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FODO cells (cont’d)
* Dispersion
* Dispersion along a beam line
* Momentum compaction
* Synchrotron motion
Overview of synchrotron radiation
* Critical energy |
* Some fundamental formulas
* Energy loss
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Effects of radiation on beam motlon
*  basics
Local radiation damping
~ Effects of dispersion on damping
Damping per revolution
Momentum spread
Transverse emittance
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X-y coupling
* Emittance by opening angle of photons
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- Variables

In this lecture we use canonical variables:

: (X, Px»,)", pyaZ,é) = ‘

where momenta are normalized by design momentum Py as:
px- T >Px/Pd )
= Py/Pq.,
—v(t — o) ,
=(P-Pa)/Pa,




Variable

In this lecture we use canonical variables:

(5 P0 Y P20,

where momenta are normalized by design momentum P as:

px = P./Py,
py=P,/P,;,
= i to) ,
S=(P=PpIP;,

(2)

where we have introduced the total momentum P, the design arrival time 7y = 1y(s),
and the total velocity v = cP/ Vm2c? + P2. For a storage ring, usually Py is chosen

constant over the entire ring.
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Variables

In this lecture we use canonical variables:

(5 P0 Y P20,

where momenta are normalized by design momentum P as:

p:=P./Py,
py=P,/P,,
o= fo)
5= (P-Py/Py,

2)

‘where we have introduced the total momentum P, the design arrival time #, = #,(s),
~ and the total velocity v = c¢P/ Vm?2c2 + P2. For a storage ring, usually P, is chosen
constant over the entire ring.

- These variables are functions of s, which is the length along the coordinate
line. = =i ?
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For the variables defined above, the Hamiltonian 1s written as
T,

where p,
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Hamiltonian

For the variables defined above, the Hamiltonian is written as

H=-(1+ x@\/(l FS 40/ = (pr=A) = (p, —A,)
—(1+xz—(xpy—ypx)@++ %+% zg—f, 3)

where@ @ and are the bending radius, the torsion, and the design velocity,
respectively, and E = ¢ \/ (1+6 + ¢/c)? + m*c?/P: + ¢ is the (normalized) energy.

The bending radius and the torsion are associated with the coordinate system
and not with the motion of particles. Thus usually we do not have to use the torsion
7, even if particles are doing helical motions.
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Hamiltonian

For the variables defined above, the Hamiltonian is written as

H =~ (1+x[p) \J(1 + 5+ @/cP — (= A — (p, — A

E 1 1)\ o
— (1 + x[p)A; — (xpy — yp)/T)+ ~ + ( + ) - (3)
Vg Os

where/ p)( 1, and (v, are the bending radius, the torsion, and the design velocity,

respectively, and E = ¢ \/ (146 + ¢/c)? + m>c?/ P2 + ¢ is the (normalized) energy.

The bending radius and the torsion are associated with the coordinate system
and not with the motion of particles. Thus usually we do not have to use the torsion
7, even if particles are doing helical motions.

The external fields are expressed by (normalized) electromagnetic potentials
(Ax, Ay, A, @), which are functions of (x,y, z; s). In the case of magnets or RF cav-
ities without a solenoid component B,, only A, is necessary to express the field. In
such cases the Hamiltonian 1s simplified to

E
H = (14 x/p) (146 = p2 = g = (1 + xlp)A: + —. @)




Hamiltonian

For the variables defined above, the Hamiltonian is written as

H =~ (1+x[p) /(1 + 6 +{p)0)? — (p. — A)* ~ (p, - Gy

E 4
— (1 + x[p)A) = (xpy — yp)/T)+ = + ( + ) "0 (3)

where/ p)( 1, and (v, are the bending radius, the torsion, and the design velocity,

respectively, and E = ¢ \/ (146 + ¢/c)? + m>c?/ P2 + ¢ is the (normalized) energy.

The bending radius and the torsion are associated with the coordinate system
and not with the motion of particles. Thus usually we do not have to use the torsion
7, even if particles are doing helical motions.

The external fields are expressed by (normalized) electromagnetic potentials
( (Ax, Z, cp) which are functions of (x, y, z; s). In the case of magnets or RF cav-
ities Wlthout a solenoid component B,, only A, is necessary to express the field. In
such cases the Hamiltonian 1s simplified to

E
H = (14 x/p) (146 = p2 = g = (1 + xlp)A: + —. @)




Hamiltonian

For the variables defined above, the Hamiltonian is written as

H =~ (1+x/p)\J(1 + 6+ @/cP ~ (p = A)? — (p, — AP

E 1 1)\ o
= (1 +x/p)A;, — (xpy —yp)/T+ — + ( + ) - (3)
Vg Os

where p, 7, and v, are the bending radius, the torsion, and the design velocity,

respectively, and E = ¢ \/ (146 + ¢/c)? + m>c?/ P2 + ¢ is the (normalized) energy.

The bending radius and the torsion are associated with the coordinate system
and not with the motion of particles. Thus usually we do not have to use the torsion
7, even if particles are doing helical motions.

The external fields are expressed by (normalized) electromagnetic potentials
(Ax, Ay, A, @), which are functions of (x,y, z; s). In the case of magnets or RF cav-
ities without a solenoid component B,, only A, is necessary to express the field. In
such cases the Hamiltonian 1s simplified to

E
H = (14 x/p) (146 = p2 = g = (1 + xlp)A: + —. @)
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In g_eneral M de'pendsv on the initial Values (X0, pm,’ Y05 Py0> 205 00)-

where variables sufficed by 0 mean the

defined by
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Transter Matrix

If a particle does a motion from s, to s, a transfer matrix M from s¢ to s is
~defined by

a(‘x’ px9 ya pya Z) 5)
(X0, Px0> Y05 Py0> 205 00)

M = (5)

where variables sufficed by 0 mean the initial value at s = .

In ge-neral M depends on the initial values (X0, Px0> Y05 Py0s> 205 00)-

The most fundamental nature of the transfer matrix for a motion associated
with a Hamiltonian is the symplectic condition:

i 77

. represents 0.

(6)




Transfer Matrix

If a particle does a motion from sy to s, a transfer matrix M from sy to s is
defined by

=5 a(.x, pX9 ya py9 Z7 5)
8()60, Px05 Y0, py()a <05 50) :

M (5)

where variables sufficed by 0 mean the initial value at s = .
In general M depends on the initial values (xo, P10, Y0, Py 20 60)-

The most fundamental nature of the transfer matrix for a motion associated
with a Hamiltonian 1s the symplectic condition:

i 7

" represents 0.
£
—1
‘MIM =T , (6)
~1

i i

It i1s known for a symplectic motion that the beam emittance, the spread of the
beam in the phase space, is preserved in each plane, once the variables are chosen

properly.
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ymplectic conditio

=1

X : 2 by 2 determinan

The sum of 2 by 2 determinants between two columns or
- two rows are:

iotepy)
O fOI’ (M,V),(Lt, pv.)a (puapv)a WheIl u+xv, '
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Drift space

A drzft space isa ﬁeld free reglon in the beam 11ne Its Hamlltoman 1s

—‘\/(1 Fo-—po—p ¥ —
= Va

The solution of the mdti‘()n. for a drift space with a length L is

x—xo+£)£ 7 A - _pxipxb

e ol , :

-

y y0+ L, | S Py = Pyo

B

S v ,1+5 ' =

=l Ty 55
: Vi pz, .




Drift space

A drzft space isa ﬁeld free reglon in the beam 11ne Its Hamlltoman 1s

H=-Ju+op- R
Vd

The solution of the mdti‘()n. for a drift space with a length L is

X S

- where we have used




Drlft space

A drzft space isa ﬁeld free reglon in the beam 11ne Its Hamlltoman 1s

:—\/(1 T 5)2 PR

Vd

The solution of the | mdti()n. for a drift space with a length L is

, "G pr - S - =
x=x+—=—L, A - DPr=Px
Pz ' : :

e pro - -
y y0+_' = - S Py = Pyo

B
, v -1 %0 —
> -
' Vd - pz A '

- where we have used .
- p.= A +62-p2-p2. ©)
| Note that the motlon in a drlft space 1s nonlinear in the momenta due to the 1/ P:
= dependence -

| 1+
P

ds

ds




Drift space (2)

For an on-axis particle (xo, pxo,yo-,'pyo) = 0,0,0,0), the transfer matrix of a
drift space becomes = | ' = |

7




Drift space (2)

For an on-axis partlcle (xo, pxo, Y0, P yO) (0, 0 0, O) the transfer matrlx of a
drift space becomes =

since, for instance,

G 0 [pa) (1 pad {1
Opxo 9P \ Px0o P:0 P OPx0 P:0 Py

L
1+6°

'pxozpyon,pZ:1+6.

et S S S pemiecy - B St oS e




Drift space (2)

