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Precision spectrocospy of Hydrogen Molecular Ions

1 fundamental constants 1

I mass ratios: mp/me , mp/md

I charge radii of proton and deuteron
I the Rydberg energy R∞
I ...

2 precise optical clocks 2

3 test QED calculations
4 search for new physics
5 ...

1J. Biesheuvel, et al., Nat. Comm. 7, 10385 (2016).
2J.-Ph. Karr, J. Mol. Spectros. 300, 37 (2014).
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Electron mass me

S. Sturm, et al., Nature 506, 467-470 (2014).
the magnetic moment of a single electron bound to a carbon nucleus

me = 0.000 548 579 909 067(14)(9)(2) u 30 ppt (1)
mp/me = 1836.152 673 77(17) 94 ppt (2)

It was limited by the uncertainty of the proton mass.
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Proton mass mp

F. Hiebe, et al., Phys. Rev. Lett. 119, 033001 (2017).
cyclotron frequency comparisons of protons and highly charged carbon ions

mp = 1.007 276 466 583(15)(29) u 32 ppt

the difference is more than 3 standard deviations

mp/me = 1836.152 673 346(81)
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Comparison of mp/me

CODATA 2014 1836.152 673 89(17)
Sturm et al. 2014 1836.152 673 77(17)
Hiebe et al. 2017 1836.152 673 346(81)
Koelemeij et al. 3 2016 1836.152 6695(53) HD+

Hori et al. 4 2016 1836.152 6734(15) p̄He+

the direct measurement of mp/me may give us an answer

3Koelemeij et al., Nat. Comm., 7, 10385
4Hori et al., Science 354, 610 (2016).
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Spectroscopy measurements

2007, HHU5, HD+, (v ,L) : (0, 2) → (4, 3),
f = 214, 978, 560.6(5) MHz, 2.3× 10−9

2016, VUU6, HD+, (v ,L) : (0, 2) → (8, 3),
f = 383, 407, 177.38(41) MHz, 1.1× 10−9

2018, HHU7, HD+, (v ,L) : (0, 0) → (0, 1),
f = 1, 314, 935.8280(4)(3) MHz, 3.8× 10−10

mp = 1.007, 276, 4669(13) u, 1.3× 10−9

LKB, L. Hilico and J.-Ph. Karr, H+
2 , (v ,L) : (0, 0) → (1, 0)

WIPM,X. Tong, HD+, (v ,L) : (0, 0) → (6, 1)

5J.C.J. Koelemeij, et. al., Phys. Rev. Lett. 98, 173002 (2007).
6J. Biesheuvel, et al., Nat. Comm. 7, 10385 (2016).
7S. Alighanbari, et. al., Nature Physics, 14, 555-559 (2018).
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Bound state energy

By using NRQED, bound state energy can be expanded as (in a.u.)

Etotal = Enr + mα4E(4) + mα5E(5) + mα6E(6) + mα7E(7) + · · · (3)

Here α ≈ 1/137 is the fine structure constant, thus relativistic and radiative
corrections are treated as perturbations.

In order to get spectroscopy with ppt precision, we need corrections up to mα7

order or even more.
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Theoretical calculations

2006, relative uncertainty of 1 ppb 8

I leading order relativistic and radiative corrections

2008, relative uncertainty of 0.3 ppb 9

I mα6 order relativistic corrections, adiabatic approximation
2014, relative uncertainty of 0.03 ppb 10

I Bethe Logarithm calculated to about 9 digits
I mα7 order corrections

2017, ppt level 11

I high precision expectation values of the Breit-Pauli operators
I mα6(m/M ) order corrections
I mα8 order QED corrections

8V. I. Korobov, Phys. Rev. A 74, 052506(2006).
9V. I. Korobov, Phys. Rev. A 77, 022509 (2008).

10V. I. Korobov, et al., Phys. Rev. Lett. 112, 103003 (2014).
11V. I. Korobov, et al., Phys. Rev. Lett. 118, 233001(2017).
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Our works

Our previous works (mα4 and mα5 order corrections)
expectation values of the Breit-Pauli operators
PRA 79, 064502 (2009); 86, 064502 (2012); 93, 032507 (2016).
Bethe logarithm by using Drake-Goldman method
PRA 88, 052520 (2013).
Bethe logarithm by using Schwartz’s expand (with Korobov)
PRA 86, 044501 (2012); 92, 052517 (2015).
Long-range dispersion coefficient C6 between p̄He+ and He (with Korobov)
PRA 92, 052517 (2015).

