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Positronium Energy Levels



Why Study Positronium?

Positronium is intrinsically interesting. It is the simplest bound system.  
It’s constituents are structureless pointlike particles.  Many fundamental 
aspects of quantum field theory enter into its description.  It differs 
from other exotic atoms in having large recoil effects, little sensitivity 
to hadronic physics, and in being subject to real and virtual annihilation.

Positronium is accessible both to high precision experiments and to
detailed calculations, so its study allows for a stringent test of the 
theory of bound states in QED (quantum electrodynamics) and quantum
field theory generally.

Positronium is ideal for tests of fundamental symmetries and is useful in 
searches for “new physics”.
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Positronium Spectrum

The n=1 and n=2 levels of positronium 
are shown.  (Transition energies are in 
units of MHz.)
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Positronium Spectrum

The n=1 and n=2 levels of positronium 
are shown.  Transitions of experimental 
interest are the

(1) n=1 hyperfine splitting

(2) n=2 hyperfine splitting

(3) n=2 fine structure

(4) 1S-2S transition   

All of the measurements have 
uncertainties on the order of 
1MHz 

(13S1 � 11S0)

(23S1 � 2P )



Measured Transitions

Transition Common Name Natural Linewidth Expt. Uncert.

n=1 hyperfine ≈1300MHz ≈1MHz

n=2 fine structure ≈50MHz ≈2MHz

1S-2S ≈1.3MHz ≈3MHz

13S1 � 11S0

23S1 � 2P
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Measured Transitions

Transition Common Name Natural Linewidth Expt. Uncert.

n=1 hyperfine ≈1300MHz ≈1MHz

n=2 fine structure ≈50MHz ≈2MHz

1S-2S ≈1.3MHz ≈3MHz

1S-2S ΔE=1233607216.4(3.2) MHz (2.6ppb)
seems to have the greatest potential for improvement.

13S1 � 11S0

23S1 � 2P
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Status of Energy Level Theory

The theoretical formula for the energy levels of positronium states 
can be written as

where L=ln(1/α).  All terms through order α7 ln2(1/α) are known, as 
are the order α7 ln(1/α) terms for the hyperfine interval.  Estimates 
of the theoretical uncertainties are

0.6 MHz 1S-2S
0.5 MHz hfs
0.1 MHz n=2 fine structure
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Status of Energy Level Theory

Contributions to positronium energy levels for n=1 (in MHz) 

Positronium energy contributions can be classified by
whether or not they involve a complete annihilation of the
electron-positron pair into some number of virtual photons
as an intermediate state. Processes involving annihilation
into one, two, three, and four photons all contribute at
Oðmα7Þ. Charge conjugation symmetry implies that the
l ¼ 0 spin triplets n 3S1 are only affected by one- or three-
photon intermediate states, while the spin singlets n 1S0 are
only affected by two- or four-photon intermediate states.
The one-photon-annihilation contribution at Oðmα7Þ is
known [34]. The purpose of this Letter is to present the
result for the Oðmα7Þ energy level correction due to all
processes involving three-photon intermediate states.
The main challenge in dealing with the three-photon-

annihilation (3γA) graphs is the separation of real and
imaginary parts. Our approach is to deal with the graphs
noncovariantly by first integrating over the energy compo-
nents of the annihilation photon loop momenta. We then
identify the terms that contribute imaginary energies by
Cutkosky analysis [39] and isolate the imaginary parts as
coming from lnð−1 − iϵÞ ¼ −iπ. We illustrate this pro-
cedure in a calculation of the lowest order 3γA graph
shown in Fig. 1. The diagram shown represents one of the
six permutations of internal photons that contributes at
this order.
The energy shift through Oðmα7Þ due to 3γA graphs

depends on the spin of the positronium state and the value
of the wave function at spatial contact ϕ0—other features of
the wave function do not enter. All internal momenta are
“hard”—of OðmÞ—while momenta of order mα and mα2

do not contribute. Consequently, any convenient bound
state formalism can be used. We employ the formalism of
Ref. [40], in which the energy shift is an expectation value

ΔE ¼ iΨ̄δKΨ; ð3Þ

where δK is the two-particle-irreducible kernel describing
the perturbation and Ψ is the appropriate wave function.
The use of this formalism for related calculations was
described in Refs. [35,37,38].
The energy shift from Fig. 1 can be written as

ΔE ¼ mα6

π2
2

3

Z
dpdqp2q2

Z
1

−1
du

Z
dp0

2πi
dq0
2πi

T1a

D1a
; ð4Þ

wherep and q stand for themagnitudes of the dimensionless
photon momentum vectors ~p and ~q (with the electron mass
scaled out), u ¼ p̂ · q̂, T1a is a trace factor, and the deno-
minator is D1a¼ðp2

0−p2þ iϵ1Þ½ð2−p0−q0Þ2−ð~pþ ~qÞ2þ
iϵ2&ðq20−q2þ iϵ3Þ½ðp0−1Þ2−p2−1þ iϵ4&2½ðq0−1Þ2−q2−
1þ iϵ5&2. We have used distinct values for the various
positive infinitesimals ϵi to facilitate evaluation of the energy
integrals by use of the residue theorem.
After performing the p0 and q0 integrals we obtained a

number of terms—those giving rise to the imaginary part all
contained a denominator factor pþ qþ s − 2 − iϵ, where
s≡ j~pþ ~qj and ϵ here is a positive infinitesimal formed
from ϵ1, ϵ2, etc. We isolated the singularity by writing

