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H2SOLV

H2SOLV - Schrodinger equation solver for two-electron, two-center
molecule in the Born-Oppenheimer approximation (currently ¥ and

I states), with non-relativistic hamiltonian:
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The most efficient basis set to solve this equation is the

generalization of one introduced by Kotos and Wolniewicz
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14

I

51,2: const

§i = ria+ rig, Mi = ria—rig i=1,2
R§§I§OO7 _RSUISRa 0§g0§2ﬂ-7



Molecular hydrogen polarizability

KATRIN experiment:

e Need for precise polarizability calculation (with reliable
uncerainties!) for quantitative identification of T, gas

concentration (and other isotopologues)

e To which electronic states does ground-state Tritium go after
beta decay T, — 3HeT+



Master Integral

We are capable of variational calculation using the explicitly
correlated exponential Kotos-Wolniewicz basis functions:
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where x, y, u, w, wy are nonlinear parameters.



Master Integral <> differential equation

Corresponding differential equation

d®> d? d d
r— r| f(r)=F(r 4
where 09, 02, 04 are polynomials in nonlinear parameters
y,X,u,w, wy.
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Master Integral < differential equation
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Master Integral <> differential equation

where

Fi = Ei[-r(wi+2u)] exp[r (u—w+x—y)]|=Ei[—r (w1+2 w)] exp[—r (u—w+x—y)],

Fo = Ei[-r(wi+2u)] exp[r (u=w—x+y)]=Ei[-r (w1 +2 w)] exp[—r (u=w—x+y)],

F3 = Ei[-2r(utw)] exp[r (u+w+x+y)]+{Ei[2 r (x+y)]=Ei[—r (w1 —2x)]
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and Ei is the exponential integral function.



Explicitly correlated Exponential functions

¢n1n2n3n4n5 (r1A7 ne, A, NB, r12) =
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where x, y, u, w, wy are nonlinear parameters.



Exchange energy

Eexch = E(3Zj) - E(lzjgr)'

RePuLsION (3Zu) ATTRACT:ONCZQ)

source: The Quantum Theory of Valence (1935), J. H. Van Vleck, A. Sherman
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Heitler-London theory (1927)

Wechselwirkung neutraler Atome
und homdopolare Bindung nach der Quantenmechanik ',
Von Y. Heltler und F. London in Z@rich.
Mit 2 Abbildungen. (Eingegaogen am 30.Juni 1927.)

In Heitler-London theory? exchange energy behaves asymptotically
like:3
28 2 3 5
Ey = — T [In(R) + 7] ) R® exp(—2R) + O(R* exp(—2R)),
(9)
where R is internuclear distance and +y is the Euler-Mascheroni

constant.
2W. Heitler and F. London, Z. Phys. 44 (1927) 455.
3Sugiura, Y. Z. Physik (1927) 45: 484.
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Critique of Heitler-London

Asymptotically unphysical negative value due to domination of
negative term ~ R3In(R)exp(—2R).
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Critique of Heitler-London

REVIEWS OF MODERN PHYSICS VOLUME 34, NUMBER 4 OCTOBER 1962

Critique of the Heitler-London Method of
Calculating Spin Couplings at Large Distances

CoNyERS HERRING
Bell Telephone Laboratories, Murray Hill, New Jersey

Herring*(1962): Jj; measures the rate at which an electron
exchange would take place between atoms i and j if each atom
started with a known set of individually distinguishable electrons.
In the course of such an exchange process, the mutual avoidance
of the exchanging electrons is bound to be important, and this
correlation effect is ignored in the Heitler-London

4C. Herring, Rev. Mod. Phys. 34 (1962), 631.
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Herring-Flicker

Molecular hydrogen hamiltonian:

1 1 1 1 1 1 1
H=—2v2- -+t L. 2,1
2 rar a2 rer g2 R oo (10)

|
MUCLEUS @ NucLEus b

/Q d°r (puHog — peHOu) = %/{d& (I5¢AV¢A - ¢AVI5¢A) , (11)

where P denotes permutation operator (1 <+ 2)

LHS = /Q d°r (¢uHog — 05Hu) = (Eg — Eu) (; + O(e‘”")) (12)
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Herring-Flicker asymptotics

1964 — L. P. Gor'kov and L. P. Pitaevskii and C. Herring and M.
Flicker proposed the form,

Eexch = C R2e72R 1 O(R? exp(—2R)), (13)

1
C= —47r_1/2/ dge 9¢%/%2(2 — q)¥/? = —1.63657...  (14)
0

5



Still controversial

Year Authors Coefficient Asymptotics
1927 Heitler, London (2-2(y+InR)) R3e—2R
1964 Gor’kov, Pitaevskii —1.47 R5/2¢—2R
1964 Herring, Flicker —1.636572 R5/2¢—2R
1993 Tang, Toennies % R3e—2R
2012 | Burrows, Dalgarno, Cohen (0.30167 + 2'4%) R3e—2R

All approaches based on the Surface Integral Method.
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Still controversial

07 R4 O(R%e M)
Eopen =7=> RPe *+O(R*e™) forR >> aq

\?& R3€—2R+O(R5/26—2R)
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Basis of wavefunctions

In usual applications, trial wavefunction basis is characterized by
the principal number Q

5
Z nj < Q, (15)
i=1
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Basis of wavefunctions

In usual applications, trial wavefunction basis is characterized by
the principal number Q

5
Z nj < Q, (15)
i=1

However we conjecture, following argumentation by Herring that
the essential behaviour of wavefunctions (for the sake of exchange
energy splitting calculations) depend on 71> and ro.

2 Ni,2=const
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Functional basis

¢n1n2n3n4n5 (r1A7 r].B7 r2A7 r237 r12) =

e—}/(flA—le)—X(QA—sz)—U(f1A+f15)—W(f2A+f23)—W1r12

3 (ra — r8)™ (r2a — r2g)™ (ria + ng)° (roa + rog)°

an17n2fn37n4fn5f3
)
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Functional basis

The difference between the "full-shell" basis and Q¢ = 0 basis is
exponentially decreasing with internuclear distance R.
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Exemplary output

Exemplary excerpt from program output for R = 60, Q, = 120:
ENG =
-1.0000000000274459828249920579331790798823550367364664613
ENU =
-1.0000000000274459828249920579331790798823550367335077709
ENU - ENG = 2.95869075e-48

(ENU - ENG)*EXP(2R)*R~(-5/2) = 1.38375523
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Numerical results - fit to Herring-Flicker asymptotics

Fit to Herring-Flicker asymptotic series:

>iZoCi (ﬁ)l. where x := AER™5/2¢2R
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Numerical results

Whereas, insisting on leading term in the asymptotic series being
R3 exp(—2R)
leads to almost zero leading coefficient.

AEexp (2R)

Estimate  Standard Error t-Statistic P-Value
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Numerical results

R=30,114n2+n34+nd+n5<Q
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Numerical results

AE (n0 = 0)
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Thank you for your attention



