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Outline
• Part I
‣ Luminosity
‣ Review

- Longitudinal Dynamics
- Transverse Dynamics

‣ Collider Optical Design
- FODOs, Insertions
- Interaction Regions
- Dispersion Suppression

‣ Errors and Adjustments I
- Linear Errors
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• Part II
‣ Errors and Adjustments II

- Linear Errors
- Nonlinear Effects 

‣ Space Charge and the 
Beam-Beam Interaction 

‣ Emittance Control and 
Luminosity

‣ Effects due to Synchrotron 
Radiation

‣ Optimization of Luminosity
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Fixed Target Energy vs. Collider Energy
• Beam/target particles: E0 � mpc
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100,000 TeV FT synch.   ==   14 TeV LHC
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• Fixed Target Experiment:

• Bunched-Beam Collider:

Luminosity
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L = 109/25/sec · (1011)2/(⇡(.002)2)/cm2 = 1034cm�2sec�1
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Integrated Luminosity
• Bunched beam is natural in collider that “accelerates” 

(more later)

• In ideal case, particles would be “lost” only due to 
“collisions”

• So, in this ideal case, 

BṄ = �L � n

L =
f0BN2

A
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receiving luminosity L)

f0 = rev. frequency
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Ultimate Number of Collisions
• Since                           then,   #events = 

• So, our integrated luminosity is
I(T ) ⇥

� T

0
L(t)dt =

L0T
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Crossing Angle and Effects on Luminosity
• Large collider detectors require large longitudinal 

space; collisions every (bunch spacing)/2
‣ ex:  25 ns spacing —> (3e8*25e-9)/2 =  3.75 m
‣ if bunches hit “head-on”, would have many collision 

points within the detector region.

• Introduce a crossing angle
‣ reduction of overlap, hence reduces luminosity
‣ luminous region reduced as well

7
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Crossing Angle and Effects on Luminosity
• luminous region:

• events per bx
‣                  (bunch crossing)

• max events per bx per cm

• luminosity reduction from crossing angle
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(length of luminous region 
reduces by same factor)Note: if beams are offset:
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Numerical examples —
• luminous region:                     =  8 cm/√2  =  5.6 cm
• events per bx                    = (6e-26)(25e-9)(1e34)= 15
• max events per bx per cm: 15/(8 cm)/√! ~ 1/cm 
• luminosity reduction from crossing angle ~ -15% (LHC)

• beams offset by 1 sig:    -22%

Crossing Angle and Effects on Luminosity
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The Use of Crab Cavities
• Future upgrades to LHC 

will employ “crab cavities”
‣ using deflecting-mode RF 

cavities, give tail/head 
deflections up/down in 
transverse direction to 
create total overlap, thus 
mitigating the loss of 
luminosity due to the 
crossing angle
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coordinate of the particle with respect to the bunch center,
c the velocity of light, and x the horizontal coordinate.

Because of symplecticity, the crab cavity also introduces
an x-dependent longitudinal kick,

!pz ¼ "@H crab

@z
¼ "qV

Ps
# cos

!
!s þ

!z

c

"
#!
c
# x: (3)

II. LOCAL AND GLOBAL SCHEME

In circular colliders, crab cavities may be configured
according to either one of two schemes, namely as local or
global crab cavities. In the local scheme, which corre-
sponds to the original classical proposals of Palmer [4],
Oide and Yokoya [5], a pair of crab cavities is placed at
both sides of one IP, with the phase advance between crab
cavity and IP optimized to be "=2 in the crossing plane, as
shown in Fig. 1 (left) and Fig. 2 (left); in that case, for each
value of z the crab cavities act like a local bump and the
closed orbit in the other parts of the ring is not affected.
The voltage needed for the first crab cavity (to rotate the
bunch so as to be head-on at the interaction point) and for
the second crab cavity (to rotate the bunch back) can be
calculated using the formulas (4) and (5) below [7]. The
two beams are crabbed at the specified IP as shown in
Fig. 2 (left).

The crab-cavity voltage required on the two sides of the
IP is

V1 ¼
c2 # ps # tanð#2Þ

q #! #
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
$' # $crab

p
# sinð!’0Þ

; (4)

V2 ¼ "R22 # V1; (5)

where V1 denotes the voltage of the first local crab cavity,
V2 the voltage of the second local crab cavity, c the velocity
of light, ps the particle momentum, # the full crossing
angle, q the particle charge,! the angular frequency of the
crab cavity, $' the beta function at the interaction point,

and !’0 the phase advance between the crab-cavity loca-
tion and the IP. Lastly,R22 signifies the (2, 2) element of the
optical transport matrix from the first crab cavity to the
second crab cavity, and the R12 between the two cavities
should be zero, R12 ¼ 0.
For the global scheme as sketched in Fig. 1 (right), the

crab cavity is located somewhere around the ring, at a place
which satisfies certain phase advance requirements [which
is, j cosð!’0 " "Q Þj ¼ 1 in formula (6)] which involve
the total betatron tune in addition to the phase advance
from crab cavity to the IP; in the global case, the
z-dependent closed orbit will be changed all around the
ring with crab cavity active, and the crab-cavity voltage for
the global scheme can be calculated from [7]:

V ¼ c2 # ps # tanð#2Þ
q #! #

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
$' # $crab

p #
$$$$$$$$

2 sinð"Q Þ
cosð!’0 " "Q Þ

$$$$$$$$; (6)

where V denotes the voltage of the global crab cavity
(GCC), Q the betatron tune of the storage ring, and other
parameters are the same as introduced before. The bunch
will be tilted and the tilt will exhibit some kind of oscil-
lation all around the ring such that at the interaction point
the collision will be effectively head on. A global scheme
has been implemented at KEKB [8].

III. OPTICS AND SCENARIOS

Crab cavities could be introduced for different phases of
the LHC upgrade, for example, phase I with one global
cavity for a feasibility test, and phase II for the final
implementation using a local scheme. In this paper, we
study the crab-cavity beam dynamics issues for two LHC
optics, the nominal LHC collision optics and the so-called
‘‘lowbetamax’’ upgrade optics [9] (collision). The relevant
parameters of these two optics are listed in Table I. As
already discussed, in circular colliders crab cavities may be
configured according to either local or global crab
schemes, while the local scheme is the most ideal case
for crab crossing. In the following, we will study two
different crab crossing scenarios: (1) four local crab cav-
ities at LHC IR5, two for LHC beam 1, and two for LHC
beam 2 (both beams crabbed at IP5); (2) only one global
crab cavity at IR4, to crab LHC beam 1 at IP5.

FIG. 1. (Color) Two local crab cavities in interaction region 5
(IR5) for LHC beam 1 which illustrates the local scheme (left)
and one global crab cavity in IR4 for LHC beam 1 which
illustrates the global scheme (right) (single global scenario).

FIG. 2. (Color) Schematic for two crabbed beams at IP5, local
scheme (with # denoting the full crossing angle) (left); sche-
matic of only one crabbed beam at LHC IP5 with a single global
crab cavity, for beam 1 only (right).

YI-PENG SUN et al. Phys. Rev. ST Accel. Beams 12, 101002 (2009)

101002-2
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Hour Glass Factor

11

!"

For long bunches but with otherwise ideal parameters, Equation 1 reduces to

L = L0 · H = L0 ·
1

p
⇡�z

Z 1

�1

e�z2/�2
z

1 +
⇣

z
�⇤

⌘2 dz

The integral on the right, H, is called the “hour glass factor,” and can be evaluated in terms of the
Error Function,

erf(x) ⌘
2
p

⇡

Z x

0
e�t2dt

which can be looked up in standard tables, and is often provided numerically in standard software
packages. The luminosity result is,

L = L0 · H(�⇤/�z) = L0 ·
p

⇡

✓
�⇤

�z

◆
e(�⇤/�z)2 [1� erf(�⇤/�z)] .

The hour glass factor as a function of �⇤/�z is plotted in Figure 2. Note that the luminous region
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Figure 2: Luminosity as function of ratio of �⇤ to �z.

is no longer Gaussian, but its rms extent can still be evaluated analytically. The result, with
u ⌘ �⇤/�z, is

zrms(u) = �⇤
(

1
ue�u2

p
⇡[1� erf(u)]

� 1

)1/2

.

Taking the limit as u ! 1 (bunches become short), we easily see that the result of the previous
section emerges:

lim
u!1

hz2
i = �⇤2 lim

u!1

(
1
ue�u2

p
⇡[1� erf(u)]

� 1

)

= �⇤2 lim
u!1

8
<

:
�

1
u2 e�u2

� 2e�u2

p
⇡

⇣
�

2p
⇡
e�u2

⌘ � 1

9
=

;

5

Tevatron                        LHC

LHC:         ~ 50 cm / 8 cm   ~  6 

Tevatron:  ~ 35 cm / 50 cm ~ 0.7

�⇤/�z
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Review of Longitudinal Dynamics
• So, how do we create and manipulate particle 

bunches to give us the desired time structure?  
desired bunch length, spacing?

• Particles propagate through a system of accelerating 
cavities; each cavity has oscillating fields with 
frequency fRF, and maximum “applied” voltage V.  
The ideal particle would arrive at the cavity at phase 
"s (relative to the “positive zero-crossing” of the RF wave)

• ideal particle acquires an energy gain of

12

�Es = eV sin�s
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Acceleration of Ideal Particle
Wish to accelerate the ideal particle.  As this particle exits 
the RF cavities/stations  for the (n+1)-th time we would 
have

The ideal energy gain per second would be:  

Next, look at (longitudinal) motion of particles near the 
ideal particle:            = phase w.r.t. RF system
                                 = energy difference from the ideal

�

�E ⌘ E � Es

13

f0 = revolution frequency
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• Relative to the ideal particle,

E = mc2 +W ; �E , �W

(difference	equations)

Desire	h	to	be	an	integer.			
If	L	is	circumference	of	a	synchrotron	then:	

			where	f0	is	the	revolution	frequency,	
In	this	case,	h	is	called	the	“harmonic	number”

h = frf/f0
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Motion Near the Ideal Particle
Linearize	the	motion,	and	write	in	matrix	form…

Thus,
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Stability and Synchrotron Tune
• Frequency of the small amplitude motion is given by the trace 

of the matrix:

• For small angles we have simple harmonic motion, with 
“frequency”

• The quantity #s is the synchrotron tune and is the number of 
synchrotron oscillations which occur per revolution. At 150 GeV 
in the Tevatron, for example, we had
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Beam Longitudinal Emittance 
Suppose	beam	is	well	contained	within	an	ellipse	in	phase	space,	and	suppose	

					we	know	either										or											(or,							)	of	the	distribution	(i.e.,	maximum	extent).	

units:		“eV-sec”

�Ê ��̂ �t̂

					So,	area	of	ellipse	(the	longitudinal	emittance)	is:	

											or,	in	E-t	coordinates,				

⇡ �Ê��̂

S ⌘ ⇡ �Ê�t̂ = ⇡ �Ê
��̂

2⇡frf

or,
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s
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Acceleration

• Stable regions 
shrink as begin to  
accelerate

• If beam phase 
space area is too 
large (or if DC beam 
exists), can lose 
particles in the 
process
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Review of Transverse Motion

• Allow to “drift” a distance L, then x = x0 + Lx’0 for 
each particle; the particles with largest x’ = x’0 will 
quickly drift to larger x values, and the distribution will 
“shear” —

20

Shape,	orientation	of	distribution	in	

“phase	space”	will	change,	but	

effective	“area”	of	distribution	will	

remain	constant

s

x

angle:				x’=dx/ds

x’

source
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Phase	Space:
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Emittance in Terms of Moments

the “rms emittance”

