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         J u n e  2 1  -  J u l y  9             

Topics will include:

* Progress in, and prospects for, attacking the yet uncalculated processes considered  
priorities at the LHC, and revisiting the NLO priority list formulated at Les Houches in 
order to target the experimental accuracies. 

* The role of NLO and NNLO QCD calculations for Higgs boson searches and coupling 
measurements. 

* Integrating automated NLO calculations into parton showers.

* The role of NLO electroweak corrections and merging of QCD and electroweak 
corrections for benchmark processes such as $W$ and $Z$ production. 

* The role of (semi-)analytical resummations at the LHC, and their comparisons with 
those provided by Monte Carlos.

* Key signatures of new physics at the LHC and challenging discovery modes in exotic 
models.

* Processes, such as top-quark pair and di-boson production, for which NNLO QCD is 
desirable.

* The status of parton distribution function errors and prospects for their improvement 
with LHC data. 
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•  SU(3) color gauge theory. 
•  Lagrangian is given in terms of quarks and gluons.

Rigorous predictions  is hard to obtain:   observations are in terms of hadrons
    Powerful  theoretical  techniques overcome these difficulty in many cases

•  Lattice QCD   successfully describes the properties of low lying hadrons.

•  QCD Improved Parton Model  (PQCD) successfully describes hard scattering processes
    
                           The PQCD framework formulates assumptions 
                 they tell  us how to apply a prediction expressed in terms of  quarks 
                 and gluons to scattering processes measured in terms of hadrons. 

                  The validity of  PQCD assumptions must be tested  with data  
 
More than 30 years of  studies with e+e− colliders,  lepton-hadron and hadron-hadron 
colliders have convinced us that QCD and the PQCD framework are reliable. 
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LHC: QCD plays a dominant role in all kind of 
interactions

parton number densities hard scattering cross section

Hard scattering processes:      beams of proton ~ beam of partons                        

        Quantitative  description in QCD with perturbation theory

FACTORIZATION
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LHC: higher energy and higher luminosity

Accurate computation of physics signals and backgrounds  is more challenging: 
         
                                complex signals,  more open thresholds

  Fully automated  tree level cross section calculations for SM and BSM 

    ALPGEN, MADGRAPH, HELAC-PHEGAS , SHERPA, ComHep,COMIX,...                   

A trade-off between speed and flexibility ?

dσ(0)
n ≈ |M (0)

n |2dΦn−2 n=3,...12..

Feynman diagrams or recursion relations (Berends-Giele)

  Factorial vs. polymomial (exponential ) growths of the evaluation time with the
                                             number of the external legs
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LO order matrix elements with shower MC is not enough?
Uncertainties from long distance effects ?

Calculation of the NLO corrections  are justified 

•  if the ambiguities in the long distance part of the process are well  
    controlled:   jet definitions, parton number densities, fragmentation effects  
    effects, threshold effects, power corrections

•  if the measurements have improved accuracy

Improved jet definition and recombination algorithms (M. Cacciari, G. Salam, G. Soyez)

•   Fast recombination technique: FastJET 
•   Cone algorithms:  IR-safe to  all order SISCone 
•   Cone-formed jets: anti k_T algorithm

Improved treatment of threshold effects and soft resummation
 

•  Higgs-production,                    annihilation (Catani et.al)    
•  Recent progress for top pair production (NLO+NNLO) 

          Moch, Uwer; Kidonakis: dominant contribution
          Czakon, Mitov, Sterman: full contribution
           Ahrens, et.al.:  SCET

e+ + e−
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Jet production at NLO

6

pT (GeV/c) pT (GeV/c)

 Measurements span over 8 order of magnitude in dσ2/dpTdy

 Highest pT
jet > 600 GeV/c
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Gauge boson pair production ...
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Cross section calculations at NLO 
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n )dΦn−2 + |M (0)
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tree amplitude 
squared 

automated LO 
generators

subtracted tree 
amplitude squared

automated  CS, 
FKS generators

MOST PROMSING: algorithms 
based on d-dimensional unitarity

virtual contributions

1. Loop ampitudes are constructed from cut amplitudes

2. Cut amplitudes are calculated in terms of tree amplitudes

3. Number of  cuts grows with the number of the external legs (n)  much
    slower than the number of the Feynman diagrams    
    

Automatic   calculation up to     n=8...10... appears to be feasible
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Scaling of the computer time with the number of the external legs

Giele Zanderighi

(Color) ordered amplitudes with n-gluons

CPU time:      N^9,      7^N,      (N!!)^2

Color summing(unordering) 
leads to exponential law
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Results in MCFM

                  MCFM:   http://mcfm.fnal.gov  (v5.8, April,2010)

J.M. Campbell, R.K. Ellis (main authors); Frederix, Maltoni, Tramontano

Latest addition:  top production with spin correlation
                           Higgs + 2 jet production
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Results for  physical cross-sections

*  NLO W+3jes cross section, leading color
        Ellis, Melnikov, Zanderighi    hep-ph/0901.4101, BlackHat+Sherpa(Gleisberg)  arXiv:0902.1835, l
*  NLO  W+3jets cross section, full result
         BlackHat+Sherpa   arXiv:0907.1984

 *  NLO  t+tbar, NLO t+tbar + 1 jet cross section with decay and full spin correlation
           Melnikov, Schultze , arXiv:0907.3090
 *  NLO  Z/      +3jets at the Tevatron   arXiv:1004.1659 

          Berger,Bern,Dixon,Febres Cordero, Forde, Gleisberg, Ita, Kosover, Maitre
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 *  NLO  t+tbar, NLO t+tbar + 1 jet cross section with decay and full spin correlation
           Melnikov, Schultze , arXiv:0907.3090
 *  NLO  Z/      +3jets at the Tevatron   arXiv:1004.1659 

          Berger,Bern,Dixon,Febres Cordero, Forde, Gleisberg, Ita, Kosover, Maitre

*  NLO  t+tbar+b+bar
    A. Bredenstein, A. Denner, S. Dittmaier and S. Pozzorini, arXiv:0807.1248; 0905.0110;  1001.4006 ; 
    G. Bevilacqua, M. Czakon, C. G. Papadopou- los, R. Pittau and M. Worek, arXiv:0907.4723 ;
     T. Binoth, N. Greiner, A. Guffanti, J. P. Guillet, T. Reiter and J. Reuter, arXiv:0910.4379 ; 
        recently combined with  with D-dim. unitarity 
*  NLO   t+tbar+ 2 jets
    G. Bevilacqua, M. Czakon, C. G. Papadopoulos and M. Worek, arXiv: 1002.4009
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FIG. 9: The ET distribution of the second jet at LO and NLO, for two dynamical scale choices,

µ = EW
T (left plot) and µ = ĤT (right plot). The histograms and bands have the same meaning

as in previous figures. The NLO distribution for µ = EW
T turns negative beyond ET = 475 GeV.

the NLO cross section: too low a scale at NLO will make the total cross section unphysically

negative.