1

pþ qþ s − 2 − iϵ
¼ pþ q − s − 2

−2pqðu − ū − iϵÞ
; ð5Þ

where ū is the special value of u for which pþ qþ s ¼ 2:

ū ¼ −1þ 2ð1 − pÞð1 − qÞ
pq

¼ 1 −
2ðpþ q − 1Þ

pq
: ð6Þ

The quantity ū has physical values −1 ≤ ū ≤ 1 when
p ≤ 1, q ≤ 1, and pþ q ≥ 1. This region, the orthoposi-
tronium “decay triangle,” corresponds to physical (positive
energy) photons with total energy equal to that of posi-
tronium (2m in this approximation). The u integral was
written as

TABLE I. Known contributions to the average 1S energy and
n ¼ 1 HFS at various orders in the perturbative series. The first
column shows the orders that contribute, starting at mα4.
(The leading contribution to the average energy −mα2=4 is
not shown.) The second column gives the numerical value of
mα4,mα5 lnð1=αÞ, etc. (The energies are expressed in MHz using
the 2014 CODATA recommended values for R∞c and α.)

Order Value Eav (1S) EHFS (13S1–11S0)

mα4 350 377 38 322.493 204 386.630

mα5 lnð1=αÞ 12 580 3003.302 0

mα5 2557 −1018.784 −1005.497
mα6 lnð1=αÞ 91.8 2.869 19.125

mα6 18.7 3.000 −7.330
mα7 ln2ð1=αÞ 3.30 −1.091 −0.918
mα7 lnð1=αÞ 0.67 ' ' ' −0.323
mα7 0.14 ' ' ' ' ' '

FIG. 1. The lowest order 3γA contribution. The positronium
four momentum in the center-of-mass frame is P ¼ ð2m; ~0Þ, and
p, q, and P − p − q are the photon four momenta. Only one of
the six permutations of annihilation photons is shown here.

PRL 115, 233401 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending

4 DECEMBER 2015

233401-2
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Method of Calculation

1. Use Non-Relativistic QED (NRQED) and dimensional regularization
2. Obtain all required matching coefficients
3. Describe two-body bound states using the NRQED Bethe-Salpeter

equation.  Energies appear as poles in the Green function.
4. Build a perturbation scheme based on an exact lowest-order solution 

to the NRQED Bethe-Salpeter equation
5. Use the “method of regions” to identify contributions at various 

powers of the expansion parameter α
6. Express all contributions in terms of expectation values of various 

operators in states of the D-dimensional non-relativistic Schrödinger-
Coulomb equation
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Lagrangian of the Effective Quantum Field 
Theory NRQED (Non-Relativistic QED)

L =

¯ (i�µDµ �m) + photon terms

We will replace the usual QED Lagrangian

by



Lagrangian of the Effective Quantum Field 
Theory NRQED (Non-Relativistic QED)

Energies at O(↵4) for nonrelativistic Coulombic bound states using NRQED

Gregory S. Adkins

⇤

Franklin & Marshall College, Lancaster, Pennsylvania 17604

(Dated: May 17, 2016)

These are operators that contribute to the energy shift of a nonrelativistic Coulombic bound state

at order ↵4
.

PACS numbers:

I. INTRODUCTION

L =  †
n

iDt +

~D 2

2m
+

~D 4

8m3
+ cF

q

2m
~� · ~B + cD

q

2m2
[

~r · ~E]

+ cS
iq

8m2
~� ·

⇣

~D ⇥ ~E � ~E ⇥ ~D
⌘

+ · · ·
o

 

+ positron terms

+ four�fermion contact terms + photon terms (1a)

L =  †
n

iDt +

~D 2

2m
+

~D 4

8m3
+ cF

q

2m
~� · ~B + cD

q

2m2
[

~r · ~E]

+ cS
iq

8m2
~� ·

⇣

~D ⇥ ~E � ~E ⇥ ~D
⌘

+ · · ·
o

 

+ positron terms

+ four�fermion contact terms

+ photon terms

with

Dt =
@

@t
+ iqA0, ~D =

~r� iq ~A, ~E = �~rA0 � @ ~A

@t
, ~B =

~r⇥ ~A

II. FINE STRUCTURE OPERATORS

What follows is the complete list of terms that contribute to the energies at O(↵4
). I have also given some results

for energies, but the powers of Z in the energies are unconfirmed and incorrect in places.

1. Contribution of transverse photon exchange with two convective vertices.

X1(~p
0, ~p ) =

�4⇡Z↵

m1m2

p0ip
0
j�

T
ij(~q )

~q2

X1(~x ) =

�Z↵

2m1m2

1

r

�

p2 + p2r
�

(2a)

where ~q = ~p 0 � ~p and p2 = ~p 2
= (�i~r)

2
= �r2

, pr = x̂ · ~p.