For an on-axis part1cle (xO, Pxo,YO, pyo) (0, 0 0, O) the transfer matnx of a
drift space becomes == |
-
1 ,
=

since, for instance,

G 0 [pa) (1 pad {1
Opxo 9P \ Px0o P:0 P OPx0 P:0 Py

L

—_— S =0,p.=1+96.
i1 Px0 = Pyo Pz

Thus the ”length” of a drift has al/(l+90) dependence on the momentum
offset 6 ThlS 1S the souree of natuml chromatzczty




« N
o' s \ ALY o \ \ PN L IR 1
IPERT DR NT I AT S0 INT T B TP 00 T QLSRR T W T T TR Y

2
X

H:—\/(1+6)2—p

1C1tYy

Chromat

iy
o
—
QO
oy
—
o
o
c
@)
Q
)
N
Q
ot
o
N
oF
=
(D)
O
<
o,
95]
=
o p—
—
o
(av]
o
o
{1 G
<
o v—
i
o
o
o —
E
<
H,
(D)
Hom,
s
O
N
<
=
o —
X
o
—
o
o
@]
)
W.
ey
P




If we approximate the Hamiltonian of a drift space up to the second order of
pyand py: = ’ |
| 2 2 s

- - (11)
2(1 +06) 2(1+06)?) vy '

H~-(1+6)]1-
the change 6f, path length dz/ds due to the transverse momenta is expressed as

% 0 Ui

= 2 .
Z= px py v_ Vd (12)
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Chromaticity
If we approximate the Hamiltonian of a drift space up to the second order of
pxand p,: | = | =

' = 2 E ,
: px p)’
H~—(1+6|1- — + = 11

( ) 2(1 +06) 2(1+06)?) vy -

the change of path length dz/ds due to the transverse momenta is expressed as

dz OH 2 ; =

- 5 5 (12)
ds 06 2(1 +6)> 2(1 +6)? V4

It means that the change of the path length should be proportional to the trans-

verse actions (another canonical variable, square of the amplitudes in the normal-

ized phase space, to be introduced later): 46

2

Az = 27, + 2mé, ),

with coefficients &,, &,.




Chromaticity

If we approx1mate the Hamlltonlan of a drift space up to the second order of
py and py

: — 2 2 :
| D Py E
Hx-(1+6)]|1- — + — 11
( ) 2(1 +06) 2(1+06)?) vy -

the change of path length dz/ds due to the transverse momenta is expressed as

e dH - P> p; =
ds 06  20+6)?2 201+62 vy

(12)

It means that the change of the path length should be proportional to the trans-
verse actions (another canonical variable, square of the amplitudes in the normal-

ized phase space, to be introduced later): 46

2

Az = 2n&,J + 21, Jy

with coefficients &,, &,.

Then since

Az 8 OH 8 6H ou,
aJ. J, 06 - 060J, 06

Int, = (14)
we have realized that the coefﬁ01ents Eey correspond to the momentum derivatives
o c%,y

f1
0 unes 27r 66




Chromaticity (2)

For an off-momentum particle having dd, a small section of a drift space ds
has an effective length ds/(1 + dd) ~ —dsdd. Thus the entire transfer matrix of a

stable ring changes to

cosu’ + czv’ sin u’ B siny’
M’ = 1 +a

2 /

—————siny’  cosu’ —a’'siny’
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Chromaticity (2

For an off-momentum particle having dd, a small section of a drift space ds |
has an effective length ds/(1 + d6) = —dsdd. Thus the entire transfer matrix of a =
stable ring changes to -

cosu’ + a’ sinu’ B siny’ COSU + asinu [Bsin u

1 —dsdé

M’ = 1+a’,/2 : ’ = 1+O!2

—————siny’  cosu’ —a’'siny’ : 1 —Tsinp COS U — a sinu

ﬂ/
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Bsinu

(15)

CoOSu + asinyu
sinyt COosu — asiny

1 e
B
)dsdo

COS i — asin

(1 —=dsdo
sz 1
Bsinu — (cosu —asinu

/

sin u

/

cospu’ —a’ sinu
d sd6) sin u

sin u

Chromaticity (2)
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Chromaticity (2) . j;

For an off-momentum particle having dd, a small section of a drift space ds ‘
has an effective length ds/(1 + d6) = —dsdd. Thus the entire transfer matrix of a =
stable ring changes to =

( / / . , / . / . 0 _ ':
, COS U +/c2v sin i B’ sinu - cos,u+§vsm,u B sin u -
M = l+a : 5 : 3 = e 1 +a . = 5
—————siny  cosy —a'siny : | —————sinu COoSuU—asinu =
o p
( 1 +a - : : =
cosu+|a+ Tdsdé sinu  Bsinu — (cosu — a sin u)dsdod =
b | (15 -
L ——— sinu , COS i — a Sin u )
By looking at the trace of M’ above we obtain:
1 +a?
2cosu’ =2cosu+ Ta sin udsdo . (16)

ik ‘ dndadedcladibadndoly
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Chromaticity (2)

For an off-momentum particle having dd, a small section of a drift space ds
has an effective length ds/(1 * dd) ~ —dsdd. Thus the entire transfer matrix of a
stable ring changes to
= coi;i-;;vsmu Bsinu
sing’  cosp’ —a’sing’ | 1 — singg cosu — asiny

(cos ' + a’ siny/ B sinu’
M’ 1 +a”
\ B

( 1+a° . . : :
cosu+|a+ Tdsdé sinu  Bsinu — (cosu — a sin u)dsdod

(15)

a2 :
———sinu COS U — a sin i

By looking at the trace of M’ above we obtain:

1+a°
2cosu’ =2cosu+ Ta sin udsdo .

By putting u’ = u + d*u into above:

Lo 1 +a?
a0 di=—ds :

2B 2p

by integrating over the ring. Thus the natural chromaticity 1s expressed as

ds (17)
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Chromaticity (2)

For an off-momentum particle having dd, a small section of a drift space ds
has an effective length ds/(1 * dd) ~ —dsdd. Thus the entire transfer matrix of a
stable ring changes to
= Coili—;gsmﬂ Bsinu
sing’  cosp’ —a’sing’ | 1 — singg cosu — asiny

(cos ' + a’ siny/ B sinu’
M’ 1 +a”
e

( 1 + a?

)
cosu+|a+ Tdsdé sinu  Bsinu — (cosu — a sin u)dsdod

(15)

a2 :
———sinu COS U — a sin i

By looking at the trace of M’ above we obtain:

1+a°
2cosu’ =2cosu+ Ta sin udsdo .

By putting u’ = u + d*u into above:

1 + a? 1 + a?
Pu=—-2dsds, and du = —dé -

2B 2p

by integrating over the ring. Thus the natural chromaticity is expressed as

ds

1 Oty 1 1+ ai’yds -
47 By '
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Chromaticity (2)

For an off-momentum particle having dé, a small section of a drift space ds
has an effective length ds/(1 + dd) ~ —dsdo. Thus the entire transfer matrix of a
stable ring changes to

cosu + asinu Bsin
1+a°

(cos ' + a’ siny/ B sinu’

M, 1 + a,2 1 _de5

————siny’  cosy’ —’sinp’ |\ 1 )| ————sinu cosu—asinu
- B =

( - 1+a? —— : )
cosu+|a+ Tdsdé sinu  Bsinu — (cosu — asinu)dsdo |

Lol (2

B

By looking at the trace of M’ above we obtain:

sin u . COsS i — asiny

1+a°
2cosu’ =2cosu +Ta sin udsdo .

= By putting i’ = u + d*u into above:

1 + a? 1 + a?
4y = —;—;dsdé, and du = —dé 56 2—;ds 17)

by integrating over the ring. Thus the natural chromaticity 1s expressed as

1 Oy 1 [
=0

&= 5700

Note that &, is always negative.




Dipole magnet

A horiantal_ly bending dipdle magnet with a uniform,magneti’c_ﬁeld |

» P
B=(0,B,0), B= —=

has a Hamiltonian:




Dipa'e Bl

A horiantal_ly bending dipdle magnet with a uniform,magneti’c_ﬁeld |

B =(0,B,0), B=—=

p)

The »equation*sv of motion are:
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D1pole magnet

A horlzontally bendmg dlpole magnet w1th a umform magnetlc ﬁeld

- B= (‘0, B,0), B= -2
= =

has a Hamiltonian:

O H == \/(1+5)2 py 1+—] +—.