• Considering the general equation of an ellipse, the area enclosed by the 
ellipse is related to the coefficients by:

•                 Define scaled quantities from our distribution:

21

x

x’
ax2 + bxx0 + cx02 = 1

A =
2⇡p

4ac� b2

↵ ⌘ �hxx0i
✏/⇡

� ⌘ hx2i
✏/⇡

� ⌘ hx02i
✏/⇡✏ = ⇡

p
hx2ihx02i � hxx0i2

The ellipse (red curve above) that contains ~95% has area ~6% 

We find that the equation 
of the blue curve above is:

&, !, �collectively are called the Courant-Snyder parameters, or Twiss parameters

Note:

�� � ↵2 = 1
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Area (blue curve):  % 

Can show:
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Transverse Equations of Motion
• Lorentz Force:

• Magnetic Rigidity
‣ particle of unit charge, q = e:

• Reference Trajectory 
‣ Local Coordinate System

22
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s
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Linear Restoring Forces and Hill’s Equation
• Wish to look at motion “near” the ideal trajectory of 

the accelerator system
• Assume linear guide fields —
• Then, to lowest order,

By = B0 + B’x
Bx = B’y

x

ds1

ds

ρ

dθ

23
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+
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−
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)
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Hill’s Equation: x00 +K(s)x = 0

General Form —
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Piecewise Method -- Matrix Formalism
• Hill’s Equation:
• Solutions for K = constant  from s = 0 to s = L

• K = 0:

• K > 0:

• K < 0:
24

x00 +K(s)x = 0

(matrix form)



February	2018						MJS CAS	Beam	Dynamics/Tech	for	Future	Colliders

“Thin Lens” Quadrupole
• If quadrupole magnet is short enough, particle’s offset through 

the quad does not change by much, but the slope of the 
trajectory does -- acts like a “thin lens” in geometrical optics

• Take limit as L --> 0, while KL remains finite

‣ (similarly, for defocusing quadrupole)

• Valid approximation, if F >> L

x(s)

sF

25
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Piecewise Method -- Matrix Formalism
• Arbitrary trajectory, relative to the design trajectory, 

can be computed via matrix multiplication

s0
sN

x

26
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TRANSPORT of Beam Moments
• Transport of particle state vector downstream from position 0

• Create a “covariance matrix” of the resulting vector…

•  … then, by averaging over all the particles in the distribution,

27
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0 M
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◆
⌃ = M⌃0M

Twe	get:
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TRANSPORT of Beam Moments
• So, since

• where

• then,

• If know matrices M, then can “transport” beam parameters 
from one point to any point downstream, which determines 
beam distribution along the way.
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Conservation of Emittance
• Note that from

• then,

• and

• Thus, the emittance is conserved upon transport 
through the system
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Adiabatic Damping from Acceleration

s

∆p, from RF system

• Transverse oscillations imply transverse momentum.  As 
accelerate, momentum is “delivered” in the longitudinal 
direction (along the s-direction).  Thus, on average, the angular 
divergence of a particle will decrease, as will its oscillation 
amplitude, during acceleration.

• The coordinates x-x’ are not canonical conjugates, but x-px are;  
thus, from classical mechanics, the area of a trajectory in x-px 
phase space is invariant for adiabatic changes to the system.

30
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Adiabatic Damping from Acceleration

31
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Define “normalized emittance”: should be preserved
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The Notion of an Amplitude Function…
§ Track single particle(s) 

through a periodic system

§ Can represent either
§ multiple passages around 

a circular accelerator, or
§ multiple particles through a 

beam line

Can we describe the maximum amplitude of 
  particle excursions in analytical form?

32
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Hill’s Equation — Analytical Solution
• We saw that the equation of transverse motion is Hill’s 

Equation:

• Note:  “similar” to simple harmonic oscillator equation, but 
“spring constant” is not constant -- depends upon 
longitudinal position, s.

• So, assume solution is sinusoidal, with a phase which 
advances as a function of location s; also assume 
amplitude is modulated by a function which also depends 
upon s: 

• Then, plug into Hill’s Equation ...

x(s) = A
√

β(s) sin[ψ(s) + δ]

x
′′ + K(s)x = 0

33
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Analytical Solution (cont’d)
x(s) = A

√

β(s) sin[ψ(s) + δ]

x′ =
1

2
Aβ−

1

2 β′ sin[ψ(s) + δ] + A
√

β cos[ψ(s) + δ]ψ′

x′′ = . . .

Plugging into Hill’s Equation, and collecting terms... 

    and    are constants of integration, defined by the initial 
conditions              of the particle.  For arbitrary        , must 
have contents of each [   ] = 0 simultaneously for sum = 0.

A δ
A, δ(x0, x

′

0)

34

x
′′ + K(s)x = 0

x′′ + K(s)x = A
√

β

[

ψ′′ +
β′

β
ψ′

]

cos[ψ(s) + δ]

+A
√

β

[

−

1

4

(β′)2

β2
+

1

2

β′′

β
− (ψ′)2 + K

]

sin[ψ(s) + δ] = 0
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Analytical Solution (cont’d)

35

(in regions where K is either zero or constant)

From
2ββ′′

− (β′)2 + 4Kβ2 = 4

we get
2β′β′′ + 2ββ′′′

− 2β′β′′ + 4K ′β2 + 8Kββ′ = 0

β′′′ + 4Kβ′ + 2K ′β = 0.

Typically, K ′(s) = 0, and so

(β′′ + 4Kβ)′ = 0

or
β′′ + 4Kβ = const.

is the general equation of motion for the amplitude function, β.

−

1

4

(β′)2

β2
+

1

2

β′′

β
− (ψ′)2 + K = 0

2ββ′′
− (β′)2 − 4β2(ψ′)2 + 4Kβ2 = 0

2ββ′′
− (β′)2 + 4Kβ2 = 4

ψ′′ +
β′

β
ψ′ = 0

βψ′′ + β′ψ′ = 0

(βψ′)′ = 0

βψ′ = const

ψ′ = 1/β

The function β(s) is the
local wavelength (λ/2π)
of the oscillatory motion.

Note:  the phase advance is 
an observable quantity.  So, 
while could choose different 
value of const, then ( would 
just scale accordingly; thus, 
valid to choose const = 1.

Next,First,

(see back-up slides)
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The Transport Matrix
• We can always  write:

• Solve for a and b in terms of initial conditions and 
write in matrix form; we get:

(

x
x′

)

=

⎛

⎜

⎝

(

β
β0

)1/2

(cos ∆ψ + α0 sin ∆ψ)
√

β0β sin ∆ψ

−
1+α0α
√

β0β
sin ∆ψ −

α−α0√

β0β
cos∆ψ

(

β0

β

)1/2

(cos ∆ψ − α sin ∆ψ)

⎞

⎟

⎠

(

x0

x′

0

)

36

x(s) = a
p
� sin� + b

p
� cos� 

       is the phase advance from 
point s0 to point s in the beam line
� 

So,	can	write	any	of	our	transport	matrices	in	

terms	of	values	of	C-S	parameters	at	the	two	end	

points,	and	the	phase	advance	between	them.	

x(s) = A
√

β(s) sin[ψ(s) + δ]
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Evolution of the Phase Advance
• If know parameters at one point, and the matrix from 

there to another point, then

• So, from knowledge of matrices, can “transport” 
phase and the Courant-Snyder parameters along a 
beam line or segment of the synchrotron from one 
point to another

M1→2 =

(

a b
c d

)

=⇒
b

aβ1 − bα1

= tan ∆ψ1→2

37

K = M K0 MTremember,
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Betatron Tune
• Since                            and                ,

then the total change in phase around the circumference is given by

The tune, ν, is the number of transverse  “betatron oscillations” per 
revolution.  For the PS, the tune is ~8; for the Tevatron, the tune 
was about ~ 20; for the LHC, on the order of ~60.

• Note:  since betatron tune ~ 20-60, and synchrotron tune ~ 0.002, it is 
(relatively) safe to consider the longitudinal motion independently 
from the transverse motion

• “circular” accelerators   -->   resonances; choose tunes carefully!
38

or, will see: 2⇡⌫ = cos�1(
1

2
traceM0)

<latexit sha1_base64="W3lLepqb8LtWY+HbE6ikkvhoLx0=">AAACD3icbVDLSgMxFM3UV62vUZdugkWsC8tMEdSFUHTjRqjg2EJnLJk004ZmkiHJCGXoJ7jxV9y4UHHr1p1/Y9rOQqsHLvdwzr0k94QJo0o7zpdVmJtfWFwqLpdWVtfWN+zNrVslUomJhwUTshUiRRjlxNNUM9JKJEFxyEgzHFyM/eY9kYoKfqOHCQli1OM0ohhpI3Xs/ZqfUJ+n8Az6WKi77NAdVfxIIuzWoDaNwKuOcwA7dtmpOhPAv8TNSRnkaHTsT78rcBoTrjFDSrVdJ9FBhqSmmJFRyU8VSRAeoB5pG8pRTFSQTQ4awT2jdGEkpCmu4UT9uZGhWKlhHJrJGOm+mvXG4n9eO9XRSZBRnqSacDx9KEoZ1AKO04FdKgnWbGgIwpKav0LcRyYGbTIsmRDc2ZP/Eq9WPa0610fl+nmeRhHsgF1QAS44BnVwCRrAAxg8gCfwAl6tR+vZerPep6MFK9/ZBr9gfXwDXZ+acw==</latexit><latexit sha1_base64="W3lLepqb8LtWY+HbE6ikkvhoLx0=">AAACD3icbVDLSgMxFM3UV62vUZdugkWsC8tMEdSFUHTjRqjg2EJnLJk004ZmkiHJCGXoJ7jxV9y4UHHr1p1/Y9rOQqsHLvdwzr0k94QJo0o7zpdVmJtfWFwqLpdWVtfWN+zNrVslUomJhwUTshUiRRjlxNNUM9JKJEFxyEgzHFyM/eY9kYoKfqOHCQli1OM0ohhpI3Xs/ZqfUJ+n8Az6WKi77NAdVfxIIuzWoDaNwKuOcwA7dtmpOhPAv8TNSRnkaHTsT78rcBoTrjFDSrVdJ9FBhqSmmJFRyU8VSRAeoB5pG8pRTFSQTQ4awT2jdGEkpCmu4UT9uZGhWKlhHJrJGOm+mvXG4n9eO9XRSZBRnqSacDx9KEoZ1AKO04FdKgnWbGgIwpKav0LcRyYGbTIsmRDc2ZP/Eq9WPa0610fl+nmeRhHsgF1QAS44BnVwCRrAAxg8gCfwAl6tR+vZerPep6MFK9/ZBr9gfXwDXZ+acw==</latexit><latexit sha1_base64="W3lLepqb8LtWY+HbE6ikkvhoLx0=">AAACD3icbVDLSgMxFM3UV62vUZdugkWsC8tMEdSFUHTjRqjg2EJnLJk004ZmkiHJCGXoJ7jxV9y4UHHr1p1/Y9rOQqsHLvdwzr0k94QJo0o7zpdVmJtfWFwqLpdWVtfWN+zNrVslUomJhwUTshUiRRjlxNNUM9JKJEFxyEgzHFyM/eY9kYoKfqOHCQli1OM0ohhpI3Xs/ZqfUJ+n8Az6WKi77NAdVfxIIuzWoDaNwKuOcwA7dtmpOhPAv8TNSRnkaHTsT78rcBoTrjFDSrVdJ9FBhqSmmJFRyU8VSRAeoB5pG8pRTFSQTQ4awT2jdGEkpCmu4UT9uZGhWKlhHJrJGOm+mvXG4n9eO9XRSZBRnqSacDx9KEoZ1AKO04FdKgnWbGgIwpKav0LcRyYGbTIsmRDc2ZP/Eq9WPa0610fl+nmeRhHsgF1QAS44BnVwCRrAAxg8gCfwAl6tR+vZerPep6MFK9/ZBr9gfXwDXZ+acw==</latexit>



February	2018						MJS CAS	Beam	Dynamics/Tech	for	Future	Colliders

Periodic Transport Matrix
• Suppose M0 represents a repeat period 
‣ FODO cell, say — or, could be the whole ring !

