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NLO calculationsFeynman diagram alulations: omputational algorithms of at least fatorial omplexitybottlenek: virtual orretions (tensor-integral redutions generate large # of terms)� tree level: algorithms of polynomial or, inl. olour, exponential omplexity exist (τ ∼ N# or #N )reursive methods e�iently re-use reurring groups of o�shell Feynman graphs� loop level: generalized unitarity-ut methods fatorize one-loop into tree amplitudesomputing time grows with # of uts & depends on algorithm employed at tree levelGoal provide algorithm(s) [tools℄ of exponential omplexity to alulate virtual orretions

Generalized unitarity methods � ative, ongoing �eld of researhBritto, Cahazo, Feng � analyti work.Bern, Dixon, Dunbar, Kosower � analyti work; Berger et al. � BlakHat projet.Ossola, Papadopoulos, Pittau + Bevilaqua, Czakon, Garzelli, Hameren, Worek �CutTools/Hela-NLO.Ellis, Giele, Kunszt, Melnikov, Zanderighi � �Roket Siene�.Lazopoulos � ode for ordered QCD one-loop amplitudes.Mastrolia, Ossola, Reiter, Tramontano � Samurai.
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Virtual correction and colour decomposition

dσV(f1f2 → f3 . . . fN ) ∼

Z

dΦ(p1 . . . pN ) 2 Re
“

M(0)(f1 . . . fN )∗ ×M(1)(f1 . . . fN )
”

fatorization of one-loop amplitude in olour fators and primitive amplitudes is systematiolour deomposition of one-loop N -gluon amplitude in SU(NC) gauge theory
M(1) = gN P

σ∈SN−1/R

Tr(F aσ1 · · ·F aσN ) A(1)[1]
N (σ1, . . . , σN ) +

2 nf gN P

σ∈SN−1/R

Tr(λaσ1 · · ·λaσN ) A(1)[1/2]
N (σ1, . . . , σN )allows for separate treatment of olour fators and primitive or ordered amplitudes

N gluons, only ask for leading-olour ontributions ... make use of phase-spae symmetry

R

dΦ Re(M(0)∗M(1)) ∼
P

perm

R

dΦ Re(A(0)∗A(1)) ≈ (N − 1)!
R

dΦ Re(A(0)∗A(1))simpli�ations ome in handy when alulating a spei� proess (both BLACKHAT and ROCKETuse these triks) � however olour deomposition is not so optimal for automation

Jan Winter CERN, June 29, 2010 – p.3



Decomposition of one-loop amplitudes

A(1)
N ({pi}) =

Z

dDℓ

iπD/2

N ({pi} | ℓ )

di1di2 · · · diN

, di(ℓ) = (ℓ + q̃i)
2 − m2

ideompose into a linear sum of salar box, triangle, bubble and tadpole master integrals(ut-onstrutible part) and rational terms

A(1)
N ({pi}) =

X

[i1|i4]

di1i2i3i4I
(D)
i1i2i3i4

+
X

[i1|i3]

ci1i2i3I
(D)
i1i2i3

+
X

[i1|i2]

bi1i2I
(D)
i1i2

+
X

[i1|i1]

ai1I
(D)
i1

+RN

master integrals known in literatureand implemented in various odes, e.g. QCDLoop [ELLIS, ZANDERIGHI] (QCDLoop.fnal.gov)To do: determination of the master-integral oe�ientsgeneralized-unitarity tehniques [BRITTO, CACHAZO, FENG — BERN, DIXON, DUNBAR, KOSOWER]subtration terms to extrat lower-point oe�ients best identi�ed at the integrand level

[OSSOLA, PAPADOPOULOS, PITTAU]note that [i1|in] = 1 ≤ i1 < i2 < . . . < in ≤ N and I
(D)
i1...in

=

Z

dDℓ

iπD/2

1

di1 · · · din
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Basics of Ellis–Giele–Kunszt–Melnikov method

Using tree-level MEs !
integrand is re-expressed by sum of basi denominator strutures

A(1)
N ({pi} | ℓ ) =

5
X

k=1

X

[i1|ik]

