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1. Motivation



Nuclear force is a basis for understanding ...

Structure of ordinary and hyper nuclei

Structure of neutron star

Ignition of Type |l SuperNova
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Phenomenological NN potential
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2. Strategy in (lattice) QCD
to extract “potential”

Challenge to Nambu’s statement

“Even now, it is impossible to completely describe nuclear forces beginning with a
fundamental equation.”
Y. Nambu, “Quarks: Frontiers in Elementary Partcile Physics”, World Scientific (1985)



Definition of “Potential” in (lattice) QCD ?

Previous attempt Takahashi-Doi-Suganuma, AIP Conf.Proc. 842,249(2006)

calculate energy of Qqq +Qqq as a function of r between 2Q.
Q:static quark, q: light quark D >
r
T B 2O D
Quenched result ) () © (d)
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Almost no dependence on r!

cf. Recent successful result in the strong coupling limit
(deForcrand-Fromm, PRL104(2010)112005)



S.Aoki, LesHouches 2009

Quantum Field Theoretical consideration

® S-matrix below inelastic threshold. Unitarity gives E < Ey,
g — €2i5
e Nambu-Bethe-Salpeter (NBS) Wave function
op(r) = (0|N(x+r,0)N(x,0)|6q, F)

QCD eigen-state with energy E and #quark =6

2
E:2\/k —I—m%\,

N(z) = €4peq®(2)q°(x)q¢(z): local operator

off-shell T-matrix
pp(r) = %"+ / ’p iprEBx + Ep T(P, —p — K, —K)
(2m)° 8E§ p? — k? —ie
+ I(r)

inelastic contribution X O

(6_\/Et2h_E2|r|)

C.-J.D.Lin et al., NPB69(2001) 467
CP-PACS Coll., PRD71 (2005) 094504
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Asymptotic behavior T = |I“ — OO

sin(kr —lw/2 4+ 0;(k))
kr

» 0;(k) is the scattering phase shift

Finite volume

\/

allowed value: k?

v

Lueshcer’s formula

5l(kn)

[ =0,1,2,-

Pr(r) — A

partial wave

A
no interaction

interaction range L
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‘Systemtic procedure to define the NN potential in lattice QCD I

Aoki, Hatsuda & Ishii, PTP123(2010)89
1. Choose your favorite operator: €.9. N (z) = 450 (2)q" (2)¢¢ (2)

2. Measure the NBS amplitude:
op(r) = (0|N(x+r,0)N(x,0)|6q, F)

3. Define the non-local potential: €k 21 T2

e~ Holpe(x) = [ d*yUxy)e()
4. Velocity expansion:  U(x,y) =V (x,V)&*(x —y)

V(X, V) = VQ(T) —+ VU(T)(O'l - 0'2) —+ VT(T)Slg + VLs(T)L .S + O(V2)
LO LO LO NLO NNLO

spins

tensor operator S12 = %(01 -xX)(02 -x) — (01 - 02) Okubo-Marshak (1958)

5. Calculate observables: phase shift, binding energy etc.
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NBS wave function on the lattice

4 point nucleon correlator

gaﬁ(Xp Y t— tO) JP) = <O‘n5(Y7 )pa (X t)jpn(t()? JP)|O>
r=x-y = A 0lns(,0pax )| Enhe 5

SN ST
................ A, = (En|T pn(0; J7)|0)

Wall source
L =0 jpn(tOQJP) P(S)[ vvall(t ) Vﬁvau(to)] q(x tO wall Zq X, tO
A J7 JZ — y 2z P:
( 1) ( )= (5:52) ’ with Coulomb gauge fixing
cubic group
1
1 _ p(A1) p(s=0) (. — (s=0) —1...0+
W(rt So) = PAY PE=0)y(r; 0F) = 24213 Yas(g~r; 07)
geo
.3 (A1) p(s=1) pl==D et
0 81) = PAIPO=Dy(e1%) = 0 3™ PE Vg9 e 1)

geO
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NN wave function

Quenched QCD

a=0.137fm
P PTITTL 1 T ¥ | |
~ attraction SO -
s G 78, —=
= ... QQQQA,Q..‘ 0.0
3 0 8 A @é@ normalized here
' O I' 40 ~
5 0.6
Y
0 repulsion
S 0.4 F
£
0.2 F
7
&
O O | | | |
0.0 0.5 1.0 1.5 2.0
. _ Ishii-Aoki-Hatsuda,
t—1s=0 r [fm] PRL90(2007)0022001
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‘(quenched) potentials I