This diagnostic can be applied bin by bin in distributions. For example, in fig. 9 we show

the ET distribution of the second-most energetic jet of the three, at the LHC. In the left plot

we choose the scale to be the W transverse energy EW
T (defined in eq. (3.3)) used earlier in

the Tevatron analysis. Near an ET of 475 GeV, the NLO prediction for the differential cross

section turns negative! This is a sign of a poor scale choice, which has re-introduced large

enough logarithms of scale ratios to overwhelm the LO terms at that jet ET . Its inadequacy

is also indicated by the large ratio of the LO to NLO distributions at lower ET , and in the

rapid growth of the NLO scale-dependence band with ET . In contrast, the right panel of

fig. 9 shows that ĤT (defined in eq. (2.10)) provides a sensible choice of scale: the NLO

cross section stays positive, and the ratio of the LO and NLO distributions, though not

completely flat, is much more stable.

Why is µ = EW
T such a poor choice of scale for the second jet ET distribution, compared

with µ = ĤT ? (For an independent, but related discussion of this question, see ref. [40].)

Consider the two distinct types of W + 3 jet configurations shown in fig. 10. If configuration

(a) dominated, then as the jet ET increased, EW
T would increase along with it, by conser-

32
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µ = EW
T (left plot) and µ = ĤT (right plot). The histograms and bands have the same meaning

as in previous figures. The NLO distribution for µ = EW
T turns negative beyond ET = 475 GeV.
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enough logarithms of scale ratios to overwhelm the LO terms at that jet ET . Its inadequacy

is also indicated by the large ratio of the LO to NLO distributions at lower ET , and in the

rapid growth of the NLO scale-dependence band with ET . In contrast, the right panel of

fig. 9 shows that ĤT (defined in eq. (2.10)) provides a sensible choice of scale: the NLO

cross section stays positive, and the ratio of the LO and NLO distributions, though not

completely flat, is much more stable.

Why is µ = EW
T such a poor choice of scale for the second jet ET distribution, compared

with µ = ĤT ? (For an independent, but related discussion of this question, see ref. [40].)

Consider the two distinct types of W + 3 jet configurations shown in fig. 10. If configuration

(a) dominated, then as the jet ET increased, EW
T would increase along with it, by conser-
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FIG. 9: The ET distribution of the second jet at LO and NLO, for two dynamical scale choices,

µ = EW
T (left plot) and µ = ĤT (right plot). The histograms and bands have the same meaning

as in previous figures. The NLO distribution for µ = EW
T turns negative beyond ET = 475 GeV.

the NLO cross section: too low a scale at NLO will make the total cross section unphysically

negative.

This diagnostic can be applied bin by bin in distributions. For example, in fig. 9 we show

the ET distribution of the second-most energetic jet of the three, at the LHC. In the left plot

we choose the scale to be the W transverse energy EW
T (defined in eq. (3.3)) used earlier in

the Tevatron analysis. Near an ET of 475 GeV, the NLO prediction for the differential cross

section turns negative! This is a sign of a poor scale choice, which has re-introduced large

enough logarithms of scale ratios to overwhelm the LO terms at that jet ET . Its inadequacy

is also indicated by the large ratio of the LO to NLO distributions at lower ET , and in the

rapid growth of the NLO scale-dependence band with ET . In contrast, the right panel of

fig. 9 shows that ĤT (defined in eq. (2.10)) provides a sensible choice of scale: the NLO

cross section stays positive, and the ratio of the LO and NLO distributions, though not

completely flat, is much more stable.

Why is µ = EW
T such a poor choice of scale for the second jet ET distribution, compared

with µ = ĤT ? (For an independent, but related discussion of this question, see ref. [40].)

Consider the two distinct types of W + 3 jet configurations shown in fig. 10. If configuration

(a) dominated, then as the jet ET increased, EW
T would increase along with it, by conser-

32

Bauer and Lange(’09): suggest using a dynamical scale better agreement with LO &NLO

Matrix element generator with CKKW matching uses local scales
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t+tbar + jet production with top decay at Tevatron

Melnikov, Schulze pp̄→ (t→ l+νb) + (̄t→ j1j2b̄)

pT of e+
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5th hard jet pT
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Z/gamma + 3 jets production

Black Hat
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3

FIG. 2: Scale dependence of the total cross section for pp →

tt̄jj +X at the LHC with µR = µF = ξ · µ0 where µ0 = mt.
The blue dotted curve corresponds to the LO, the red solid to
the NLO result whereas the green dashed to the NLO result
with a jet veto of 50 GeV.

tive transverse momenta. Clearly, not only will it be neg-
ative, but it will also have to grow more negative with
diminishing scale (since this is almost entirely governed
by the behavior of the strong coupling constant alone).
At this point it is difficult to decide whether a jet veto
will or will not be necessary for the complete Higgs bo-
son analysis. What we can give is the lower bound on the
corrections, assuming that a jet veto of less than pT = 50
GeV is likely to endanger the stability of the perturba-
tive expansion. The total cross section with a jet veto of
50 GeV is

σNLO
pp→tt̄jj+X (pT,X < 50 GeV) = (76.58± 0.17) pb ,

with a scale variation of -54% and -0.3%, see Fig. 2. The
plots show that choosing a higher scale in the case of
the jet veto, would lead to a result with virtually no
scale dependence. This should be considered as severely
underestimating the error.
While the size of the corrections to the total cross sec-

tion is certainly interesting, it is crucial to study the cor-
rections to the distributions. The most important for us
is the invariant mass of the two tagging (highest pT ) jets,
since this is the observable entering Higgs boson studies.
We plot the LO and NLO results in Fig. 3. While we no-
tice a long tail, we keep the dependence only in a modest
range up to 400 GeV due to our phenomenological moti-
vation. The distribution starts above about 45 GeV due
to the ∆R and pT cuts, and shows tiny corrections up to
at least 200 GeV, which means that the size of the cor-
rections to the cross section is transmitted to the most
relevant distribution.
Of course, there are observables showing much larger

effects. The classic example is the transverse jet mo-
mentum distribution at high pT . We illustrate the
phenomenon in Figs. 4 and 5, which demonstrate the
strongly altered shapes in the cases of the hardest and

FIG. 3: Distribution of the invariant mass mjj of the first
and the second hardest jet for pp → tt̄jj+X at the LHC. The
red solid line refers to the NLO result while the blue dotted
line to the LO one.