The »equa_tion‘s of motion are:

A,

E B 0
=—(1+x/p>\/<1+5)2—p§—p§—(1+x/p>Az+E. 5 = —1a7,55 L+ 2/p)

Al




D1p01e magnet

A horlzontally bending dlpole magnet with a uniform magnetlc ﬁeld

.
B=(0,B,0), B= -2
has a Hamiltonian:

e \/(1+5)2—p§—p§+— i

gl Vg

The equations of motion are:

-
—x‘—‘ =
ds Op. p.\ p
d OH

-_y S py 1+f
ds  dp, p; P)

dz 0H 1+0 ,
—_—= — =——11+4+ -
ds g  p; e

E
:—(1+x/P)\/(1+5)2—P§—P§_(1+x/p)AZ+V_d.
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Dipole magnet (2)

The motion in a uniform magnetic field is helical motion along the field l_irie,
which is in y-direction in this case. First we can derive |

dsz___&

ds2 fou

then the solution has the form:

px=acosf+bsinb, - (23)

where 6 = s/ p, and a and b are constants determined by the initial conditions.
Thus we obtain

' X0\ .
Px = PpxwcosO+|po—1——]sinb,
0

dp,

by comparing with the initial values of p, and .
S

Then we continue to obtain the solution of the other Variables:

, (22)
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The motion in a uniform magnetic field is helical _motion along the field l_irie,
which is in y-direction in this case. First we can derive |

&o =
== 22)

then the solution has the form:

px=acosf+bsinb, - (23)

where 6 = s/ p, and a and b are constants determined by the initial conditions.
Thus we obtain

' X0\ .
Px=pxwcosO@+|po—1——]sinb,

, . 2 o
by comparing with the initial values of p, and ; .

, 8-
Then we continue to obtain the solution of the other variables:

: X0
X=psposind—|{po—1——]cosf@+p,—1;,
s p

Y = Yo+ pwWpyo

: v 3
z=20—pw(l +)+ —pb
e 3 eVd

with thé‘angle of the arc of the actual orbit:




Dipole magnet oy

The motion in a uniform magnetlc field is helical motion along the ﬁeld hne —
which is in y- d1rect10n in this case. Flrst we can derlve

then the solution ha‘s'.the form
px =acosf + b.sinQ :
Wher_e o E K /p, and d and b are constants determined by the ihitiéll 'eohditions_.
Thus .wé’ ob:t..ain_? -

X0

DPx = ProCOS O + (pzo — 1~ —)sine -

d px

by companng with the 1n1t1a1 Values of DPx and 5
S :

Then we continue to obtain the solution of the other variables:

: X0
.x=_p pxosme—(pzo—1——)cose+pz—1 :
Je
)’ )’0+P¢0Py0,
Z_Zo—pa)(1+5)+—p9

w1th the angle of the arc of the actual 0rb1t

1P
sz'H"

a) 9+tan



Dipole magnet o

The motion in a uniform magnetic field is helical motion along the field hne ,

which is in y- dlI'eCtlQIl in this case. .F.1rst we can derive
| 2 b
e o2’
then the solution has the form:
px =acosf + blsinQ :
where 6 'E, s/ p, 'aﬁd a and b are constants determined by the initiétl bonditions.
Thus wé obtuain_j

X0

Py =pocosO+|po—1-=2]sing,
7

dp,

by comparing with the initial values of p, and .
, s

Then we continue to obtain the solution of the other variables:

: X0
X=psposind—|{po—1——]cosf@+p,—1;,
, p

)’ 40 +Pwpy0 )
z—zo—pw(l +5)+ —pH

with fhe'ahgle of ,thé arc'_ofﬁthea‘c,tual 'Qrbit':'
| . 1 Pxo
pZO'_ =

a) 9+tan

= = 22)
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Dipole magnet (3)

The transfer matrix for a flat dipole can be obtained by differentiating above.

For an on-axis particle V(xo, Px0,Y0, Pyo) = (0,0,0,0) with a small bending angle
0 < 1, it is written as

e | 16

21 + 6y
0

+ 0(0)* (29)

LO(1 + 26)
21 + 6)?
s —

where L = pf. If we compare this with the transfer matrix for a drift, the differences

are the non-zero Mg, Mo, Ms;, Ms, components, which are related to dispersions,
and will be discussed later.
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Dipole magnet (3)

The transfer matrix for a flat dipole can be obtained by differentiating above.
For an on-axis particle (xo, pxo, Y0, Pyo) = (0,0,0,0) with a small bending angle
6 < 1, 1t 1s written as

L6

2(1 + 6)?
0

+ 0(0)* (29)

LO(1 + 26)

=y
oa :

where L = pf. If we compare this with the transfer matrix for a drift, the differences
are the non-zero M ¢, M>g, M5, M5, components, which are related to dispersions,
and will be discussed later.

Except for these terms, the transfer matrix of a flat, small-bending dipole
is just equal to that of the drift space with the length L, including the chromatic
behavior. '
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Thin multipole magnets

A 2n-pole multipole magnet has a magnetic field

. s BI’Z . n_l
B, +1iB, = o 1)!(x + iy) . (30)
The associated Hamiltonian is
K, : E
H:_\/(1+5)2—p§—p§+—1(x+zy)”+—, 31)
n! vy
1 d°'B
where K,,_; = %
Bp dx*!

There 1s no analytic solution of the motion with the Hamiltonian above, due
to the / term. The simples way of approximations is to concentrate the field into
a thin lens. In this case the resulting Hamiltonian with the thin field at s = 0 is
expressed as

H= k:l"l (x + iy)'5(s) (32)

where

e




“Thin multipole magnets

A 2n-—pfole Ar‘nultip_ole magnet has a magnetic field
.
Bx +,lBy = (n_—l)'(x + ly) e

The associated Hamiltonian is

- - K. -
e
S , = = Vg

1 dn—lBy »
Bp dx"!

where K, =

- There is no analytic solution of the motion with the Hamiltonian above, due
to the 4/ term. The simples way of approximations is to concentrate the field into
a thin lens. In this case the resulting Hamiltonian with the thin field at s = 0 is
~ expressed as _ |
H = —'l(x + iy)"o(s) , (32)

e | ;
- b= [ Kids ~ KL (33)
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Thin multipole mze

Then the solution is

PPy = Paot iy — S + ) =
=% =W = -8 (5

Note that the' transformation is independent on §, which means there is no chro-
maticity in a thin multipole. ’

- Then the associated transfer matrix is WI'it_tCIl as
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Th1n rnultlp()le magnets (2)

Then the solutlon is 7
i, = i Bl = m(xo =< l)’o) = »-.--(34) |
s v Yo 252, 6=8. (35)
Note that the transformatron 1S mdependent on o, Wthh means there is no chro—
matlcrty 1n a th1n rnultlpole ' ‘

, Then the asSOCfiated transfer matrix is written as

L 0
f%(( _2),(X0+l)’o)n 2) 1




In the case of a quadrupole M 1s obtamed by settlng = 2 1n Eq (36)




~ where We h'ave aSsumed kl‘is ‘real. ~

‘ The physwal meamng of above is that k1 18 the inverse of the focal length of
= 'the th1n quadrupole | S '




Thin quadrupole magnet

In the ¢ Case of a quadrupole M is obtalned by settmg = 2 in Eq (36)

where we have assumed k; is real.

The physwal meanlng of above is that k1 18 the inverse of the focal length of
the th1n quadrupole
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RFE cavity
A thin accelerating RF cavity can be expressed by a Hamiltonian, consisting
of only A,: | = | |
eV, ' z

H = ——— cos|—wgrp— + ¢rr|6(s) (38)
cP 0RE 1%

evV.

c0s (Wrr(t — fore) + re) 6(s) , (39)
cP wRE

where V., wrr, ¢rp, and forr are the peak accelerating voltage, angular frequency,
RF phase, and the design arrival time of the cavity.

‘The resulting transformation for the RF cavity 1S:

E
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A thin accelerating RF cavity can be expressed by a Hamiltonian, consisting
of only A,: | = | |
. 7
e T —a)RFE + ¢re | 0(s) (38)
. cP 0RE 1%

evV.

c0s (Wrr(t — fore) + re) 6(s) , (39)
cP wRE

‘where V,, wRﬁ, Orr, and forg are the peak accelerating voltage, angular frequency,
RF phase, and the design arrival time of the cavity.

‘The resulting transformation for the RF cavity is:

evV. . Z
E=Ey+ — sin —WRF— T+ ¢RF
CPd 8 7208

{
h
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A thin accelerating RF cavity can be expressed by a Hamiltonian, consisting
of only A,: | = | |

v
H -—e———-cos(—wRF5+¢RF)5(s) (38)
- cPywrr v

evV.

c0s (Wrr(t — fore) + re) 6(s) , (39)
cP wRE

where V., wrr, ¢rp, and forr are the peak accelerating voltage, angular frequency,
RF phase, and the design arrival time of the cavity.

‘The resulting transformation for the RF cavity is:

P
E= E() + E—— S1n (_(»URFE e ¢RF) 2
cP, 1%

and the change of z, and ¢ are calculated from their definitions:

1+6

== L=1 .
Z= E c( ORF)

RUSTL et o




RFE cavity

A thin accelerating RF cavity can be expressed by a Hamiltonian, consisting
of only A,: | = |

v

He (—wRFE ; ¢RF)5(s) (38)
cP 0RE 1%

evV.

cos (wrp(t — torp) + drE) 6(5) , (39)
cP wRE

where V,, wRF, ¢rr, and forp are the peak accelerating voltage, angular frequency,
RF phase, and the design arrival time of the cavity.