⇤gadkins@fandm.edu

The electron charge and mass are q and m



NRQED Feynman Rules

Propagation Factors:

�������
i

p0 -
p�2

2m + iϵ
������� ������

i

k
2

i j

���������� ������

iδijT (k )

k2 + iϵ

������������ ������� ������
i p4

8m3

������� ������ ������������

cVP
i k

2
k2

me
2

i j

���������� ������ ������������

cVP
ik4

me
2
δij

International Conference
on Precision Physics and Fundamental Physical Constants

10-14 June 2019
Tihany, Hungary

Call for Abstracts
Submittion deadline: 15 May 2019

Registration
Deadline: 15 May 2019
https://indico.cern.ch/event/643043

Chairpersons
Savely G. Karshenboim (LMU & MPQ Munich & Pulkovo Observatory, St. Petersburg)

Dezső Horváth (Wigner Research Cenre for Physics, Budapest)

International Advisory Board

Simon I. Eidelman (Budker Institute of Nuclear Physics, Novosibirsk, Russia)
Victor V. Flambaum (University of New South Wales, Sydney, Australia)
Michal Hnatič (P.J. Safarik University, Kosice, Slovakia & JINR, Dubna, Russia)
Masaki Hori (MPQ Munich, Germany & U. Tokyo, Japan)
Vladimir I. Korobov (JINR, Dubna, Russia)
Péter József Lévai (Wigner Research Centre for Physics, Budapest, Hungary)
Krzysztof Pachucki (University of Warsaw, Poland)
Gabriella Pásztor (Department of Atomic Physics, Eötvös University, Budapest, Hungary)
András Patkós (Department of Atomic Physics, Eötvös University, Budapest, Hungary)
Mihály Pósfai (University of Pannonia, Veszprém, Hungary)
Lydia Roos (CNRS, Paris, France)
Elizaveta Shabalina (University of Göttingen, Germany)
Stephan Schlamminger (NIST, Gaithersburg, USA) 
Eberhard Widmann (SMI, Vienna, Austria)

Wigner Research Centre for Physics, Hungarian Academy of Sciences
1121 Budapest, Konkoly-Thege Miklós út 29-33., Hungary
Tel.: + 36 1 392 22 22
wigner.mta.hu
For information please contact us via e-mail: ffk.tihanywigner.mta.hu Ph

ot
o:

 B
al

az
sU

jfa
lu

ss
y

©



NRQED Feynman Rules

Interaction Vertices:
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Lagrangian of NRQED

Energies at O(↵4) for nonrelativistic Coulombic bound states using NRQED

Gregory S. Adkins

⇤

Franklin & Marshall College, Lancaster, Pennsylvania 17604

(Dated: May 17, 2016)

These are operators that contribute to the energy shift of a nonrelativistic Coulombic bound state

at order ↵4
.

PACS numbers:

I. INTRODUCTION

L =  †
n

iDt +

~D 2

2m
+

~D 4

8m3
+ cF

q

2m
~� · ~B + cD

q

2m2
[

~r · ~E]

+ cS
iq

8m2
~� ·

⇣

~D ⇥ ~E � ~E ⇥ ~D
⌘

+ · · ·
o

 

+ positron terms

+ four�fermion contact terms + photon terms (1a)

L =  †
n

iDt +

~D 2

2m
+

~D 4

8m3
+ cF

q

2m
~� · ~B + cD

q

2m2
[

~r · ~E]

+ cS
iq

8m2
~� ·

⇣

~D ⇥ ~E � ~E ⇥ ~D
⌘

+ · · ·
o

 

+ positron terms

+ four�fermion contact terms

+ photon terms

with

Dt =
@

@t
+ iqA0, ~D =

~r� iq ~A, ~E = �~rA0 � @ ~A

@t
, ~B =

~r⇥ ~A

II. FINE STRUCTURE OPERATORS

What follows is the complete list of terms that contribute to the energies at O(↵4
). I have also given some results

for energies, but the powers of Z in the energies are unconfirmed and incorrect in places.

1. Contribution of transverse photon exchange with two convective vertices.

X1(~p
0, ~p ) =

�4⇡Z↵

m1m2

p0ip
0
j�

T
ij(~q )

~q2

X1(~x ) =

�Z↵

2m1m2

1

r

�

p2 + p2r
�

(2a)

where ~q = ~p 0 � ~p and p2 = ~p 2
= (�i~r)

2
= �r2

, pr = x̂ · ~p.

⇤gadkins@fandm.edu
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Lagrangian of NRQED

The matching coe�cients have the values cF = 1 +
↵

2⇡
+ · · ·

cD = 1 +
8↵

3⇡

n�1

2✏
+ ln

m

µ

o

+ · · ·

cS = 1 +
↵

⇡
+ · · ·

(using dimensional regularization

in d = 4� 2✏ dimensions)

=
NRQED QED
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NRQED Lagrangian

L ¼ c y
!
iDt þ c2

D2

2M
þ c4

D4

8M3 þ cFg
! #B
2M

þ cDg
½@ #E%
8M2 þ icSg

! # ðD'E(E'DÞ
8M2 þ cW1g

fD2;! # Bg
8M3

( cW2g
Di! #BDi

4M3 þ cp0pg
! #DB #DþD # B! #D

8M3 þ icMg
fDi; ½@' B%ig

8M3 þ cA1g
2 B

2 (E2

8M3 ( cA2g
2 E2

16M3

þ cX1g
½D2;D #EþE #D%

M4 þ cX2g
fD2; ½@ #E%g

M4 þ cX3g
½@2@ #E%

M4 þ icX4g
2 fDi; ½E' B%ig

M4

þ icX5g
Di! # ðD'E(E'DÞDi

M4 þ icX6g
!ijk"iDj½@ #E%Dk

M4 þ cX7g
2 ! #B½@ #E%

M4 þ cX8g
2 ½E # @! # B%

M4

þ cX9g
2 ½B # @! #E%

M4 þ cX10g
2 ½Ei! # @Bi%

M4 þ cX11g
2 ½Bi! # @Ei%

M4 þ cX12g
2 ! #E' ½@tE( @' B%

M4 þOð1=M5Þ
"
c :

(1)

We have defined Dt ¼ @=@tþ igZA0, Di ¼ @=@xi (
igZAi, where (gZ ¼ (e, þe or 0 for an electron, proton
or neutron, respectively. We use the summation convention
XiYi*P3

i¼1X
iYi, and define ½X; Y% * XY ( YX, fX; Yg *

XY þ YX to denote commutators and anticommutators as
usual. Square brackets around quantities imply that deriva-
tives act only within the bracket. Electric and magnetic
fields are defined as usual by E ¼ (½@tA% ( ½@A0% and
B ¼ ½@'A%. By the definition of E and B, ½@ #B% ¼ 0
and ½@tBþ @'E% ¼ 0.