FIG. 4: Distribution in the transverse momentum pTj of the
1st hardest jet for pp → tt̄jj +X at the LHC. The red solid
line refers to the NLO result while the blue dotted line to the
LO one.

second hardest jets. It is well known that this kind of
corrections can only be correctly described by higher or-
der calculations. On the other hand, the behavior at low
pT is certainly further altered by soft-collinear emissions,
which are best simulated by parton showers. With our
lower cut of pT,min = 50 GeV, we expect to be mostly
in the safe range, where fixed order perturbation theory
does not break down.
While the above comments conclude our analysis of

tt̄jj, we would like to make a few statements about the
process with only one jet, tt̄j. While preparing our cal-

4

FIG. 5: Distribution in the transverse momentum pTj of the
2nd hardest jet for pp → tt̄jj +X at the LHC. The red solid
line refers to the NLO result while the blue dotted line to the
LO one.

culation, we have made a comparison with the results of
[11]. Using exactly the same setup as that work, we were
able to obtain the following value for the cross section

σNLO
pp→tt̄j+X = (376.6± 0.6) pb ,

demonstrating perfect agreement ([11] quotes (376.2 ±
0.6) pb). We note that besides a different value of the
top quark mass (mt = 174 GeV) and ∆R = 1 in the jet
algorithm, the authors used a kT algorithm, where the
momenta of the partons being combined into a jet are
not simply added. Instead, massless jets are constructed
using transverse momenta (which are trivially added) and
rapidities. The version that we use would lead to a lower
value of the cross section, since the transverse momentum
of the sum of momenta is never larger than the sum of the
transverse momenta, and the only relevant cut is applied
to the jet pT . Our value would instead be (372.2±0.6) pb.
On the other hand, with all parameters and cuts as given
in the introduction the final result is (376.1± 0.7) pb.

Let us conclude by pointing out that while we demon-
strated that the corrections in tt̄jj are small for one
setup, comparison to the behavior of the corrections for
different setups in the tt̄j case [11] provides a viable argu-
ment that our conclusions will remain true for other input
parameters. Nevertheless, we are planning to present a
much wider study involving in particular a variation of
the center of mass energy, cone size in the jet algorithm,
transverse momentum cuts and jet vetoes.

The simulations presented in this work have been per-
formed at the DESY Zeuthen Grid Engine computer clus-
ter. The work of M.C. was supported by the Heisenberg
Programme of the Deutsche Forschungsgemeinschaft.

The authors were funded in part by the RTN Euro-
pean Programme MRTN-CT-2006-035505 HEPTOOLS
- Tools and Precision Calculations for Physics Discover-
ies at Colliders. M.W. was additionally supported by the
Initiative and Networking Fund of the Helmholtz Asso-
ciation, contract HA-101 (Physics at the Terascale).
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In preparation: W+4jets (Black Hat)
NLO 4jets ?
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Subtracted real radiation codes based on LO generators

dσ(1)
n ≈ |M (0)

n |2dΦn−2 + 2Re(M (0)†
n M (1)

n )dΦn−2 + |M (0)
n+1|2dΦn−1
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Subtracted real radiation codes based on LO generators

✤  residue subtraction (Frixione, ZK, Signer)

• MadFKS (R. Frederix, S. Frixione, F. Maltoni, T. Stelzer)

✤  dipole subtraction (Catani, Seymour, Dittmaier, Trocsanyi)

• SHERPA (T. Gleisberg, F. Krauss)
• MadDipole (R. Frederix, N. Greiner, TG)
• TeVJet (M. Seymour, C. Tevlin)
• AutoDipole (K. Hasegawa, S. Moch, P. Uwer)
• Helac/Phegas (M. Czakon, C.G. Papadopoulos, M. Worek)
• Black Hat 
• Rocket

✤  Treatment of color is an important issue

dσ(1)
n ≈ |M (0)

n |2dΦn−2 + 2Re(M (0)†
n M (1)

n )dΦn−2 + |M (0)
n+1|2dΦn−1
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More powerful computers  with GPU

Large scale grids to run the code, expensive infrastructure

Massively parallel GPGPU (General Purpose Graphics Processing Units)  ?

Giele, Stavanger, Winter :

GPU NVIDIA Tesla chip is designed for numerical applications  and the CUDA C 
compiler

A leading-order, leading-color parton-level event generator is developed for use on a 
multi-threaded GPU. Speed-up factors between 150 and 300 are obtained compared 
to an unoptimized CPU-based implementation of the event generator.

Hardware limitations:

GPU memory is independent from the CPU memory and divided into the off-chip global 
memory and the on-chip memory. This distinction is important as the off-chip memory is 
large (of the order of gigabytes) but slow to access by the threads.  The on-chip memory 
is fast to access, but limited in size (of the order of tens of kilobytes).

Hardware and software limitation may be removed in the near future?
  