LO (effective) central Potential V(rst So) = VI () + V=D ()

I=0 _
E~(Q ™Mr~053GeV V(s S1) = V' = (r) = 3720 (r)

so0 100 e 2=0.137 fm L=4.4fm
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500 £ . [ 1 . : ) ]
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— . ® ; ]
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= @@ : v | repulsive I 27 I .
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t . I B A R TR I Bonn
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0.0 1.0 1.5 2.0 100 F AIV18
r [fm] o
0 0.5

Qualitative features of NN potential are reproduced !

Ishii-Aoki-Hatsuda, PRL90(2007)0022001 This paper has been selected as one of 21 papers in
Nature Research Highlights 2007
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Frequently Asked Questions

[Q1] Operator dependence of the potential
[Q2] Energy dependence of the potential

[A1] choice of operator = scheme, cf. running coupling
(N(x), U(x,y) ) is a combination to define ovservables
QM: (®, U) — observables
QFT: (asymptotic field, vertices) — observables
EFT: (choice of field, vertices) — observables

* local operator = convenient choice for reduction formula

[A2] U(x,y) is E-independent by construction
 non-locality can be determined order by order in velocity expansion ( cf. ChPT)

Non-local, E-independent 0 Local, E-dependent

(E + %) pE(x) = /d?’y U(x,y)¢e(y) Ve(x)prp(x) = (E + %) PE(X)

15



‘ Validity of the velocity expansion of U I

(F — Ho)pp(x)
e (x)

E-dependent <«  Non-locality

From E-dependence, one may determine higher order terms:

Leading Order Vi (r) =

Local potential approximation

V(X7 V) — VC(T) + VT(T)Slz + VLs(T)L - S + {VD(T), VQ} + ..

[Numerical check in quenched QCDJ mx =~ 0.53 GeV
a=0.137fm

K. Murano, N. Ishii, S. Aoki, T. Hatsuda

PoS Lattice2009 (2009)126.
Anti-Periodic B.C.
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e PBC (E~0MeV) e APBC (E~46 MeV)

PBC BS wave function ——— APBC BS wave function

Z
4/422,,,‘//,:2!%; PR
/ f»;‘;@.‘!\\‘_\ ‘\\
N7

MeV] 'S, V_PBC [MeV] 's, V. APBC




Ve(r)[MeV]

Vc(r;1SO):PBC v.s. APBC t=9 (x=+-5 or y=+-5 or z=+-5)
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E-dependence of the local potential
turns out to be very small at low
energy in our choice of wave function.

Quenched QCD
my. >~ 0.53 GeV
a=0.137fm

phase ShIﬂS from potentials
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3. More structure:tensor potential



Tensor potential

(Ho + Ve (r) + Vr(r)S12)Y(r; 17) = E¢(r; 17)
mixing between 351 and 3D1 through the tensor force

sink source

Ty (spin) @A (L =0) =T1(J =1) «—— Ti(spin) @A, (L =0)=T1(J =1)

h(r;17) = Py(r; 17) + Qip(r; 17)
Pwaﬁ (I‘; 1"‘) — P(Al)waﬁ(r; 1-1—) “projection” to L=0 351
Qwag (I‘; 1+) — (1 — P(Al))waﬁ (r; 1+) “projection” to L=2 3D1

20



Aoki, Hatsuda, Ishii, PTP 123 (2010)89

Wave functions arXiv:0909.5585

Quenched
I | I I | I | | I | | I I I | I I I I | I I
L1
MM ®© 0000000 o0
ooaﬁp 3 )
o 381 ——
4 D1 M S
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E ~ 0MeV
m_ = 529 MeV
angular dependence is already removed.
...... A "‘mAAA““AL Y
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0.0 0.5 1.0 1.5 2.0



Potentials
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arXiv:0909.5585

Tensor Force and Central Force (t-t,=5)

Aoki, Hatsuda, Ishii, PTP 123 (2010)89
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Potentials

400

350

300

250

200

[MeV]

150

V(r)