P(~ci1...ik
| ℓ )

di1 · · · diknumerators enode ℓ dependene parametri form: polynomial funtions in oe�ients

P(~ci1...ik
| ℓ ) ∼

X

j

αj(ℓ) × c
(j)
i1...ik

= MI + rational + spurious terms

R

dDℓ . . . MI terms = c
(0)
i1...ik

Ii1...ik

and rational terms = c
(r)
i1...ik

/#spurious terms vanish upon integrationsolve for oe�ients by solving systems of equations given by ℓ = ℓ̃ suh that di1 , . . . , din ≡ 0

P(~ci1...in | ℓ̃ ) =

internal
X

dof

n
Y

k=1

M(0)
“

ℓ̃ik
, {pj},−ℓ̃ik+1

”

−
5
X

k=n+1

X

[i1|ik]

di1 · · · din

P(~ci1...ik
| ℓ̃ )

di1 · · · dik
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re-expressing the integrand A more detailed view .......

A(1)(Ds)
N ({pi} | ℓ) =

N0({pi} | ℓ) + (Ds − 4)N1({pi} | ℓ)

d1d2 . . . dN
=

X

[i1|i5]

ē
(Ds)
i1i2i3i4i5

(ℓ)

di1di2di3di4di5

+
X

[i1|i4]

d̄
(Ds)
i1i2i3i4

(ℓ)

di1di2di3di4

+
X

[i1|i3]

c̄
(Ds)
i1i2i3

(ℓ)

di1di2di3

+
X

[i1|i2]

b̄
(Ds)
i1i2

(ℓ)

di1di2

+
X

[i1|i1]

ā
(Ds)
i1

(ℓ)

di1solving for numerator fators �the Left-Hand-Side�
ē
(Ds)
i1...i5

(ℓ) = Resi1...i5(A
(Ds)
N (ℓ)) , d̄

(Ds)
i1...i4

(ℓ) = Resi1...i4

2

4A(Ds)
N (ℓ) −

X

[j1|j5]

ē
(Ds)
j1j2j3j4j5

(ℓ)

dj1dj2dj3dj4dj5

3

5 , . . .

need to �nd D ≤ Ds dim. ℓ = ℓ̃ = ℓi1...in suh that dj(ℓ̃) ≡ 0 for j = i1, . . . , inde�ne Resi1...in

`

A(Ds)
N (ℓ)

´

=
˘

di1(ℓ) · · · din(ℓ) ×A(Ds)
N (ℓ)

¯ ˛

˛

ℓ=ℓ̃=ℓi1...in�nd parametri form of residues, removing spurious terms �the Right-Hand-Side�box oe�ient: d̄
(Ds)
i1...i4

(ℓ) = d
(0)
i1...i4

+ α4 d
(1)
i1...i4

+ s2
e [d

(2)
i1...i4

+ α4 d
(3)
i1...i4

] + s4
e d

(4)
i1...i4

Z

dDℓ
d̄
(Ds)
i1...i4

(ℓ)

di1di2di3di4

= d
(0)
i1...i4

Ii1...i4 − d
(4)
i1...i4

/6
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Calculation of the residuesWhat is Resi1...in

`

A(Ds)
N (ℓ)

´ ?

=
˘

di1(ℓ) · · · din(ℓ) ×A(Ds)
N (ℓ)

¯ ˛

˛

di1
(ℓ)=···=din

(ℓ)=0requires alulation of fatorized un-integrated one-loop amplitudeunitarity uts: M on-shell propagators, amplitude fatorizes into M tree-level amplitudes

Resi1...iM

`

A(Ds)
N (ℓ)

´

=

Ds−2
X

{λ1,...,λM}=1

 

M
Y

k=1

M(0)
“

ℓ
(λk)
ik

; pik+1, . . . , pik+1 ;−ℓ
(λk+1)

ik+1

”

!

two Ds dimensional gluons with omplex momenta and Ds − 2 polarization states (ℓik
= ℓ + q̃ik

)