This work: mα6 order corrections hydrogen molecular ions.
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mα6 order corrections

2007, Relativistic corrections of order mα6 to the two-center problem. 12

I Born-Oppenhaimer approximation.
I adiabatic corrections
I one electron mα6 order effective Hamiltonian

2017, recoil contribution at order mα6(m/M ) are taken from the two-body
formulas. 13

Theory beyond Born-Oppenhaimer approximation is needed.

12V. I. Korobov and Ts. Tsogbayar, J. Phys. B 40, 2661-2669 (2007).
13V. I. Korobov, et al., Phys. Rev. Lett. 118, 233001(2017).

zxzhong (wipm) hmi theory June 10-15, 2019 FFK@Tihany 12 / 33



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

mα6 order corrections

2007, Relativistic corrections of order mα6 to the two-center problem. 12

I Born-Oppenhaimer approximation.
I adiabatic corrections
I one electron mα6 order effective Hamiltonian

2017, recoil contribution at order mα6(m/M ) are taken from the two-body
formulas. 13

Theory beyond Born-Oppenhaimer approximation is needed.

12V. I. Korobov and Ts. Tsogbayar, J. Phys. B 40, 2661-2669 (2007).
13V. I. Korobov, et al., Phys. Rev. Lett. 118, 233001(2017).

zxzhong (wipm) hmi theory June 10-15, 2019 FFK@Tihany 12 / 33



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Outline

1 Introduction

2 Spin-averaged mα6 order corrections

3 Progress of Numerical calculations

4 Acknowledgement

zxzhong (wipm) hmi theory June 10-15, 2019 FFK@Tihany 13 / 33



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

mα6 order corrections

E
(6) = ⟨Ψ0|H (4)

Q
1

(E0 − H0)
QH

(4)|Ψ0⟩+ ⟨Ψ0|H (6)|Ψ0⟩ (4)

the second-order corrections for the Breit-Pauli Hamiltonian H (4),

Esec = ⟨Ψ0|H (4)
Q

1

(E0 − H0)
QH

(4)|Ψ0⟩

H (6), the effective Hamiltonian of mα6 order

H
(6) = H

(6)
rad + H

(6)
red (5)

I H
(6)

rad , the radiative corrections of mα6 order
I H

(6)
rel , the relativistic corrections of mα6 order
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Radiative corrections ⟨H (6)
rad ⟩ in external field approximation

1 mα6 order radiative corrections

E
(6)
se = α

4 4π

m2
e

(
139

128
−

1

2
ln 2

)
⟨z21δ(⃗r1) + z

2
2δ(⃗r2)⟩ , (6)

E
(6)
anom = α

2 π

m2
e

[(
α

π

)2
(

197

144
+

π2

12
−

π2

2
ln 2 +

3

4
ζ(3)

)]
⟨z1δ(⃗r1) + z2δ(⃗r2)⟩ , (7)

E
(6)
vp =

4α3

3m2
e

[
5πα

64

]
⟨z21δ(⃗r1) + z

2
2δ(⃗r2)⟩ , (8)

E
(6)
2loop =

α4

m2
e π

[
−

6131

1296
−

49π2

108
+ 2π

2 ln 2 − 3ζ(3)

]
⟨z1δ(⃗r1) + z2δ(⃗r2)⟩ . (9)

2 mα6(m/M ) order radiative corrections

E
(6)
rec = α

4 4π

me

(
ln 2 −

7

8

)
⟨

z31

m1

δ(⃗r1) +
z32

m2

δ(⃗r2)⟩ , (10)

E
(6)
e-line =

α4

m2
e π

(
6ζ(3) − 2π

2 ln 2 +
3π2

4
− 14

)
⟨

z21

m1

δ(⃗r1) +
z22

m2

δ(⃗r2)⟩ , (11)

E
(6)
p-line =

α4

m2
e π

(
2π2

9
−

70

27

)
⟨

z21

m1

δ(⃗r1) + ⟨
z22

m2

δ(⃗r2)⟩ . (12)

13M. I. Eides, H. Grotch and V. A. Shelyuto, Theory of Light Hydrogenic Bound States
(Springer-Verlag Berlin Heidelberg 2007).
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Relativistic corrections ⟨H (6)
rel ⟩

Effective Hamiltonian technique has been well developed by K. Pachucki for light atomic
systems 14.

