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Why Study Positronium?

Positronium is intrinsically interesting. It is the simplest bound system.
It’s constituents are structureless pointlike particles. Many fundamental
aspects of quantum field theory enter into its description. It differs
from other exotic atoms in having large recoil effects, little sensitivity
to hadronic physics, and in being subject to real and virtual annihilation.

Positronium is accessible both to high precision experiments and to
detailed calculations, so its study allows for a stringent test of the
theory of bound states in QED (quantum electrodynamics) and quantum
field theory generally.

Positronium is ideal for tests of fundamental symmetries and is useful in
searches for “new physics”.
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® Positronium Spectrum

The n=1 and n=2 levels of positronium
are shown. Transitions of experimental
interest are the

(1) n=1 hyperfine splitting (1°S; — 1'5))
(2) n=2 hyperfine splitting (2°5; — 2'S)
(3) n=2 fine structure (23S, — 2P)

(4) 1S-2S ftransition (135; —239))

All of the measurements have

uncertainties on the order of n=1
1MHz
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Measured Transitions

e et
Transition = Common Name  Natural Linewidth Expt. Uncert.
135, — 115, n=1 hyperfine ~1300MHz ~1MHz
23S, — 2P  n=2 fine structure ~S0MHZ ~2MHz
136, — 235, 1S-2S ~1.3MHz ~3MHZ
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Transition = Common Name  Natural Linewidth Expt. Uncert.

135, — 115, n=1 hyperfine ~1300MHz ~1MHz
23S, — 2P  n=2 fine structure ~S0MHZ ~2MHz
[ 138, — 238, 1S-28 ~1.3MHz ~3MHz }

1S-2S AE=1233607216.4(3.2) MHz (2.6ppb)
seems to have the greatest potential for improvement.



,e' \EJ' Status of Energy Level Theory

The theoretical formula for the energy levels of positronium states
can be written as

Y i — m{C20a2 - 040044 F 051()55L - C’50a5

+C610°L + Cep0® 4+ Craa'L? + Cria”L + Croa” + - - - }

where L=In(1/0a). All terms through order &7 In?(1/a) are known, as
are the order &7 In(1/a) terms for the hyperfine interval. Estimates
of the theoretical uncertainties are

0.6 MHz 1S-2S

0.5 MHz hfs

0.1 MHz n=2 fine structure
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Contributions to positronium energy levels for n=1 (in MHz)

Order Value E, (15) e I S X
ma’* 350377 38 322.493 204 386.630
mad®In(l/a) 12580 3003302 0

ma’ ASSVT —1018.784 —1005.497
ma® In(1/a) 91.8 2.869 19.125

ma® 18.7 3.000 —7.330

ma’ n2(1/a)  3.30 ~1.091 0,918

ma’ In(1/a) 0.67 —0.323

ma’ 0.14
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. Use Non-Relativistic QED (NRQED) and dimensional regularization

Obtain all required matching coefficients

. Describe two-body bound states using the NRQED Bethe-Salpeter

equation. Energies appear as poles in the Green function.

. Build a perturbation scheme based on an exact lowest-order solution

to the NRQED Bethe-Salpeter equation

. Use the “method of regions” to identify contributions at various

powers of the expansion parameter a

. Express all contributions in terms of expectation values of various

operators in states of the D-dimensional non-relativistic Schrodinger-
Coulomb equation



- \ ot Lagrangian of the Effective Quantum field
‘ ‘ Theory NRQED (Non-Relativistic QED)

We will replace the usual QED Lagrangian

L = (iy*D,, — m) 1 + photon terms



- \ ot Lagrangian of the Effective Quantum field

* ¢ Theory NRQED (Non-Relativistic QED)
L
l_j 2 54 q — q — —
£=yt{iD —G-B B
R t+2m+8m3+cF2mO +CDZmQ[v |
£ Pl (ﬁxﬁ—ﬁxﬁ) +--°}¢
8m?
+ positron terms
+ four—fermion contact terms
+ photon terms
with
%, ¥ 2 e N G Y
DtZE—F’iQAO, DZV—ZQA, E:—VAO—E, BZVXA