Berends�Giele reursion relationsto alulate tree-level amplitudesvery eonomial shemeLHS:take subtrations into aount
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Algorithm for full one-loop amplitudesEGKM implementations to alulate ordered amplitudes are robust and su�iently fastusing Berends�Giele reursion relations to determine the M(0) piees yields algorithm ofpolynomial omplexity (τ ∼ N#) [GIELE, ZANDERIGHI — LAZOPOULOS — GIELE, WINTER]In general, the sum over olour orderings has to be performed in some way ⇒obtain 2Re(M(0)∗

M
(1)) ... may beome laborious ... all orderings need be known(naive) permutation sum re-introdues fatorial growth ... (N − 1)!/2omplexity of olour deomposition inreases for quark dominated proessesCan we do better ... tame the growth ?Constrution of an algorithm of exponential omplexity, olour quantum #s inluded.

⇒ Naive expetation of the asymptoti saling is (f × 5)N for N legs.

⇒ Colour-dressed reursions give fator f > 1, an be as large as 4.

⇒ Number of pentagons rise with 5N ... asymptoti behaviour of Stirling # S2(N, 5).input: external parton momenta & polarizations plus their expliit olours (olour-�ow representation)output: amplitude M(1) in the form of a omplex number (FDH sheme)
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EGKM extended [GIELE, KUNSZT, WINTER, ARXIV:0911.1962]Start o� the EGKM algorithm for olour-ordered amplitudes.To inlude full olour information, extensions are neessary:Deomposition of the integrand: sums over ordered uts hange into sums over partitionsinluding non-yli, non-re�etive permutations of the initial partitions.
P

[i1|ik]

→
P

RP π1...πk
(1,2,...,N)Identi�ation of the subtration terms when solving for P(~cπ1...πk

| ℓ̃ ): identify byde-pinhing, aount for possible shifts in loop momenta.e.g. 4-gluon bubble 01|23 has 4 triangle subtration terms:0|1|23 with ℓ̂ = ℓ and ℓ̂ = −ℓ + p23 and 2|3|01 with ℓ̂ = −ℓ and ℓ̂ = ℓ + p01Calulation of the integrand's residues: use olour-dressed reursions and sum over internalpolarizations and internal olours.
internal
P

dof

n
Q

k=1

M(0)
`

ℓ̃ik
, {pj},−ℓ̃ik+1

´

→
P

{λj}

{(IJ)j}

n
Q

k=1

M(0)
`

ℓ̃
(λk(IJ)k)
πk

, pπk
,−ℓ̃

(λk+1(JI)k+1)
πk+1

´

Deomposition of one-loop amplitude: omes with symmetry fator of 1/2! in front of thebubble-oe�ient terms.
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Unordered gluons: a note on partitionsnumber of unitarity uts, example 4-gluon loopordered) 0|1|2|301|2|3, 0|12|3, 0|1|23, 1|2|300|123, 1|230, 2|301, 3|012, 01|23, 12|30unordered) 0|1|2|3, 0|2|3|1, 0|3|1|20|1|23, 0|2|13, 0|3|12, 1|2|03, 1|3|02, 2|3|0101|23, 02|13, 03|12ord.) N 5-gons boxes triangles bubbles total unord.) N 5-gons boxes triangles bubbles total

3 4 0 1 4 6 11 4 0 3 6 3 12

12 5 1 5 10 10 26 5 12 30 25 10 77

60 6 6 15 20 15 56 6 180 195 90 25 490

360 7 21 35 35 21 112 7 1680 1050 301 56 3087

2520 8 56 70 56 28 210 8 12600 5103 966 119 18788

20160 9 126 126 84 36 372 9 83412 233103025 246 109993ord.) number of orderings however grows as (N − 1)!/2, unord.) Stirling numbers grow as kNnumber of k-ut ombinations: C(N, k) =
`

N
k

´ but to multiply with number of orderingsnumber of k ≥ 2-ut partitions: max{1, (k − 1)!/2} × S2(N, k) − N Θ(2 − k)
⇒ inreased number of terms, origin of exponential growth
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Colour-dressed recursion relationsshow exponential growth with N , f. [DUHR, HÖCHE, MALTONI], implemented in ...COMIX ... SM tree-level ME generator based ongeneralized olour-dressed Berends�Giele reursions [GLEISBERG, HÖCHE]olour-�ow deomposition for gluon urrents used in our study
JIJ