100

50

-50

Quenched

Aoki, Hatsuda, Ishii, PTP 123 (2010)89
arXiv:0909.5585

Tensor Force and Central Force (t-t,=5)
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Quark mass dependence Quenched

10

V(1) [MeV]
5

—731 MeV ]
m =529 MeV =]
m =380 MeV +—e—;

_50 P M B R R R
0.0 0.5 1.0 1.5 2.0

r [fm]

Fit function

» Rapid quark mass dependence of ‘) . —
tensor potential Vr(r) =by(1—e™")? <1+ —+— )2> |
3

_ . myr  (m,r r
« Evidence of one-pion exchange 3

ba(1— )2 (1 —
(1) < +mﬂer(mﬁr)Q) ro
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Full QCD Calculation

FullQCD 3500 o= mEsesesseeseees
: [ \ Ve(r [330] :
My, =570 MeV, L =2.9 fm 3000 f of | \<;:(fr) Sl — 1 1
H ! % T I
a=0.1fm 2500 | [ \ ] -
[ 0 [ i il b H_‘_ :
[ [ L] ; 1
E 2000 | ";MW"!"'“ o ‘" ]
= 1500 [ . 50 h .n""'" m=670MeV 4
> [ [ i ! ]
1000 F .  -100F . ] -
500 = 00 05 10 15 20 25 ]
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i :ﬁ_—.—.mwn”iwo-
600 F 100-' ' 0 [ hsasuriENEE
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400 | - 50 ¢ "
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r [fm]
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Vo(r; 'S,) [MeV]

Phase shift from V(r) in full QCD
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4. Inelastic scattering:
octet baryon interactions



P o

Octet Baryon interactions

! @.‘@f@_ @re-l@ lp ®|8 |

* no phase shift available for
YN and YY scattering

* plenty of hyper-nucleus data will be
soon available at J-PARC

» prediction from lattice QCD
o difference between NN and YN ?
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3D Nuclear chart

3 known

S=-2

S,
AT T
P
I

Strangeness

P
FELE
R
FIEE SRR
F AT I AT
.

e
TFIETEPT
F R

40 known

LFy.
s s rasss.
.
RS S T AT IS TETEES.
i 7

~3000 known

Neutron Number
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4-1. Baryon-Baryon interactions in an SU(3) symmetric world
My = Mg — Mg

1. First setup to predict YN, YY interactions not accessible in exp.
2. Origin of the repulsive core (universal or not)

/"i A ﬁ\ A

eV
8><8—27—|—85—I—1—I—10*+10+8a

Symmetric Anti-symmetric

6 independent potential in flavor-basis

V[E?] [r)j f551{r) Vrﬂ[r] E ISG
V), viPr), viPr) «— s,
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V(r) (including energy part) [MeV]

V(r) (including energy part) [MeV]
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Potentials(full QCD)
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0.6
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2000
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- 0

0.0

27, 10*: same as before

0.2

NN channel
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1500 r
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500 r

1500 |

1000 |
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V(8s) 10000
} 7500
I 5000 L
I
2500
I 0 e i
I | L L L L L . L .
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g
fbﬂ,&‘
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L V(lo) 100
E
50
0 L
-50 i 1 1 1 1 1 1 1 1
00 02 04 06 08 1.0 12 14 1.6
e P — At
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
r [fm]

8s, 10: strong repulsive core

V(r) (including energy part) [MeV]

V(r) (including energy part) [MeV]

a=0.12 fm, L=2 fm
mpg ~ 840 MeV

200 :
v
0 i Wk St oz oz I
,’0“
L
-200 | -
.
400 |
600 | . :
1: no repulsive core
800 | attractive core !
_1000 E 1 1 1 1 1 1 1 1
00 02 04 06 08 10 12 14 16
r [fm]
2000 | ‘/(Sa) 50 F
I
1500 |- 0
1000 | ST
-100 L 1 1 L L 1 1 1 1
500 ¢ 0.0 02 04 06 08 1.0 1.2 14 16
.
0 SeEg bk bR R A
00 02 04 06 08 10 12 14 16

r [fm]

8a: week repulsive core,
deep attractive pocket

Inoue et al. ,HAL QCD Collaboration, arXiv:1007.3559[hep-lat]
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100

Bound state in 1(singlet) channel ? H-dibaryon ?