The electron charge and mass are ¢ and m



e e* NRQED Ffeynman Rules

\\ Propagation factors:

Fermion Relativistic Kinetic Energy

., =4
/ /
- @ - L
B’ 8m°
Po — 57l + 1€
Coulomb Photon Coulomb Vacuum Polarization 2 A
i Ik k
___________ = e B L e Cyp .
% me
Transverse Photon Transverse Vacuum Polarization " 4
I
T
VAV V.V, V.V V.V VI [ (k) AAAMANAA L Cyp O
| | J me



e e* NRQED feynman Rules

\\ Interaction Vertices:

Coulomb Spin—Orbit

S QUYL NN T
e == —iq o SO S CS 2(P2"P1)'U
I ! m
Convection ) Darwin D iq
Iq e = K,
—— (P2+P1); =Sl = (P2-P+)
T 2m(P2 P1); i AT
j 1
Fermi Seagull
q — — — —. 2
H?‘7CF_[(pZ_p1)x0—]j ﬁ i 6ij
2m m
j i J
Contact
a b . %
_Széabécd + _‘/26ab°3cd L0
m m



e’ NRQED Ffeynman Rules

\\ Interaction Vertices:

Coulomb Spin—Orbit

S
e - —Iq 4%:(
Convection ) Darwin D iq
Iq = = 2
H?d— E(p2+p1)j :‘%f - CD8m2 (p2_p1)
j 1
Fermi Seagull
Qe S = —-ig?
H—g—«-c/:—[(pz—m)mlj ﬁ 3 S;
2m m
j i j
Contact




o v

D2 D+ q
T T{'D
el t+2m+8m3+cF2m
+cs%5-(ﬁxﬁ—ﬁxﬁ)+
m

+ positron terms
+ four—fermion contact terms

+ photon terms

CD




e’ Lagrangian of NRQED

NRQED QED
< . e
/The matching coefficients have the values  ¢p = 1+ % T R
Sa (—1 m
(using dimensional regularization S T i 3 { 5. +In ;} Ao
in d = 4 — 2e dimensions) I S

\_ i J




e e’ NRQED Lagrangian

p>, D' oB, [0E, o (DXE-EXD), (D% o - B}
C C . C g ic C - A ]
oM e FE oy T P S M2 W18 MR
Do -BD' o-DB-D+D-Bo-D . {D.[dXBI}  ,B—E’ ol %
o C,/ ic C S C . o)

4M3 B 8M3 ME M Y Ve A28 T 6M®
[D>,D-E+ E - D] {D% [0 - E]} [0%0 - E] . 2{D", [E X B]’}

Ve " B = + cx38 7 + icx48 7

_ Dio- (DX E— E X D)D" . e*giDi[d - E]1D* ,0 B[O E] ,[E-d0 - B]
t icysg Ve + icxe8 Ve + cx78 25 1 e + cx38 2 e

[B- 00 - E] [Eio - OB'] [Bio - OE'] o E X[0,E— 0 X B]
2T iy ZT " anng + cx108” 1(/14 s (9(1/M5)}¢-

i tﬂ{z’Dt + ¢,

— w28

+cxi18 X3

+ cx08 Cx108

From R. J. Hill, G. Lee, G. Paz, and M. P. Solon
NRQED Lagrangian at order 1/M?
Phys. Rev. D 87, 053017 (2013)
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feynman Rules