1 non-relativistic theory
2 rigorous adaptation of bound state QED
3 relativistic and radiative corrections included systematically
4 singularities removed by cutting off momentum integrations at p ∼ me

5 correction terms due to the cutoff effects

14K. Pachucki, PRA 71, 012503 (2005);74, 022512 (2006)
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Effective Hamiltonian technique
Helium fine structure, mα6 order Douglass and Kroll operators 15

Helium fine structure, mα6(m/M ) order recoil corrections 16

Light atomic systems, mα6 order effective Hamiltonian 17

Helium singlet states, mα6 order spin-averaged effective Hamiltonian 18

QED of finite-size particles with arbitrary spin 19

Helium higher-order recoil corrections, spin-independent 20

Relativistic corrections has 9 terms in Helium case, they
are interactions of different terms from FW
transformation. We collect following terms

spin-independent terms
first order recoil terms

p⃗1, z1,m1 p⃗2, z2,m2

p⃗e , ze ,me

r⃗1 r⃗2

r⃗12

15K. Pachucki, J. Phys. B: At. Mol. Opt. Phys. (1999).
16K. Pachucki and J. Sapirstein, J. Phys. B 36, 803 (2003).
17K. Pachucki, Phys. Rev. A 71, 012503 (2005).
18K. Pachucki, Phys. Rev. A 74, 022512 (2006).
19J. Zatorski and K. Pachucki, Phys. Rev. A 82, 052520 (2010).
20V. Patkos, et al., Phys. Rev. A 94, 052508 (2016); ibid, 95, 012508 (2017).
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Spin-averaged effective Hamiltonian

δH1 =
p6

e

16m5
e

, (13)

δH2 =
1

128m4
e

[p2
e , [p

2
e ,V ]] +

3α

64m4
e

{p
2
e , 4π

∑
a

za zeδ(⃗ra )} , (14)

δH3 =
∑

a

− 1

32m3
e ma

[p2
a , [p

2
e ,Va ]] , (15)

δH4 = − 1

8m2
e

{p
2
e , 2HR } , (16)

δH5 =
∑

a

z2
a

2ma

{[
zeα

2ra

(
δij +

r i
a r

j
a

r 2a

)
p

j
e

me

][
zeα

2ra

(
δil +

r i
a r l

a

r 2a

)
p l

e

me

]
+

z2
e α

2

4m2
e

σ⃗e × r⃗a · σ⃗e × r⃗a

r 6a

}
, (17)

δH6 =
∑

a

− α

mema

{
[p i

e ,V ]X ij (ra )[V , p j
a ] + p

i
e [X ij (ra ),

p2
e

2me

][V , p j
a ]

}
, (18)

where

X ij (r ) =

∫
d
3
k
4π

k 4

(
δij − k i k j

k 2

)
(eık⃗ ·⃗r − 1) =

1

8r

[
r

i
r

j − 3δij
r
2] . (19)
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The second-order corrections

Esec = ⟨H (4)
Q

1

E0 − H0
QH

(4)⟩ , (20)

where

H
(4) = HB + HR + HS , (21)

HB = − 1

8m3
e

p⃗
4
e − π

2m2
e

[z1zeδ(⃗r1) + z2zeδ(⃗r2)] , (22)

HR = −
2∑

n=1

zezn

2mem0

[
p⃗e p⃗n

rn
+

r⃗n (⃗rn · p⃗e )⃗pn

r 3n

]
, (23)

HS =

{
− 1 + 2κe

2m2
e

(
r⃗1 × p⃗e

r 31
+

r⃗2 × p⃗e

r 32

)
+

1 + κe

mem1

r⃗1 × p⃗1

r 31
+

1 + κe

mem2

r⃗2 × p⃗2

r 32

}⃗
se (24)
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Cancellation of singularities