(&)
o

BB ~
E=-57.9+49 [MeV] |

o

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
-ty

: : : : Schroedinger eq. predicts a bound state
Singlet potential with a certain value of E * at E < -30 MeV

However, it is difficult to determine E precisely,
due to contaminations from excited states.

o

Log[R(t)/R(t+1)] [MeV]

)
o

-100

200
0 E [MeV] Eo [MeV] V{r?) [fm]
=-30 —0.018 24.7
-200
= =-35 —-0.72 4.1
= -400 |
S =-40 —2.49 2.3
-600 r
800 | T,=—30 [MeV] yY/dof=1.7296 | finite size effect is very large on this volume.
} N — ] (consistent with previous results.)
000 Lo b bt simulations on larger volume is in progress.
7 [fm]
2
2 6—0,5’)"
Vir) = ale_‘w2 + as (1 — e‘“47“2) ( )
r
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4-2. Proposal for S=-2 In-elastic scattering
my = 939 MeV, mp = 1116 MeV, mx, = 1193 MeV, m== 1318 MeV

S=-2 System(I=0)
Maan = 2232 MeV < My= = 2257 MeV < Mysw= 2386 MeV

The eigen-state of QCD in the finite box is a mixture of them:

‘S — _27] — O7E>L — Cl(L)‘AA7E> T CQ(L)‘ENa E> T CB(L)|szE>

E:Q\/m?\+p%:\/m%—kp%—l—\/m?\,—l—p%:Z\/m%—l—p%

In this situation, we can not directly extract the scattering phase shift
in lattice QCD.
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HAL’s proposal

Let us consider 2-channel problem for simplicity.

NBS wave functions for 2 channels at 2 values of energy:

U5 (x) = (0]A(x)A(0) | Ea) a=1,2
T2V (x) = (0[E(x)N(0)| Eq)
They satisfy
X x| — o0




We define the “potential” from the coupled channel Schroedinger
equation:

( 4+ Po > \Ing (X) _ VAA<—AA (X)\Ing (X) i VAA(—._,N (X)\IJZN (X)
2uAn  20AA s |
gonal off-diagonal

(e 5o JWEN ) = VEN MU ) + VNN G wEV (
2usN 2N

off-diagonal diagonal

1: reduced mass

(1B -mue ) - (W de (NI <

X, Y =AAor =N

( Va2 (x) ) _ ( Ui (x)

VATV (x)

) (o)
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VAA<—AA (X) VEN<—AA (X)
VAA<—EN(X) V N «— N(X)

[1]
[1]

Using the potentials: <

we solve the coupled channel Schroedinger equation in the infinite
volume with an appropriate boundary condition.

For example, we take the incomming AA state by hand.

In this way, we can avoid the mixture of several “in”-states.

S =-2T=0,E) =ci(L)|AA, E) + co(L)|EN, E) + c3(L)|%, E)

Lattice is a tool to extract the interaction kernel (“T-matrix” or “potential”).
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Preliminary results from HAL QCD Collaboration

2+1 flavor full QCD

a=0.1 fm, L=2.9 fm

Sasaki for HAL QCD Collaboration

Diagonal part of potential matrix

m, ~ 870 MeV
AA-AA
6000 I— ‘ 400 : T 'I T l T " T :
I 3001 : 1
ml _
4000 _ “§
r wl &8 -
;‘ i i ol i . 4 I
| 0 : f 44
2000 !
5 -100G o5 1 15
.’.7
0 —xﬂﬂﬁmmm
! ; ] . l ; 1
0 05 1 15

2000

N=-N=

" 400 1 II. ', .I : ‘. ,' -+ 6000 F
300} 1 ]

- 2001 % 1 4 4000}
100 1 i
°—W*’ A s

_ - 4 2000
1005 03 i s
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Non-diagonal part of potential matrix

Va_p =Vp_4a

Hermiticity ! (non-trivial check)
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4-3. H-dibaryon

1. S=-2 singlet state become the bound state in flavor SU(3) limit.

2. In the real world (s is heavier than u,d), some resonance
appears above AA but below =N threshold.

3. We can check this scenario using the lattice QCD.
3.1.The potential in SU(3) limit

3.2.The 3 x 3 potential matrix in real world

4  Trial demonstration: Inoue for HAL QCD Collaboration

4.1. Use potential in SU(3) limit

4.2. Introduce only mass difference from 2+1 simulation
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V(r) |[MeV]

4000
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Potentials in particle basis in SU(3) limit
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where T\'=-25 T®=25
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AA AA AA
14 14 2 14 =N