for NRQED

Class Type Label Rule
Relativistic Kinetic Energy ARY, K4 ;f:g
_ip6
K6 16?:15
Coulomb szAozp —iq
D (Darwin) ¢D %EQ
T L2\ 2
CX1 crgl==1 (pIQ—pQ)
CEa2 cx2 =4 (572 + 52) k2
CX3 cxs ik
Shootn Pt A% S (Spin-orbit) cs 153 0abp’ P’
SX5 cxs 4 B’ Poasp’p’
SX6 cx6-2r k 2oaspp®
Convection YT A% . S ‘
conK4 =% (p"* +p5°%) P
conM CM 8;2% k2pi
conX1 cx1% (ﬁ’z —ﬁQ) K p?
Fermi Pl At F (Fermi) crsLoik’
FWi Cw18;7r3; (ﬁ/2+ﬁ2) O'ijk?j
FW2 ngzlm%ﬁl'ﬁa'ijk‘j
Fp'p Cp' p Tores Bé O4j K
P-Fermi YT A% PP Css_qukO 05 P
PFp'p crp g (P77 —97) o3P
PFX5 Cx5ﬁﬁ/'ﬁk00ijpj
Spin-convection T,ZJT At scp'p Cp'p ﬁ oapp p’ P
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feynman Rules

for NRQED

Class Type Label Rule
Relativistic Kinetic Energy ARY, K4 5512
_ip®
K6 16?;5
Coulomb w*AOw —iq
D (Darwin) ¢D %EQ
—4 = -2\ 2
CX1 Grgi="1 (pIQ—pQ)
CEa2 cx2 -4 (572 + 52) k2
CX3 cxs ik
Shootn i A% S (Spin-orbit) CS 3153 0abp’ P’
SX5 cxs—2 B Poasp’*p°
SX6 cx6-2r k 2oasp®p®
Convection Pt A%y i
conK4 =% (0" +p°) P*
conM c 8:2% k2pt
conX1 cx1% (p”? —p?) K°P
Fermi T At F (Fermi) crsLoik’
FW1 cwiek (B2 +p?) ouk’
FW2 cwa iz ok’
Fp/p Cp/pﬁ_{—:—;2 O'ijkj
P-Fermi T A" PFS cs 5oz k® 01 P
PFp'p cyp o (P77 — D7) o3 P’
PFX5 Cx5ﬁﬁ/-ﬁk00'ijpj
Spin-convection Q,ZJT At scp'p Clm % oapp'p’ P




® * Matching Coefficient Expansions

\ Cr = Fl —|—F2,
cp = F1+2F; + 8Fl17
NRQED QED cs = F1+2F,,

L. gy o L E [y
= cwr = F1+ 5Fa+ AT, + 4T,

=" =Y e
cw2 = 5Fa+ AF, + 4F,

cpp = Fa,
= 10, k" |l £
DQED (py, p1) = @(ps) {7 Fy (k) + 42 Fy(k?) bu(p) ¢y = 5 Fe +4F;,
5y oL I =L
k* = py —pf B e TR T
P2 — P Cx1 123 1+32 2+4 15
D e ottt
— — SN c = —_F1+—F,,
Fi= R0, Fi= gosmsleo TR oA I T Red
1—/ 1—/ 1—//
T s §F1+ZF2+§F17
L@ mr = =F+:F
CX5 39 1+8 2,
3l do st 1=
Ex o= + melmie— o =" — el



w,

Matching Coefficient Expansions

Coefficient  O(a?) O(at) O(a?) O(a?)
CF 1 % 4 3_3(211,12_'_ <-2_|_ }ZZ 215C + C - 239C 4 254-211,1 2_|_ 100
25 139 596 17101 28259
+1s ln 2+ FTERbae oGzl 2 2 135<+5184
cD 1 _%E C3+18<21n2__ % _C _IQICC +1591C _956C 1 2 _%GML
142 4 23791 249767 88409
] = C+ Cl2 810C+11664
cs 1 1 2(3—6(21n2+(:2—}— 197 215C + 83<3<- - 239C 2. CQIH 2+ 200
25 139 1192 34202 28259
—|—3ln 2+ “oGEk— G2 ln2—|— 135 62 + 2592
CWw1 1 —%E—f— %
CWw?2 0 —%E—i— %
Cp'p 0 %
e 0 —4=-1
5 = 1 p—
cx1 oE o ey ==1 _1In (m)
3 Al 2e U
X2 64 32
11 — 13
CxX3 0 ~120= " 390
c 3 L
X5 32 16
c ey R
X6 32 12—~ 96
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Energy levels are found as the positions of poles in the electron-positron
2-t0-2 NRQED Green function G:

G(E, p2’p1) N ZZk \Ilnak(pZ)@nak(pl)

A~ g, X M, Y
G = ( ) < + + + + + + + +
24 s % T %
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G satisfies the NRQED Bethe-Salpeter equation

G=5+5KG

Where S is the product of a free electron and a free positron propagator
and K is the two-particle irreducible electron-positron to electron-
positron kernel

==X

(DR ROMOIOR KU BB BT KN B0 X8

where the slash at the end of each fermion line indicates that the
fermion line is not actually present in K but is shown only for clarity.
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We want to base a perturbation scheme on an exactly-soluble lowest
order problem:

Go =85+ SKyGg

. A Y < 7'('&_26
Where K (E;py,p1) = —iV (P2 — 1), V(k) = =38

represents the exchange of a Coulomb photon. The solution for G, can
be expressed in terms of solutions to the usual Schrodinger-Coulomb (SC)

equation (but in D=3-2¢ dimensions): W o Voine
o snem T U nem
g Z T EO;nE

TS

The perturbative scheme uses the perturbing kernel 6K = K- K,

AE = (6K) + (6KGoSK) + (%0K|g,) +

d d i
with (0K) = [ % G5B U(E; p2)d K (E; p2,p1)¥(E;p1) , ete



" -t Hydrogen Atom in
D=3-2¢ Dimensions

The lowest order wave functions and energies satisfy the Schrodinger-Coulomb equation
in D=3-2¢ dimensions:

2 = - — —
— 3 V2U(Z) + V(r)$(Z) = Bp(Z)
where V(r) is the D-dimensional Fourier transform of the Coulomb exchange interaction

V(r)= [ 2 k_—4map® _ _ T(D/2-1)p*a
(27r)D 2 3R nD/2—1,.D—2

and

72 (%)2_'_@@_3(1@@—2)

r Or r2

when acting on a radial function times a D-dimensional spherical harmonic.
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\g Hydrogen Atom in

D=3-2c Dimensions

The radial function satisfies

= {- (&) - 22L& + 2BAL R(r) + V(r)R(r) = ER(r)

r2

The short and long distance behavior can be factored out as in three dimensions:

Ee—p/2

7% n+/¢)! 1/2
R(r) = 08 (785255) " S Lin)

Where ¢ is the “wave function at the origin”, Q is a solid angle factor in D dimensions,

p=2yr where E=-y?/(2m) and L(0)=1. L(p) generalizes the usual associated Laguerre
polynomial.




e f\g Hydrogen Atom in
’\\ D=3-2¢ Dimensions

The equation for L(p) is
2
P y { A1L) ) 4L T o np2e

with the series solution

0o J
L{p) = > ). a0 @p*)*
=0 k=0
= 1+p(a0+ a11ﬁp26) + p? (az0 + a1 pc + azzﬁ2/04€) o Npe

where

oo 91 k(IHte[2k—1])—aj16—1  ith
Ajk = T (j+2ek) (G20t 1+2¢[k—1))

ap0 =1, a;x =0unless0 <k <j



-t Hydrogen Atom in
D=3-2¢ Dimensions

Perturbation Theory

Hydrogen with the potential Vp(r) = — % can be solved exactly, even in D=3-2¢
dimensions. Using V() as the starting point of perturbation theory with

s a—Ze & o
oV =V-V;= _Filgff_li)Dgl + 2 =—2(In(pr) +yg) + - - -

r

one can find expansions for the energy levels and wave functions. These can be
used to find expansions for the corrected principal guantum number 7 and the
wave function at the origin ¢. One finds

i =n+ (295 — 2Hpy¢ — 1/n) ne + O(€?) (H"’ =2 %)

for the state with quantum numbers n, £; and (for the ground state)

b = (M)lﬂ{l +e[3In (L) —2¢(2) +4+ 1 (lnm —vg)] + O(e?)}

i



-t Hydrogen Atom in
D=3-2¢ Dimensions

What is it good for? The analysis shown here allows for simple evaluation of
(possibly divergent) expectation values. As an example, consider the following
expectation value that contributes at O(ma®):