(

x
x′

)

=

⎛

⎜

⎝

(

β
β0

)1/2

(cos ∆ψ + α0 sin ∆ψ)
√

β0β sin ∆ψ

−
1+α0α
√

β0β
sin ∆ψ −

α−α0√

β0β
cos∆ψ

(

β0

β

)1/2

(cos ∆ψ − α sin ∆ψ)

⎞

⎟

⎠

(

x0

x′

0

)
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       is the phase advance through 
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the whole ring, then     = 2!# 
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Dispersion
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The	bend	angle	(and/or	

focusing	strength)	depends	

upon	momentum	

Similar	to	index	of	

refraction	depending	upon	

frequency	

dipole	steering	“error”	due	

to	a	different	momentum	

—>	“dispersion”	

focusing	“error”	due	to	a	

different	momentum		

—>	“chromatic	aberration"
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D(s,�p/p) ⇡ D(s) ⌘ �x(s)

�p/p

dipole	magnet:

at	exit,	to	lowest	order,	
[i.e.,	in	“opposite”		

direction	of	bend]

likewise,	for	quadrupole:

Trajectory	differences	due	to	momentum	differences	referred	to	as	“dispersion”

and, “dispersion	function”
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Dispersion
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in	the	limit	of	short,	or	“thin”	

elements,		a	bending	magnet	

primarily	changes	the	slope	of	the	

dispersion	function	by	an	amount	

equal	to	the	bend	angle	of	the	

magnet

otherwise,	the	D	transports	roughly	
like	a	betatron	oscillation
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⇢
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x

K	=	0	:

1/)	=	0	: same	2x2	as	before

So,	can	use	matrix	methods	(3x3	now;	and	2x2	in	“vertical”	plane)	

				to	solve	for:

Dy, D
0
y(&																,	if	also	have	

		vertical	bending)

In terms of matrices…

D00 +K D =
1
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Ex:  String of FODO Cells with Bending

L

FF F-F-F

sp0
✓✓ ✓✓✓

p0	+	dp0

Dmax,min =
L✓

2 sin2(µ/2)

✓
1± 1

2
sin(µ/2)

◆
sin

µ

2
=

L

2F

Values	of	dispersion	function	are	typically		~	few	meters
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Beam Size Including Dispersion
• Total excursion due to “off momentum” plus betatron 

oscillation:

• Assuming no correlation between x( and particle’s 
momentum:

43

x = x� +D � � ⌘ �p/p

hx2i = hx2
�i+D2h�2i

x2 = x2
� + 2x�D� +D2�2

�x2⇥ = ⇤N�(s)/(⌅⇥v/c) + D(s)2�(�p/p)2⇥



February	2018						MJS CAS	Beam	Dynamics/Tech	for	Future	Colliders

Computer Codes
• Complicated arrangements can be fed into now-standard computer codes for analysis

‣ TRANSPORT, MAD, DIMAD,BMAD
‣ TRACE, TRACE3D, COSY
‣ SYNCH, CHEF, many more ...

44

0 10 20 30 40

0
5

10
15

20
25

Folding Segment 2

Path Length, s [m]

be
ta

, D
 [m

]

betax
betay
etax



February	2018						MJS CAS	Beam	Dynamics/Tech	for	Future	Colliders

Basic Optics of Colliders
• Arcs and FODO cells
• Long straight sections
‣ Utility Straight Sections
‣ Interaction Regions

• Dispersion suppressors

45
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FODO Cells (arcs)

L 30:= F 25:= smu
L
2 F⋅

§̈
©

·
¹

:= αp
1 smu+

1 smu−
:= β p 2 F⋅ αp⋅:=

γ
1 αp

2
+

β p
:=

αm
1 smu−

1 smu+
−:= βm 2 F⋅( ) αm−( )⋅:=

β x s( ) β p 2 αp⋅ s⋅− γ s2⋅+ s L<if

βm 2 αm⋅ s L−( )⋅− γ s L−( )2⋅+ otherwise

:=

β y s( ) βm 2 αm⋅ s⋅− γ s2⋅+ s L<if

β p 2 αp⋅ s L−( )⋅− γ s L−( )2⋅+ otherwise

:=

s 0 0.01, 2 L⋅..:=

L 30= F 25=
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s

sin(µ/2) = L/2F = 0.6 −→ µ ≈ 1.2(69◦)
βmax = 2(25 m)

√

1.6/0.4 = 100 m

βmin = 2(25 m)
√

0.4/1.6 = 25 m
ν ≈ 100 × 1.2/2π ∼ 20

Ex:  Tevatron Cell

�max,min = 2F

�
1± L/2F

1⇥ L/2F

through a thin quad

⇥(s) = ⇥0 � 2�0s + ⇤0s
2 between quadrupoles

��� = �2�/F
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Long Straight Section
• a “matched 

insertion” that 
propagates the 
amplitude 
functions from 
their FODO 
values, through 
the new region, 
and reproduces 
the FODO values 
on the other side

• Here, we see an 
LHC section used 
for beam scraping
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Interaction Region
• Final Focus
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Momentum offset =    0.00 %
s (m)   [*10**(  3)]
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Low-Beta Optics
• In drift, amplitude function is a parabola:

• Very small beam at IP requires very large beam in 
the final focus triplet:

49

�(s) = �⇤ ⇥1 + (s/�⇤)2
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Figure 2.10: Particles’ trajectories in a drift space. The beam looks like this
in a collision straight section of a collider. We adjust the beam so that its size
become minimum at the center of the physics detector.
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Dispersion Suppressor

50

µ =	phase	advance	per	FODO	cell

✓
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<latexit sha1_base64="JzaBCwHHblLDE2XE1sVxUE4JvJk=">AAAB7XicbZA9SwNBEIbn/IznV9TSZjEIVuHORi3EoI1lBM8EkiPsbTbJkr29Y3dODEfAv2BjoWLrT7G389+4+Sg08YWFh/edYWcmSqUw6HnfzsLi0vLKamHNXd/Y3Nou7uzemSTTjAcskYmuR9RwKRQPUKDk9VRzGkeS16L+1Siv3XNtRKJucZDyMKZdJTqCUbRW7aGJPY60VSx5ZW8sMg/+FEoXn+75IwBUW8WvZjthWcwVMkmNafheimFONQom+dBtZoanlPVplzcsKhpzE+bjcYfk0Dpt0km0fQrJ2P3dkdPYmEEc2cqYYs/MZiPzv6yRYec0zIVKM+SKTT7qZJJgQka7k7bQnKEcWKBMCzsrYT2qKUN7IdcewZ9deR6C4/JZ2bvxSpVLmKgA+3AAR+DDCVTgGqoQAIM+PMELvDqp8+y8Oe+T0gVn2rMHf+R8/ABZa5FG</latexit><latexit sha1_base64="eikMs9dTeVzYXeIeL6OG+9sjg5s=">AAAB7XicbZC7TsMwFIadcivhVmBksaiQmKqEBRgQFSyMRSK0UhtVjuu0Vh3Hsk8QVdSHYGEAxMLAo7CzIN4G9zJAyy9Z+vT/58jnnEgJbsDzvp3CwuLS8kpx1V1b39jcKm3v3Jo005QFNBWpbkTEMMElC4CDYA2lGUkiwepR/3KU1++YNjyVNzBQLExIV/KYUwLWqt+3oMeAtEtlr+KNhefBn0L5/MM9U29fbq1d+mx1UpolTAIVxJim7ykIc6KBU8GGbiszTBHaJ13WtChJwkyYj8cd4gPrdHCcavsk4LH7uyMniTGDJLKVCYGemc1G5n9ZM4P4JMy5VBkwSScfxZnAkOLR7rjDNaMgBhYI1dzOimmPaELBXsi1R/BnV56H4KhyWvGuvXL1Ak1URHtoHx0iHx2jKrpCNRQgivroAT2hZ0c5j86L8zopLTjTnl30R877D0mGkro=</latexit><latexit sha1_base64="eikMs9dTeVzYXeIeL6OG+9sjg5s=">AAAB7XicbZC7TsMwFIadcivhVmBksaiQmKqEBRgQFSyMRSK0UhtVjuu0Vh3Hsk8QVdSHYGEAxMLAo7CzIN4G9zJAyy9Z+vT/58jnnEgJbsDzvp3CwuLS8kpx1V1b39jcKm3v3Jo005QFNBWpbkTEMMElC4CDYA2lGUkiwepR/3KU1++YNjyVNzBQLExIV/KYUwLWqt+3oMeAtEtlr+KNhefBn0L5/MM9U29fbq1d+mx1UpolTAIVxJim7ykIc6KBU8GGbiszTBHaJ13WtChJwkyYj8cd4gPrdHCcavsk4LH7uyMniTGDJLKVCYGemc1G5n9ZM4P4JMy5VBkwSScfxZnAkOLR7rjDNaMgBhYI1dzOimmPaELBXsi1R/BnV56H4KhyWvGuvXL1Ak1URHtoHx0iHx2jKrpCNRQgivroAT2hZ0c5j86L8zopLTjTnl30R877D0mGkro=</latexit>

✓
<latexit sha1_base64="DyS48pH8cQ3ropK+glE1Z4lRIEo=">AAAB7HicbZBNS8NAEIYn9avGr6pHL8EieCqJF/UgFr14rGDaQhvKZrtp1242YXcilFDwJ3jxoOLVv+Ldm//G7cdBW19YeHjfGXZmwlRwja77bRWWlldW14rr9sbm1vZOaXevrpNMUebTRCSqGRLNBJfMR46CNVPFSBwK1ggH1+O88cCU5om8w2HKgpj0JI84JWisehv7DEmnVHYr7kTOIngzKF9+2hePAFDrlL7a3YRmMZNIBdG65bkpBjlRyKlgI7udaZYSOiA91jIoScx0kE+mHTlHxuk6UaLMk+hM3N8dOYm1HsahqYwJ9vV8Njb/y1oZRmdBzmWaIZN0+lGUCQcTZ7y60+WKURRDA4QqbmZ1aJ8oQtEcyDZH8OZXXgT/pHJecW/dcvUKpirCARzCMXhwClW4gRr4QOEenuAFXq3EerberPdpacGa9ezDH1kfP3w3kMQ=</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit>

✓
<latexit sha1_base64="DyS48pH8cQ3ropK+glE1Z4lRIEo=">AAAB7HicbZBNS8NAEIYn9avGr6pHL8EieCqJF/UgFr14rGDaQhvKZrtp1242YXcilFDwJ3jxoOLVv+Ldm//G7cdBW19YeHjfGXZmwlRwja77bRWWlldW14rr9sbm1vZOaXevrpNMUebTRCSqGRLNBJfMR46CNVPFSBwK1ggH1+O88cCU5om8w2HKgpj0JI84JWisehv7DEmnVHYr7kTOIngzKF9+2hePAFDrlL7a3YRmMZNIBdG65bkpBjlRyKlgI7udaZYSOiA91jIoScx0kE+mHTlHxuk6UaLMk+hM3N8dOYm1HsahqYwJ9vV8Njb/y1oZRmdBzmWaIZN0+lGUCQcTZ7y60+WKURRDA4QqbmZ1aJ8oQtEcyDZH8OZXXgT/pHJecW/dcvUKpirCARzCMXhwClW4gRr4QOEenuAFXq3EerberPdpacGa9ezDH1kfP3w3kMQ=</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit>