Large on-chip memory (gigabytes), Fortran interface for programming
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Some technical aspects of D-dimensional unitarity method

✤ Loop integration is a parametric integration

✤ Calculating the parameters in terms of
       tree amplitudes in numerically stable fashion

✤ Rational parts; D-dimensional unitarity

✤ Massive external particles, gauge invariance, renormalization

✤ Color decomposition

✤ Scalar integrals with complex particle mass values
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 Any one-loop N-point amplitude can be given in terms 
                   of   set of master integrals 
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di1 = (l + qi1)
2 −m2

i1 , qi1 =
i1�

j=1

pj

e.g. Ellis, Zanderighi and others

 Any one-loop N-point amplitude can be given in terms 
                   of   set of master integrals 
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OPP method for  the cut constructible part of the amplitude
parametric integral over the loop momentum
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OPP method for  the cut constructible part of the amplitude
parametric integral over the loop momentum

 “Amplitude integrand”  for fully ordered external legs: many diagrams 
  but maximal N different l-dependent scalar propagators. 
 This gives unique prescription of the integrand function as a function of 
  modulo overall shift.
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di1 = (l + qi1)
2 −m2

i1 , qi1 =
i1�
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OPP method for  the cut constructible part of the amplitude
parametric integral over the loop momentum

 “Amplitude integrand”  for fully ordered external legs: many diagrams 
  but maximal N different l-dependent scalar propagators. 
 This gives unique prescription of the integrand function as a function of 
  modulo overall shift.

�
N

k

�The number of the terms are given by all possible
partitioning of the external legs to k set of particles is:

Montag, 21. Juni 2010



di1 = (l + qi1)
2 −m2

i1 , qi1 =
i1�

j=1

pj

In 4D kinematics, the integrand of any one-loop  Feynman amplitude with arbitrary 
number of external legs can be written in the standard form of linear combination of  
quadruple-, triple-, double-, single-pole terms 
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OPP method for  the cut constructible part of the amplitude
parametric integral over the loop momentum

 “Amplitude integrand”  for fully ordered external legs: many diagrams 
  but maximal N different l-dependent scalar propagators. 
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  modulo overall shift.

�
N

k

�The number of the terms are given by all possible
partitioning of the external legs to k set of particles is:

++ +

=

Montag, 21. Juni 2010



Montag, 21. Juni 2010



Multi-pole structure in loop momentum,
physical spaces and  “trivial spaces” of different dimensions
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Multi-pole structure in loop momentum,
physical spaces and  “trivial spaces” of different dimensions

d[i1|i4]({pi}; l)
[(l + qi1)2 −m2

i1
][(l + qi1 + ki1|i2)2 −m2

i2
][(l + qi1 + ki2|i3)2 −m2

i3
][(l + qi1 + ki3|i4)2 −m2

i4
]

DP = 3 , DT = D −DP = D − 3ki1|i2 , ki2|i3 , ki3|i4three independent outflowing momenta: 
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Multi-pole structure in loop momentum,
physical spaces and  “trivial spaces” of different dimensions

d[i1|i4]({pi}; l)
[(l + qi1)2 −m2

i1
][(l + qi1 + ki1|i2)2 −m2

i2
][(l + qi1 + ki2|i3)2 −m2

i3
][(l + qi1 + ki3|i4)2 −m2

i4
]

DP = 3 , DT = D −DP = D − 3ki1|i2 , ki2|i3 , ki3|i4three independent outflowing momenta: 

lν = lνP + lνT , l2 = l2P + l2T = l2P − µ2

The loop momenta is decomposed into “physical”  and “transverse” component

DP = 2, DT = D −DP = D − 2

c[i1|i3]({pi}; l)
[(l + qi1)2 −m2

i1
][(l + qi1 + ki1|i2)2 −m2

i2
][(l + qi1 + ki2|i3)2 −m2

i3
]

ki1|i2 , ki2|i3two independent outflowing momenta: 

We need to choose some convenient basis vectors for the 
“physical” and “trivial”  spaces
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         Loop momentum decomposed in Vermaseren van Nerveen basic   
                        vectors:  reduction at the integrand level
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Important is the split to trivial and physical space. Various convenient 
choices of the basis vectors in the two spaces. 
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      define:      a set of dual momenta      ,
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choices of the basis vectors in the two spaces. 

δµ1µ2···µR
ν1ν2···νR

=

���������

δµ1
ν1

δµ1
ν2

. . . δµ1
νR

δµ2
ν1

δµ2
ν2

. . . δµ2
νR

...
...

...
δµR
ν1

δµR
ν2
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         Loop momentum decomposed in Vermaseren van Nerveen basic   
                        vectors:  reduction at the integrand level
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Important is the split to trivial and physical space. Various convenient 
choices of the basis vectors in the two spaces. 

δµ1µ2···µR
ν1ν2···νR

=

���������

δµ1
ν1

δµ1
ν2

. . . δµ1
νR

δµ2
ν1

δµ2
ν2

. . . δµ2
νR

...
...

...
δµR
ν1

δµR
ν2

. . . δµR
νR

���������

,
vµ

i (k1, . . . , kDP ) ≡
δ

k1...ki−1µki+1...kDP
k1...ki−1kiki+1...kDP

∆(k1, . . . , kDP )
,

Gram-determinant

vipj = δij
ni, nipj = 0

      define:      a set of dual momenta      ,
      and     :      a set of orthogonal unit vectors                                                              

vi

         Loop momentum decomposed in Vermaseren van Nerveen basic   
                        vectors:  reduction at the integrand level

Even at fixed external kinematics, for every cut we have  different  the split 
to trivial and physical space and choice of  basis vectors.
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Parameter counting, D=4
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The numerators for a given cut are simple polynomials of the loop momentum components of 
the  corresponding trivial space.

Parameter counting, D=4
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18 structures  but only    3 non-vanishing integrals

The numerators for a given cut are simple polynomials of the loop momentum components of 
the  corresponding trivial space.

Parameter counting, D=4
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18 structures  but only    3 non-vanishing integrals

dijkl(l) ≡ dijkl(n1 · l) = dijkl + d̃ijkl s1 , si = ni · l

cijk(l) = c(0)
ijk + c(1)

ijks1 + c(2)
ijks2 + c(3)

ijk(s2
1 − s2

2) + s1s2(c
(4)
ijk + c(5)

ijks1 + c(6)
ijks2)

bij(l) = b(0)
ij +b(1)

ij s1+b(2)
ij s2+b(3)

ij s3+b(4)
ij (s2

1−s2
3)+b(5)

ij (s2
2−s2

3)+b(6)
ij s1s2+b(7)

ij s1s3+b(8)
ij s2s3

The numerators for a given cut are simple polynomials of the loop momentum components of 
the  corresponding trivial space.