<(%)2>ne_fo Rl o ] R2,(r) o [y drr=2T2<R2 (r)

This expectation value is divergent for S states when D=3, but with D=3-2¢ we can
use the knowledge of the small r behavior of the wave function to find

<(%)2> 0 o Wma3¢2ﬁ'2€ {_ —8ln (2ma) +8Hn i 3'n.2 - % 7 16 i3 0(6)}



e e* Example Calculation:
\\ Transverse Photon Exchange

The Feynman rules are used to write down the energy correction due to exchange
of a single transverse photon with convection vertices:

i0,:(Pa —P1)  igo
p2 — p1)? + i€ 2mo

. , : 4 7
AET%¢ — z<5K> =] /ddpgddpl U(p2) : P2+ D1)i (

2—m1( (—pQ —pl)j ‘I’(pl)

P2 P1
- -
?Pz-m
- &

—P2 —P1



: e* Example Calculation:
\ Transverse Photon Exchange

The Feynman rules are used to write down the energy correction due to exchange
of a single transverse photon with convection vertices:

' T )
iq1 i0;;(P2 —P1) gy
2m (P2 +p1)s (p2 — p1)? + i€ 2mo (

AETC = i(0K) = i / d*pad’py| T (p2) —p2 = L)Y (p1)

The components of this expression include:

(1) the lowest-order NRQED Bethe-Salpeter wave functions

W(p) = i (i) (8- £ : ) v(7)

€1E+po———|—ze£2 om,.

where & = m;/(m1 + m2), and ¢ (p) is the standard Schrodinger-Coulomb wave
function (in D=3-2¢€ dimensions).



e e* Example Calculation:
\\ Transverse Photon Exchange

The Feynman rules are used to write down the energy correction due to exchange
of a single transverse photon with convection vertices:

] i0 p2 — D1 oy
] —p); [T
(p2 + p1); A ZE[2m2( —p2 — 1) |[¥(p1)

AET;C’C = Z<5K> = i/ddpgddpl \If(pg)[2m

The components of this expression include:

(1) the Bethe-Salpeter wave functions
(2) the convection vertex factors



e e* Example Calculation:
\ Transverse Photon Exchange

The Feynman rules are used to write down the energy correction due to exchange
of a single transverse photon with convection vertices:

T:c,c . . d d T Zq ZéT(p2 _p1> iQZ
AE R = Z<5K> =1 [ d'p2d®pr ¥(p2) 2—(192 + p1)i (—p2 —p1); ¥(p1)

(pz p1) + 2€|2mo

The components of this expression include:

(1) the Bethe-Salpeter wave functions
(2) the convection vertex factors
(3) the transverse photon propagator, where

kik;
P2

5T(lg) 0 , (p2—p1)?+ie = (p20 — p10)° — (P2 — P1 ) +ic



e e* Example Calculation:
\ Transverse Photon Exchange

The Feynman rules are used to write down the energy correction due to exchange
of a single transverse photon with convection vertices:

i0,:(Pa —P1)  igo
p2 — p1)? + i€ 2mo

. , , 4 i
AETC = z<5K> =] /ddpgddpl U(p2)

2—7711( (—=p2 —p1); Y(p1)

P2+ P1)i (

The first step in the evaluation of this term is to perform the energy integral using
the residue theorem. The energy integral is

A, dpao dp DAL Dl
R(pg,pl) 5 2—;0 2—;0 [ <§1E + p2o — 2%711 + 1€11 sz o . ﬁ —+ 1€19

X (p20 — p1o — q + i€2) (P20 — P10 + q — i€2)