✓
<latexit sha1_base64="DyS48pH8cQ3ropK+glE1Z4lRIEo=">AAAB7HicbZBNS8NAEIYn9avGr6pHL8EieCqJF/UgFr14rGDaQhvKZrtp1242YXcilFDwJ3jxoOLVv+Ldm//G7cdBW19YeHjfGXZmwlRwja77bRWWlldW14rr9sbm1vZOaXevrpNMUebTRCSqGRLNBJfMR46CNVPFSBwK1ggH1+O88cCU5om8w2HKgpj0JI84JWisehv7DEmnVHYr7kTOIngzKF9+2hePAFDrlL7a3YRmMZNIBdG65bkpBjlRyKlgI7udaZYSOiA91jIoScx0kE+mHTlHxuk6UaLMk+hM3N8dOYm1HsahqYwJ9vV8Njb/y1oZRmdBzmWaIZN0+lGUCQcTZ7y60+WKURRDA4QqbmZ1aJ8oQtEcyDZH8OZXXgT/pHJecW/dcvUKpirCARzCMXhwClW4gRr4QOEenuAFXq3EerberPdpacGa9ezDH1kfP3w3kMQ=</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit>

D(s)
<latexit sha1_base64="r58ZjLSzqTY74/33UWmZfp+l4Dk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tlgQhIoQ7G7ULamEZwTOB5Ah7m71kye7esbsnhCN/wcZCxcbCX2Tnv3EvSaGJDwYe780wMy9MONPGdb+dwsrq2vpGcbO0tb2zu1feP3jQcaoI9UnMY9UOsaacSeobZjhtJ4piEXLaCkfXud96pEqzWN6bcUIDgQeSRYxgk0s3NX3SK1fdujsFWibenFQble7pBwA0e+Wvbj8mqaDSEI617nhuYoIMK8MIp5NSN9U0wWSEB7RjqcSC6iCb3jpBx1bpoyhWtqRBU/X3RIaF1mMR2k6BzVAvern4n9dJTXQRZEwmqaGSzBZFKUcmRvnjqM8UJYaPLcFEMXsrIkOsMDE2npINwVt8eZn4Z/XLuntnw7iCGYpwBBWogQfn0IBbaIIPBIbwBC/w6gjn2Xlz3metBWc+cwh/4Hz+AK4AjwI=</latexit><latexit sha1_base64="rPg2yMbFZ07KE30/yuoyUIfn+Ao=">AAAB6nicbVBNSwMxEJ31s9avqkcvoUWoCGXrRb0V9eCxgmsL7VKyabYNTbJLkhWWpX/Bi4KKV3+Rt/4bs20P2vpg4PHeDDPzgpgzbVx34qysrq1vbBa2its7u3v7pYPDRx0lilCPRDxS7QBrypmknmGG03asKBYBp61gdJP7rSeqNIvkg0lj6gs8kCxkBJtcuq3q016p4tbcKdAyqc9JpVHunr1OGmmzV/ru9iOSCCoN4VjrTt2NjZ9hZRjhdFzsJprGmIzwgHYslVhQ7WfTW8foxCp9FEbKljRoqv6eyLDQOhWB7RTYDPWil4v/eZ3EhJd+xmScGCrJbFGYcGQilD+O+kxRYnhqCSaK2VsRGWKFibHxFG0I9cWXl4l3Xruqufc2jGuYoQDHUIYq1OECGnAHTfCAwBCe4Q3eHeG8OB/O56x1xZnPHMEfOF8/teSQiA==</latexit><latexit sha1_base64="rPg2yMbFZ07KE30/yuoyUIfn+Ao=">AAAB6nicbVBNSwMxEJ31s9avqkcvoUWoCGXrRb0V9eCxgmsL7VKyabYNTbJLkhWWpX/Bi4KKV3+Rt/4bs20P2vpg4PHeDDPzgpgzbVx34qysrq1vbBa2its7u3v7pYPDRx0lilCPRDxS7QBrypmknmGG03asKBYBp61gdJP7rSeqNIvkg0lj6gs8kCxkBJtcuq3q016p4tbcKdAyqc9JpVHunr1OGmmzV/ru9iOSCCoN4VjrTt2NjZ9hZRjhdFzsJprGmIzwgHYslVhQ7WfTW8foxCp9FEbKljRoqv6eyLDQOhWB7RTYDPWil4v/eZ3EhJd+xmScGCrJbFGYcGQilD+O+kxRYnhqCSaK2VsRGWKFibHxFG0I9cWXl4l3Xruqufc2jGuYoQDHUIYq1OECGnAHTfCAwBCe4Q3eHeG8OB/O56x1xZnPHMEfOF8/teSQiA==</latexit>

D̂
<latexit sha1_base64="h/R/8F5ooWV1Avhfl3tlQnH7jGw=">AAAB7XicbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBrWwjOCZQHKEvc0mWbK3d+zOCeEI+BdsLFRs/Sn2dv4bNx+FRl9YeHjfGXZmolQKg5735RQWFpeWV4qr7tr6xuZWaXvnziSZZjxgiUx0I6KGS6F4gAIlb6Sa0ziSvB4NLsd5/Z5rIxJ1i8OUhzHtKdEVjKK16q0+xfxq1C6VvYo3EfkL/gzK5x/u2QMA1Nqlz1YnYVnMFTJJjWn6XophTjUKJvnIbWWGp5QNaI83LSoacxPmk3FH5MA6HdJNtH0KycT92ZHT2JhhHNnKmGLfzGdj87+smWH3JMyFSjPkik0/6maSYELGu5OO0JyhHFqgTAs7K2F9qilDeyHXHsGfX/kvBEeV04p345WrFzBVEfZgHw7Bh2OowjXUIAAGA3iEZ3hxUufJeXXepqUFZ9azC7/kvH8DORSRMQ==</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit>

D̂
<latexit sha1_base64="h/R/8F5ooWV1Avhfl3tlQnH7jGw=">AAAB7XicbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBrWwjOCZQHKEvc0mWbK3d+zOCeEI+BdsLFRs/Sn2dv4bNx+FRl9YeHjfGXZmolQKg5735RQWFpeWV4qr7tr6xuZWaXvnziSZZjxgiUx0I6KGS6F4gAIlb6Sa0ziSvB4NLsd5/Z5rIxJ1i8OUhzHtKdEVjKK16q0+xfxq1C6VvYo3EfkL/gzK5x/u2QMA1Nqlz1YnYVnMFTJJjWn6XophTjUKJvnIbWWGp5QNaI83LSoacxPmk3FH5MA6HdJNtH0KycT92ZHT2JhhHNnKmGLfzGdj87+smWH3JMyFSjPkik0/6maSYELGu5OO0JyhHFqgTAs7K2F9qilDeyHXHsGfX/kvBEeV04p345WrFzBVEfZgHw7Bh2OowjXUIAAGA3iEZ3hxUufJeXXepqUFZ9azC7/kvH8DORSRMQ==</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit>

D = D0 = 0
<latexit sha1_base64="6aR+PAWusVRoaJLb4VjdcDuYTH0=">AAAB8HicbVC7TgJBFL2LL1xfqKXNRGK0IoONWhCJUlhi4goRNmR2mIUJs7ObmVkTsiHxI2ws1Nj6I/Z2/o0DWCh4kntzcs69uY8gEVwbjL+c3MLi0vJKftVdW9/Y3Cps79zqOFWUeTQWsWoGRDPBJfMMN4I1E8VIFAjWCAaXY79xz5Tmsbwxw4T5EelJHnJKjJXuaqiCaoc24U6hiEt4AjRPyj+keP7hVh4AoN4pfLa7MU0jJg0VROtWGSfGz4gynAo2ctupZgmhA9JjLUsliZj2s8nGI3RglS4KY2VDGjRRf3dkJNJ6GAW2MiKmr2e9sfif10pNeOpnXCapYZJOB4WpQCZG4/NRlytGjRhaQqjidldE+0QRauyTXPuE8uzJ88Q7Lp2V8DUuVi9gijzswT4cQRlOoApXUAcPKEh4hGd4cbTz5Lw6b9PSnPPTswt/4Lx/AytTkFM=</latexit><latexit sha1_base64="PTlpQdNCY55//UGJHe4wZUj6LZw=">AAAB8HicbVDLSsNAFL2prxpfVZduBovoqiRu1EWxaBcuKxhbbEOZTCft0MkkzEyEEvoXblyoiDt/xL0b8W+cPhbaeuBeDufcy30ECWdKO863lVtYXFpeya/aa+sbm1uF7Z1bFaeSUI/EPJaNACvKmaCeZprTRiIpjgJO60H/cuTX76lULBY3epBQP8JdwUJGsDbSXRWVUfXQJKddKDolZww0T9wpKZ5/2OXk7cuutQufrU5M0ogKTThWquk6ifYzLDUjnA7tVqpogkkfd2nTUIEjqvxsvPEQHRilg8JYmhAajdXfHRmOlBpEgamMsO6pWW8k/uc1Ux2e+hkTSaqpIJNBYcqRjtHofNRhkhLNB4ZgIpnZFZEelpho8yTbPMGdPXmeeMels5Jz7RQrFzBBHvZgH47AhROowBXUwAMCAh7gCZ4tZT1aL9brpDRnTXt24Q+s9x8bbpHH</latexit><latexit sha1_base64="PTlpQdNCY55//UGJHe4wZUj6LZw=">AAAB8HicbVDLSsNAFL2prxpfVZduBovoqiRu1EWxaBcuKxhbbEOZTCft0MkkzEyEEvoXblyoiDt/xL0b8W+cPhbaeuBeDufcy30ECWdKO863lVtYXFpeya/aa+sbm1uF7Z1bFaeSUI/EPJaNACvKmaCeZprTRiIpjgJO60H/cuTX76lULBY3epBQP8JdwUJGsDbSXRWVUfXQJKddKDolZww0T9wpKZ5/2OXk7cuutQufrU5M0ogKTThWquk6ifYzLDUjnA7tVqpogkkfd2nTUIEjqvxsvPEQHRilg8JYmhAajdXfHRmOlBpEgamMsO6pWW8k/uc1Ux2e+hkTSaqpIJNBYcqRjtHofNRhkhLNB4ZgIpnZFZEelpho8yTbPMGdPXmeeMels5Jz7RQrFzBBHvZgH47AhROowBXUwAMCAh7gCZ4tZT1aL9brpDRnTXt24Q+s9x8bbpHH</latexit>

