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Nonperturbative study of SUSY gauge theories from
first principles?

@ SUSY will play an important role in particle physics beyond SM

» hierarchy (naturalness) problem
» consistency of string theory (gauge/gravity correspondence)

@ Nonperturbative phenomena

» confinement, bound states, spontaneous chiral symmetry breaking,
quantum tunneling, ...
» spontaneous SUSY breaking

@ Quest for nonperturbative formulation. . . lattice!?
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SUSY on the lattice? (cf. Dondi-Nicolai, Nuovo Cim. A41 (1977))

@ Lattice SUSY would be impossible, because

(@5t =20%B5™. P,
{ A } o

but infinitesimal translations P, cannot be defined on lattice fields
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SUSY on the lattice? (cf. Dondi-Nicolai, Nuovo Cim. A41 (1977))

@ Lattice SUSY would be impossible, because
{@2.(Q))} =250, Py

but infinitesimal translations P, cannot be defined on lattice fields

@ However, at least a linear combination Q of Q2 and (Qg’)T such
that
{Q,Q}=2@°=0

could be realized even on the lattice
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SUSY on the lattice? (cf. Dondi-Nicolai, Nuovo Cim. A41 (1977))

@ Lattice SUSY would be impossible, because
{@2.(Q))} =250, Py

but infinitesimal translations P, cannot be defined on lattice fields

@ However, at least a linear combination Q of Q4 and (Qﬁ‘E’)T such
that
{Q,Q}=2@°=0

could be realized even on the lattice
@ Moreover, if the target continuum action S can be written as

S=QX

Q-invariance could be promoted to a lattice symmetry!
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2D NV = (2,2) SYM
@ action (dimensional reduction of 4D ' =1 SYM to 2D)
Sapsvm = é / ox tr [%FMNFMN VT CLyDyV + P
@ SUSY
5Ay =i CTyv, oV = éFMNFMFNe + iHTse
§H = —ie" CIsIyDyVv

owesetro:(*g” 0), F1=(i%3 9>, Fz=(3,' ?)[)’ Fs:cz(o1 (1>)

ioq

T = (Yo, 1, x,1/2) el =— (5(0),5(1),5, 5)
and decompose
§=c0Q0 + MM + 20+ :Q
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2D N = (2,2) SUSY algebra

@ SUSY algebra in this spinor basis,
@ =P =4, (QOY2 = QM) = —55
{Q. QWY = —2i0, +204,, {Q,QM} = —¢,, (~2i0, +204,)
{Q,@} ={Q®, oM} =0

where ~
¢EA2—|—[A3, ¢IA2—iA3, 60151

and 4, denotes the infinitesimal gauge transformation by :
d, = [, -] for matter fields and 6,A, = iD,¢

@ Q-transformation is nilpotent, on gauge invariant combinations:

Q* =050
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Q-transformation

@ Q-transformation (H = H + iFp;)

QA, = ¥y, QY = D,
Qp=0

Q¢ =1, Qn = [¢,9]
Qx =H, QH = [¢,x]

is nilpotent on gauge invariant combinations
Qz = 5¢ ~ O

@ moreover, the continuum action is Q-exact

1 . 1 - . -
Sopsym = Q? / dPx tr [_ZIXFM +xH + 2" (¢, 6] — it Dy
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Lattice formulation (Sugino, JHEP 0401 (2004))
(cf. Kaplan et al., JHEP 0305 (2003))
@ 2D lattice (a: lattice spacing)
/\:{xea22|0§xo<ﬂ, 0< X <L}
@ lattice Q-transformation (U,(x) € SU(N): link variables)
QUM(X) = iwu(x)uu(x)
QU (x) = i (X)uu(x) = i (6(x) = Up(x)(x + ap) U, ()~

Q¢(x) =0
Qo(x) =n(x),  Qu(x) = [¢(x), &(x)]
Qx(x) = H(x),  QH(x) = [¢(x), x(x)]

is nilpotent on gauge invariant combinations on the lattice
QZ = (5¢ ~0
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Lattice formulation (cont’d)

@ lattice action

LAT
S2DSYM

= Qe 31|80+ X(OH() + 4103 60,5

XeN
—:Zwm( U ()3(x + ai) U ()™ = 3(x)

where ®(x) (~ 2Fy;) is basically given by the plaquette
(x) ~ —ilp(x)Us (x + ad) Up(x + a1) ™" U; (x)~" + h.c.