P2 ik =)
SIS (el EoF — p1g — — + iesg
2mq 2ma

A 2 N e : », L
2m.,. 2m,. with ¢ = [p> — p1|




; e* Example Calculation:
Transverse Photon Exchange

The result for the energy contribution is

wd AT - il At i
AR — el /de2de1 W(m) p2ip1j5;'Ij" (Pz - p1) R(p2,p1) ¢(p1)
mimso
where
R(p2, 1) . : + ]
22101 = = =5 = =
2 |- E+Z + & ¢-FE+£L 4+ 5




e* Example Calculation:
\\ Transverse Photon Exchange

The result for the energy contribution is

47t 7 cujie
n1mo

I Tie ol /deQJDpl W1 (P2) paip1;0.; (P2 — Pr) R(Pa, Pr) ¥ (51)

The energy integral R(p>, p1) has contributions from two regions:
(1) soft (all momenta of order ma),

giving contributions at orders ma?*, ma?, ma®, and ma’



e* Example Calculation:
\ Transverse Photon Exchange

The result for the energy contribution is

47t 7 cujie

mimsg

I Tie ol /d‘DdeDpl W1 (P2) paip1;0.; (P2 — Pr) R(Pa, Pr) ¥ (51)

The energy integral R(p>, p1) has contributions from two regions:
(1) soft (all momenta of order ma), and
(2) ultrasoft, where p> and p; are soft but g, — p; is ultrasoft (of order ma?),

giving a contribution to the Lamb-shift-like Salpeter term at order ma>, which
contains the Bethe log, and additional Lamb-shift-like contributions at order ma’.



e* Example Calculation:
\\ Transverse Photon Exchange

The result for the energy contribution is

wd AT - il At i
i et o1 B /dengm 1 (P2) paip156; (P2 — P1) R(P2, 1) ¢ (51)

mimsg

The soft expansion of R(ﬁz,ﬁl) has the form

1
R(ﬁZapl) 2 |: o ]
o7 e
_%< _2m2_2r;1) 1—%(E_;W1_2]9712)
. + o
g2 2mr 2mr
) pz —p1)
2mr 2mims
p2 —pl) 522 1712
E— E— E — e
( 2mT) 4momy [( 2mr> gF ( 2mr>] } E}

+
S"H
N
N N
/_\ /_\
[\V) [\V)
3|3 3|3
S S
\_/ v
+ +



e e* Example Calculation:
\\ Transverse Photon Exchange

Transverse photon exchange with convection vertices gives an energy contribution
at order ma® of

3 6 2
Tec.c m>(Za) 2 5 12 —n —5+T74({+1)
N . (AN | - _ — —0y— A
ABois 8mq1ms { ( n4 g (£4+1/2)n3 n3 56_0) 3 (4(€ —1/2)({+1/2)(£+ 3/2)n®

i {-1+4}

4m1m2

2
F

mimsa

(V3 = {7T¢%<Zo¢)3,u2€ {_% —41n <ﬁ) + 4H,, — % _4} £ =0

—m; (Za)° .
((l+1)(£+1/2)n? i >0

2m

where A=1-— and




Results for energy
contributions at
0(ma®) for €50

Class

Type

Energy contribution

Relativistic kinetic energy

KEe¢

+

1
512

5 8n24+7-120(4+1)
78 T @12 1/2)(63/2)m

Single Coulomb exchange

Darwin—Darwin

Darwin—SO —;;—;},&ZKE . §>
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% ; CX1 S V2)
1 1
: + : CX2 ) 0 p
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s ," SX5 256 {£(2+1)(£—1/2)(£+1/2)(2+3/2)n5 + =55 0e= } (L-S)
2 =P,
SX6 — P61 (L S)
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P2 P1 P2 p2-k P1

=P1
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H® = Hp+ Hg
1 3 3 3E, 5 TR
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i Pl 2) e R e 4
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£ = €(j,4,s)+(L-§)
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7 [646(1 (1201 +20(3+20m° | 322(1 + 02(—1 + 20)(1 + 20)2(3 + 20)n?
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Summary

Methods are in place that are adequate for the calculation of order
ma’ corrections to the energy levels of positronium. These methods are
being confirmed by calculation of lower order corrections. All 0(a%),
0(a®), and 0(a®) corrections have been found using the new approach.
(The 0(a®) ones for £>0 are still being confirmed.) While many
contributions at 0(a’) have already been obtained, much work remains
to be done.
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