(1� x)✓
<latexit sha1_base64="LasEufI1vR4ImVsdgy04tTItKos=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69hBahIpbEi3orevFYwdhCEspmu2mXbjZhdyKW0p/hxYMWr/4bb/4btx8HrT4YeLw3w8y8KBNco+N8WYWV1bX1jeJmaWt7Z3evvH/woNNcUebRVKSqHRHNBJfMQ46CtTPFSBIJ1ooGN1O/9ciU5qm8x2HGwoT0JI85JWgkv+aePZ0E2GdIOuWqU3dmsP8Sd0GqjUpwOgGAZqf8GXRTmidMIhVEa991MgxHRCGngo1LQa5ZRuiA9JhvqCQJ0+FodvLYPjZK145TZUqiPVN/ToxIovUwiUxnQrCvl72p+J/n5xhfhiMusxyZpPNFcS5sTO3p/3aXK0ZRDA0hVHFzq037RBGKJqWSCcFdfvkv8c7rV3XnzoRxDXMU4QgqUAMXLqABt9AEDyik8Ayv8Gah9WJNrPd5a8FazBzCL1gf3595kdk=</latexit><latexit sha1_base64="2oWrYuconxb6iIUw3LR+RT7DUEk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LC1CRSyJF/VW9OKxgrGFJJTNdtMu3WzC7kQMpf9CLx5UvPpvvPXfuP04aOuDgcd7M8zMC1PBNdj22CqsrK6tbxQ3S1vbO7t75f2DB51kijKXJiJR7ZBoJrhkLnAQrJ0qRuJQsFY4uJn4rUemNE/kPeQpC2LSkzzilICRvJpz9nTiQ58B6ZSrdt2eAi8TZ06qjYp/+jxu5M1O+dvvJjSLmQQqiNaeY6cQDIkCTgUblfxMs5TQAekxz1BJYqaD4fTkET42ShdHiTIlAU/V3xNDEmudx6HpjAn09aI3Ef/zvAyiy2DIZZoBk3S2KMoEhgRP/sddrhgFkRtCqOLmVkz7RBEKJqWSCcFZfHmZuOf1q7p9Z8K4RjMU0RGqoBpy0AVqoFvURC6iKEEv6A29W2C9Wh/W56y1YM1nDtEfWF8/p12TXw==</latexit><latexit sha1_base64="2oWrYuconxb6iIUw3LR+RT7DUEk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LC1CRSyJF/VW9OKxgrGFJJTNdtMu3WzC7kQMpf9CLx5UvPpvvPXfuP04aOuDgcd7M8zMC1PBNdj22CqsrK6tbxQ3S1vbO7t75f2DB51kijKXJiJR7ZBoJrhkLnAQrJ0qRuJQsFY4uJn4rUemNE/kPeQpC2LSkzzilICRvJpz9nTiQ58B6ZSrdt2eAi8TZ06qjYp/+jxu5M1O+dvvJjSLmQQqiNaeY6cQDIkCTgUblfxMs5TQAekxz1BJYqaD4fTkET42ShdHiTIlAU/V3xNDEmudx6HpjAn09aI3Ef/zvAyiy2DIZZoBk3S2KMoEhgRP/sddrhgFkRtCqOLmVkz7RBEKJqWSCcFZfHmZuOf1q7p9Z8K4RjMU0RGqoBpy0AVqoFvURC6iKEEv6A29W2C9Wh/W56y1YM1nDtEfWF8/p12TXw==</latexit>

x✓
<latexit sha1_base64="JzaBCwHHblLDE2XE1sVxUE4JvJk=">AAAB7XicbZA9SwNBEIbn/IznV9TSZjEIVuHORi3EoI1lBM8EkiPsbTbJkr29Y3dODEfAv2BjoWLrT7G389+4+Sg08YWFh/edYWcmSqUw6HnfzsLi0vLKamHNXd/Y3Nou7uzemSTTjAcskYmuR9RwKRQPUKDk9VRzGkeS16L+1Siv3XNtRKJucZDyMKZdJTqCUbRW7aGJPY60VSx5ZW8sMg/+FEoXn+75IwBUW8WvZjthWcwVMkmNafheimFONQom+dBtZoanlPVplzcsKhpzE+bjcYfk0Dpt0km0fQrJ2P3dkdPYmEEc2cqYYs/MZiPzv6yRYec0zIVKM+SKTT7qZJJgQka7k7bQnKEcWKBMCzsrYT2qKUN7IdcewZ9deR6C4/JZ2bvxSpVLmKgA+3AAR+DDCVTgGqoQAIM+PMELvDqp8+y8Oe+T0gVn2rMHf+R8/ABZa5FG</latexit><latexit sha1_base64="eikMs9dTeVzYXeIeL6OG+9sjg5s=">AAAB7XicbZC7TsMwFIadcivhVmBksaiQmKqEBRgQFSyMRSK0UhtVjuu0Vh3Hsk8QVdSHYGEAxMLAo7CzIN4G9zJAyy9Z+vT/58jnnEgJbsDzvp3CwuLS8kpx1V1b39jcKm3v3Jo005QFNBWpbkTEMMElC4CDYA2lGUkiwepR/3KU1++YNjyVNzBQLExIV/KYUwLWqt+3oMeAtEtlr+KNhefBn0L5/MM9U29fbq1d+mx1UpolTAIVxJim7ykIc6KBU8GGbiszTBHaJ13WtChJwkyYj8cd4gPrdHCcavsk4LH7uyMniTGDJLKVCYGemc1G5n9ZM4P4JMy5VBkwSScfxZnAkOLR7rjDNaMgBhYI1dzOimmPaELBXsi1R/BnV56H4KhyWvGuvXL1Ak1URHtoHx0iHx2jKrpCNRQgivroAT2hZ0c5j86L8zopLTjTnl30R877D0mGkro=</latexit><latexit sha1_base64="eikMs9dTeVzYXeIeL6OG+9sjg5s=">AAAB7XicbZC7TsMwFIadcivhVmBksaiQmKqEBRgQFSyMRSK0UhtVjuu0Vh3Hsk8QVdSHYGEAxMLAo7CzIN4G9zJAyy9Z+vT/58jnnEgJbsDzvp3CwuLS8kpx1V1b39jcKm3v3Jo005QFNBWpbkTEMMElC4CDYA2lGUkiwepR/3KU1++YNjyVNzBQLExIV/KYUwLWqt+3oMeAtEtlr+KNhefBn0L5/MM9U29fbq1d+mx1UpolTAIVxJim7ykIc6KBU8GGbiszTBHaJ13WtChJwkyYj8cd4gPrdHCcavsk4LH7uyMniTGDJLKVCYGemc1G5n9ZM4P4JMy5VBkwSScfxZnAkOLR7rjDNaMgBhYI1dzOimmPaELBXsi1R/BnV56H4KhyWvGuvXL1Ak1URHtoHx0iHx2jKrpCNRQgivroAT2hZ0c5j86L8zopLTjTnl30R877D0mGkro=</latexit>

used in rings or large bending segments to bring 
the periodic dispersion of the FODO cells to zero D̂ =

L✓

sin2 µ
2

✓
1 +

1

2
sin

µ

2

◆

<latexit sha1_base64="MQK9YMQQ4OIxw2Dupt+hDeW/iXw="></latexit><latexit sha1_base64="/748+uzAYQXbX6RBMWYOkKDyjoE="></latexit><latexit sha1_base64="/748+uzAYQXbX6RBMWYOkKDyjoE="></latexit>

What value of x will  
bring D, D’ both to zero?

Let periodic dispersion be:                                  and~D0 =

✓
D0

D0
0

◆

<latexit sha1_base64="ggeGyatdrwT6ydc/yHoKfgY7/9U=">AAACHXicbVA9SwNBEJ2LXzF+RS1tFkW0ChdB1EIQTWEZwZhALpx7m0lc3Ns7dvfEcOSX2PhHLGwsVCxsxB9i714SxK8Hyz7em2FmXhALro3rvju5sfGJyan8dGFmdm5+obi4dKajRDGssUhEqhFQjYJLrBluBDZihTQMBNaDy6PMr1+h0jySp6YXYyukXck7nFFjJb+47V0hSyt93yX7xAuwy2Uah9Qoft0nFat6HqlsZD/K9pfjF9fckjsA+UvKI7J2sP5xdw4AVb/46rUjloQoDRNU62bZjU0rpcpwJrBf8BKNMWWXtItNSyUNUbfSwXl9sm6VNulEyj5pyED93pHSUOteGNhKu9+F/u1l4n9eMzGd3VbKZZwYlGw4qJMIYiKSZUXaXCEzomcJZYrbXQm7oIoyYxMt2BDKv0/+S2pbpb2Se2LDOIQh8rACq7AJZdiBAziGKtSAwQ3cwyM8ObfOg/PsvAxLc86oZxl+wHn7BFEeo9g=</latexit><latexit sha1_base64="NSehCSbzKTwgofrttU6hTqMsXvE="></latexit><latexit sha1_base64="NSehCSbzKTwgofrttU6hTqMsXvE="></latexit>

Then, using 3x3 matrix approach: ✓
~D0

1

◆
=

0

@
a b e
c d f
0 0 1

1

A
✓
~D0

1

◆
=

✓
M0 (I �M0) ~D0

0 1

◆✓
~D0

1

◆

<latexit sha1_base64="ebzyl1ZGopY73c2ErCGVAQntVNw="></latexit><latexit sha1_base64="yQ4nd25tsF/rJiPbIE8LH+McUzc="></latexit><latexit sha1_base64="yQ4nd25tsF/rJiPbIE8LH+McUzc="></latexit>

M0 =

✓
cosµ+ ↵ sinµ � sinµ

�� sinµ cosµ� ↵ sinµ

◆

<latexit sha1_base64="hvO+Yf28QUhtt4AkPdQTg9bxdxY="></latexit><latexit sha1_base64="MnFn2TgouDtbZdutIv1geBFKn0M="></latexit><latexit sha1_base64="MnFn2TgouDtbZdutIv1geBFKn0M="></latexit>
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✓
<latexit sha1_base64="DyS48pH8cQ3ropK+glE1Z4lRIEo=">AAAB7HicbZBNS8NAEIYn9avGr6pHL8EieCqJF/UgFr14rGDaQhvKZrtp1242YXcilFDwJ3jxoOLVv+Ldm//G7cdBW19YeHjfGXZmwlRwja77bRWWlldW14rr9sbm1vZOaXevrpNMUebTRCSqGRLNBJfMR46CNVPFSBwK1ggH1+O88cCU5om8w2HKgpj0JI84JWisehv7DEmnVHYr7kTOIngzKF9+2hePAFDrlL7a3YRmMZNIBdG65bkpBjlRyKlgI7udaZYSOiA91jIoScx0kE+mHTlHxuk6UaLMk+hM3N8dOYm1HsahqYwJ9vV8Njb/y1oZRmdBzmWaIZN0+lGUCQcTZ7y60+WKURRDA4QqbmZ1aJ8oQtEcyDZH8OZXXgT/pHJecW/dcvUKpirCARzCMXhwClW4gRr4QOEenuAFXq3EerberPdpacGa9ezDH1kfP3w3kMQ=</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit>

