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Proton charge radius puzzle. First experiment.

Randolf Pohl, et al. (CREMA Collab.)
The Size of the proton.
Nature 466, 213 (2010).
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Rydberg constant from hydrogen atom

2P
3/2

2P
1/2

2S
1/2

1S
1/2

3D

8D
12D

ν(2S1/2−12D5/2) = 799 191 727.403 7(47) MHz

ν(1S1/2−2S1/2) = 2 466 061 413.187 018(11) MHz

R∞c = 3.289 841 960 355(19)× 1015 Hz
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Rydberg constant. MPQ experiment, Garching.

1S-4P transition.
A. Bayer, et al. Science 358, 79 (2017).
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Rydberg constant. MPQ experiment.
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Rydberg constant. LKB experiment, Paris.

1S-3S transition.
H. Fleurbaey, et al. Phys. Rev. Lett. 120, 183001 (2018).

Korobov Hydrogen molecular ions



The proton charge radius and Rydberg constant
Precision spectroscopy of HD+. Experiment

Proton charge radius puzzle
Rydberg constant

Rydberg constant. LKB experiment, Paris.
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Pure rotational transition: (N = 0, v = 0) → (1, 0)
Pure vibrational transition: (N = 3, v = 0) → (3, 9)
Rydberg constant

Precision spectroscopy of HD+.
Experiment
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Lamb-Dicke regime
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Pure rotational transition (N = 0, v = 0)→ (1, 0) in HD+

Pure rotational transition in HD+ (in kHz).
CODATA14 recommended values of constants.

HD+

∆Enr 1 314 886 776.354
∆Eα2 48 416.164
∆Eα3 −9 378.125
∆Eα4 −65.625(2)
∆Eα5 3.923(3)
∆Eα6 −0.070(18)

∆Etot 1 314 925 752.627(18)

ur (ν) = ur (µ) = 1.35× 10−11
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Pure rotational transition: (N = 0, v = 0) → (1, 0)
Pure vibrational transition: (N = 3, v = 0) → (3, 9)
Rydberg constant

HFS of HD+ molecular ion

Coupling scheme:
F = Ip + se ,

S = F + Id ,

J = S + N.

L,v

F=1

F=0 S=1

S=0

S=1

S=2

J=L 2

J=L 1

J=L+1

J=L+2

J=L

J=L 1
J=L

J=L+1

J=L

J=L

J=L 1

J=L+1

Effective Hamiltonian:

HHFS = E1(N · se) + E2(N · Ip) + E3(N · Id ) + E4(Ip · se) + E5(Id · se)

+E6

{
2N2(Ip · se)−3[(N · Ip)(N · se)+(N · se)(N · Ip)]

}
+ E7

{
2N2(Id · se)−3[(N · Id )(N · se)+(N · se)(N · Id )]

}
+E8

{
2N2(Ip · Id )−3[(N · Ip)(N · Id )+(N · Id )(N · Ip)]

}
+ E9

[
N2I2d −

3

2
(N · Id )− 3(N · Id )2

]
.

Coefficients Ei of the effective spin Hamiltonian (in MHz)
E1 E2 E4 E5 E6 E7

31.9846 −3.134[−02] 924.629 142.146 8.6111 1.3218
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Pure rotational transition: (N = 0, v = 0) → (1, 0)
Pure vibrational transition: (N = 3, v = 0) → (3, 9)
Rydberg constant

Pure rotational transition. HF structure

Transition: (N = 0, v = 0)→ (1, 0)
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Pure rotational transition: (N = 0, v = 0) → (1, 0)
Pure vibrational transition: (N = 3, v = 0) → (3, 9)
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Theory for stretch states

Spin-averaged transition frequency:

fspin−avg = 1 314 925.752 627(18) MHz

Hyperfine shift:

∆E (vL,F =1,S =2, J =N+2)/h = E4/4 + E5/2

+(E1 + E2 + 2E3 + E6 + 2E7 + 2E8 + E9)N/2

−(2E6 + 4E7 + 4E8 + 2E9)N2/2

= 10.0747(10) MHz,

So far, the coefficients have been calculated within the Breit-Pauli
approximation. Taking into account the higher order correction to E1, E6,
and E7, we have

∆E (vL,F =1,S =2, J =N+2)/h = 10.07540(2) MHz,
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Pure rotational transition: (N = 0, v = 0) → (1, 0)
Pure vibrational transition: (N = 3, v = 0) → (3, 9)
Rydberg constant

Experiment at Düsseldorf. Preliminary results.

Pure rotational transition (N =0, v =0)→ (1, 0) in HD+.
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Pure vibrational transition
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Pure rotational transition: (N = 0, v = 0) → (1, 0)
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Pure vibrational transition (N = 3, v = 0)→ (3, 9) in HD+

Pure vibrational transition in HD+ (in kHz).
CODATA14 recommended values of constants.

HD+

∆Enr 415 260 910 661.2
∆Eα2 5666 203.4
∆Eα3 −1640 449.4
∆Eα4 −11 666.7(4)
∆Eα5 732.2(5)
∆Eα6 −14.8(3.1)

∆Etot 415 264 925 467.0(3.1)

ur (ν) = 7.5× 10−12
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Pure rotational transition: (N = 0, v = 0) → (1, 0)
Pure vibrational transition: (N = 3, v = 0) → (3, 9)
Rydberg constant

Experiment at Amsterdam. Schematic diagram of the
experiment.

Pure vibrational two-photon transition (N =3, v =0)→ (3, 9) in HD+.
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Pure rotational transition: (N = 0, v = 0) → (1, 0)
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Experiment at Amsterdam. Profile line.

Pure vibrational two-photon transition (N =3, v =0)→ (3, 9) in HD+.
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Rydberg constant
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Energies of diatomic molecule

Adiabatic approximation:{
1

2µn

[
− 1

R2

d

dR
R2 d

dR
+

N(N+1)

R2

]
+ Eel(R) + Ead(R)

}
χad = Ead χad,

The energy structure of diatomic molecular states:

Ei = Ue + Be N(N + 1) + ~ωe(v +
1

2
),

where Be ∼ 1/M and ωe ∼ 1/
√
M.
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Pure rotational transition: (N = 0, v = 0) → (1, 0)
Pure vibrational transition: (N = 3, v = 0) → (3, 9)
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Inferring the Rydberg constant

Master equation
νexpN − νthN

νthN
=

∆R∞
R∞

− ∆µ

µ

νexpv − νthv
νthv

=
∆R∞
R∞

− 1

2

∆µ

µ

Inverting it one gets
∆R∞
R∞

= −
νexpN − νthN

νthN
+ 2

νexpv − νthv
νthv

∆µ

µ
= −2

νexpN − νthN
νthN

+ 2
νexpv − νthv

νthv

Uncertainty for the Rydberg constant from the present theoretical

uncertainty is ur = 1.9× 10−11 .
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Experiment at Düsseldorf. Preliminary results.

The first very preliminary result:

R∞(me/mp+me/md) = 8966.2051500(9) (ur = 1.0 · 10−10)

CODATA14 value (mainly limited by the uncertainty in mp):

R∞(me/mp+me/md) = 8966.20514923(56) (ur = 6.2 · 10−11)

And now the Blaum experiment on mp. They’ve got a value, which is 3σ
away off the CODATA14 mp!

R∞(me/mp+me/md) = 8966.20515001(28) (ur = 3.1 · 10−11)
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Pure rotational transition: (N = 0, v = 0) → (1, 0)
Pure vibrational transition: (N = 3, v = 0) → (3, 9)
Rydberg constant

Thank you for your attention!
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