‘The resulting transformation for the RF cavity is:

P
E= E() + f—— S1n ('—(»URFE e ¢RF) 2
cP, 1%

and the change of z, and ¢ are calculated from their definitions:

1+6

2= ———c(t = toxr) . (41)

Since the RF cavity is expressed by Hamiltonian, the emittance is preserved in each
plane. ' |




FODO cell

A “typical” collider consists of
FODO cells, interaction region, dispersion suppressors, and RF.
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FODO cell

A “typical” collider consists of
FODO cells, interaction region, dispersion suppressors, and RF.
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FODO cell

A “typical” collider consists of
FODO cells, interaction region, dispersion suppressors, and RF.
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FODO cell

A “typical” collider consists of
FODO cells, interaction region, dispersion suppressors, and RF.
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Let us consider the on-axis, on-moméntum transfer matrix M of a FODO cell,
between the midpoints of QF. For the time being, we consider the 2 by 2 part for x
~and y. The z6 parts will be discussed later.




FODO cell (2)

f;"a’? -~ Ol

Let us consider the on-axis, on-moméntum transfer matrix M of a FODO cell,
between the midpoints of QF. For the time being, we consider the 2 by 2 part for x
~and y. The z6 parts will be discussed later.




ODO cell (2)

O(L by O  Flkp)

< : , i 7 >

Let us consider the on-axis, on-moméntum transfer matrix M of a FODO cell,
between the midpoints of QF. For the time being, we consider the 2 by 2 part for x
~and y. The z6 parts will be discussed later.
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Let us consider the on-axis, on-moméntum transfer matrix M of a FODO cell,
between the midpoints of QF. For the time being, we consider the 2 by 2 part for x
~and y. The z6 parts will be discussed later.




FODO cel

O(L) Dkp) O

<

Let us consider the on-axis, on-moméntum transfer matrix M of a FODO cell,
between the midpoints of QF. For the time being, we consider the 2 by 2 part for x
~and y. The z6 parts will be discussed later.
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Ocell (2)

D{kp)  O(L) Flkp)

< ’ : >
Let us consider the on-axis, on-momentum transfer matrix M of a FODO cell,
between the midpoints of QF. For the time being, we consider the 2 by 2 part for x
and y. The zo parts will be discussed later.

t0\A VL 0L 0

M = (42)

x ~\Fhe/2 1)\0 1)ty 1/10 1 Tkr/2 1)

& e b o A s " . e S
= e
Aol

W ere L 1sthe léngth between quads, and kr, kp are the focusing strengths of QF
and Qp, respectively. | |
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Let us consider the on-axis, on-momentum transfer matrix M of a FODO cell,
between the midpoints of QF. For the time being, we consider the 2 by 2 part for x
and y. The zo parts will be discussed later.

t0\A VL 0L 0

M= lake2 1/lo 1 N\akp 1)l0 1 \sker2 1)

x “2)

Y _
1+ (kD = kF)L = kaDL2/2 ' L2 + kDL)

+(kp — k) — kekpL + 2L(L £ kpL/2)/2 1+ (kp — kp)L — kekpL?/2

(43)

e s ~a i : > . e o = - =

- sl

where L 1sthe léngth between quads, and kr, kp are the focusing strengths of QF
and Qp, respectively. | |




FODO cell (2)

O(L) D(kp) O(L)  Flkp)

<

Let us consider the on-axis, on-momentum transfer matrix M of a FODO cell,
between the midpoints of QF. For the time being, we consider the 2 by 2 part for x
and y. The zo parts will be discussed later.

e e

\Fkr/2 1J\O 1J\xkp 1]J10 1 1](}7/2- 1 @)

X 1+ (kD = kF)L = kaDL2/2 ' L2 + kDL)
+(kp — kr) — kaDL + k%L(l + kpL/2)/2 1=+ (kp—kp)L — kpkpL?/2
| (43)

Il
+(cp — cf) = cpep + A £ cp/2) (44)

L

Whére L is the length between quads, and kr, kp are the focusing strengths of Qp
and Qp, respectively. |

We .have used the thin-lens approximation for the quadrUpQIes, and introduced
dimensionless parameters cgp = kppL. We assume cgp > 0.
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bove must be equal to
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1X a

1CS 1S PEr1o

S
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N
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a0
O
.
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[

CrCp
2

L(2 =+ CD)
(cp —cp) —

+

1

If the beam opt

(1+cp/2)

CpCF
2

2

F

I +£(cp—cFr)—
(cp —cr)—cpcp +c

+




O cell (3

2
+(cp — cp) — cpCcp + c%(l +cp/2) CrCp
7 1+ (cp —cF) — >

If the beam optics 1s periodic, the transfer matrix above must be equal to

(COos firy + @,y Sin By Sin iy

M,, = 1+ aﬁ,y (45)

SINflyy  COS [y — Qyy SIN Uy,
X,y ;

By comparing two expressions, we obtain the values of the Twiss parameters at the
center of QF as '
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| : F(kr) 7 O(L) D(kp)  O(L) ' F(kr
1+ (ep—cr) = 2F FODO Cell ; (3) ‘
+(cp — cr) — crep + (1 £ ¢p/2) CFCp : = = |

2 1+ (cp—cr)— 5

<

If the beam optics is periodic, the transfer matrix above must be equal to

(COSLyy + Qyy SIN LUy By SIN LUy,

' 2
X,y ; » '

By comparing two expressions, we obtain the values of the Twiss parameters at the
center of QF as ‘

(46)
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li(CD—CF)—

+(cp — cp) — cpCcp + c%,(l +cp/2) CrCp

P(ke) O() Dlkp) O(L)  Flke

o e - FODO cell 3) ‘

1i(CD—CF)—

L > -

If the beam optics is periodic, the transfer matrix above must be equal to

[COS Hxy + Qyy SIN Uy Py SINfhy ’
: 2
, ———— S}y COS Uyy — U,y SN Ky '
X,y e |

By comparing two expressions, we obtain the values of the Twiss parameters at the
center of QF as '

(46)
(47)
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li(CD—CF)—

ca—

+(cp — cp) — cpCcp + c%,(l +cp/2) CrCp

2 1+ (cp—cr)— 5

If the beam optics is periodic, the transfer matrix above must be equal to

[COS Uyxy + Qxy sin Mxy By SNy
SRS 2 : ,
M= .1 S

X,y

(45)

SIN fi .y, COS [y y — Qlyy SIN fyy,

By._comp.ar'ing two expressions, we obtain the values of the Twiss parameters at the
center of QF as '

0, e (46)

' ' CrCn
Ltlenr—crn)~ % (47)

2+cp

SIN fLy

(48)
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+(cp — cp) — cpCcp + 012,(1 +cp/2) CrCp
1+ (cp —cF) —

1+ (ep—cr) = 2F L2 % cp) FODO Cell(S) ‘ —

L 2

If the beam optics is periodic, the transfer matrix above must be equal to

(COos firy + @,y Sin By Sin iy

’ 2
M 1+CVx,y : = : (45)
X,y -

By compari-ng two expressions, we obtain the values of the Twiss parameters at the
center of QF as |
0, 2 (46)
CrC
1 + (¢pr — crp) — F2D (47)
2 +cp

SIN fLy

(48)

Then once the phase advances p,, are given, parameters crp are determined as

1
4
1

= (cos,ux = COS Uy + \/32 — 16(cos u, + cos ,Lty) + (cos i, — COS,Uy)z) , (50)

(cos Ly — COS ity + \/ 32 — 16(cos p, + cos uy) + (COS py, — €oS ,uy)z) (49)




)

+(cp — cp) — cpCcp + 012,(1 +cp/2) CrCp

2 1+ (cp—cr)— 5

1+ (ep—cr) = 2F L2 £ cp) FODO Cell (3) F‘F — O

If the beam optics is periodic, the transfer matrix above must be equal to

(COos firy + @,y Sin By Sin iy

’ 2
M 1+CVx,y : = : (45)
X,y -

By compari-ng two expressions, we obtain the values of the Twiss parameters at the
center of QF as |
=0, S (46)
CrC
=1+ (¢cpr—crp) —- F2D (47)
2 +cp

SIN fLy

(48)

Then once the phase advances p,, are given, parameters crp are determined as

- | *
Cp= 1 (cos,uy — COS Uy, + \/32 — 16(cos p, + cos ) + (COS iy — cos,uy)z) (49)
Cp = Z (cos,ux — COS iy, + \/32 — 16(cos u, + cos uy) + (cos pu, — cos,uy)z) , (50)

‘The 'Val'uekof ﬁ_—functibh at QF is obtained by Eq. (48). Note that 0 < Crp < 2.
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‘Dependence of FODO cell parameters on pixy
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~ Twiss parameters along a beam line

Once we have the Twiss parameters a,3; at a particular location s = s; in a
beam line, the 2 by 2 transfer matrix M from sl to s is expressed as