Total singularity of ⟨H (6)⟩:

S1st =
∑

a

1

32

[
(1− 13

ma

)⟨ε2a ⟩S − 4(1− 6

ma

)⟨V 3
a ⟩S

]
. (25)

Singularity from the second-order contributions

S2nd = −
∑

a

1

32

[
(1− 13

ma

)⟨ε2a ⟩S − 4(1− 6

ma

)⟨V 3
a ⟩S

]
. (26)

S1st + S2nd ≡ 0

the singularity for each pair of electron-nucleus interactions is in agreement
with hydrogen atom
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Outline

1 Introduction

2 Spin-averaged mα6 order corrections

3 Progress of Numerical calculations

4 Acknowledgement
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Non-relativistic wave functions

m0, z0, p⃗0

m1, z1, p⃗1

m2, z2, p⃗2

r⃗1

r⃗2
r⃗12

Schrödinger equation :

H0Ψ0 = E0Ψ0 , (27)

H0 =
1

2

(
1

m0
+

1

m1

)
p⃗2
1 +

1

2

(
1

m0
+

1

m2

)
p⃗2
2 +

1

m0
p⃗1p⃗2 +

z0z1

r1
+

z0z2

r2
++

z1z2

r12
.

Ψ0 =
∑

n

i+j+k ≤Ω∑
ijk

r i
1r

j0+j
2 r k

12e−αn r1−βn r2−γn r12Y l1l2
LM (⃗r1, r⃗2) ,

where j0 is a big number for hydrogen molecular ions.
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.

.

.

.

.

.

.
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Basical integrals Iq(R
′R )

Yan and Drake1 General Type2

Iq (R
′R ) Iq (a , b, c;α, β) Γl ,m ,n(α, β, γ) and q = 0

R ′R r i
1r k

2 r k
12e−αr1−βr2Pq (cos θ) r i

1r k
2 r k

12e−αr1−βr2−γr12

Nonsingular a + b + c + 5 ≥ 5 l ,m , n ≥ 0
a , b, c ≥ −2 Γ000 = 2

(α+β)(α+γ)(β+γ)

Iq = 2
2q+1

∑
k Ccqk IR (· · · ) Γl +1,m ,n = − ∂

∂αΓl ,m ,n

Singular I0(a , b,−2− n) Γ−p,0,0 Γ−p,m+1,n = − ∂
∂βΓ−p,m ,n

rel&QED I0(−n , b, c) Γ−p,−1,0 Γ−p,−1,n+1 = − ∂
∂γΓ−p,−1,n

I0(−n , b,−m) Γ−2,−2,0
3

I0(−n ,−m , c)

1Yan and Drake, Can. J. Phys. 72, 822 (1994); Chem. Phys. Lett.,259,96 (1996).
2Korobov, J. Phys. B, 35, 1959 (2002); Harris et al., J. Chem. Phys. 121, 6323 (2004).
3Korobov, Phys. Rev. A 85, 042514 (2012).
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Non-relativistic energy of H+
2 ground state

34 digits are obtained for the gound state of H+
2 by Y. Ning and Z.-C. Yan21

As increasing of vibrational quantum number v , the preicsion is decreasing
rapidly.

21Y. Ning and Z.-C. Yan, Phys. Rev. A 90, 032516 (2014).
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High vibrational states
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Operator ⟨⃗p4
e ⟩ 22

Ref. [15] : Z.-X. Zhong, et al., Phys. Rev. A 86, 064502 (2012).

The differences are due to the fundamental constants.

22D. T. Aznabayev, A. K. Bekbaev and V. I. Korobov, Phys. Rev. A 99, 012501 (2019).
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The second-order contibution due to HB

EB = ⟨H ′
BQ (E0 − H0)

−1H ′
B⟩ , (28)

H ′
B = HB − {E0 − H0,U} , (29)

HB = − p⃗4
e

8m3
e

− π

2m2
e

∑
a

za zeδ(⃗ra ) , (30)

U =
∑

a

λa

za ze

ra
, λa = −1

4

(
1− 3

ma

)
. (31)

Numerical calculation for this term is still ongoning ...
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