Parameter counting, D=4
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18 structures  but only    3 non-vanishing integrals

dijkl(l) ≡ dijkl(n1 · l) = dijkl + d̃ijkl s1 , si = ni · l
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(4)
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ijks2)

bij(l) = b(0)
ij +b(1)
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ij s2+b(3)

ij s3+b(4)
ij (s2

1−s2
3)+b(5)

ij (s2
2−s2

3)+b(6)
ij s1s2+b(7)

ij s1s3+b(8)
ij s2s3

The numerators for a given cut are simple polynomials of the loop momentum components of 
the  corresponding trivial space.

Parameter counting, D=4

l2T = l2 − l2P , lµP = (lqi)vµ
iDP = 3, DT = 1, l2T = s2

1 ∼ 1Box (rank four):

DP = 2, DT = 2, l2T = s2
1 + s2

2 ∼ 1Triangle (rank three):

DP = 1, DT = 3, l2T = s2
1 + s2

2 + s2
3 ∼ 1Bubble (rank two):
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the  corresponding trivial space.
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[d l]

dijkl(l)
didjdkdl

=
�

[d l]
dijkl + d̃ijkl n1 · l

didjdkdl
= dijkl

�
[d l]

1
didjdkdl

= dijklIijkl ,

Parameter counting, D=4
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iDP = 3, DT = 1, l2T = s2

1 ∼ 1Box (rank four):

DP = 2, DT = 2, l2T = s2
1 + s2
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18 structures  but only    3 non-vanishing integrals

dijkl(l) ≡ dijkl(n1 · l) = dijkl + d̃ijkl s1 , si = ni · l

cijk(l) = c(0)
ijk + c(1)

ijks1 + c(2)
ijks2 + c(3)

ijk(s2
1 − s2

2) + s1s2(c
(4)
ijk + c(5)

ijks1 + c(6)
ijks2)

bij(l) = b(0)
ij +b(1)

ij s1+b(2)
ij s2+b(3)

ij s3+b(4)
ij (s2

1−s2
3)+b(5)

ij (s2
2−s2

3)+b(6)
ij s1s2+b(7)

ij s1s3+b(8)
ij s2s3

The numerators for a given cut are simple polynomials of the loop momentum components of 
the  corresponding trivial space.

�
[d l]

dijkl(l)
didjdkdl

=
�

[d l]
dijkl + d̃ijkl n1 · l

didjdkdl
= dijkl

�
[d l]

1
didjdkdl

= dijklIijkl ,

Parameter counting, D=4

l2T = l2 − l2P , lµP = (lqi)vµ
iDP = 3, DT = 1, l2T = s2

1 ∼ 1Box (rank four):

DP = 2, DT = 2, l2T = s2
1 + s2

2 ∼ 1Triangle (rank three):

DP = 1, DT = 3, l2T = s2
1 + s2

2 + s2
3 ∼ 1Bubble (rank two):

QCD loop, Ellis,Zanderighi
Montag, 21. Juni 2010
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Rational parts: evaluate the amplitude in D>4 dimension
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Rational parts: evaluate the amplitude in D>4 dimension

N (l) = N (l̃, µ), l2 = l̃2 − µ2

 maximum 5 simultaneous poles in l :   pentagon cuts

D = 4− 2�   Loop integrals are  in are carried out                             dimensions

1) Loop momentum is effectively 4+1 dimensional
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2) We have additional gauge boson and fermion polarization states

Montag, 21. Juni 2010



Rational parts: evaluate the amplitude in D>4 dimension

N (l) = N (l̃, µ), l2 = l̃2 − µ2

 maximum 5 simultaneous poles in l :   pentagon cuts

D = 4− 2�   Loop integrals are  in are carried out                             dimensions

1) Loop momentum is effectively 4+1 dimensional

2) We have additional gauge boson and fermion polarization states

NDs(l) = 2(Ds−4)/2N0(l)

 Choose two integer values  Ds  = D1  and Ds = D2 to reconstruct the full Ds     
dependence.        

 Suitable for numerical implementation
  Ds=4-2ε  ‘t Hooft Veltman scheme, Ds=4   FDHS 
  for closed fermion loops 
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In case of D>4 there are more structures
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In case of D>4 there are more structures s2
e = −

D�

i=5

(l · ni)2 = −
D�

i=5

(�l · ni)2
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In case of D>4 there are more structures

e(Ds)
ijkmn(l) = e(Ds,(0))

ijkmn pentagon integral

s2
e = −

D�

i=5

(l · ni)2 = −
D�

i=5

(�l · ni)2
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In case of D>4 there are more structures

e(Ds)
ijkmn(l) = e(Ds,(0))

ijkmn pentagon integral

d
FDH

ijkn (l) = d(0)

ijkn + d(1)

ijkns1 + (d(2)

ijkn + d(3)

ijkns1)s2

e + d(4)

ijkns4

e, two new scalar integrals

s2
e = −

D�

i=5

(l · ni)2 = −
D�

i=5

(�l · ni)2
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In case of D>4 there are more structures
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ij (l) = . . . + b(9)
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e one new scalar integral
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e = −

D�
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(l · ni)2 = −
D�
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In case of D>4 there are more structures

e(Ds)
ijkmn(l) = e(Ds,(0))

ijkmn pentagon integral

d
FDH

ijkn (l) = d(0)

ijkn + d(1)

ijkns1 + (d(2)

ijkn + d(3)

ijkns1)s2

e + d(4)

ijkns4

e, two new scalar integrals

cFDH

ijk (l) = . . . + c(7)

ijk s1 s2

e + c(8)

ijk s2 s2

e + c(9)

ijks2

e, one new scalar integral

b
FDH

ij (l) = . . . + b(9)

ij s2

e one new scalar integral

s2
e = −

D�

i=5

(l · ni)2 = −
D�

i=5

(�l · ni)2

�
dDl

(iπ)D/2

s2
e

di1di2di3di4

= −D − 4
2

ID+2
i1i2i3i4

,

�
dDl

(iπ)D/2

s4
e

di1di2di3di4

=
(D − 2)(D − 4)

4
ID+4
i1i2i3i4

,

�
dDl

(iπ)D/2

s2
e

di1di2di3

= − (D − 4)
2

ID+2
i1i2i3

,

�
dDl

(iπ)D/2

s2
e

di1di2

= − (D − 4)
2

ID+2
i1i2

.