@ Qis a manifest symmetry of S5hLy\, QSshsyy = 0
@ U(1), is another manifest symmetry

V(x) — exp (al2l3) V(x),
¢(x) — exp (2ia) 6(x),  &(x) — exp (—2ia) ¢(x)
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Scalar mass term

@ Only with SLAL,,\, (and SU(2)), no thermalization was archived,
owing to the flat directions
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Figure: Monte Carlo evolution of & tr[¢(x)¢(x)]. 18 x 12, ag = 0.1179,
antiperiodic BC

@ We add a (soft) SUSY breaking scalar mass term

2
LAT H ny
Smass = ? Z tr [¢(X)¢(X)]
XEN
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SUSY Ward—-Takahashi identity in the continuum

@ In the target SUSY theory, one would expect (for gauge

invariant O)
aﬂ <§”(X O(y1 e ;yn)>
2 s 5
= 2 000, yn)) — 55 OV oy,
where

8,(x): (renormalized) supercurrent
f(x): (renormalized) variation of the scalar mass term

@ This must hold, irrespective of

» boundary conditions (.- used localized SUSY transformations)
» whether SUSY is spontaneously broken or not
(= Nambu-Goldstone fermion)
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Identity on the lattice
@ On the lattice, we have
a; <SM(X) O(y1 g a}’n)>

NZ .
-7 (fO)OWA, - ¥n)) —

+é<x(x)(9(y1,...,}/n)>a

% O y0))

where

Su(x): (bare) lattice supercurrent o 1 /9%
f(x) = #2/0 (I trlp(x)W(X)] + I trlp(x)W(X)])
and

X(x) = a01q,2(x) =

O ¥ % *
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Identity on the lattice
@ On the lattice, we have
a; <SM(X) O(y1 g a}’n)>

NZ .
-7 (fO)OWA, - ¥n)) —

+é<x(x)(9(y1,...,}/n)>a

% O y0))

where

Su(x): (bare) lattice supercurrent o 1 /9%
f(x) = #2/0 (I trlp(x)W(X)] + I trlp(x)W(X)])
and

X(x) = a01q,2(x) =

O ¥ % *

< Q symmetry!
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Restoration of full SUSY
(cf. Bochicchio et al., NPB 262 (1985), Donini et al., NPB 523 (1998))

@ For simplicity, assume x is away from y; (no contact term)
@ dimensional counting, gauge symmetry, U(1)4 symmetry (and
assuming no SUSY anomaly),

Oﬁ/z(x):(’)ﬁ/z( )+a 'Zig?f(x) + g 227(//20(/2 (x),

which means
2

)
015,000 O, ) = (1) O,y + OLa)

@ However, since Oy ,2(x)" = (x,,x,0), we conclude

Zr=0
and
MZ
;[)noa;i <S,U«(X)O(y1a'-'7yn)> - E Ilm <f(X)O(Y1a7Yn)>
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Monte Carlo verification (kanamori-H.S., NPB 811 (2009))

@ Took a lowest-dimensional gauge invariant operator
i -
OW) =~ age o (M IroV(y)] + It [oW(y)])

and an appropriate supercurrent s,,(x) = s,(x) + O(a), examined

lim 9 ((51,)i(x) (0)i(0)) = % lim ((£)i(x) (0)i(0))?  for x #0,
or equivalently

o ((8)ix) (0)i(0)) a0 112,

({(Ni(x) (©):(0)) &

forx #0
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N = 1/2 RHMC simulation (~ 20,000 CPU - hour)

u?/g? lattice size ag number of configurations set label
0.04 12x 6 0.2357 800 I (a)
0.04 16 x 8 0.1768 800 I (b)
0.04 20x 10  0.1414 800 I (c)
0.25 12x6 0.2357 800 Il (a)
0.25 16 x 8 0.1768 800 Il (b)
0.25 20x 10  0.1414 800 I (c)
0.49 12x 6 0.2357 800 [l (a)
0.49 16 x 8 0.1768 1800 [l (b)
0.49 20x 10 0.1414 1800 [l (c)