Mol ! O UvB® o\
as) 1)\ 0 B
cosp(s) sing(s)) |
—sin@(s) cos@(s)
1L 0\(1/vBi 0
o 1\ 0 B

Y

TR
\ y \ J

where a(s), B(s), and ¢ = g‘b‘(‘s) are the Twiss parameters' at s and the phase advance
from s, to s, respectively.
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~ Twiss parameters along a beam 11r1e

Once we have the Twiss parameters a1, 3; at a particular location s = S1 ina
- beam line, the 2 by 2 transfer matrix M from sl to s 1S expressed as

M - =0 1/\/,‘8(5)_. ,O_ _4
a(s) 1 0 vB(s)/]
cos ¢(s)  sing(s) o
—sing(s) cosé(s)) =
VB 0 g Physical to normal
A conversion at entrance

"where a(s) B(s), “and ¢ = ' gb(s) are the TW1ss parameters at s and the phase advance
from s1 to s, respectlvely




TW1ss parameters along a beam 11r1e

Once we have the Twiss parameters |, ,31 ata partlcular location s = sl ina
beam line, the 2 by 2 transfer matrlx M from sl to s 1S expressed as '

-[(3, m)]

phase space

( cos ¢(s)  sin g S)) o Rotation in the normal

o — sin @(s) ‘cos @(s) e
( 1 0) (1 / VBi O)] N Physical to normal
1) VB

\a1 U Wi conversion at entrance

: vfwhere a(s) ,B(S) ‘and qb l gb(s) are the TW1ss parameters at s and the phase advance
from 51 to s, respectlvely




TW1SS parameters along a beam 11r1e -

Once we have the Twiss parameters a;, ,31 ata partlcular location s = s1 ina
beam hne the 2 by 2 transfer matrlx M from sl to s 1s expressed as '

=y Y ]

Normal to physical
conversion at exit

phase space

, (COS é(s) sin ¢(S)) — Rotation in the normal

“\-sing(s) cosgto))
(1 0) (1/\/,8_1 O)] N Physical to normal
1) VB1 |

\a1 U B conversion at entrance

: i"where a(s) B(s), ‘and ¢ = . gb(s) are the TW1ss parameters at s and the phase advance
from s to s, respectlvely




TW1SS parameters along a beam 11r1e -

Once we have the Twiss parameters a;, ,31 ata partlcular location s = s1 ina
beam hne the 2 by 2 transfer matrlx M from sl to s 1s expressed as '

0 m)]

[ cosé(s) sin Hot - Rotatio}rl in the normal
“\-sing(s) cosgts)) i i

(1 O0\(1/vBi 0 ) N Physical to normal

N\ 1)\ 0 e conversion at entrance

( , sl A

Normal to physical
conversion at exit

X

'Blé )(cos¢+alsm¢) “ ;. = \/ﬁ(s),Blsingb'

| : '
__‘(\1 + d(S)all) sin ¢ + (a( = al_) o
. s VG

: “where a(s) B(s), and ¢ = gb(s) are the TW1ss parameters at s and the phase advance
from s to s, respectlvely

——(cos ¢ — a(s) sin ¢)




TW1SS parameters along a beam 11r1e

Once we have the Twiss parameters a;, ,31 ata partlcular location s = s1 ina
beam hne the 2 by 2 transfer matrlx M from sl to s 1s expressed as '

0 m)]

[ cosé(s) sin Hot - Rotatio}p in the normal
“\-sing(s) cosgts)) i i

(1 O0\(1/vBi 0 ) N Physical to normal

N\ 1)\ 0 e conversion at entrance

( , sl A

Normal to physical
conversion at exit

X

IB,LE’ )(cos¢+alsm¢) “ ;. = \/ﬁ(s),Blsingb'

| : '
__‘(\1 + d(S)all) sin ¢ + (a( = al_) o
. s VG

: “where a(s) B(s), and ¢ = gb(s) are the TW1ss parameters at s and the phase advance
from s1 to s, respectlvely

——(cos ¢ — a(s) sin ¢)

| The above means that a symplectlc m0t1on is reduced to a circular motion in
'the norrnahzed phase space

(upu)—(\/B \/’E'
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Twiss parameters along a beam line

Once we have the Twiss parameters a;, B ata partlcular location s = s1 ina  normalized phase space

beam hne the 2by 2 transfer matrix M from sl to s is expressed as Du
7 i Normal to physical
M= [( 1 )(1/ \/:3(5 )] conversion at exit
: a(s) 1 0 \/,B(S) . e -
[ cosots) singta} ROtatIOﬁl in the normal —
o) el it = 3 !
( 1 0) (1/\/,8_1 O)] e Physical to normal
ler LU0 VB conversion at entrance
- Pcosp+an i) x/ﬁ(s),Bl sing 2
1 - 6D wewar =T (n o)
L+ CY(.S)a’l)Sm(/5 + (CZ(S) —al)COS¢ b Pt a(s) i ¢) —

k_ .’ — ,B(S)ﬁl't' - NGy

: :where a(s) B(s), and ¢ = gb(s) are the TW1ss parameters at s and the phase advance
from s1 to s, respectlvely

, | The above means that a symplectlc mot1on is reduced to a circular motion in
~ the normahzed phase space

u — ’ X =1 - 4 52
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Twiss parameters along a beam line

Once we have the Twiss parameters a;, B ata partlcular location s = s1 ina  normalized phase space

beam hne the 2 by 2 transfer matrlx M from sl to s is expressed as Du
- e Normal to physical

M- [( 1 )(1/ \/:3(5 )] conversion at exit

_, a(s) 1 0 \/,B(S) . '
{cosgls) sin oL Rotatiol? in the normal =
“\-sing(9) cose(s)) kil — 3 !
. (1 0\(1/vBi O] o4 Physical to normal
Har Lt 8. WA conversion at entrance V27

: 'B( )(cos¢+a1 s1n¢) e =5 \/,B(S)ﬂl s1n¢

1

| +eensing + @) -aeose  [5 L (cos ¢ - a<s> Sln¢> -

k_ .’ — ,B(S)ﬁl't' - NGy

: :where a(s) B(s), and ¢ = gb(s) are the TW1ss parameters at s and the phase advance
from s1 to s, respectlvely

, | The above means that a symplectlc mot1on is reduced to a circular motion in
~ the normahzed phase space

u — ’ X =1 - 4 52
enefprdny) e
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Twiss parameters along a beam line !
Ifwe know the transfer matrix :froni S to s

My, M

Mot 53
My My) )

M(s) =

we can calculate theTw1ss parameters at s using Eq, (51) as

O A

..n:_:vx\’,‘.!y‘ "

AR

e o Wit I'!.\l'\ ot

o
VAR
)

’Blé—s)(cos ¢ + a; sin @) \/B(s)B sin ¢

1

(I +a(s)ay)sing + (a(s) —ai)cos ¢ ﬂ(cos ¢ — a(s)sin @)
J

\ VB(s)B B(s)




Twiss parameters along a beam line (2)

- Ifwe kn_o_w: th¢,'transfef matrix from s; to s
- | My My
M(s) = | e
(5) (le Mzz)
we can calculate theTw1ss parameters at s using Eq, (51) as

1+cy1

= 'a(-s){:'(Manz + M12M21)0?1 = M1‘1'M21,31 M, M»» 3,
- e 1

1+a1

B = —2M11M1201+M11,31+M e
, 1

@) = arg(_M12a’1 -+ M11,31 +iMy;)

'Blé )(cos ¢ + a; sin @) \/B(s)B; sin ¢

1
B (1 + a(s)ay)sing + (a(s) — a;) cos ¢ B

VB(s)Bi B(s)

——(cos ¢ — a(s) sin ¢)




o
MR

LTI B

(e = )

dvances

‘4
hase a

il \ (Gl by Bt ot | ™Y LA A B b Bt Gk M S T £ L L S

PP Y PR SR UI A TRE VS AT TRVEIN TS VRN SIS NRIPRIPRPIR I VRS SNSRI U S TRt VU P St P B

(4)

arious p

3
O
18
@

FO

| U Vi e

.-___..__...__...___.._ T™TT

/
/

Uyy = (30, 30) degs

N /.___
® n N v -
N

o

1/ 5gA a1 ga

p-functions along a FODO cell with v

RS ST




Q%r?l%D :

(ko)

dvances

o(r)

ase a

L EEio it B WA A b e i ot i e ok ik At S OTTIR T bt B T ol o o Bt ot it

Madeakediaatiio el Gt

HALBLRLS ILAVILIL BUSLRLELE BLARLELE B

/

DO cell (4)

(60, 60) degs

Wxy

™ w N Te} -~ wn

N -— o
1/5gAa%gp

FO

-___..__ _...___..___..

Kyy = (30, 30) degs

N Y | /. AP PRI B
™ [to) N [te) — 0

1/ 5gA a1 ga

;h
ot
v
)
S
S
(qv]
o
W e
e
B
e
g i)
Ly
=
=
.
2
o i
™
o
O
o
o
g
,r,_m.
Q.