(1� x)✓
<latexit sha1_base64="LasEufI1vR4ImVsdgy04tTItKos=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69hBahIpbEi3orevFYwdhCEspmu2mXbjZhdyKW0p/hxYMWr/4bb/4btx8HrT4YeLw3w8y8KBNco+N8WYWV1bX1jeJmaWt7Z3evvH/woNNcUebRVKSqHRHNBJfMQ46CtTPFSBIJ1ooGN1O/9ciU5qm8x2HGwoT0JI85JWgkv+aePZ0E2GdIOuWqU3dmsP8Sd0GqjUpwOgGAZqf8GXRTmidMIhVEa991MgxHRCGngo1LQa5ZRuiA9JhvqCQJ0+FodvLYPjZK145TZUqiPVN/ToxIovUwiUxnQrCvl72p+J/n5xhfhiMusxyZpPNFcS5sTO3p/3aXK0ZRDA0hVHFzq037RBGKJqWSCcFdfvkv8c7rV3XnzoRxDXMU4QgqUAMXLqABt9AEDyik8Ayv8Gah9WJNrPd5a8FazBzCL1gf3595kdk=</latexit><latexit sha1_base64="2oWrYuconxb6iIUw3LR+RT7DUEk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LC1CRSyJF/VW9OKxgrGFJJTNdtMu3WzC7kQMpf9CLx5UvPpvvPXfuP04aOuDgcd7M8zMC1PBNdj22CqsrK6tbxQ3S1vbO7t75f2DB51kijKXJiJR7ZBoJrhkLnAQrJ0qRuJQsFY4uJn4rUemNE/kPeQpC2LSkzzilICRvJpz9nTiQ58B6ZSrdt2eAi8TZ06qjYp/+jxu5M1O+dvvJjSLmQQqiNaeY6cQDIkCTgUblfxMs5TQAekxz1BJYqaD4fTkET42ShdHiTIlAU/V3xNDEmudx6HpjAn09aI3Ef/zvAyiy2DIZZoBk3S2KMoEhgRP/sddrhgFkRtCqOLmVkz7RBEKJqWSCcFZfHmZuOf1q7p9Z8K4RjMU0RGqoBpy0AVqoFvURC6iKEEv6A29W2C9Wh/W56y1YM1nDtEfWF8/p12TXw==</latexit><latexit sha1_base64="2oWrYuconxb6iIUw3LR+RT7DUEk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LC1CRSyJF/VW9OKxgrGFJJTNdtMu3WzC7kQMpf9CLx5UvPpvvPXfuP04aOuDgcd7M8zMC1PBNdj22CqsrK6tbxQ3S1vbO7t75f2DB51kijKXJiJR7ZBoJrhkLnAQrJ0qRuJQsFY4uJn4rUemNE/kPeQpC2LSkzzilICRvJpz9nTiQ58B6ZSrdt2eAi8TZ06qjYp/+jxu5M1O+dvvJjSLmQQqiNaeY6cQDIkCTgUblfxMs5TQAekxz1BJYqaD4fTkET42ShdHiTIlAU/V3xNDEmudx6HpjAn09aI3Ef/zvAyiy2DIZZoBk3S2KMoEhgRP/sddrhgFkRtCqOLmVkz7RBEKJqWSCcFZfHmZuOf1q7p9Z8K4RjMU0RGqoBpy0AVqoFvURC6iKEEv6A29W2C9Wh/W56y1YM1nDtEfWF8/p12TXw==</latexit>

(1� x)✓
<latexit sha1_base64="LasEufI1vR4ImVsdgy04tTItKos=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69hBahIpbEi3orevFYwdhCEspmu2mXbjZhdyKW0p/hxYMWr/4bb/4btx8HrT4YeLw3w8y8KBNco+N8WYWV1bX1jeJmaWt7Z3evvH/woNNcUebRVKSqHRHNBJfMQ46CtTPFSBIJ1ooGN1O/9ciU5qm8x2HGwoT0JI85JWgkv+aePZ0E2GdIOuWqU3dmsP8Sd0GqjUpwOgGAZqf8GXRTmidMIhVEa991MgxHRCGngo1LQa5ZRuiA9JhvqCQJ0+FodvLYPjZK145TZUqiPVN/ToxIovUwiUxnQrCvl72p+J/n5xhfhiMusxyZpPNFcS5sTO3p/3aXK0ZRDA0hVHFzq037RBGKJqWSCcFdfvkv8c7rV3XnzoRxDXMU4QgqUAMXLqABt9AEDyik8Ayv8Gah9WJNrPd5a8FazBzCL1gf3595kdk=</latexit><latexit sha1_base64="2oWrYuconxb6iIUw3LR+RT7DUEk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LC1CRSyJF/VW9OKxgrGFJJTNdtMu3WzC7kQMpf9CLx5UvPpvvPXfuP04aOuDgcd7M8zMC1PBNdj22CqsrK6tbxQ3S1vbO7t75f2DB51kijKXJiJR7ZBoJrhkLnAQrJ0qRuJQsFY4uJn4rUemNE/kPeQpC2LSkzzilICRvJpz9nTiQ58B6ZSrdt2eAi8TZ06qjYp/+jxu5M1O+dvvJjSLmQQqiNaeY6cQDIkCTgUblfxMs5TQAekxz1BJYqaD4fTkET42ShdHiTIlAU/V3xNDEmudx6HpjAn09aI3Ef/zvAyiy2DIZZoBk3S2KMoEhgRP/sddrhgFkRtCqOLmVkz7RBEKJqWSCcFZfHmZuOf1q7p9Z8K4RjMU0RGqoBpy0AVqoFvURC6iKEEv6A29W2C9Wh/W56y1YM1nDtEfWF8/p12TXw==</latexit><latexit sha1_base64="2oWrYuconxb6iIUw3LR+RT7DUEk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LC1CRSyJF/VW9OKxgrGFJJTNdtMu3WzC7kQMpf9CLx5UvPpvvPXfuP04aOuDgcd7M8zMC1PBNdj22CqsrK6tbxQ3S1vbO7t75f2DB51kijKXJiJR7ZBoJrhkLnAQrJ0qRuJQsFY4uJn4rUemNE/kPeQpC2LSkzzilICRvJpz9nTiQ58B6ZSrdt2eAi8TZ06qjYp/+jxu5M1O+dvvJjSLmQQqiNaeY6cQDIkCTgUblfxMs5TQAekxz1BJYqaD4fTkET42ShdHiTIlAU/V3xNDEmudx6HpjAn09aI3Ef/zvAyiy2DIZZoBk3S2KMoEhgRP/sddrhgFkRtCqOLmVkz7RBEKJqWSCcFZfHmZuOf1q7p9Z8K4RjMU0RGqoBpy0AVqoFvURC6iKEEv6A29W2C9Wh/W56y1YM1nDtEfWF8/p12TXw==</latexit>

x✓
<latexit sha1_base64="JzaBCwHHblLDE2XE1sVxUE4JvJk=">AAAB7XicbZA9SwNBEIbn/IznV9TSZjEIVuHORi3EoI1lBM8EkiPsbTbJkr29Y3dODEfAv2BjoWLrT7G389+4+Sg08YWFh/edYWcmSqUw6HnfzsLi0vLKamHNXd/Y3Nou7uzemSTTjAcskYmuR9RwKRQPUKDk9VRzGkeS16L+1Siv3XNtRKJucZDyMKZdJTqCUbRW7aGJPY60VSx5ZW8sMg/+FEoXn+75IwBUW8WvZjthWcwVMkmNafheimFONQom+dBtZoanlPVplzcsKhpzE+bjcYfk0Dpt0km0fQrJ2P3dkdPYmEEc2cqYYs/MZiPzv6yRYec0zIVKM+SKTT7qZJJgQka7k7bQnKEcWKBMCzsrYT2qKUN7IdcewZ9deR6C4/JZ2bvxSpVLmKgA+3AAR+DDCVTgGqoQAIM+PMELvDqp8+y8Oe+T0gVn2rMHf+R8/ABZa5FG</latexit><latexit sha1_base64="eikMs9dTeVzYXeIeL6OG+9sjg5s=">AAAB7XicbZC7TsMwFIadcivhVmBksaiQmKqEBRgQFSyMRSK0UhtVjuu0Vh3Hsk8QVdSHYGEAxMLAo7CzIN4G9zJAyy9Z+vT/58jnnEgJbsDzvp3CwuLS8kpx1V1b39jcKm3v3Jo005QFNBWpbkTEMMElC4CDYA2lGUkiwepR/3KU1++YNjyVNzBQLExIV/KYUwLWqt+3oMeAtEtlr+KNhefBn0L5/MM9U29fbq1d+mx1UpolTAIVxJim7ykIc6KBU8GGbiszTBHaJ13WtChJwkyYj8cd4gPrdHCcavsk4LH7uyMniTGDJLKVCYGemc1G5n9ZM4P4JMy5VBkwSScfxZnAkOLR7rjDNaMgBhYI1dzOimmPaELBXsi1R/BnV56H4KhyWvGuvXL1Ak1URHtoHx0iHx2jKrpCNRQgivroAT2hZ0c5j86L8zopLTjTnl30R877D0mGkro=</latexit><latexit sha1_base64="eikMs9dTeVzYXeIeL6OG+9sjg5s=">AAAB7XicbZC7TsMwFIadcivhVmBksaiQmKqEBRgQFSyMRSK0UhtVjuu0Vh3Hsk8QVdSHYGEAxMLAo7CzIN4G9zJAyy9Z+vT/58jnnEgJbsDzvp3CwuLS8kpx1V1b39jcKm3v3Jo005QFNBWpbkTEMMElC4CDYA2lGUkiwepR/3KU1++YNjyVNzBQLExIV/KYUwLWqt+3oMeAtEtlr+KNhefBn0L5/MM9U29fbq1d+mx1UpolTAIVxJim7ykIc6KBU8GGbiszTBHaJ13WtChJwkyYj8cd4gPrdHCcavsk4LH7uyMniTGDJLKVCYGemc1G5n9ZM4P4JMy5VBkwSScfxZnAkOLR7rjDNaMgBhYI1dzOimmPaELBXsi1R/BnV56H4KhyWvGuvXL1Ak1URHtoHx0iHx2jKrpCNRQgivroAT2hZ0c5j86L8zopLTjTnl30R877D0mGkro=</latexit>

x✓
<latexit sha1_base64="JzaBCwHHblLDE2XE1sVxUE4JvJk=">AAAB7XicbZA9SwNBEIbn/IznV9TSZjEIVuHORi3EoI1lBM8EkiPsbTbJkr29Y3dODEfAv2BjoWLrT7G389+4+Sg08YWFh/edYWcmSqUw6HnfzsLi0vLKamHNXd/Y3Nou7uzemSTTjAcskYmuR9RwKRQPUKDk9VRzGkeS16L+1Siv3XNtRKJucZDyMKZdJTqCUbRW7aGJPY60VSx5ZW8sMg/+FEoXn+75IwBUW8WvZjthWcwVMkmNafheimFONQom+dBtZoanlPVplzcsKhpzE+bjcYfk0Dpt0km0fQrJ2P3dkdPYmEEc2cqYYs/MZiPzv6yRYec0zIVKM+SKTT7qZJJgQka7k7bQnKEcWKBMCzsrYT2qKUN7IdcewZ9deR6C4/JZ2bvxSpVLmKgA+3AAR+DDCVTgGqoQAIM+PMELvDqp8+y8Oe+T0gVn2rMHf+R8/ABZa5FG</latexit><latexit sha1_base64="eikMs9dTeVzYXeIeL6OG+9sjg5s=">AAAB7XicbZC7TsMwFIadcivhVmBksaiQmKqEBRgQFSyMRSK0UhtVjuu0Vh3Hsk8QVdSHYGEAxMLAo7CzIN4G9zJAyy9Z+vT/58jnnEgJbsDzvp3CwuLS8kpx1V1b39jcKm3v3Jo005QFNBWpbkTEMMElC4CDYA2lGUkiwepR/3KU1++YNjyVNzBQLExIV/KYUwLWqt+3oMeAtEtlr+KNhefBn0L5/MM9U29fbq1d+mx1UpolTAIVxJim7ykIc6KBU8GGbiszTBHaJ13WtChJwkyYj8cd4gPrdHCcavsk4LH7uyMniTGDJLKVCYGemc1G5n9ZM4P4JMy5VBkwSScfxZnAkOLR7rjDNaMgBhYI1dzOimmPaELBXsi1R/BnV56H4KhyWvGuvXL1Ak1URHtoHx0iHx2jKrpCNRQgivroAT2hZ0c5j86L8zopLTjTnl30R877D0mGkro=</latexit><latexit sha1_base64="eikMs9dTeVzYXeIeL6OG+9sjg5s=">AAAB7XicbZC7TsMwFIadcivhVmBksaiQmKqEBRgQFSyMRSK0UhtVjuu0Vh3Hsk8QVdSHYGEAxMLAo7CzIN4G9zJAyy9Z+vT/58jnnEgJbsDzvp3CwuLS8kpx1V1b39jcKm3v3Jo005QFNBWpbkTEMMElC4CDYA2lGUkiwepR/3KU1++YNjyVNzBQLExIV/KYUwLWqt+3oMeAtEtlr+KNhefBn0L5/MM9U29fbq1d+mx1UpolTAIVxJim7ykIc6KBU8GGbiszTBHaJ13WtChJwkyYj8cd4gPrdHCcavsk4LH7uyMniTGDJLKVCYGemc1G5n9ZM4P4JMy5VBkwSScfxZnAkOLR7rjDNaMgBhYI1dzOimmPaELBXsi1R/BnV56H4KhyWvGuvXL1Ak1URHtoHx0iHx2jKrpCNRQgivroAT2hZ0c5j86L8zopLTjTnl30R877D0mGkro=</latexit>