The most general term in (1) is obtained by constructing
all possible rotationally invariant, Hermitian combinations
of iDt, D

i, Ei, iBi, i"i, with parity requiring an even
number of factors of Di and Ei. The operators through
1=M3 were previously introduced in Refs. [1,9,10]. Terms
at 1=M4 with two field strength factors Ei or Bi are
straightforward to tabulate; note that we have used ½@tB% ¼
(½@'E% and the assumption of canonical form to elimi-
nate time derivatives of the magnetic field. Remaining
terms at 1=M4 involve one factor of electric field Ei and
three spatial derivatives Di. Spin-independent terms are
straightforward to tabulate; the basis of operators parame-
trized by cX1, cX2, cX3 differs from other possible choices
by terms involving commutators ½Di;Dj%, i.e., terms with
two field strengths. For spin-dependent terms we use
½@'E% ¼ (½@tB% and the assumption of canonical form
to eliminate occurrences of [@'E]. The three-vector
identity,

DiðE'!Þj þ ð!'DÞjEi þ"iðD'EÞj ¼D #E'!#ij;

(2)

applied to remaining terms of the form c yDið# # #ÞDjc ,
leaves the basis of operators parametrized by cX5, cX6.

III. RELATIVISTIC INVARIANCE

The Lagrangian (1) is invariant, by construction,
under rotations and spacetime translations. The

remaining constraints of relativity are enforced by de-
manding invariance under boosts. Here we derive these
additional constraints, first by a variational calculation in
Sec. III A, and then by an equivalent invariant operator
construction in Sec. III B.

A. Variational method

As detailed in Ref. [8], under infinitesimal boosts, with
infinitesimal boost parameter " ¼ (q=M, we may choose
the heavy fermion to transform as

c ! e(iq#x
!
1þ iq #D

2M2 þ iq #DD2

4M4

( ! ' q #D
4M2

#
1þ D2

4M2

$
þ icDg

8M3 q #E

þ cSg

8M3 q # ! 'EþOðg=M4; 1=M6Þ þ # # #
"
c ; (3)

while derivatives and gauge fields transform as Lorentz
vectors, so that

Dt ! Dt þ
1

M
q #D; D ! Dþ 1

M
qDt;

E ! Eþ 1

M
q' B; B ! B( 1

M
q'E:

(4)

Field strength-dependent terms in (3) have been chosen to
maintain canonical form. Since we are interested in the
canonical Lagrangian through order 1=M4, we need not
specify the explicit form of the order 1=M4 field strength-
dependent terms, denoted by Oðg=M4Þ. A straightforward
computation yields

#L¼ 1

M
#L1þ

1

M2#L2þ
1

M3#L3þ
1

M4#L4þ### ; (5)

where

HILL et al. PHYSICAL REVIEW D 87, 053017 (2013)

053017-2

From	R.	J.	Hill,	G.	Lee,	G.	Paz,	and	M.	P.	Solon
NRQED	Lagrangian at	order	1/M4

Phys.	Rev.	D	87,	053017	(2013)	
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Feynman Rules for NRQED

16

TABLE I: Zero- and one-photon fermion-line Feynman rules. These rules apply to interactions involving two like fermions, one
incoming with momentum ~p

1

and one outgoing with momentum ~p 0. The quantities q and m refer to the charge and mass of
the fermion in question, and ~P ⌘ ~p 0 + ~p. Interactions involving no photons and one photon are considered. For the one photon
interactions (Coulomb or transverse), the incoming momentum along the photon line is ~k = ~p 0 � ~p. The spatial index for rules
involving a transverse photon is i.

Class Type Label Rule

Relativistic Kinetic Energy  † K4 i~p 4

8m3

K6 �i~p 6

16m5

Coulomb  †A0 �iq

D (Darwin) cD
iq

8m2
~k 2

CX1 cX1

�iq
m4

�

~p 02 � ~p 2

�

2

CX2 cX2

�iq
m4

�

~p 02 + ~p 2

�

~k 2

CX3 cX3

�iq
m4
~k 4

Spin-orbit  †A0 S (Spin-orbit) cS
q

4m2 �abp
0apb

SX5 cX5

�2q
m4 ~p

0 · ~p�abp
0apb

SX6 cX6

q
m4

~k 2�abp
0apb

Convection  †Ai iq
2mP i

conK4 �iq
8m3

�

~p 02 + ~p 2

�

P i

conM cM
�iq
8m3

~k 2P i

conX1 cX1

iq
m4

�

~p 02 � ~p 2

�

k0P i

Fermi  †Ai F (Fermi) cF
q

2m�ijk
j

FW1 cW1

�q
8m3

�

~p 02 + ~p 2

�

�ijk
j

FW2 cW2

q
4m3 ~p

0 · ~p�ijk
j

Fp0p cp0p
�q

16m3
~P 2 �ijk

j

P-Fermi  †Ai PFS cS
�q
8m2 k

0 �ijP
j

PFp0p cp0p
q

16m3

�

~p 02 � ~p 2

�

�ijP
j

PFX5 cX5

q
m4 ~p

0 · ~p k0 �ijP
j

Spin-convection  †Ai scp0p cp0p
�q
8m3 �abp

0apbP i

Longitudinal  †Ai LD cD
�iq
8m2 k

0ki

LM cM
iq

8m3
~k · ~P ki

LX2 cX2

iq
m4

�

~p 02 + ~p 2

�

k0ki

LX3 cX3

iq
m4
~k 2k0ki

LX6 cX6

�q
m4 �abp

0apbk0ki

we evaluate

�iqu(p0)
n

�µF1(k
2) +

i�µ⌫k⌫

2m
F2(k

2)
o

u(p). (III.1)