The  full    -dependence comes from the integrals�
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Limiting case                   gives the rational partD → 4
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lim
D→4

(D − 4)
2

I(D+2)
i1i2i3i4

= 0,

lim
D→4

(D − 4)(D − 2)
4

I(D+4)
i1i2i3i4

= −1
3
,

lim
D→4

(D − 4)
2

I(D+2)
i1i2i3

=
1
2
,

lim
D→4

(D − 4)
2

I(D+2)
i1i2

= −
m2

i1 + m2
i2

2
+

1
6

(qi1 − qi2)
2 .

Limiting case                   gives the rational partD → 4
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lim
D→4

(D − 4)
2

I(D+2)
i1i2i3i4

= 0,

lim
D→4

(D − 4)(D − 2)
4

I(D+4)
i1i2i3i4

= −1
3
,

lim
D→4

(D − 4)
2

I(D+2)
i1i2i3

=
1
2
,

lim
D→4

(D − 4)
2

I(D+2)
i1i2

= −
m2

i1 + m2
i2

2
+

1
6

(qi1 − qi2)
2 .

RN = −
�

[i1|i4]

d(4)
i1i2i3i4

6
+

�

[i1|i3]

c(7)
i1i2i3

2
−

�

[i1|i2]

�
(qi1 − qi2)2

6
−

m2
i1 + m2

i2

2

�
b(9)
i1i2

,

Limiting case                   gives the rational partD → 4
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 Parametrizing the pentagon contribution 
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 Parametrizing the pentagon contribution 

ē[i1|i5](l) = e(0)
[i1|i5] + e(1)

[i1|i5]s
2
e + e(2)

[i1|i5]s
4
e , DP = 4, DT = 1
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 Parametrizing the pentagon contribution 

/ /

d̄[i1|i4](l) = Res[i1|i4]



AN (l)−
�

i5

ē(0)
[i1|i5](l)

di1di2di3di4di5





ē[i1|i5](l) = e(0)
[i1|i5] + e(1)

[i1|i5]s
2
e + e(2)

[i1|i5]s
4
e , DP = 4, DT = 1
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 Parametrizing the pentagon contribution 

Pentagon  contribution in 4 dimension is decomposed into box contributions

/ /

d̄[i1|i4](l) = Res[i1|i4]



AN (l)−
�

i5

ē(0)
[i1|i5](l)

di1di2di3di4di5





ē[i1|i5](l) = e(0)
[i1|i5] + e(1)

[i1|i5]s
2
e + e(2)

[i1|i5]s
4
e , DP = 4, DT = 1
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Parameters are fixed in terms of tree amplitudes with help of linear equations
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Parameters are fixed in terms of tree amplitudes with help of linear equations

}

{π2

} π3

π4

gπ2

gπ4
π1 {

gπ3

gπ1

A)  parameters are independent from the loop
      momenta:   they can be calculated from the value of  
      the residua of the amplitude in the loop momentum

Two key points:

B)  The residua factorize into the product of tree amplitudes
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ē[i1|i5](l) = Res[i1|i5] (AN (l)) di1 = · · · = di5 = 0 two solutions, 5-cut

Parameters are fixed in terms of tree amplitudes with help of linear equations
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Montag, 21. Juni 2010
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on circle
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ē[i1|i5](l) = Res[i1|i5] (AN (l)) di1 = · · · = di5 = 0 two solutions, 5-cut

di=dj=dk=0 infinite # of solutions

Parameters are fixed in terms of tree amplitudes with help of linear equations
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ē[i1|i5](l) = Res[i1|i5] (AN (l)) di1 = · · · = di5 = 0 two solutions, 5-cut

di=dj=dk=0 infinite # of solutions

di=dj=0 infinite # of solutions

Parameters are fixed in terms of tree amplitudes with help of linear equations
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A)  parameters are independent from the loop
      momenta:   they can be calculated from the value of  
      the residua of the amplitude in the loop momentum

Two key points:

B)  The residua factorize into the product of tree amplitudes
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A)  parameters are independent from the loop
      momenta:   they can be calculated from the value of  
      the residua of the amplitude in the loop momentum
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Taking residues constraints the allowed values
of the loop momentum. In D=4:

A)  parameters are independent from the loop
      momenta:   they can be calculated from the value of  
      the residua of the amplitude in the loop momentum
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3. Double cut, infinite number  of solutions (on a “sphere”)

1. Quadrupole  cut      di=dj=dk=dl=0 (two solutions)

2. Triple cut,  infinite number of solutions  (  on a circle circle )

Taking residues constraints the allowed values
of the loop momentum. In D=4:

A)  parameters are independent from the loop
      momenta:   they can be calculated from the value of  
      the residua of the amplitude in the loop momentum
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B)  The residua factorize into the products of tree amplitudes

Resi1···iM

�
A(Ds)

N (�)
�

=
Ds−2�

{λ1,...,λM}=1

�
M�

k=1

M(0)
�
�(λk)
ik

; pik+1, . . . , pik+1 ;−�
(λk+1)
ik+1

��

}M(0)

li

lj

lk

lm

ln
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New issues for  tree-level generator
coming from D-dimensional generalized unitarity

•  Two legs in 6 and 8 dimensions 

•  Two legs with complex four momentum

•  Two legs having complex mass value

•  Adding new physics vertices efficiently
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Factorization into   tree amplitudes can be replaced
by efficient Feynman diagram calculation of the 

integrand function
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Factorization into   tree amplitudes can be replaced
by efficient Feynman diagram calculation of the 

integrand function

Main issue:  Efficient calculation of the 
                    the coefficients of the OPP decomposition 

One can work in four dimension

R_1 and R_2 part of the rational part

CutTool, Samurai (Mastrolia, et.al), GOLEM+Samurai  
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 D-dimensional unitary algorithm     for  
massive fermions (EGKM)

               Application to ttbar and ttbar+jet production  

• We have to choose  even 
values for Ds 

• Pentagon, box, triangle ,bubble and tadpole cuts 

• The treatment of bubble and tadpole cuts is more subtle: 
       i)  light-like bubbles, tadpoles
      ii)  (1,n-1) partitioning of the n-legs has to be included
            unitarity has difficulty with self-energy insertions on external legs