✓
<latexit sha1_base64="DyS48pH8cQ3ropK+glE1Z4lRIEo=">AAAB7HicbZBNS8NAEIYn9avGr6pHL8EieCqJF/UgFr14rGDaQhvKZrtp1242YXcilFDwJ3jxoOLVv+Ldm//G7cdBW19YeHjfGXZmwlRwja77bRWWlldW14rr9sbm1vZOaXevrpNMUebTRCSqGRLNBJfMR46CNVPFSBwK1ggH1+O88cCU5om8w2HKgpj0JI84JWisehv7DEmnVHYr7kTOIngzKF9+2hePAFDrlL7a3YRmMZNIBdG65bkpBjlRyKlgI7udaZYSOiA91jIoScx0kE+mHTlHxuk6UaLMk+hM3N8dOYm1HsahqYwJ9vV8Njb/y1oZRmdBzmWaIZN0+lGUCQcTZ7y60+WKURRDA4QqbmZ1aJ8oQtEcyDZH8OZXXgT/pHJecW/dcvUKpirCARzCMXhwClW4gRr4QOEenuAFXq3EerberPdpacGa9ezDH1kfP3w3kMQ=</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit>

✓
<latexit sha1_base64="DyS48pH8cQ3ropK+glE1Z4lRIEo=">AAAB7HicbZBNS8NAEIYn9avGr6pHL8EieCqJF/UgFr14rGDaQhvKZrtp1242YXcilFDwJ3jxoOLVv+Ldm//G7cdBW19YeHjfGXZmwlRwja77bRWWlldW14rr9sbm1vZOaXevrpNMUebTRCSqGRLNBJfMR46CNVPFSBwK1ggH1+O88cCU5om8w2HKgpj0JI84JWisehv7DEmnVHYr7kTOIngzKF9+2hePAFDrlL7a3YRmMZNIBdG65bkpBjlRyKlgI7udaZYSOiA91jIoScx0kE+mHTlHxuk6UaLMk+hM3N8dOYm1HsahqYwJ9vV8Njb/y1oZRmdBzmWaIZN0+lGUCQcTZ7y60+WKURRDA4QqbmZ1aJ8oQtEcyDZH8OZXXgT/pHJecW/dcvUKpirCARzCMXhwClW4gRr4QOEenuAFXq3EerberPdpacGa9ezDH1kfP3w3kMQ=</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit>

✓
<latexit sha1_base64="DyS48pH8cQ3ropK+glE1Z4lRIEo=">AAAB7HicbZBNS8NAEIYn9avGr6pHL8EieCqJF/UgFr14rGDaQhvKZrtp1242YXcilFDwJ3jxoOLVv+Ldm//G7cdBW19YeHjfGXZmwlRwja77bRWWlldW14rr9sbm1vZOaXevrpNMUebTRCSqGRLNBJfMR46CNVPFSBwK1ggH1+O88cCU5om8w2HKgpj0JI84JWisehv7DEmnVHYr7kTOIngzKF9+2hePAFDrlL7a3YRmMZNIBdG65bkpBjlRyKlgI7udaZYSOiA91jIoScx0kE+mHTlHxuk6UaLMk+hM3N8dOYm1HsahqYwJ9vV8Njb/y1oZRmdBzmWaIZN0+lGUCQcTZ7y60+WKURRDA4QqbmZ1aJ8oQtEcyDZH8OZXXgT/pHJecW/dcvUKpirCARzCMXhwClW4gRr4QOEenuAFXq3EerberPdpacGa9ezDH1kfP3w3kMQ=</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit>

D(s)
<latexit sha1_base64="r58ZjLSzqTY74/33UWmZfp+l4Dk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tlgQhIoQ7G7ULamEZwTOB5Ah7m71kye7esbsnhCN/wcZCxcbCX2Tnv3EvSaGJDwYe780wMy9MONPGdb+dwsrq2vpGcbO0tb2zu1feP3jQcaoI9UnMY9UOsaacSeobZjhtJ4piEXLaCkfXud96pEqzWN6bcUIDgQeSRYxgk0s3NX3SK1fdujsFWibenFQble7pBwA0e+Wvbj8mqaDSEI617nhuYoIMK8MIp5NSN9U0wWSEB7RjqcSC6iCb3jpBx1bpoyhWtqRBU/X3RIaF1mMR2k6BzVAvern4n9dJTXQRZEwmqaGSzBZFKUcmRvnjqM8UJYaPLcFEMXsrIkOsMDE2npINwVt8eZn4Z/XLuntnw7iCGYpwBBWogQfn0IBbaIIPBIbwBC/w6gjn2Xlz3metBWc+cwh/4Hz+AK4AjwI=</latexit><latexit sha1_base64="rPg2yMbFZ07KE30/yuoyUIfn+Ao=">AAAB6nicbVBNSwMxEJ31s9avqkcvoUWoCGXrRb0V9eCxgmsL7VKyabYNTbJLkhWWpX/Bi4KKV3+Rt/4bs20P2vpg4PHeDDPzgpgzbVx34qysrq1vbBa2its7u3v7pYPDRx0lilCPRDxS7QBrypmknmGG03asKBYBp61gdJP7rSeqNIvkg0lj6gs8kCxkBJtcuq3q016p4tbcKdAyqc9JpVHunr1OGmmzV/ru9iOSCCoN4VjrTt2NjZ9hZRjhdFzsJprGmIzwgHYslVhQ7WfTW8foxCp9FEbKljRoqv6eyLDQOhWB7RTYDPWil4v/eZ3EhJd+xmScGCrJbFGYcGQilD+O+kxRYnhqCSaK2VsRGWKFibHxFG0I9cWXl4l3Xruqufc2jGuYoQDHUIYq1OECGnAHTfCAwBCe4Q3eHeG8OB/O56x1xZnPHMEfOF8/teSQiA==</latexit><latexit sha1_base64="rPg2yMbFZ07KE30/yuoyUIfn+Ao=">AAAB6nicbVBNSwMxEJ31s9avqkcvoUWoCGXrRb0V9eCxgmsL7VKyabYNTbJLkhWWpX/Bi4KKV3+Rt/4bs20P2vpg4PHeDDPzgpgzbVx34qysrq1vbBa2its7u3v7pYPDRx0lilCPRDxS7QBrypmknmGG03asKBYBp61gdJP7rSeqNIvkg0lj6gs8kCxkBJtcuq3q016p4tbcKdAyqc9JpVHunr1OGmmzV/ru9iOSCCoN4VjrTt2NjZ9hZRjhdFzsJprGmIzwgHYslVhQ7WfTW8foxCp9FEbKljRoqv6eyLDQOhWB7RTYDPWil4v/eZ3EhJd+xmScGCrJbFGYcGQilD+O+kxRYnhqCSaK2VsRGWKFibHxFG0I9cWXl4l3Xruqufc2jGuYoQDHUIYq1OECGnAHTfCAwBCe4Q3eHeG8OB/O56x1xZnPHMEfOF8/teSQiA==</latexit>

D̂
<latexit sha1_base64="h/R/8F5ooWV1Avhfl3tlQnH7jGw=">AAAB7XicbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBrWwjOCZQHKEvc0mWbK3d+zOCeEI+BdsLFRs/Sn2dv4bNx+FRl9YeHjfGXZmolQKg5735RQWFpeWV4qr7tr6xuZWaXvnziSZZjxgiUx0I6KGS6F4gAIlb6Sa0ziSvB4NLsd5/Z5rIxJ1i8OUhzHtKdEVjKK16q0+xfxq1C6VvYo3EfkL/gzK5x/u2QMA1Nqlz1YnYVnMFTJJjWn6XophTjUKJvnIbWWGp5QNaI83LSoacxPmk3FH5MA6HdJNtH0KycT92ZHT2JhhHNnKmGLfzGdj87+smWH3JMyFSjPkik0/6maSYELGu5OO0JyhHFqgTAs7K2F9qilDeyHXHsGfX/kvBEeV04p345WrFzBVEfZgHw7Bh2OowjXUIAAGA3iEZ3hxUufJeXXepqUFZ9azC7/kvH8DORSRMQ==</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit>

D̂
<latexit sha1_base64="h/R/8F5ooWV1Avhfl3tlQnH7jGw=">AAAB7XicbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBrWwjOCZQHKEvc0mWbK3d+zOCeEI+BdsLFRs/Sn2dv4bNx+FRl9YeHjfGXZmolQKg5735RQWFpeWV4qr7tr6xuZWaXvnziSZZjxgiUx0I6KGS6F4gAIlb6Sa0ziSvB4NLsd5/Z5rIxJ1i8OUhzHtKdEVjKK16q0+xfxq1C6VvYo3EfkL/gzK5x/u2QMA1Nqlz1YnYVnMFTJJjWn6XophTjUKJvnIbWWGp5QNaI83LSoacxPmk3FH5MA6HdJNtH0KycT92ZHT2JhhHNnKmGLfzGdj87+smWH3JMyFSjPkik0/6maSYELGu5OO0JyhHFqgTAs7K2F9qilDeyHXHsGfX/kvBEeV04p345WrFzBVEfZgHw7Bh2OowjXUIAAGA3iEZ3hxUufJeXXepqUFZ9azC7/kvH8DORSRMQ==</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit>