TTrE T




- FODO cell (4)

-functions along a FODO cell with various phase advances (ux= 1,)
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FODO cell (4

fHfancrions along a FODO cel with various phase advances (= 1)
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FODO cell (4) ‘

? D(__z_cb» o) Flkr

,8 functlons along a F.DO cell w1th Vanous phase advances (,ux ﬂy)
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Dispersion

In a FODO cell, now let us consider a horizontal dipole with length L and
the bending angle 6 in place of the drift space. The on-axis, on-momentum transfer
matrix between the center of QFs in (x, p,, z,§) phase space is written as

ol : (1 L LO/2)\( 1 =
—kp/2 1 : 1 : 60 ||kp
M=| -6 -Lo2 1 . |]. .
S 1)\ . L F 1)
. N I )
o | -8 k2 1
=gt 2 | : : ohes
5 . : L P 1




Dispersion

In a FODO cell, now let us consider a horizontal dipole with length L and
the bending angle 6 in place of the drift space. The on-axis, on-momentum transfer

matrix between the center of QFs in (x, p,, z,§) phase space is written as

\ -

Er -
—

S 1)
(1]
-

{6 a2 1

(1 L LB/2)
: 1 : 6
-0 —-16/2 1 .
b 1
LO/2\( 1 g
0 =kl 2 1
: 1
Lt

=

| L Lo
1+ ' ' ©2(1 +6)?
1 . . . 0
L
] —
+0
. . . 1 . .
LO(1 +2 -
4 o(1 + 20) | v VdL

dipole magnet

21+062 Va

+ 0(0)*



Dispersion

In a FODO cell, now let us consider a horizontal dipole with length L and
the bending angle 6 in place of the drift space. The on-axis, on-momentum transfer

matrix between the center of QFs 1n (x, p,, z, 0) phase space 1s written as

\

(cp +4)(cr —2)0 _(CD +4)L6

4

2

] . (1 L LO/2)
—kr/2 1 . 1 . 0
Al=-6 =-L6/2 1 :
CIiy 1) Lo 1 )
(1 L LO/2\( 1 :
S 1 : 0 —kr/2 1 .
-0 —-L6/2 1 . 1
L 1 )\
(
M,

=

1)

(cp + er — 2

(CD =+ 4)LH

4

(CD + 4)L92

4
1

)

dipole magnet

L Lo
1+ ' T 2(1+6)?
1 . ) 0
L
1] —
1+06
. . . 1 ) )
_L9(1 + 20) ' . | v—vdL
2(1 + 6)? Vg
. ) ) 1
(57)

+ 0(0)*



Dispersion

In a FODO cell, now let us consider a horizontal dipole with length L and
the bending angle 6 in place of the drift space. The on-axis, on-momentum transfer

matrix between the center of QFs in (x, p,, z,§) phase space is written as

= 2 RYe | L L/2\(1 . )
M 2 - - A g
dee s L i —
B 1\ . 1 L. 1 B
(1 N I )
ol 1 : 0 —kg/2 1 . _% Lo +28)
-0 -L6/2 1 : E— 2(1 + 6y
L 1 1)
( (cp+HLO
M, (cp + cr — 20
- = 4 ==
(cp +4)(cr—2)0 (cp+4)LO (cp + 4)L6>
4 S =
\ : : 1 )

dipole magnet

where M, is the 2 by 2 matrix of FODO given by Eq.(44).

CpCF

li(CD—CF)—

L S

Lo
T 2(1+6)?
. 0
L
+6 ' + 0(0)°
1 . . :
a—_y
Va
1
L2+ cp)
., (44)
1+ (cp — CF) — crep

2 7



2)0

(CD + 4)L9
(cp + 4%(CF -

M,

(cp +HLO

(cp +4)(cr —2)0
4

(2)

This transfer matrix has nonzero M, s, M, s, M. ,M, ,, components, which

means a coupled motion between x- and z- planes.

ispersion

D
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. (ecp+4)LO

M. e+ $er - 2)0
= = (co+cr=2)0  (cp+4)Lb |G o yL8?
Dispersion (2) [+ = '

This transfer matrix has nonzero M, s, M,,s, M ,M, ,, components, which
means a coupled motion between x- and z- planes.

In general, any stable coupled symplectic matrix M can be decomposed into
a non-coupled semi-diagonal matrix consisting of 2 by 2 matrices M, , . by

M,
D 'MD =

where D is a symplectic matrix.

This means that any stable coupled motion can be decoupled into 1D motions,
by the choice of variables by the matrix D by




. (ecp+4)LO

M. e+ $er - 2)0
= = (co+cr=2)0  (cp+4)Lb |G o yL8?
Dispersion (2) I+ = '

This transfer matrix has nonzero M, s, M,,s, M ,M, ,, components, which
means a coupled motion between x- and z- planes.

In general, any stable coupled symplectic matrix M can be decomposed into
a non-coupled semi-diagonal matrix consisting of 2 by 2 matrices M, by

D'MD=|. M, .|, (58)
M,

where D is a symplectic matrix.

This means that any stable coupled motion can be decoupled into 1D motions,
by the choice of variables by the matrix D by

(xﬁ\ ( x )
px,B Px
y,B = D—l Y (59)
Pyp Py
B <
\ 03 / \ 0 )

where the lhs are the uncoupled coordinates, or betatron coordinates, for which we
can define the Twiss parameters in a usual way of a 1D motion.
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Dispersion (3) ¢ ;

Consider a FODO with dipoles having the cell transfer matrix for x, z planes:

B(L,6)

: M, M, . M)
M M>, M>; . My . (60)

~M M + My Mg —MyMos + MsyMie 1 Msg

1)

The matrix M 1s semi-diagonalized by another matrix
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Dispersion (3) ‘ ;

Consider a FODO with dipoles having the cell transfer matrix for x, z planes:

: My, | | M, M)
S Msy M>,
—M My + My Mg —MxMss + My)yMig
\ : = , 1 b,

M (60)

The matrix M 1s semi-diagonalized by another matrix

fl nx\ ~ : (Mll M12
Toe| 0s D-'MD = My, Ms,

1)
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Dispersion (3) ¢

Consider a FODO with dipoles having the céll transfer matrix for x, z planes:

s My = | M,
My, M»,
~M My + My Mg —MirMye + M M

\ . :

M (60)

The matrix M is semi-diagonalized by another matrix

-f_ 1_. - ' (M My,
as D™'MD = Mz1 Ma,

Npz = —Npa )

Ll
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7 F(kr) B(L,0) D(kp) B(L.0)
Dispersion (3) §

Consider a FODO with dipoles having the céll transfer matrix for x, z planes:

E e | M, . Mg
M - My . My
—My 1 Mye + Moy Mye —MiaMas + MpxMic 1 Mse

M (60)

The matrix M is semi-diagonalized by another matrix

(M, M,
My, Ms,

as D"'MD =

i ot e it A
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7 Fbr) BLO) <k - B(L.0)
ispersion (3) ——

Consider a FODO with dipoles having the céll transfer matrix for x, z planes:

e e | M, M)
M - My M
—M My + Moy Mg —Mi2 Mo + My M6 Mse

M (60)‘

The matrix M is semi-diagonalized by another matrix

(M,
as D"'MD =

(1 = M22)M16 + M12M26 D_l — D/{nzc — _77:1:7 npx — —pr}

4 sin*(u,/2)
My Mis + (1 — My1)M>s

| }4 sin’(u,/2)




=  F(kr) B(L 6) D(kp) B(L,6)
Dlspersmn (3) ‘ X

Cons1der a FODO w1th dlpoles haV1ng the cell transfer matrlx for Xz planes

‘.M11‘ = = Uic - M16\
M - My . My
| =MuMy + Moy Mg —MioMys + MM l M56 =

-

The matrix M is semi-diagonalized by another matrix

(M,
as D'MD = |

Al = Mo)Mig + MixMas D7 =D/ {ne = —na, Mpe — _np:c

4 sin*(u,/2)
My M6 + (1 — My 1)Ms

4 sin (,ux/2)

Where we have used M il + M22 = 2 cos ,ux from Eq. (45)

L

Cos /Jx,y + ax,y SiIl :ux,y ﬂx,y Sil’l /'lx,y
2
M,, I +a;

ﬁx,y

— sin Hxy COS Uyy = Qxy SN Uy
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Dispersion (4) ‘ =

In the case of the FODO transfer matrix Eq. (57), the solution Eq, (62) 1S

vl ‘ (4 +cp)Lb
M, | (cp +4(cr —2)6 Nx = 2 (63)

4 2(cr — cp) + crep
(cp+4)(cr—2)8  (cp+4)LO (4 + cp)L6? :

- | Gralts 2L + B sin
4 2 14 : +2ﬁx S1n U 0 (64)
4 sin“(u,/2)? |

then the matrix M is semi-diagonalized as

:
1
4
%
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F(krp) B(L,0)

Dispersion (4) ‘
= r

In the case of the FODO transfer matrix Eq. (57), the solution Eq, (62) 1S

IR, ’ | 4+ cp)LO
M, cp + 4)(cp — = 63
' (ep 4%2 F2 2)0 n 2(CF =3 CD) i CFCD ( )
(cp +4)icp ~2)0 (e +24)L0 | _% 2L + B, sin i,
| = B (64)
4 sin”(u./2)?