µ (1, 2, .., n) =
P

σ∈Sn

δI
jσ1

δ
iσ1
jσ2

· · · δ
iσn−1

jσn
δ

iσn
J Jµ(σ1, σ2, .., σn)

= κ−2(1, 2, .., n)
h

P

Pπ1π2

`

δI
KδL

M δN
J − δI

M δN
KδL

J

´ ˆ

JKL
µ (π1), JMN

µ (π2)
˜

+

P

Pπ1π2π3

`

δILNP
KMOJ + δIP NL

OMKJ − δILP N
KOMJ − δINP L

MOKJ

´`˘

JKL
µ (π1), JMN

µ (π2), JOP
µ (π3)

¯

+ π1 ↔ π2

´

i

our tree-level amplitude alulations sale as 4N(in COMIX, Vgggg is replaed by e�etive Vggg, whih yields 3N saling)used to alulate the LHS of the parametri form when solving for the oe�ients

Resκ1···κn

“

A
(Ds)
N (ℓ)

”

=

Ds−2
X

{λj=1}

{(IJ)j}

n
Y

i=1

M(0)
“

ℓ̃ (λi(IJ)i)
πi

, pπi
,−ℓ̃

(λi+1(JI)i+1)
πi+1

”

internal olour sum is ostly: reuse as many JIJ
µ as possible, store & ompute only non-zeros
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C++ codeImplementation of ordered algorithm based on ...

[ELLIS, GIELE, KUNSZT, ARXIV:0708.2398] 4DIM METHOD, CUT-CONSTRUCTIBLE PART

[GIELE, KUNSZT, MELNIKOV, ARXIV:0801.2237] DDIM METHOD, RATIONAL PART

[GIELE, ZANDERIGHI, ARXIV:0805.2152] APPLICATION OF DDIM METHOD TO PURE GLUONSindependent implementation and ross hek of EGKM method(from srath, no translation of Fortran routines)doumented in [GIELE, WINTER, ARXIV:0902.0094] plus disussion of reasons for preision loss for larger NColour-dressed algorithm for N external gluons ...stringent test � olour-dressed and olour-deomposition results have to agree(1) ⇒ all orders of ǫ, shematially M(1) =
P

P (2,..,N)/ZN−1

(

2N
P

r
N

b(r)
C

N
Q

s
δ

is(r)
js(r)

)

A(1)(1, . . . , N)(2) ⇒ double poles obey M
(1)
dp = −cΓ ǫ−2 NCN M(0)e�ieny � saling of omputing time with # of legs N → τ ∼ xNauray � numerial stability of algorithmphase-spae integration tests using olour sampling
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Scaling behaviour of the algorithm

Table taken from an early test: 2 → N − 2 gluons(+ + −− ..) polarizations, ( ..1131..
..1311..

) olours & random PSPs obeying separation uts ...omputation times in ses (2.20 GHz Intel Core2 Duo)

ord.) N ut-,4D fator full,5D fator unord.) N ut-,4D fator full,5D fator OK?

2 4 0.025 0.045 4 0.05 0.105 X

6 5 0.185 7.4 0.355 7.9 5 0.315 6.3 0.74 7.0 X

24 6 0.83 4.5 2.7 7.6 6 1.37 4.3 4.59 6.2 X

120 7 7.95 9.6 27.5 10.2 7 8.4 6.1 32.5 7.1 X

720 8 86.5 10.9 328 11.9 8 52 6.2 234 7.2 X

5040 9 1070 12.4 4250 13.0 9 354 6.8 1720 7.4 X

40320 10 14000 13.1 60600 14.3 10 13700 8.0 Xord.) fators learly inrease with larger N , unord.) growth follows (f · 5)N , 1 < f < 2number of non-zero olour fators grows as (N − 2)! for this ase
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Scaling of the computation time with # of legs(alulations in double preision) [GIELE, KUNSZT, WINTER, ARXIV:0911.1962]

4 5 6 7 8 9 10 11 1210
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

T
im

e 
  τ

n   
[s

ec
s]

Hard color configuration.

