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Motivation

Leading-Order Heavy-Meson Chiral Lagrangian (heavy
field part):

Lheavy = −Tr[H(iv ·D)H] + ĝ Tr[HHγµA
µγ5]

Also define:

〈B(p)π(q)|B∗
i (p

′)〉 = −gB∗Bπ(q
2) q · ηi (p

′)

At tree level in the leading order effective theory,

lim
q2→m2

π

gB∗Bπ(q
2) =

2mB

f
ĝ

The coupling ĝ is needed to constrain the chiral behavior
of other quantities, such as fB . See talks by B. Blossier
and N. Garron at LATTICE2010
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Calculational Technique

LSZ reduction + PCAC Relation:

〈B(p)π(q)|B∗
i (p

′)〉 =
1

fπ

m2
π − q2

m2
π

〈B(p)|qµAµ(q)|B
∗
i (p + q)〉

Parametrize in terms of Lorentz invariant quantities:

〈B(p)|Aµ(q)|B
∗
i (p + q)〉 = (ηi )µF1(q

2) +

(ηi · q)(2p + q)µF2(q
2) + (ηi · q)qµF3(q

2).

Calculate this 3-pt correlation function on the lattice at
q2 = 0 and use

gB∗Bπ(0) = −
1

fπ
F1(0).
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Previous Results

Ref. Nf mπ (GeV) a(fm) gB∗Bπ

de Divitiis, et al. ’98 0 - .18 .42(4)(8)
Abada, et al. ’02 0 - .07 .69(18)
Negishi, et al. ’07 0 - .06 .517(16)

Becirevic, et al. ’09 2 .45-1 .09-.05 .44(3)(7)
Ohki, et al. ’08 2+1 .5-1 .22-.16 .516(60)

No continuum extrapolations

Relatively low statistics, large pion masses

Our goal: ∼ 5− 10 percent accuracy, with all sources of
systematic error controlled, for Nf = 0 and Nf = 2.
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Matrix elements from correlation

functions: standard method

Define:

C 3pt
mn (tf − t ′, t ′ − ti ) = 〈Om(tf )A(t

′)Ōn(ti )〉

C 2pt
mn (tf − ti ) = 〈Om(tf )Ōn(ti )〉

Difficult to keep (tf − t ′) and (t ′ − ti ) large
simultaneaously, as (tf − ti ) cannot be too large
(signal-to-noise decays exponentially).

Furthermore, excited state corrections are (t = tf − ti )

C
3pt
mn (t/2, t/2)

√

C
2pt
mm(t)C

2pt
nn (t)

→t→∞ M+O(e−(t/2)(E1−E0))
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Matrix elements from correlation

functions: improved method 1

Reduce excited state contamination via a summed
insertion (Maiani, et al. ’87):

Dmn(tf − ti ) =
∑

t′

C 3pt
mn (tf − t ′, t ′ − ti )

Corrections in the summed 3-pt correlation function:

∂t
[ Dmn(t)
√

C
2pt
mm(t)C

2pt
nn (t)

]

→t→∞ M+O(e−t(E1−E0))

Now only t = (tf − ti ) is required to be large!

John Bulava Recent Results in Precision Heavy Quark Physics



Recent

Results in

Precision

Heavy Quark

Physics

John Bulava

Background

Methodology

Nf = 0
Results

Nf = 2
Results

Conclusions

Matrix elements from correlation

functions: improved method 2

FURTHER reduce excited state contamination by using
the GEVP(Blossier, et al. ’09; Luscher and Wolff ’90 ;
Michael et al. ’85):

C 2pt(t)vn(t, t0) = λn(t, t0)C
2pt(t0)vn(t, t0)

Build up a basis of 8 operators of different Gaussian
smearing radii (0− .7fm).

ψk
l (x) = (1 + κGa

2∆)Rkψl(x)

rphys,k ≈ 2
√

κGRka

Construct Optimized ratio:

R(t, t0) = ∂t
[ D̂(t, t0)

Ĉ 2pt(t, t0)

]

D̂(t, t0) = v
†
0(t, t0)D(t)v0(t, t0)
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Stochastic Evaluation

Stochastic All-to-all (with time dilution) for the light
quark prop.

M−1
ℓ (x , y) = 〈

∑

d

φ(d)(x)η(d)†(y)〉η

φ(d)(x) = M−1
ℓ (x , y)η(d)(y)

3pt function is straightforward to evaluate using a
sequential source. (Om = q̄Γmq).

〈Om(tf )Ak(t)Ōn(ti )〉 =

〈
∑

d

ψ
(d)
k (xf )ΓmM

−1
stat(xf , xi )Γ

†
nη

(d)†(xi )〉η

ψ
(d)
k (x) = M−1

ℓ (x , y)γkγ5φ
(d)(y)
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Nf = 0 Results : A test of the method

Wilson gauge action, Non-pert. Improved Clover valence
quarks. mq ≈ ms .