Ut — sz VZEZN

[l
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2500 |- *
2000 |\

1500

1000

500 r

0
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T”'=—5 [MeV] are used
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S =—-21=0,'5, scattering EWM = —40 MeV
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5. New method for hadron
interactions in lattice QCD



Inelastic scattering Il: particle production

E > Eyp =2my +mg

NBS wave function elastic scattering NN «— NN

: d3p - Fr+ FE T( —p«—Lk —k)
_ tk-r ip-r k p P, —P ’
YE (I') € + / (27-‘-)3 € SEg p2 — k? —ic
+ ZI(r)
inelastic contribution NN7wm «+— NN X eiq-r la| = O(F — Ey,)

Consider additional NBS wave function
wEx(r,y) = (0[N(r+x,0)r(y + x,0)N(x,0)|6q, E)

Note that

6, E) = ¢1|NN, E)in + c2| NN7, E)in + - -
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Coupled channel equations

(E - Ho)pn(x) = / By Ui (% y)os(y) + / Py Uss(x;y,2) 0.0 (y,2)

(E_HO)SOE,W(X y> /d3 U21<X Y;Zz )SOE( ) /d3Zd3w U22(X7y;zaw)90E,7r(Z7W)

Velocity expansion at LO, two values of E

1 =1,2
(L — Ho)pp,(x) = Vii(x)eg, (x) + Vi2(X, X)@E, » (X, X)
(Ei — HO)SOEiﬂT(Xa}") — VQl(Xv Y)SOEi (X) + V22(X7Y)¢Ei,W(X7Y)
Vi1(x) : NN «— NN Vig(x,x): NN «— NN

Vo1(x,y) : NNm« NN Vao(x,y): NNm+— NN

Solve Schroedinger equation with these potentials and a specific B.C.
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General prescription

Consider a QCD eiegnstate with given quantum numbers Q and
energy E.

Take all possible combinations with Q of stable particles whose
threshold is below or near E.

ex. Q=6qg: NN, NNn, NNnn, NNKTK- , NNNN,---
Calculate NBS wave functions for all combinations.
Extract coupled-channel potentials in a finite volume.

Solve Schroedinger equation with these potentials in the infinite
volume with a suitable B.C. to obtain physical observables.

In practice, of course, final states more than 2 particles are very difficult to deal with.
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6. Summary and Discussion
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Summary

e Potentials from NBS wave function are useful tools to extract
hadron interactions in lattice QCD. Finite size effect is smaller and
quark mass dependence is milder than the phase shift.

Velocity expansion is needed. Validity can be checked.(Murano)

Combined with Schroedinger equation in the infinite box.
Rotational symmetry is recovered.

NN, tensor force; NY,YY (Nemura); SU(3) limit (Inoue)
Nemura-Ishii-Aoki-Hatsuda, PLB673(2009)136.

Inoue et al.(HAL QCD), arXiv:1007.3559.
Others: N-nc (Kawanai-Sasaki), p-K* (Ikeda)

lkeda et al.(HAL QCD), arXiv:1002.2309.

® |nelastic scattering can also be analysed in terms of coupled
channel “potentials”.

® AN scattering (Sasaki), H-dibaryon as a resonance
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Applications and extensions
unstabel particle as a resonace
e p meson, A, Roper efc.
e exotic: penta-quark (lkeda), X, Y etc.
Parity odd part of potentials, LS force (Murano, Ishii)
3-Baryon forces : NNN (Doi) , BBB-> Neutron star
Theoretical understanding of the repulsive core

| Aoki-Balog-Weisz, JHEP05(2010)008(Nf=2):
¢ OPE analysis + pQCD+RG  ;xiy-1007.4117 (Nf=3).

e AdS/QCD Hashimoto-lizuka-Yi, arXiv:1003.4988

Weak decay ?
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T

_I_

sin’(8)

T

scattering ( p meson width)

Finite volume method

® CMF .
MF1
¢ MFE2

A sin’(d)=1=>aM,

ETMC: Feng-Jansen-Renner, PLB684(2010)
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