D = D0 = 0
<latexit sha1_base64="6aR+PAWusVRoaJLb4VjdcDuYTH0=">AAAB8HicbVC7TgJBFL2LL1xfqKXNRGK0IoONWhCJUlhi4goRNmR2mIUJs7ObmVkTsiHxI2ws1Nj6I/Z2/o0DWCh4kntzcs69uY8gEVwbjL+c3MLi0vJKftVdW9/Y3Cps79zqOFWUeTQWsWoGRDPBJfMMN4I1E8VIFAjWCAaXY79xz5Tmsbwxw4T5EelJHnJKjJXuaqiCaoc24U6hiEt4AjRPyj+keP7hVh4AoN4pfLa7MU0jJg0VROtWGSfGz4gynAo2ctupZgmhA9JjLUsliZj2s8nGI3RglS4KY2VDGjRRf3dkJNJ6GAW2MiKmr2e9sfif10pNeOpnXCapYZJOB4WpQCZG4/NRlytGjRhaQqjidldE+0QRauyTXPuE8uzJ88Q7Lp2V8DUuVi9gijzswT4cQRlOoApXUAcPKEh4hGd4cbTz5Lw6b9PSnPPTswt/4Lx/AytTkFM=</latexit><latexit sha1_base64="PTlpQdNCY55//UGJHe4wZUj6LZw=">AAAB8HicbVDLSsNAFL2prxpfVZduBovoqiRu1EWxaBcuKxhbbEOZTCft0MkkzEyEEvoXblyoiDt/xL0b8W+cPhbaeuBeDufcy30ECWdKO863lVtYXFpeya/aa+sbm1uF7Z1bFaeSUI/EPJaNACvKmaCeZprTRiIpjgJO60H/cuTX76lULBY3epBQP8JdwUJGsDbSXRWVUfXQJKddKDolZww0T9wpKZ5/2OXk7cuutQufrU5M0ogKTThWquk6ifYzLDUjnA7tVqpogkkfd2nTUIEjqvxsvPEQHRilg8JYmhAajdXfHRmOlBpEgamMsO6pWW8k/uc1Ux2e+hkTSaqpIJNBYcqRjtHofNRhkhLNB4ZgIpnZFZEelpho8yTbPMGdPXmeeMels5Jz7RQrFzBBHvZgH47AhROowBXUwAMCAh7gCZ4tZT1aL9brpDRnTXt24Q+s9x8bbpHH</latexit><latexit sha1_base64="PTlpQdNCY55//UGJHe4wZUj6LZw=">AAAB8HicbVDLSsNAFL2prxpfVZduBovoqiRu1EWxaBcuKxhbbEOZTCft0MkkzEyEEvoXblyoiDt/xL0b8W+cPhbaeuBeDufcy30ECWdKO863lVtYXFpeya/aa+sbm1uF7Z1bFaeSUI/EPJaNACvKmaCeZprTRiIpjgJO60H/cuTX76lULBY3epBQP8JdwUJGsDbSXRWVUfXQJKddKDolZww0T9wpKZ5/2OXk7cuutQufrU5M0ogKTThWquk6ifYzLDUjnA7tVqpogkkfd2nTUIEjqvxsvPEQHRilg8JYmhAajdXfHRmOlBpEgamMsO6pWW8k/uc1Ux2e+hkTSaqpIJNBYcqRjtHofNRhkhLNB4ZgIpnZFZEelpho8yTbPMGdPXmeeMels5Jz7RQrFzBBHvZgH47AhROowBXUwAMCAh7gCZ4tZT1aL9brpDRnTXt24Q+s9x8bbpHH</latexit>

So, we transport through a cell with bending 
reduced by factor (1-x) followed by a cell with 
bending reduced by factor x; since D ~ $, then 
the matrix elements scale accordingly and 
hence…

✓
~0
1

◆
=

✓
M0 x(I �M0) ~D0

0 1

◆✓
M0 (1� x)(I �M0) ~D0

0 1

◆✓
~D0

1

◆

<latexit sha1_base64="day7og0+FsWHd9CYJL3m/zBo4/w="></latexit><latexit sha1_base64="JHi6Wj601XwBkq9c9kxdOd37r8w="></latexit><latexit sha1_base64="JHi6Wj601XwBkq9c9kxdOd37r8w="></latexit>

which, upon simplification, yields ~0 =
⇥
(1� 2x)I + x(M�1

0 +M0)
⇤
M0

~D0
<latexit sha1_base64="Vo4chKpJuE2mxalrXtvAdrvGObs="></latexit><latexit sha1_base64="qSOsh+d/43T7hd6dE+zmw+kV8KY="></latexit><latexit sha1_base64="qSOsh+d/43T7hd6dE+zmw+kV8KY="></latexit>

Noting that M�1
0 +M0 = trace(M0)I = (2 cosµ)I

<latexit sha1_base64="JMiwxWeGdpdy2DUgY3OJly5mYEk=">AAACEnicbZDLSgMxFIbPeK31NurSTbAIrWKZ6UZFhKIbuxAqOLbQ1ppJM21o5kKSEcrQZ9CNr+LGhYpbV+58G9PLQlt/CHz5zzkk53cjzqSyrG9jZnZufmExtZReXlldWzc3Nm9kGAtCHRLyUFRdLClnAXUUU5xWI0Gx73Jacbvng3rlngrJwuBa9SLa8HE7YB4jWGmrae5dNq3b5MDuo32kEZ0iJTChWc25kr5lC3USyrof50pNM2PlraHQNNhjyBQzDyd3AFBuml/1VkhinwaKcCxlzbYi1UiwUIxw2k/XY0kjTLq4TWsaA+xT2UiGO/XRrnZayAuFPoFCQ/f3RIJ9KXu+qzt9rDpysjYw/6vVYuUdNRIWRLGiARk95MUcqRANAkItJihRvKcBE8H0XxHpYB2K0jGmdQj25MrT4BTyx3nrSodxBiOlYBt2IAs2HEIRLqAMDhB4hGd4hTfjyXgx3o2PUeuMMZ7Zgj8yPn8ANO+brA==</latexit><latexit sha1_base64="iMhqoITMv+1JQX9zjiGZlQp/PJI="></latexit><latexit sha1_base64="iMhqoITMv+1JQX9zjiGZlQp/PJI="></latexit>

then our equation 
is satisfied if

x =
1

2(1� cosµ)
<latexit sha1_base64="4CIBHUKE6QJ1wGdSnyh8/ENkLbQ=">AAACAnicbVC7SgNBFL0bXzG+Vu20GQxCLAy7adRCCNpYRnBNILuE2clsMmT2wcysGJaAjb9iY6Fia+E32PkHdv6Ck0ehiQcuHM65l3vv8RPOpLKsTyM3N7+wuJRfLqysrq1vmJtb1zJOBaEOiXksGj6WlLOIOoopThuJoDj0Oa37vfOhX7+hQrI4ulL9hHoh7kQsYAQrLbXMnVt0itxAYJLZg6xSsg9dEks3TA8GLbNola0R0CyxJ6RYrX5/vQNArWV+uO2YpCGNFOFYyqZtJcrLsFCMcDoouKmkCSY93KFNTSMcUullox8GaF8rbRTEQlek0Ej9PZHhUMp+6OvOEKuunPaG4n9eM1XBsZexKEkVjch4UZBypGI0DAS1maBE8b4mmAimb0Wki3UgSsdW0CHY0y/PEqdSPilblzqMMxgjD7uwByWw4QiqcAE1cIDAHTzAEzwb98aj8WK8jltzxmRmG/7AePsBlcyZYw==</latexit><latexit sha1_base64="dVwxCF2iti0NsWtR9/Z5jncRjzY=">AAACAnicbVDLSsNAFJ34rPUVFVzoZrAKdWFJulEXQtGNywrGFppQJtNJO3QyCTMTsYSAG//CtRsXKm77Fe78A3f+gtPHQlsPXDiccy/33uPHjEplWZ/GzOzc/MJibim/vLK6tm5ubN7IKBGYODhikaj7SBJGOXEUVYzUY0FQ6DNS87sXA792S4SkEb9WvZh4IWpzGlCMlJaa5s4dPINuIBBO7SwtF+0jF0fSDZPDrGkWrJI1BJwm9pgUKpXvr/724361aX64rQgnIeEKMyRlw7Zi5aVIKIoZyfJuIkmMcBe1SUNTjkIivXT4QwYPtNKCQSR0cQWH6u+JFIVS9kJfd4ZIdeSkNxD/8xqJCk68lPI4UYTj0aIgYVBFcBAIbFFBsGI9TRAWVN8KcQfpQJSOLa9DsCdfniZOuXRasq50GOdghBzYBXugCGxwDCrgElSBAzC4B0/gBbwaD8az8Wa8j1pnjPHMFvgDo/8DrX+aNQ==</latexit><latexit sha1_base64="dVwxCF2iti0NsWtR9/Z5jncRjzY=">AAACAnicbVDLSsNAFJ34rPUVFVzoZrAKdWFJulEXQtGNywrGFppQJtNJO3QyCTMTsYSAG//CtRsXKm77Fe78A3f+gtPHQlsPXDiccy/33uPHjEplWZ/GzOzc/MJibim/vLK6tm5ubN7IKBGYODhikaj7SBJGOXEUVYzUY0FQ6DNS87sXA792S4SkEb9WvZh4IWpzGlCMlJaa5s4dPINuIBBO7SwtF+0jF0fSDZPDrGkWrJI1BJwm9pgUKpXvr/724361aX64rQgnIeEKMyRlw7Zi5aVIKIoZyfJuIkmMcBe1SUNTjkIivXT4QwYPtNKCQSR0cQWH6u+JFIVS9kJfd4ZIdeSkNxD/8xqJCk68lPI4UYTj0aIgYVBFcBAIbFFBsGI9TRAWVN8KcQfpQJSOLa9DsCdfniZOuXRasq50GOdghBzYBXugCGxwDCrgElSBAzC4B0/gBbwaD8az8Wa8j1pnjPHMFvgDo/8DrX+aNQ==</latexit>

* x 1-x

60o 1 0

90o 1/2 1/2

initial periodic values
final 
dispersion 

= 0
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FODO Achromatic Bend Sections

52

for * = 90o/cell, use 4 cells; 
back-to-back dispersion suppressors —

here, * = 90o,  but  
with empty half-cell in middle:

Dx
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Corrections and Adjustments
• Correction/adjustment systems required for fine control

‣ correct for misalignment, construction errors, drift, etc.
‣ adjust operational conditions, tune up

• Use smaller magnetic elements for “fine tuning” of accelerator
‣ dipole steering magnets for orbit/trajectory adjustment
‣ quadrupole correctors for tune adjustment
‣ sextupole magnets for chromaticity adjustment

53

§ Typically, place correctors and 
instrumentation near the major quadrupole 
magnets -- “corrector package” 

• control steering, tunes, chromaticity, etc. 
• monitor beam position (in particular), intensity, 

losses, etc.
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Steering (dipole) Errors
• dipole field error:
‣ manufacturing; powering; control setting, …

• dipole field “roll” (about the longitudinal axis)

• Quadrupole misalignment:

54
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Steering (dipole) Errors
• Closed orbit distortions in a circular accelerator
‣ These are not “one-time” kicks; they affect the particle 

motion every revolution

55

The	trajectory	of	each	particle	

will	be	altered	by	the	angle	+$	
every	time	it	passes	through	

the	error	field

black	=	nominal	
red	=	w/	error	field

see	ClosedOrbit.R
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The Closed Orbit
• Want to find the one trajectory which, upon passing 

through the error field, will come back upon itself
‣ this is the “closed” trajectory, or closed orbit

• When find x0, x’0, can find x,x’ downstream:

56
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Closed Orbit Distortion from Single Error

57
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If	have	a	collection	of	errors	about	the	accelerator,	then	at	any	one	point:

�x(s) =
X

i

�✓i
p
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as	#	—>	integer,	distortions	enhanced	
															a	resonance!
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Trajectory/Orbit Correction
• The final closed orbit of the synchrotron will be 

determined by the superposition of the distortions 
created by many error fields and correction fields

• To make a local adjustment or correction of the 
position of the beam in a beam line or synchrotron, 
three correctors are required (in general):
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$1 $2 $3

+x0 ✓1 =
�x0p

�0�1 sin 10

✓2 = �✓1

s
�1
�2

sin 13

sin 23

✓3 = ✓1

s
�1
�3

sin 12

sin 23

The	trajectory	before	$1	and	
after	$3	is	left	undisturbed