Nconf Nnoise

163 × 32, a ≈ 0.10 fm 100 200
243 × 48, a ≈ 0.08 fm 100 48
323 × 64, a ≈ 0.05 fm 100 32

Two discretizations of the static quark action (HYP1,
HYP2) to further assess discretization errors.

Fix a physical distance for t0 = .3fm and tmin = .65fm,
take the plateau average of R(t, t0) over a suitable range.

Demand that fit range of 3pt function corresponds with
plateau region of 2pt function.
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Nf = 0 plateaux

t/a
6 8 10 12 14 16 18 20

R
(t

)

0.68

0.7

0.72

0.74

0.76

0.78

0.8

0.82

L = 16, a = 0.1fm

0.7280(52)

t/a
6 8 10 12 14 16 18 20

(t
)

ef
f

aM

0.43
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0.45
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0.46

0.465

0.47
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0.45589(58)

t/a
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R
(t

)
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0.7

0.72

0.74

0.76
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0.8

L = 24, a = 0.08fm 

0.7300(47)

t/a
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(t
)

ef
f

aM
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0.365

0.37

0.34093(89)
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Nf = 0 continuum extrapolation

Renormalization:

(Aµ)R = ZA(1 + bAamq)(Aµ + acA∂µP)

At p = 0, cA term does not contribute to Ai . bA taken
from 1-loop perturbation theory, ZA from (Lüscher et al.
’96).

2a
0 0.005 0.01

S
T

A
T

g

0.59

0.6

0.61

0.62

0.63
 = 0fN

Hyp1
Hyp2

Hyp1:
gSTAT = 0.6063(91)

Hyp2:
gSTAT = 0.6050(90)

Error dominated by error
on ZA.

Continuum limit is rather
flat.
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Gauge Ensembles

CLS Ensembles: Wilson Gauge action, Nf = 2 Non-pert.
imp. Clover Fermions, DD-HMC algorithm (M. Lüscher).

Ensembles used here:
Name L(fm) mπ (MeV) mπL Nconf Nnoise

β = 5.2, a ≈ 0.08 fm
A1 2.6 ≈600 9.0 100 8
A4 2.6 ≈365 4.8 105 8

β = 5.3, a ≈ 0.07 fm

E4 2.3 ≈560 6.2 157 16
E5 2.3 ≈420 4.7 400 4
F6 3.4 ≈290 5.0 339 2
F7 3.4 ≈250 4.2 301 4

β = 5.5, a ≈ 0.05 fm
M5 1.6 ≈365 3.0 258 8
N5 2.4 ≈365 5.3 0 0

ZA taken from (Della Morte et al. ’08), bA taken from
1-loop perturbation theory.
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Warning

Excited state contamination in R(t) (and other ratios) can
be more complicated than effective masses.

F6 ensemble, Single interpolating field (no GEVP).

With less statistics, may be tempting to fit t = 2− 7.

Does NOT coincide with plateau region of 2p function.

Dangerous, and in this case incorrect.
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Nf = 2 Results
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Preliminary Nf = 2 results

)2 (GeV2
πm

0 0.1 0.2 0.3 0.4 0.5
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T

g

0.4

0.45

0.5
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=5.2β
=5.3β
=5.5β

Becirevic et al. ’09

John Bulava Recent Results in Precision Heavy Quark Physics



Recent

Results in

Precision

Heavy Quark

Physics

John Bulava

Background

Methodology

Nf = 0
Results

Nf = 2
Results

Conclusions

Outline

1 Background

2 Methodology

3 Nf = 0 Results

4 Nf = 2 Results

5 Conclusions

John Bulava Recent Results in Precision Heavy Quark Physics



Recent

Results in

Precision

Heavy Quark

Physics

John Bulava

Background

Methodology

Nf = 0
Results

Nf = 2
Results

Conclusions

Future Plans

Additional β = 5.2, 5.5 ensembles, increased statistics.

Take the continuum limit at mπ ≈ 365MeV, using three
lattice spacings.

Determine explicitly the form of the excited state
corrections in the GEVP version of R(t).

Investigate ratios for use in systems with Ef 6= Ei . For
example, see talk of B. Knippschild (U. of Mainz) at
LATTICE2010.
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Conclusions

Lattice spacing dependence of Nf = 0 ĝ seems mild.

Precision determination of ĝ for Nf = 2 is nearly
completed.

Matrix elements should be computed for t in the plateau
region of the 2pt function

This summed insertion is directly applicable to e.g. Bk ,
BB .

Applicable to e.g. B → πℓν with some modifications.
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