1.0 12x6 0.2357 800 IV (a)
1.0 16 x 8 0.1768 1800 IV (b)
1.0 20x 10  0.1414 1800 IV (c)
1.69 12x6 0.2357 800 V (a)
1.69 16 x 8 0.1768 1800 V (b)
1.69 20x 10  0.1414 1800 V (c)
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Monte Carlo verification (kanamori-H.S., NPB 811 (2009))
@ For;?/9? =1.0,
oY ((s,)i(x) (0)(0))
((Hi(x) (0)i(0))

4.5

with / = 1, along the line x; = L/2

af
3.5 !
3o
254 .
2 D} £
15 -7 ’
1 g

o § FTE T

05 1

0L I I I I

Figure: set IV(a) (+), IV(b) (x), IV(c) (O), antiperiodic BC
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Monte Carlo verification (kanamori-H.S., NPB 811 (2009))
@ Continuum limit of the ratio

O ((81)i() (0)i(0)) a0 12, for x # 0

((Fi(x) (0)i(0)) ¢

25

wPig®

Figure: i=1(+),i=2(x), i =3 (d), i = 4 (W), antiperiodic BC
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Application: a proper choice of the zero-point energy
@ In the lattice identity in the massless limit 2 — 0,

95 (51X O)) =I5 (OW) + 25 (X(x) O
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Application: a proper choice of the zero-point energy
@ In the lattice identity in the massless limit 2 — 0,

95 (51X O)) =I5 (OW) + 25 (X(x) O

set
i=4 < Q-transformation and (X)4 =0
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Application: a proper choice of the zero-point energy
@ In the lattice identity in the massless limit 2 — 0,

05 ((51X) O} = i (O

set
i=4 < Q-transformation and (X)4 =0

and
OWy) = (sh)1(y) <« QO-transformation,
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Application: a proper choice of the zero-point energy
@ In the lattice identity in the massless limit 2 — 0,

05 ((51X) O} = i (O

set
i=4 < Q-transformation and (X)4 =0

and
OWy) = (sh)1(y) <« QO-transformation,

we have (for periodic BC)

0=—ig?_ 3; {(s)a(x) (s0)1(¥)) = (Q(s6)1(¥))

XEN
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Application: a proper choice of the zero-point energy

@ In the lattice identity in the massless limit 2 — 0,

05 ((51X) O} = i (O

set
i=4 < Q-transformation and (X)4 =0

and
OWy) = (sh)1(y) <« QO-transformation,

we have (for periodic BC)

= —ig? Y 9, {(su)a(x) (s0)1(¥)) = (Q(s6)1(¥))

XEN

@ The RHS can be identified with the hamiltonian density
Qs )y =2(H(y)) = {QQ9} =-2ij
(Kanamori-Sugino-H.S., PRD 77 (2008))

Hiroshi Suzuki (RIKEN) Overture to. .. 30 July 2010 @ CERN

17/19



Vacuum energy density: order parameter of SSUSYB
@ can be obtained by a zero temperature limit of the thermal (i.e.,
with antiperiodic BC) average

& = lim (H(x))

B—00

@ Kanamori, PRD 79 (2009):

orE (Bg)™
v ao g +a2 """"

o 25 i
o i
S 20 - - }l T T T ]
g2 151 = iy .
3 ! 1+ -
> 10 e 5]
g B $ 0 by ,E ,,,,,, i,iii‘f:fil* = i
s e, 1 2 3 4

oo R s e s s e e e

1 1 1 1
0 1 2 3 4 5
Bg

£o0/9? = 0.09 £ 0.09(sys) T3-49(stat)
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Summary

@ Compared with state-of-the-art lattice QCD calculation,
small-scale and “primitive” but (I believe) conceptually interesting

@ lllustrated an example in which numerical lattice calculation gives
a clue to a question which is difficult to answer in other ways
@ Naturally, we want to enlarge the range of target theories, for
example, to
» 2D NV =(2,2) SQCD
» 2DV = (4,4) SYM
» 2D NV = (8,8) SYM
» 4D N =1 SYM (Kaplan '84, Curci—Veneziano '87)
(Montvay et al., Giedt et al., Endres)
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