DA ARV A

then the matrix M is semi-diagonalized as

|
3
&
-
e
§5

(1 = Mxy)Mic + M2M>

4 sin*(u,/2)
M> Mg + (1 — M) Mo

4 sin*(u,/2)
:
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B(L,8) D(kp)

Dispersion (4 ¥

<

In the case of the FODO transfer matrix Eq. (57), the solution Eq, (62) 1S

M,

(cp +4)(cr—2)0 _(CD +4)L6

4

2

(cp +4)LO
(cp + 45er - 200
4
G+ )L

4
1

(4 +cp)ld
2(cF — ¢p) *+ crep
2L + B sin i, p

4 sin®(u,/2)>
e, | (65)

(63)

(64)

then the matrix M is semi-diagonalized as

(1 = Mxy)Mic + M2M>

4 sin*(u,/2)

My Mg + (1 — My1)M>s

4 sin*(u,/2)

D 'MD =




Dlspersmn (4) ‘

In the case of the FODO transfer matrlx Eq. (57) the selut1on Eq, (62) is
(cp+ L0 4 cp)LO
]7 =

M, (ot Her - 200

(co+d)cr =20 (cp+4)LO arete , 2(cr — ch) ¥ Cren
Cp + Cr — cp + +cp : : ek
. . _ ,

4 5in°(11,/2)?
UPX; O ?

then the matrix M is 'Semi—diagenalized as

(

D'MD = | - (cr — 4)n.0
- -

1

- We will discuss the_ nature of M pse 1n the matrix Eq. (61) later.

_ (1 = Mxy)Mic + M2M>

4 sin*(u,/2)
_ My Mis + (1 — Mi)Me

4 sin*(u,/2)

b

b
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In this case, the betatron coordinates by Eq. (59) are written as

2= npx-x — xPx >

3=

and other variables are unchanged.

PP PR OT A ERE R

(1 \ \ a " \ T VY8 D 1
b ndistaliladiabodutbs Av b iletedaladilal wusidade




- - - = (%)
, N
Dispersion (5) |2
In this case, the betatron coordinates by Eq. (59) are writtenas ;)
wes 98 -
Pxg = Px— Nl - 8
28 =Z+ NpxX —MxPx> (69)

and other variables are unchanged.

In this speéial“case, the resulting 2 by 2 transfer matrix M, in Eq. (66) did not
change, but in the z-plane, the 2 by 2 matrix or M in Eq. (66) has changed.

D-'MD = (cr — )0

e WA I W A i i S

(66)




* ‘ o
Dispersion (5) e

In this case, the betatron coordinates by Eq. (59) are written as Ip
Xg = X—1,0, (67)
Pxg = Px — 1px0 (638)
g = 2+ NpxX — NxPx » (69)

and other variables are unchanged.

In this special case, the resulting 2 by 2 transfer matrix M, in Eq. (66) did not
change, but in the z-plane, the 2 by 2 matrix or M s in Eq. (66) has changed.

Note that such a simple decoupling by dispersions as Eqgs. (67-69) is only
possible when there 1s no acceleration in the beam line. If there is an RF cavity in
a non-dispersive location in a beam line, the x-z coupling requires more parameters
to decouple. The resulting 2 by 2 matrices will not preserve the forms of Eq. (66),
in such a general case.

D-'MD = (cp — 4.0

(59)

(66)
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Dispersion along a beam line

After obtained the .dispefsions’ at a particular location s = s; of a beam line, it
1s possible to tr_ahsjfer the dispersion at s, to another location s in the beam line.

Let us denote the transfer matrix from s; to s by M(s). 7

Theidecoupling_ matrix D(s) should be chosen to semi-diagonalize M(s) to
Mp(s)as: .
. me
D) MDD =Mp(s)=| . M) . (70)

| | - . MZ(S)

— where Mx,y,z(s)‘ are the 2 by 2 transfer matrices from s to s.




Dispersion along a beam line

After obtained the .dispefsions’ at a particular location s’.}:- s; of a beam line, it
1s possible to tr_'ahsffer the dispersion at s, to another location s in the beam line.

Let us denote the -transfer matrix from s; to s by M(s). — =

Theidecoupling niatrix D(s) should be chosen to semi-diagonalize M(s) to
D) MDD =Mp(s)=| . M) . |, (70)
| | . MZ(S)

normal to physical at s1

~ where M, .(s) are the 2 by 2 transfer matrices from s, to s.




Dispersion along 2 be ool M

After obtalned the dlspersmns ata partlcular locatlon S=u of a beam 11ne it
1S posmble to transfer the dlspersron at s to another locatlon s in the beam hne

Letus denote the ~trar_1_sfer matrix from ~s1. to s by M(s).

The deeouplmg matrlx D(s) should be chosen to semi- dragonahze M(s) to
MD(S) as :

D) 'M(sD =Mp(s) =| . Mys) .
| = M, (s)
physu:al to normal ats | E normal to physical at s1

where Mxy Z(s) are the 2 by 2 transfer matrices from s, to s.
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1S expresse

=
©
L
w0
(D
ol0)

-z plane, M(s)
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ispersion a
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In the case of a simple d




M.(s)

(72)

(2)

ine

( 2

sed as
D(s)"'M(s)D = Mp(s)

1S expres

7,(5) )
px($)

-z plane, M(s)

1

~Npx(8) 1(s) 1

=
O
L
w0
©
ol0)
n_
s

\

ispersion in x

D(s)

ispersion a

D

In the case of a simple d

Then the matrix D(s) is written as

o AN B LA B VLB LA




Dispersion along a beam line (2)

In the case of a smlple dlspers10n in x-z plane, M(s) 1S expressed as

M, : '_ - M Miﬁ\
: M21 2 ‘ . M22 :
—M11M26 + My Mg —MiaMos + MM
\ , - | S =

M(s) =

Then the matrix D(s) 1s »wfitten as : = | M.(s) .
_ » R - - D(s)""M(s)D = Mp(s) = M, (s)

E : 1
_npx(s) Ux(S)
=

(72)

Doy

with dispersions at s:

b o 4 A

VTR




Dispersion along a beam line (2

In the case of a simple dispersion in x-z plane, M(s) is expressed as

M, My
My ‘ My,

M@s)=}| .. .- ,
- —M 1Mo + Moy My —MixMos + MM

s

Then the matrix D(s) 1s -wtitten as _ = M.(s) .
— 1 D(s)"'M(s)D = Mp(s) = M, ()
- !
D(s) = :
)= s 7:(5)
=

(72)

with dispersions at s:

n:(8) = Myn, + Mian,, + Mie 73)
npx(S) = M2177x + M2277px + M .

Above means that the the dispersions (77,(s), npx(s)) behave in the same way
as Varlables (x px) when the 1nh0mogeneous terms M,¢ and M26 are zero.
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Dispersion in a FODO cell

<

/L
N
/L
N

Aabibad i lit

/L,
/L,

n,/LO

n,/LO °

= N W bh OO = 0N O
o

= N Wb OO =~ 0N OGOW

—o
—o

140
140

sl et

e

IR TR LT TET ) WO L T o e O et




- P-functions and dispersions with various phase advances (ux = 1)
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- p-functions and dispersions with various phase advances (ux= )
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—M2Mys + My Mg

If we put s
matrix M in Eq. (60), and

My,
My,
—M 1My + My M6




Dispersion in a ring

If we put s = C + s 1nEq (73), then M(s) becomes the one-turn transfer
matrix M in Eq. (60),and = —

Myin, + Min, + Mg , (73) | = Mllnx, + M1277px"+ M ,

A , | (74)
= M1, + Maon,. + Mo . e = Mo + Moon, + Mo

by the pé_ri’odic,condit_ic)n (18, Mpx(8)) = (T ) -

M11 M12
M21 M22
—M My + My Mg —MixMos + MyMie
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Dlspersmn ina rmg

If we put = C + s 1n Eq (73) then M(s) becomes the one turn transfer__
matrix M in Eq. (60) and = - S

n<(s) = Myn, + Mpan,. + My , (73) < Ny = Myn, + Mpn,, + Mg,

- - | 74)
Tpd5) = Mot + Maatlpe + Mo  Mpx = Moy + Moo, + Mo =

by the periodic condition (1,(s). 7x(5)) = (s 7).

