

max

& 10, the analytic expressions (4.4) and (4.7) are in excellent agreement with the
numerical results (corresponding to the red dashed lines in Fig. 2). On the other hand, for
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Figure 2. Expected 1� errors on gNL (top panel) and ⌧NL (bottom panel) estimated from TTµ

(colored lines) and TTTT (black lines) in the cosmic-variance dominated case (i.e., Nµµ
` = 0). Solid

and dashed lines are the full radiation transfer case (Eqs. (3.25) and (3.31) for TTµ) and the SW case
(Eqs. (3.26) and (3.34) for TTµ), respectively. In the TTµ cases, we consider several nonzero ⌧NL’s
with fNL = 0. For ⌧NL = 0, �gNL and �⌧NL obtained from TTµ scale like 1/ ln(`

max

/2) and 1/`

max

,
respectively (see Eqs. (4.4) and (4.7)). It is apparent that, if ⌧NL  1000, for `

max

 1000, TTµ

always outperforms TTTT , because C

µµ,G
` + C

µµ,⌧NL
` ⌧ C

TT
` . At larger `

max

, TTµ remains clearly
superior to TTTT for gNL measurements. For ⌧NL estimation the comparison is instead dependent
on the fiducial value of ⌧NL; see main text for further discussion.
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Figure 3. Expected 1� errors on gNL computed from TTµ (colored lines) for noise-levels representa-
tive of Planck, PIXIE and CMBpol. For comparison, we also plot the errors computed from TTTT

(black lines) for a noiseless CMB survey, which are almost the same as the errors obtained in the
Planck temperature data analysis [5, 6]. Solid and dashed lines correspond to the results including
full CMB transfer function (Eqs. (3.25) and (3.31) for TTµ) and those in the SW limit (Eqs. (3.26)
and (3.34) for TTµ), respectively. We here assume fNL = ⌧NL = 0. For `

max

. `µ, the scalings agree
with expectations from Eqs. (4.1) and (4.4): �gNL ' (Nµ/10

�30

)

1/2
[ln(`

max

/2)]

�1. At larger `

max

,
when Nµ starts dominating, the TTµ sensitivity falls below TTTT .

⌧NL 6= 0, �gNL deviates drastically from / 1/ ln(`

max

/2), because of non-negligible contribu-
tions of Cµµ,⌧NL

`

to the denominator of the Fisher matrix.
For comparison, in Fig. 2, we also plot our expected uncertainties estimated in a noise-

less, cosmic-variance dominated measurement of the CMB temperature trispectrum (TTTT ),
which agree with results in previous literature [54–58]. This level of sensitivity is essentially
already achieved using current Planck data [5, 6]. As shown in this figure, since the cosmic
variance uncertainty for µ-distortions is smaller than that for temperature anisotropies (i.e.,
C

µµ,G

`

+C

µµ,⌧NL
`

⌧ C

TT

`

), TTµ allows to achieve better sensitivity to both gNL and ⌧NL than
TTTT does, for `

max

 1000. However, given the difference in scaling with `

max

of the two
quantities – i.e. �⌧

TTµ

NL / `

�1

max

(4.7) vs. �⌧

TTTT

NL / `

�2

max

[54] – TTTT might become better
than TTµ at measuring ⌧NL for higher `

max

, and large values of ⌧NL.

4.2 Effects of experimental uncertainties

Besides the ideal, cosmic-variance dominated case, we consider also several different noise lev-
els, corresponding to experiments like Planck [59], PIXIE [60] and CMBpol [61]. For µ-µ noise
spectra, we assume N

µµ

`

= N

µ

exp
�
`

2

/`

2

µ

�
, with (N

µ

, `

µ

) = (10

�15

, 861) (Planck), (10�17

, 84)

(PIXIE) and (2⇥10

�18

, 1000) (CMBpol) [28, 32]. As it is typical for this type of analysis, we
see that current and forthcoming surveys, such as Planck and PIXIE, are expected to produce
error bars on relevant NG parameters which are much worse than what is achievable with
the current Planck measurements or cosmic-variance dominated CMB measurements (com-
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Figure 4. Expected 1� errors on gNL (top panel) and ⌧NL (bottom panel) estimated from TTµ

(colored lines) at `

max

= 1000, as a function of the magnitude of instrumental noise Nµ, keeping
`µ = 1000 angular resolution fixed. Black lines show the expected errors, at `

max

= 2000, obtained
from TTTT in a noiseless CMB measurement, very close to the error bars obtained from the Planck
temperature data [5, 6]. In the TTµ cases, we consider several nonzero ⌧NL’s with fNL = 0. The TTµ

bispectrum used in this estimation is computed from Eqs. (3.25) and (3.31), including the full CMB
transfer function dependence.

pare colored lines with black lines in Fig. 3). If we focus on gNL, and consider the fiducial
case ⌧NL = 0 (resulting in C

µµ

`

= C

µµ,G

`

+ N

µµ

`

), we find that Planck can achieve a level of
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• Energy is injected by the dissipation of acoustic waves.

• 𝜇 𝑥 and 𝑦(𝑥) ∝ 𝜁2(𝑥) ⇒ 𝑦(𝑥)-𝑇 𝑥′ ∝ 𝜁3.

• 𝑦- and 𝜇-distortions probe different scales.
The diffusion damping scales, changes significantly from the 𝜇- to the 𝑦-era.

Primordial NG and spectral distortions - I

CMB

5/16

𝜇𝑦

•  Can	use	Tµ	and	Ty	to	measure	fNL	at	different	scales	and	test	running.		