The fermion momenta are on-shell: p0 = (E0, ~p ), p = (E, ~p ) with E0 = (m2 + ~p 02)1/2, E = (m2 + ~p 2)1/2, and photon
momentum is k = p0 � p. We use the non-relativistic spinor normalization

u†(p)u(p) = 1, u(p)u(p) = m/E (III.2)
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TABLE I: Zero- and one-photon fermion-line Feynman rules. These rules apply to interactions involving two like fermions, one
incoming with momentum ~p

1

and one outgoing with momentum ~p 0. The quantities q and m refer to the charge and mass of
the fermion in question, and ~P ⌘ ~p 0 + ~p. Interactions involving no photons and one photon are considered. For the one photon
interactions (Coulomb or transverse), the incoming momentum along the photon line is ~k = ~p 0 � ~p. The spatial index for rules
involving a transverse photon is i.

Class Type Label Rule

Relativistic Kinetic Energy  † K4 i~p 4

8m3

K6 �i~p 6

16m5

Coulomb  †A0 �iq

D (Darwin) cD
iq

8m2
~k 2

CX1 cX1

�iq
m4

�

~p 02 � ~p 2

�

2

CX2 cX2

�iq
m4

�

~p 02 + ~p 2

�

~k 2

CX3 cX3

�iq
m4
~k 4

Spin-orbit  †A0 S (Spin-orbit) cS
q

4m2 �abp
0apb

SX5 cX5

�2q
m4 ~p

0 · ~p�abp
0apb

SX6 cX6

q
m4

~k 2�abp
0apb

Convection  †Ai iq
2mP i

conK4 �iq
8m3

�

~p 02 + ~p 2

�

P i

conM cM
�iq
8m3

~k 2P i

conX1 cX1

iq
m4

�

~p 02 � ~p 2

�

k0P i

Fermi  †Ai F (Fermi) cF
q

2m�ijk
j

FW1 cW1

�q
8m3

�

~p 02 + ~p 2

�

�ijk
j

FW2 cW2

q
4m3 ~p

0 · ~p�ijk
j

Fp0p cp0p
�q

16m3
~P 2 �ijk

j

P-Fermi  †Ai PFS cS
�q
8m2 k

0 �ijP
j

PFp0p cp0p
q

16m3

�

~p 02 � ~p 2

�

�ijP
j

PFX5 cX5

q
m4 ~p

0 · ~p k0 �ijP
j

Spin-convection  †Ai scp0p cp0p
�q
8m3 �abp

0apbP i

Longitudinal  †Ai LD cD
�iq
8m2 k

0ki

LM cM
iq

8m3
~k · ~P ki
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The fermion momenta are on-shell: p0 = (E0, ~p ), p = (E, ~p ) with E0 = (m2 + ~p 02)1/2, E = (m2 + ~p 2)1/2, and photon
momentum is k = p0 � p. We use the non-relativistic spinor normalization

u†(p)u(p) = 1, u(p)u(p) = m/E (III.2)
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This is an expansion through terms of O(1/m4), where k0 ! ~p 02/(2m) � ~p 2/(2m) contains a factor of 1/m so that
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Results for the Dirac and Pauli form factors F1(q2) and F2(q2) to the required orders are known. There is an
unexplained di↵erence between the definition of the cM Lagrangian contribution and in the sign of cM between
Manohar [4] and Hill et al. [3, 5]. This sign di↵erence was pointed out in the Hill et al. papers. The sign in the
equation (g) above is that of HIll, and is correct by my calculations and those of my student Ben Akers.)

We require the traditional coe�cients cF , cD, and cS to O(↵3) and the rest only to O(↵). This is because cF , cD,
and cS all contribute to the energy levels at O(↵4), so an O(↵7) energy calculation will require three-loop corrections.
No new coe�cients contribute at O(↵5)–the contribution of the higher order terms in the Lagrangian commences
at O(↵6). Hence, to achieve a final result at O(↵7) for the energies, only the one-loop corrections to the higher
coe�cients cW1, etc., will be required.

The Dirac form factor F1(q2) satisfies

F 1 = F1(0) = 1 (III.19)

exactly, so
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The slope of the Dirac form factor can be written as a series in powers of ↵:

F
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where F
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1 is a textbook result (give reference for dim. reg.)
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TABLE III: Values of the matching coe�cients expanded in powers of ↵/⇡. The coe�cients as listed must be multiplied by
the appropriate power of ↵/⇡. The coe�cients cF , cD, and cS first contribute at O(↵4), so their values are needed through
terms of O(↵3) in order to achieve a final calculation accurate to O(↵7). The rest of the coe�cients do not contribute before
O(↵6) so their values have only been recorded through terms of O(↵). The infrared divergent factor ⌅ is defined in (III.23) as
⌅ = 1/(2✏)� ln (m/µ).