4 5 6 7 8 9 10 11 12
Number of gluons   n

4D ordr
5D ordr
4D drss
5D drss

Simple color configuration.

4 5 6 7 8 9 10 11 12

Random color configurations.

algorithm heked for exponential omplexity (τ ∼ xN )

Random olours:

Algorithm x4dim ordered 8.6(1)5dim ordered 9.5(1)4dim unord. 6.30(4)5dim unord. 7.3(1)
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Accuracy(alulations in double preision) [GIELE, KUNSZT, WINTER, ARXIV:0911.1962]unordered algorithm provides on average more aurate resultspeak positions & tails are OK,

97% ( ) and 89% (unord.) vs. 96% and 87% (ord.) ofevents an be handled with double preision
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auray � numerial stability of algorithm
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Accuracy(alulations in double preision) [GIELE, KUNSZT, WINTER, ARXIV:0911.1962]unordered algorithm provides on average more aurate resultspeak positions & tails are OK,
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• auray � numerial stability of algorithm
εdp = log10
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Accuracy(alulations in double preision) [GIELE, KUNSZT, WINTER, ARXIV:0911.1962]unordered algorithm provides on average more aurate resultspeak positions & tails are OK, 97% (N = 6) and 89% (unord.) vs. 96% and 87% (ord.) ofevents an be handled with double preision
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Accuracy(alulations in double preision) [GIELE, KUNSZT, WINTER, ARXIV:0911.1962]unordered algorithm provides on average more aurate resultspeak positions & tails are OK, 97% (N = 6) and 89% (unord.) vs. 96% and 87% (ord.) ofevents an be handled with double preision
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Accuracy(alulations in double preision) [GIELE, KUNSZT, WINTER, ARXIV:0911.1962]auray of determining orretions versus their magnitude (auray vs. weight)
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Accuracy(alulations in double preision) [GIELE, KUNSZT, WINTER, ARXIV:0911.1962]auray of determining orretions versus their magnitude (auray vs. weight)
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Accuracy(alulations in double preision) [GIELE, KUNSZT, WINTER, ARXIV:0911.1962]auray of determining orretions versus their magnitude (auray vs. weight)
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Phase-space integration and colour sampling tests(alulations in double preision) [GIELE, KUNSZT, WINTER, ARXIV:0911.1962]
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Phase-space integration and colour sampling tests(alulations in double preision) [GIELE, KUNSZT, WINTER, ARXIV:0911.1962]
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Relative errors
[GIELE, KUNSZT, WINTER, PRELIMINARY]
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Relative errors
[GIELE, KUNSZT, WINTER, PRELIMINARY]
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SummaryHigher-order alulations are needed to meet the requirements on the preision of theoretialpreditions in the LHC era.Highly automated and optimized parton-level event generators are available at tree level. Atone loop, similar ahievements seem possible owing to the new methods based on generalizedunitarity and parametri integration tehniques that use tree-level amplitudes as their input.Calulations based on reursive methods are easier to automate.Presented reursive sheme for the omputation of QCD one-loop amplitudes thatinorporates olour along with all other degrees of freedom.
⇒ algorithm is an extension of the Ellis�Giele�Kunszt�Melnikov method.Algorithmi implementation for full amplitudes using olour-dressed reursion relations.

⇒ algorithm is of exponential omplexity.
⇒ asymptoti saling of ∼ 7N ..8N seen � milder than for olour deomposition.

⇒ more to do: fully inlude quarks, squared amplitudes, OLE, xses (pure jets).

⇒ potential improvements: �tting oe�ients, higher preision.Numerial results presented for olour-dressed one-loop gluon amplitudes. Algorithm works.

⇒ reasonably aurate double-preision results � more aurate than for olour deomposition.

⇒ olour-sampling onvergene tested when integrating 2Re(M(0)∗M(1)) over phase spae X
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