• Particles of different flavors: more sophisticated bookkeeping
   
• Color and “flavor ordered”  primitive amplitudes 

• More master integrals  (use  QCDLoop,   Ellis, Zanderighi)
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External self energies
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External self energies
1

p2
i −m2

i
The box coefficient of the integrand function has pole terms          
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b
Ds

i−1,i(l) = Resi−1,i



N
(Ds)(l)

d1 . . . dN
−

�

[j1|j5]

e(Ds)
i1j2j3j4j5

(l)
dj1dj2dj3dj4dj5

−
�

[j1|j4]

d
(Ds)
j1j2j3j4(l)

dj1dj2dj3dj4

−
�

[j1|j3]

c(Ds)
j1j2j3

(l)
dj1dj2dj3





b
(Ds)
i (l) =

b̃i,i−1(l)
p2

i −m2
i

+ b̂(Ds)
i−1,i(l)

External self energies
1

p2
i −m2

i
The box coefficient of the integrand function has pole terms          
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External self energies
1

p2
i −m2

i
The box coefficient of the integrand function has pole terms          

We need to calculate both term using unitarity cut in numerically stable way.          
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External self energies
1

p2
i −m2

i
The box coefficient of the integrand function has pole terms          

We need to calculate both term using unitarity cut in numerically stable way.          
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A[0](t∗, g∗, g1, . . . , gn, t̄) =
R(t∗, g∗, g1, . . . , gn, t̄)

(pt∗ + pg∗)2 −m2
t

+ B(t∗, g∗, g1, . . . , gn, t̄).
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A(0)(Q; 12 · · ·n;P ) = ū(Q)(/P + /K1 + · · · /Kn + m)J(12 · · ·n;P )

J(12 · · · n;P ) =
1

/P + /K1 + · · · /Kn + m

n�

k=1

/J(1 · · · k)J(K + 1 · · · n;P )

A(0)(lλ2
2 ; lλ1

1 ; 1 · · ·n;P ) = ū(lλ2
2 )/�(lλ1

1 )J(1 · · ·n;P )+
�

k=1,...,n

ū(lλ2
2 )/J(lλ1

1 1 · · · k)J((k + 1) · · · n;P )

Separation of pole terms is consistent with BG recursion relations

right hand side of the cut:

A[0](t∗, g∗, g1, . . . , gn, t̄) =
R(t∗, g∗, g1, . . . , gn, t̄)

(pt∗ + pg∗)2 −m2
t

+ B(t∗, g∗, g1, . . . , gn, t̄).

If sum over four polariztion states for the cut gluon line the first term is the
standard self energy correction in Feynman-gauge
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A(0)(Q; 12 · · ·n;P ) = ū(Q)(/P + /K1 + · · · /Kn + m)J(12 · · ·n;P )

J(12 · · · n;P ) =
1

/P + /K1 + · · · /Kn + m

n�

k=1

/J(1 · · · k)J(K + 1 · · · n;P )

A(0)(lλ2
2 ; lλ1

1 ; 1 · · ·n;P ) = ū(lλ2
2 )/�(lλ1

1 )J(1 · · ·n;P )+
�

k=1,...,n

ū(lλ2
2 )/J(lλ1

1 1 · · · k)J((k + 1) · · · n;P )

Separation of pole terms is consistent with BG recursion relations
Tree amplitudes with spinorial recursion relations          

right hand side of the cut:

A[0](t∗, g∗, g1, . . . , gn, t̄) =
R(t∗, g∗, g1, . . . , gn, t̄)

(pt∗ + pg∗)2 −m2
t

+ B(t∗, g∗, g1, . . . , gn, t̄).

If sum over four polariztion states for the cut gluon line the first term is the
standard self energy correction in Feynman-gauge
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Comment on color treatment

 Tree level:   
                    BG recursion relations for colorless ordered amplitudes
                    different color basis (T-basis, F-basis, mixed basis, color-flow basis)
  
                    recursion relations for color dressed amplitude

 One loop: 
                    Decomposition to color and flavor ordered partial amplitudes
                    qqbar+n gluon:  mixed basis color decomposition 
                   
                     (s+ sbar)+(t+tbar) + ngluon
                      # of colorless amplitude is less thant # of primitive amplitudes
                     use color-flow basis and dressed recursion relations
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Primitive amplitudes W+3jets

q̄

q

W

g3

gm

gm+1

gn

q̄

q

W

g3

gm

gm+1

gn

Q

     

Parent diagrams for primitive amplitudes
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Parent diagrams for four quarks 
proliferation of ordered partial amplitudes

q̄ q

Q Q̄

Q′ Q′

W     

q̄ q

Q Q̄

q q
W

b)

q̄ q

Q Q̄

Q Q

W

c)

q̄ Q

q Q̄

q Q
W

a)

Closed fermion loop
less then 5 propagators
in the loop
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All  use color ordered and primitive amplitudes 
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d σLO(f1f2 → f3 · · · fn) =
WS

Nevent
×

Nevent�

r=1

d PS(r)(K1K2 → K3 · · ·Kn)
���M(0)

�
f (r)
1 , f (r)

2 , . . . , f (r)
n

����
2

f (r)
i = {fi, hfi , Cfi , Ki}(r) ,

P [J({f}π1), J({f}π2)] =
�

g1g2

Jg1({f}π1)P
g1g2(Kπ1)Jg2({f}π2)

g = {g, Lg, Cg, Kg}

M(0)
�
f1, . . . , fn

�
= P−1

�
J
�
f1, . . . , fn−1

�
, J

�
fn

��
.

Instead of ordering we have partitioning

 

Dressed recursive technique for tree amplitudes 

Monte-Carlo sampling  over   flavor, helicity, color, momentum  quantum numbers of  external 
sources

Recursion relations are defined in terms of currents with n-1 on-shell  external legs and one off-shell leg

Draggiotis, Kleiss, Papadopoulos, Duhr, Maltoni, Comix:Gleisberg, Hoche
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d σ(V )(f1f2 → f3 · · · fn) =
WS

Nevent
×

Nevent�

k=1

d PS(k)(K1K2 → K3 · · · Kn)

2�
�
M(0)

�
f (k)
1 , . . . , f (k)

n

�†
×M(1)

�
f (k)
1 , . . . , f (k)

n

��

M(1) (f1, . . . , fn) =
�

dD�

(2π)D
A(1) (f1, . . . , fn | �)

 

Generic method for any field theory: dressed recursive  
           technique for one-loop amplitudes

Monte-Carlo sampling  over     quantum numbers of  external sources  

Giele, ZK, Winter
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Dg1···gk(Q1, . . . , Qk) = D
Lg1 ···Lgk
g1,...gk;Cg1 ··· ,Cgk

(Q1, . . . , Qk) .