Coe�cient O(↵0) O(↵1) O(↵2) O(↵3)
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Expansion for small q2/m2 yields

F (1)
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1

2
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1
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q2
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60

q4

m4
+ · · · (III.35)

so that

F
0(1)
2 =

1

12
. (III.36)

The matching coe�cients are given in terms of the form factors in (III.17). Each can be expanded as a power series
in ↵. The values of the coe�cients of the various powers of ↵ are given in Table III

B. Matching for two-photon interactions

C. The four-fermion contact Lagrangian and Feynman rules

A general form for the four-fermion Lagrangian is given by Hill el al. [3] through terms of O(1/m4). For the
particle-antiparticle case, terms through O(1/m6) were given by Brambilla et al. [18]. These authors did not provide
values for the matching coe�cients–although Brambilla et al. did calculate the LO values for the imaginary parts.
The four-fermion Lagrangian (arising from exchange contributions) is

Le
4 =

des
m1m2

 †
1 1 

†
2 2 +

dev
m1m2

 †
1�k 1 

†
2�k 2 + · · · (III.37)

where  1 is the field for the negative particle (which annihilates electrons or muons) and � is the analogous field for
the positive particle (which annihilates protons, positive muons, or positrons). Additional terms not included here



Method of Calculation

Energy levels are found as the positions of poles in the electron-positron 
2-to-2 NRQED Green function G: 
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G satisfies the NRQED Bethe-Salpeter equation

Where S is the product of a free electron and a free positron propagator 
and K is the two-particle irreducible electron-positron to electron-
positron kernel 

where the slash at the end of each fermion line indicates that the 
fermion line is not actually present in K but is shown only for clarity.                                 
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We want to base a perturbation scheme on an exactly-soluble lowest 
order problem:

Where

represents the exchange of a Coulomb photon.  The solution for G0 can 
be expressed in terms of solutions to the usual Schrodinger-Coulomb (SC) 
equation (but in D=3-2ε dimensions):

The perturbative scheme uses the perturbing kernel δK = K– K0

with , etc.
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<latexit sha1_base64="lpwy9LAeE4tefRbYi2eUgUaVwW8="></latexit>



Hydrogen Atom in 
D=3-2ε Dimensions

The	lowest	order	wave	functions	and	energies	satisfy	the	Schrödinger-Coulomb	equation	
in	D=3-2ε	dimensions:

where	V(r)	is	the	D-dimensional	Fourier	transform	of	the	Coulomb	exchange	interaction

and

when	acting	on	a	radial	function	times	a	D-dimensional	spherical	harmonic.
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Hydrogen Atom in 
D=3-2ε Dimensions

The	radial	function	satisfies

The	short	and	long	distance	behavior	can	be	factored	out	as	in	three	dimensions:

Where	𝜙 is	the	“wave	function	at	the	origin”,	Ω is	a	solid	angle	factor	in	D	dimensions,
𝜌=2γr	where	E=-γ2/(2m)	and	L(0)=1.		L(𝜌)	generalizes	the	usual	associated	Laguerre	
polynomial.		
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Hydrogen Atom in 
D=3-2ε Dimensions

The	equation	for	L(𝜌)	is

with	the	series	solution

where

with		
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Hydrogen Atom in 
D=3-2ε Dimensions

Perturbation	Theory

Hydrogen	with	the	potential																											can	be	solved	exactly,	even	in	D=3-2ε	
dimensions.		Using														as	the	starting	point	of	perturbation	theory	with

one	can	find	expansions	for	the	energy	levels	and	wave	functions.		These	can	be	
used	to	find	expansions	for	the	corrected	principal	quantum	number					and	the	
wave	function	at	the	origin	𝜙.		One	finds

for	the	state	with	quantum	numbers	n,	ℓ;	and	(for	the	ground	state)
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Hydrogen Atom in 
D=3-2ε Dimensions

What	is	it	good	for?		The	analysis	shown	here	allows	for	simple	evaluation	of	
(possibly	divergent)	expectation	values.		As	an	example,	consider	the	following	
expectation	value	that	contributes	at	O(mα6):

This	expectation	value	is	divergent	for	S	states	when	D=3,	but	with	D=3-2ε	we	can	
use	the	knowledge	of	the	small	r	behavior	of	the	wave	function	to	find
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Example Calculation:
Transverse Photon Exchange

The	Feynman	rules	are	used	to	write	down	the	energy	correction	due	to	exchange	
of	a	single	transverse	photon	with	convection	vertices:
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Example Calculation:
Transverse Photon Exchange

The	Feynman	rules	are	used	to	write	down	the	energy	correction	due	to	exchange	
of	a	single	transverse	photon	with	convection	vertices:

The	components	of	this	expression	include:	

(1) the	lowest-order	NRQED	Bethe-Salpeter wave	functions

where																																		,	and										is	the	standard	Schrödinger-Coulomb	wave	
function	(in	D=3-2ε	dimensions).
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Example Calculation:
Transverse Photon Exchange

The	Feynman	rules	are	used	to	write	down	the	energy	correction	due	to	exchange	
of	a	single	transverse	photon	with	convection	vertices:

The	components	of	this	expression	include:

(1) the	Bethe-Salpeter wave	functions
(2) the	convection	vertex	factors
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Example Calculation:
Transverse Photon Exchange

The	Feynman	rules	are	used	to	write	down	the	energy	correction	due	to	exchange	
of	a	single	transverse	photon	with	convection	vertices:

The	components	of	this	expression	include:

(1) the	Bethe-Salpeter wave	functions
(2) the	convection	vertex	factors
(3) the	transverse	photon	propagator,	where	
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Example Calculation:
Transverse Photon Exchange
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The	Feynman	rules	are	used	to	write	down	the	energy	correction	due	to	exchange	
of	a	single	transverse	photon	with	convection	vertices:

The	first	step	in	the	evaluation	of	this	term	is	to	perform	the	energy	integral	using	
the	residue	theorem.		The	energy	integral	is

with					
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Example Calculation:
Transverse Photon Exchange

The	result	for	the	energy	contribution	is

where
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Example Calculation:
Transverse Photon Exchange

The	result	for	the	energy	contribution	is

The	energy	integral																	has	contributions	from	two	regions:	
(1) soft (all	momenta	of	order	mα),

giving	contributions	at	orders	mα4,	mα5,	mα6,	and	mα7
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Example Calculation:
Transverse Photon Exchange

The	result	for	the	energy	contribution	is

The	energy	integral																	has	contributions	from	two	regions:	
(1) soft	(all	momenta	of	order	mα),	and
(2) ultrasoft,	where						and						are	soft	but														is	ultrasoft (of	order	mα2),

giving	a	contribution	to	the	Lamb-shift-like	Salpeter term	at	order	mα5,	which	
contains	the	Bethe	log,	and	additional	Lamb-shift-like	contributions	at	order	mα7.

International Conference
on Precision Physics and Fundamental Physical Constants

10-14 June 2019
Tihany, Hungary

Call for Abstracts
Submittion deadline: 15 May 2019

Registration
Deadline: 15 May 2019
https://indico.cern.ch/event/643043

Chairpersons
Savely G. Karshenboim (LMU & MPQ Munich & Pulkovo Observatory, St. Petersburg)

Dezső Horváth (Wigner Research Cenre for Physics, Budapest)

International Advisory Board

Simon I. Eidelman (Budker Institute of Nuclear Physics, Novosibirsk, Russia)
Victor V. Flambaum (University of New South Wales, Sydney, Australia)
Michal Hnatič (P.J. Safarik University, Kosice, Slovakia & JINR, Dubna, Russia)
Masaki Hori (MPQ Munich, Germany & U. Tokyo, Japan)
Vladimir I. Korobov (JINR, Dubna, Russia)
Péter József Lévai (Wigner Research Centre for Physics, Budapest, Hungary)
Krzysztof Pachucki (University of Warsaw, Poland)
Gabriella Pásztor (Department of Atomic Physics, Eötvös University, Budapest, Hungary)
András Patkós (Department of Atomic Physics, Eötvös University, Budapest, Hungary)
Mihály Pósfai (University of Pannonia, Veszprém, Hungary)
Lydia Roos (CNRS, Paris, France)
Elizaveta Shabalina (University of Göttingen, Germany)
Stephan Schlamminger (NIST, Gaithersburg, USA) 
Eberhard Widmann (SMI, Vienna, Austria)

Wigner Research Centre for Physics, Hungarian Academy of Sciences
1121 Budapest, Konkoly-Thege Miklós út 29-33., Hungary
Tel.: + 36 1 392 22 22
wigner.mta.hu
For information please contact us via e-mail: ffk.tihanywigner.mta.hu Ph

ot
o:

 B
al

az
sU

jfa
lu

ss
y

©

~p1
<latexit sha1_base64="011bttjzQDAym1IxY38X+h2hmEQ="></latexit>

~p2
<latexit sha1_base64="2ExFNMZf66+Ei/RosmOFOjprAGo="></latexit>

~p2 � ~p1
<latexit sha1_base64="GGwbFgyUMxPh/Qhw5naDxXFAZzw="></latexit>

R(~p2, ~p1)
<latexit sha1_base64="y8MwOcR9CaVVbyelVyRwZYuDLB0="></latexit>

�ET;c,c = �4⇡Z↵µ̄2✏

m1m2

Z
d̄Dp2 d̄

Dp1  
†(~p2) p2ip1j�

T
ij(~p2 � ~p1) R(~p2, ~p1)  (~p1)

<latexit sha1_base64="XSOyR+m1dWj+wGSD3FKZGvDURcQ="></latexit>



Example Calculation:
Transverse Photon Exchange

The	result	for	the	energy	contribution	is

The	soft	expansion	of																	has	the	form
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Example Calculation:
Transverse Photon Exchange

Transverse	photon	exchange	with	convection	vertices	gives	an	energy	contribution	
at	order	mα6	of

where																																	and
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TABLE I: Contributions to the positronium energies at O(↵6) for ` > 0, given in units of m↵6. The quantity ⇠ = ⇠(j, `, s)
arises in the calculation of expectation values containing coupled angular and spin variables. It is defined in (??). We also use
the abbreviation X = `(`+ 1).

Class Type Energy contribution

Relativistic kinetic energy KE6
1

512

⇢

5
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contributions at 
O(mα6) for 𝓵>0



3

TABLE II: Contributions to the positronium energies at O(↵6) for ` > 0, given in units of m↵6. The quantity ⇠ = ⇠(j, `, s)
arises in the calculation of expectation values containing coupled angular and spin variables. It is defined in (??). We also use
the abbreviation X = `(`+ 1).

Class Type Energy contribution

Single transverse exchange T;c,c 1
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TABLE III: Contributions to the positronium energies at O(↵6) for ` > 0, given in units of m↵6. The quantity ⇠ = ⇠(j, `, s)
arises in the calculation of expectation values containing coupled angular and spin variables. It is defined in (??). We also use
the abbreviation X = `(`+ 1).