•  Main	problem:	SZ	effect	generates	large	Ty	(bias)	and	yy	(noise)		
						(Emami	et	al.	2015,	Dimastrogiovanni	&	Emami	2016,		
							Creque-Sarbinowski,	Bird,	Kamionkowski	2016)	

Testing	fNL	running	with	µ	and	y	distortions	
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Deal with SZ-Temperature correlation
The CMB photons gain a net amount of energy when crossing a time-evolving gravitational well 
(ISW effect)
SZ is generated by clusters sitting in the same gravitational wells, thus the two effects are 
correlated.

What does correlate less 
with SZ?

Polarization!

ISW

Reionization

Recombination

11/16

Remove	bias:	yE	correlation	

•  SZ-CMB	temperature	correlation	is	due	to	late	ISW.	

•  yE	does	not	contain	this	spurious,	non-primordial	signal.	
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Mitigate	yy	noise	from	SZ	

•  Mask	resolved	clusters,	exploiting	external	datasets	(e.g	e-Rosita)	

•  For	diffuse	y	component	from	unresolved	cluster:	exploit	cross-correlation		
						with	external	tracers	(lensing)	to	build	a	SZ	y-map	template,	and	subtract	
	

Ø  Use	halo	model	to	calculate	SZ	power	spectrum	
	

Ø  Use	halo	model	to	calculate		Lensing-SZ	cross-corelation	

Ø  Consider	ML	estimator	of	SZ	y-map,	given	observed	lensing	map	

Andrea Ravenni (Unipd&INFN) Early Universe physics with CMB spectral distortions ASI/COSMOS Padova, 22/2/18

SZ template removal
The diffuse component can be tracked exploiting its cross correlation with other tracers of 
the matter distribution.

• Use Halo Model to calculate the SZ power spectrum.
• Use Halo Model to calculate the Lensing-SZ Cross correlation.
• Maximum likelihood estimator of the SZ map given the observed lensing 

map.

• Subtract the reconstructed SZ-map from the observed SZ-map. In the 
resulting map the signal is less contaminated.

9/16

Ø  Subtract	

Andrea Ravenni (Unipd&INFN) Early Universe physics with CMB spectral distortions ASI/COSMOS Padova, 22/2/18
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Non-linear	kinetic	SZ	

•  After	reionization,	free	electrons	source	y-distortions.	Non-linear	kinetic	SZ	due	to	bulk		
						motion	of	free	electrons.	Proportional	to	vb2	

•  Correlation	with	polarization	sourced	at	reionization	

•  Leading	order		~	trispectrum		

Andrea Ravenni (Unipd&INFN) Early Universe physics with CMB spectral distortions ASI/COSMOS Padova, 22/2/18

Non-Linear Kinetic-SZ
After reionization, free electrons source 𝑦-distortions:
non-Linear Kinetic-SZ due to the bulk motion of free electrons. It is proportional to 
the baryon velocity squared                     .
It may correlate with polarization sourced at reionization

Thus, in a gaussian universe, the leading order of E-𝑦reio correlation is proportional to the 
primordial trispectrum.

SONG calculates E(2) at 10% accuracy. The cross correlation has been evaluated numerically.

12/16

(Pettinari et al ’14, https://github.com/coccoinomane/song)
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the baryon velocity squared                     .
It may correlate with polarization sourced at reionization

Thus, in a gaussian universe, the leading order of E-𝑦reio correlation is proportional to the 
primordial trispectrum.

SONG calculates E(2) at 10% accuracy. The cross correlation has been evaluated numerically.

12/16

(Pettinari et al ’14, https://github.com/coccoinomane/song)

•  We	computed	the	correlation	numerically.	2nd	order	E	transfer	functions	computed		
						with	SONG	(Pettinari	et	al.	2014)	
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Signals

The cross correlations with E are ≈100 
times smaller then those with T…

WAIT TO SEE THE S/N!

13/16

All primordial

yT yE

Andrea Ravenni (Unipd&INFN) Early Universe physics with CMB spectral distortions ASI/COSMOS Padova, 22/2/18

Forecast results

• >3x improvement w.r.t. previous 
methods for 𝑦!

• 20% improvement for 𝜇!

PIXIE

PRISM

Cosmic Variance Limited

Using 𝑦 Using 𝜇

14/16
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Forecast results

• >3x improvement w.r.t. previous 
methods for 𝑦!

• 20% improvement for 𝜇!

PIXIE

PRISM

Cosmic Variance Limited

Using 𝑦 Using 𝜇
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Overall	factor	~	16	improvement	(PRISM)		
From	masking	+	template	cleaning	+	yE	
	
20%	improvement	on	µT	when		
adding	µE	(see	also	Ota	2016)	

Forecasts	
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Conclusions	

•  The	µµT	bispectrum	carries	interesting	extra	information	abiut	PNG,	with	respect		
							to	µµ,	µT.	It	allows	building	(unbiased)		gNL	estimators.	
	

•  As	usual,	since	one	integrates	over	lots	of	modes	up	to	very	high	k,	the	potential		
						of	an	ideal	survey	is	impressive:	gNL	<	1	

	

•  In	practice,	requires	~1000	smaller	noise	power	than	a	CMBpol-like	survey	to	improve		
						over	current	Planck	bounds	(very	optimistic,	neglects	foregrounds	and	systematics)	

	

•  Correlating	spectral	distortions	with	polarization	is	also	interesting.	Besides		
							obvious	error	bars	improvements,	yE	does	not	display	SZ	contamination.	Useful	
							especially	for	fNL	running	

	

•  Combining	yT	+	yE	with	cluster	masking	and	y-map	template	removing	we	achieve		
						a	factor	~16	improvement	on	y-based	fNL	forecasts		
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