Jg

�
fi

�
= δgfiδCgCfi S

hfi
Cfi

fiLg
(Ki) .

Jg

�
f1, . . . , fn

�
=

Vmax−1�

k=2

S2(n,k)�

Pπ1···πk
(1,...,n)

Pg

�
D

�
J(fπ1), . . . , J(fπk)

��
,

Πk =
�k

i=1 πi

all possible partions of n particle into k subsets is given by the Stirling number
of second kind S2(n, k) .

 

Generic recursion with generic vertices for  tree amplitudes 

Dgluon(π1, π2) =

Jg Jū

+ + . . .

JuJg π2 π2

π1π1

Vertices:

BG  recursion relations:

Stirling 
number of 2nd kind

Dg [J(f(π1)), . . . , J(f(πk))] =
�

g1···gk

Dgg1···gk(−KΠk , Kπ1 , . . . ,Kπk)× Jg1(fπ1)× · · ·× Jgk(fπk) ,
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sum over the propagator flavors gΠ1 , . . . , gΠk is required as these are not
uniquely defined for unordered amplitudes

}

{π2

} π3

π4

gπ2

gπ4
π1 {

gπ3

gπ1

•   Sum over ordered cuts changes to sum over partitions including
    non-cyclic, non-reflective premutations of the external partons

•   

A(1) (f1, . . . , fn | �) =
Cmax�

k=1

max(1, 1
2 (k−1)!)S2(n,k)�

RPπ1···πk
(1,2,...,n)

�

gΠ1 ,...,gΠk

Pk

�
�CgΠ1 ···gΠk

| �
�

dgΠ1
(�) dgΠ2

(�) · · · dgΠk
(�)

,

Πk =
�k

i=1 πi

Generalized OPP parametrization
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      Sum over ordered cuts changes to sum over partitions including
     non-cyclic, non-reflective permutations of the external partons

      Number of the cuts is higher.

A(1) (f1, . . . , fn | �) =
Cmax�

k=1

max(1, 1
2 (k−1)!)S2(n,k)�

RPπ1···πk
(1,2,...,n)

�

gΠ1 ,...,gΠk

Pk

�
�CgΠ1 ···gΠk

| �
�

dgΠ1
(�) dgΠ2

(�) · · · dgΠk
(�)

,

(n− 1)!
2

→ S2(n, 5) ≈ 5n
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Calculating electroweak corrections with 
generalized D-dimensional unitarity?

Two “new” features:

•  Unordered amplitudes

•  Finite width effects:
        Denner, Dittmaier: Scalar one-loop 4-point   integrals
                             with complex internal masses
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Conclusions

✤   The results of the last several years obtained in the field of PQCD framework for   
      hard scattering processes is very impressive and has a fundamentally improves
      the analysis of the collider data.
     
✤   Construction of  computer codes for  automated numerical
      evaluation of  NLO QCD correction  for  multi-leg processes
      is under way.
    
✤   Different competing proposals are under construction and study.
      A trade-off between speed and flexibility is an issue.
      With improved computer power (with GPU’s)
      flexibility will be more and more important
     
✤   Results for W/Z+3jet, W/Z+4jets, ttbar+1jet, ttbar+2jets,...   cross-sections.
      Many new interesting features emerged:  

            scale choice,  non-universal K-factors, spin correlation effects.
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        Many interesting projects for the  future:

•        Fully automated NLO packages

•        Interaction with SCET experts

•        Interaction with Shower MC experts (MC@NLO, POWHEG)

•        Interaction with the experimentalist colleagues

•        Electroweak corrections with unitarity cut method

•     NLO QCD corrections to new physics models

•     Unitarity cut method for two loop applications

•     Improved and more generalized recursive methods

•     Improved subtraction methods and phase space integration methods
                   .
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OPP and/or D-dimensional unitarity is used by

        Ossola, Papapdopoulos Pittrau,  Ellis, Giele, Kunszt, Melnikov, Zanderighi, Lazopoulos,  
         Winter, Berger, Bern, Dixon, Febres Cordero, Forde, Gleisberg, Ita, Kosower, Maitre, Mastrolia, 
         Tramontano,  Greinrer, Guffanti, Guillet, Reiter, Reuter, Czakon, Bevilaqua, Worek,Draggiotis,
         Garzelli,....
 
        Codes:
        Helac-Phegas, Cut-Tools, Helac-1L,
        Black Hat, Rocket, Melnikov-Schultze, Lazopoulos,  Winter, (with Giele), 
        Winter (with Giele ZK),   Giele,(with  Stavenga, Winter), 
        Samurai (Mastrolia, Ossola, Reiter, Tramontano,...
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C

Perturbative higher-order effects at work at the LHC - HO10
     C E R N  T H E O R Y  I N S T I T U T E

         J u n e  2 1  -  J u l y  9             

Topics will include:

* Progress in, and prospects for, attacking the yet uncalculated processes considered  
priorities at the LHC, and revisiting the NLO priority list formulated at Les Houches in 
order to target the experimental accuracies. 

* The role of NLO and NNLO QCD calculations for Higgs boson searches and coupling 
measurements. 

* Integrating automated NLO calculations into parton showers.

* The role of NLO electroweak corrections and merging of QCD and electroweak 
corrections for benchmark processes such as $W$ and $Z$ production. 

* The role of (semi-)analytical resummations at the LHC, and their comparisons with 
those provided by Monte Carlos.

* Key signatures of new physics at the LHC and challenging discovery modes in exotic 
models.

* Processes, such as top-quark pair and di-boson production, for which NNLO QCD is 
desirable.

* The status of parton distribution function errors and prospects for their improvement 
with LHC data. 
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http://cern.ch/ph-dep-th/content2/THInstitutes/2010/HO10/HO10.html
http://cern.ch/ph-dep-th/content2/THInstitutes/2010/HO10/HO10.html