Class Type Energy contribution

Coulomb Coulomb transverse CCT;c,c 1
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Results for energy
contributions at 
O(mα6) for 𝓵>0
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TABLE II: Contributions to the positronium energies at O(↵6) for ` > 0, given in units of m↵6. The quantity ⇠ = ⇠(j, `, s)
arises in the calculation of expectation values containing coupled angular and spin variables. It is defined in (??). We also use
the abbreviation X = `(`+ 1).

Class Type Energy contribution

Single transverse exchange T;c,c 1
64

n
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TABLE III: Contributions to the positronium energies at O(↵6) for ` > 0, given in units of m↵6. The quantity ⇠ = ⇠(j, `, s)
arises in the calculation of expectation values containing coupled angular and spin variables. It is defined in (??). We also use
the abbreviation X = `(`+ 1).

Class Type Energy contribution

Coulomb Coulomb transverse CCT;c,c 1
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Results for energy
contributions at
O(mα6) for 𝓵>0
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TABLE IV: Contributions to the positronium energies at O(↵6) for ` > 0 arising from second order perturbation theory, given

in units of m↵6. The quantity ⇠̄ = ⇠ +
⌦

~L · ~S
↵

where ⇠ = ⇠(j, `, s) =
�

2~L 2~S 2 � 3~L · ~S(2~L · ~S + 3)
�

/
�

3(4~L 2 � 3)
�

. We also use
the abbreviation X = `(`+ 1).

Class Type Energy contribution
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Results for energy
contributions at
O(mα6) for 𝓵>0
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Ĝ0
<latexit sha1_base64="V084lIvr018dVS+GgnBd6cA+K1o=">AAAB73icbZDLSgMxFIbP1Futt6obwU2wCF2VmbrQnQUXuqxgL9AOJZNm2tAkMyYZoQx9CTcuFHGpr+EjuPMJfArB9LLQ1h8CH/9/DjnnBDFn2rjup5NZWl5ZXcuu5zY2t7Z38rt7dR0litAaiXikmgHWlDNJa4YZTpuxolgEnDaCwcU4b9xRpVkkb8wwpr7APclCRrCxVrPdxwZddtxOvuCW3InQIngzKJx/v0dfB6+i2sl/tLsRSQSVhnCsdctzY+OnWBlGOB3l2ommMSYD3KMtixILqv10Mu8IHVuni8JI2ScNmri/O1IstB6KwFYKbPp6Phub/2WtxIRnfspknBgqyfSjMOHIRGi8POoyRYnhQwuYKGZnRaSPFSbGnihnj+DNr7wI9XLJOymVr71CpQhTZeEQjqAIHpxCBa6gCjUgwOEeHuHJuXUenGfnZVqacWY9+/BHztsPJzGTwQ==</latexit>



International Conference
on Precision Physics and Fundamental Physical Constants

10-14 June 2019
Tihany, Hungary

Call for Abstracts
Submittion deadline: 15 May 2019

Registration
Deadline: 15 May 2019
https://indico.cern.ch/event/643043

Chairpersons
Savely G. Karshenboim (LMU & MPQ Munich & Pulkovo Observatory, St. Petersburg)

Dezső Horváth (Wigner Research Cenre for Physics, Budapest)

International Advisory Board

Simon I. Eidelman (Budker Institute of Nuclear Physics, Novosibirsk, Russia)
Victor V. Flambaum (University of New South Wales, Sydney, Australia)
Michal Hnatič (P.J. Safarik University, Kosice, Slovakia & JINR, Dubna, Russia)
Masaki Hori (MPQ Munich, Germany & U. Tokyo, Japan)
Vladimir I. Korobov (JINR, Dubna, Russia)
Péter József Lévai (Wigner Research Centre for Physics, Budapest, Hungary)
Krzysztof Pachucki (University of Warsaw, Poland)
Gabriella Pásztor (Department of Atomic Physics, Eötvös University, Budapest, Hungary)
András Patkós (Department of Atomic Physics, Eötvös University, Budapest, Hungary)
Mihály Pósfai (University of Pannonia, Veszprém, Hungary)
Lydia Roos (CNRS, Paris, France)
Elizaveta Shabalina (University of Göttingen, Germany)
Stephan Schlamminger (NIST, Gaithersburg, USA) 
Eberhard Widmann (SMI, Vienna, Austria)

Wigner Research Centre for Physics, Hungarian Academy of Sciences
1121 Budapest, Konkoly-Thege Miklós út 29-33., Hungary
Tel.: + 36 1 392 22 22
wigner.mta.hu
For information please contact us via e-mail: ffk.tihanywigner.mta.hu Ph

ot
o:

 B
al

az
sU

jfa
lu

ss
y

©

Results for energy
contributions at
O(mα6) for 𝓵>0

4
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Results for energy
contributions at
O(mα6) for 𝓵>0

4

TABLE IV: Contributions to the positronium energies at O(↵6) for ` > 0 arising from second order perturbation theory, given

in units of m↵6. The quantity ⇠̄ = ⇠ +
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Summary

Methods are in place that are adequate for the calculation of order 
mα7 corrections to the energy levels of positronium.  These methods are 
being confirmed by calculation of lower order corrections.  All O(α4), 
O(α5), and O(α6) corrections have been found using the new approach. 
(The O(α6) ones for ℓ>0 are still being confirmed.) While many 
contributions at O(α7) have already been obtained, much work remains 
to be done.
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Thank you!

Greg Adkins
Franklin & Marshall College

Jens Zorn (1999)
“The short, rich life of positronium”