M, . Mg

My, . My

—M My + My Mg —MixMye + MpyMg 1 Mse
1

M =

T he solutlon of Eqs (74) is identical to the solution of semi-diagonalization,
Eqs (62)

(I = Mxn)Ms + M2 Mo

e = 4 sin®(u, /2) ’
_ My My + (1 — My )Mo

fpx = 4 sin®(u,/2) ’




v ;,.:v
il A !
ARG AN .ﬁ,
Y SRREITRA

v adeadadiiablastioban diabhdsudion Gl b

_
.

(

Vi
3

y,,
i

'M(5)D = Mp(s)

D(s)

10N

S
O
a ”
Q,

N
Q
=
®)
Q
O
i)
TN
)
—
>

1X

gonal matr

1d

ing semi

:
S
:
£
TP
=
S
>

Then the result

LR A ATt S Mk BLh i BT
W { Y
' AN i
t




atubididedatabiiAce abebidun et e Auudi s SN ashad b et e et

'M(5)D = Mp(s)
(73)

D(s)

101N

pact

Mp(s) becomes
ne(s) = My n, + M1277px + Mg ,

Npx(8) = Man + Mapn,, + Mo .

<
r—

] matr
/

1

(Myn, + Mayn, )M — (M7, + Mi317,0)Mss + Msg

iagona
1 Mpse

ing semi

\

Npx($)M 16 — n:(S)Mae + Mg ,

=
S
>
g
e
=
5
>

Then the result
Mp(s)
M pse
where we have used Eq. (73).
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Momentum compaction

Then the resulting semi-diagonal matrix Mp(s) becomes

M M, . D(s)”'M(s)D = Mp(s)

My My . -
1 Mpse
L B
= (M1 + Maon, )Mis — (M, + Mi2n,) Mo + Mse
Npx($)Mi6 — 1.(5)Moe + Msg (76)

(75)

ne(s) = My n, + M1277px + Mg ,

where we have used Eq. (73).
S Npx(8) = Moin, + Mon,, + Mo .

(73)

Let us consider a small portion of a beam line whose transfer matrix is given
by AM. According to Eq. (76), the change of Mps¢ 1s written as

AMpse = 1px($)A M6 — n(5)AM>s + AMse . (77)
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Momentum compaction

Then the resulting semi-diagonal matrix Mp(s) becomes

(M, M, . — D(s)"'M(s)D = Mp(s)

My, M

Mp(s) = , (75)

-
E : . -
Mpse = (M1, + Mann, )Mie — (M1 + Mi2n,p)Mas + Mse

= Npx($)M16 — 11:(S)Mos + Mse , (76)

nx(s) = Myn,+ Mpn, + Mg,

where we have used Eq. (73).
Npx(8) = Moin, + Mon,, + Mo .

(73)

Let us consider a small portion of a beam line whose transfer matrix 1s given
by AM. According to Eq. (76), the change of Mps¢ 1s written as

AMpse = Npx($)AM 6 — 1.(8)AM>s + AM e . (77)

Thus the component Mpsq changes only when there are non-zero AM ¢, AMoy,
AMs¢. Thus Mpse does not change 1n drift spaces nor multipole magnets at least
for an on-momentum & on-axis orbit, where M., = 0.




um compaction (2)

In the case of a dlpole with a small length L = ds and a bending angle =
ds/ P the transfer matnx Eq. (29) becomes '

Lo = ‘ ds
2(1 + 6)? ’
0

+ 0(0), (29)

_L6(1 +26)
2(1+0)?

An bt ol i
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Momentum compaction (2)

In the case of a dlpole with a small length L = ds and a bendmg angle =
ds/ p, the transfer matnx Eq. (29) becomes |

| L L9 = 7 e
11”; | 2(1;5) | - @
M= ' T voef. @ AM=| o P lirows)’. | (78)
. Lol +26) 1 V=, - = [ = ’
e D ! 1 -
1 T A : | )
Then'if-w_e plug in above into Eq. (77), the change of AM s is written as
AMpse = 1px($)AM16 — 0 ()AMos + AMss . (T7) - dMpss = _'nxsé , (79)
0
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Momentum compaction (2)

In the case of a dlpole with a small length L = ds and a bendmg angle 0
ds/ p, the transfer matnx Eq. (29) becomes

. L 7 -
11”; | 2(1;5) | - @
M= ' T voef. @ AM=| o P lirows)’. | (78)
. Lol +26) 1 V=, - = [ = ’
e D ! 1 -
1 T A : | )
Then'if-w_e plug in above into Eq. (77), the change of AM s is written as
AMpse = 1px($)AM16 — 0 ()AMos + AMss . (T7) - dMpss = _'nxsé , (79)
0

By integrating above, we obtain an expression for Mpse:

nx(s)
p(s)

Mpse = —




Momentum compaction (2)

In the case of a dlpole with a small length L = ds and a bendmg angle 6 =
ds/ p, the transfer matnx Eq. (29) becomes

| L Lo i = i e
R .
; = =
M= ' T L0079 AM=| P l+o0ws). (78)
Lol +26) 1 v—'vdL e o ] '
“ e D w b —
. L. , \ 1)
Then if we plug in above into Eq. (77), the change of AM s is written as
- AMpse = 11px(5)4AM16 — N:()AM>6 + AMse . (77) - dMpss = —_nxsé , (79)

e - 0

By integrating above, we obtain an expression for Mpsg:

- f dS) (80)
p(s)

For a storage ring, the quantity Mse is sometimes expressed in terms of the ratio to

the circumference C as __
| My | ggnxm | '
= — — ds , 31

~ where the ratio a,, is called momentum compaction factor.
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Synchrotron motion - =
Let us consider a ring with an RF cavity with the voltage V. and the phase ¢gr =

at a dispersion-free location. Using Eq. (40), the one-turn, on-axis transfer matrix
M, in z-plane from the center of the cavity is written as:

E = E() + e—‘/c sin (—U)RF% + ¢RF) R (40)

: a,Ck cPy
s ’ == —a,C
M 1 Al —a,C 1 b > - p (82)
k2 I 1 ez 17| el eCk]
- = 2
with k. = %;‘; COS Py . (83)

By equating M, with the representation by Twiss parameters
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Synchrotron motion

Let us consider a ring with an RF cavity with the voltage V. and the phase ¢rg
at a dispersion-free location. Using Eq. (40), the one-turn, on-axis transfer matrix
M, in z-plane from the center of the cavity is written as:

V. .
E:E0+e—sm
P

| | a,Ck, Cly
Sl el . o
el R d . _akag 1_akaZ ’
: 4 2
V. »
with k. = “REZC cog g (83)
v- cPy
By equating M, with the representation by Twiss parameters
COS U, + a, Sin i, B, sinu,
M,=| l+e , (84)

———siny, COSU, — @, Sinu,
Z

we obtain at the middle of the RF cavty:

& b HEA A b . \ele ) Lt T 3
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Synchrotron motion

Let us consider a ring with an RF cavity with the voltage V. and the phase ¢gr
at a dispersion-free location. Using Eq. (40), the one-turn, on-axis transfer matrix

M. in z-plane from the center of the cavity is written as:

e

M. = s
saveiZ 1 k. /2 1
V. |
with k, = %ip COS ORF -
| X d

J=

4

V. .
E = E() + —e Sin (—(J)RFE + ¢RF) ,
P v

Gk | ek O
4 2
(83)

By equating M, with the representation by Twiss parameters

COS U, + a, Sin i,
MZ = 1+ Clz

Z

—Zding

Z

‘'we obtain at the middle of the RF cavty:

=0

B sinpy,

. (84)
COS U, — @, SINn |4,
i a,Ck,
=5 (85)
a,C
sinu,
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M. in z-plane from the center of the cavity is written as:

= ' a,Ck,
e

M_'l‘.l—apC E >
Aol L 1 k21 ‘ _czkag

= 4

V. |
with k, = %ip COS ORF -
| X d

COS U, + a, Sin i, B, sin u,
MZ = 1+ Clz

Z

Z

‘'we obtain at the middle of the RF cavty:

a, =0,
a,Ck
cos,uzzl—%,
. qC
Pe = sinp,

Note that a,k, > 0 fdr the stability, and u, < 0 for @, > 0.
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Synchrotron motion

Let us consider a ring with an RF cavity with the voltage V. and the phase ¢gr
at a dispersion-free location. Using Eq. (40), the one-turn, on-axis transfer matrix

— akazr

By equating M, with the representation by Twiss parameters

———siny, COSU, — @, Sinu,

V. .
E:E0+e—s1n
P

(82)

(83)

(84)

(85)

<
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Synchrotron motion

Let us consider a ring with an RF cavity with the Voltage V. and the phase ORrE
at a dispersion-free location. Using Eq. (40), the one-turn, on-axis transfer matrlx

M in z- plane from the center of the cavity is wrltten as: eV z ‘
= : E = E() + < sin (-CURF— + ¢RF) R (40)
: e : a,Ck, _ cPq Y
LYl epl v o
k2 1\ 1 \k/2 1] | ~ a,Ck; | Chk
| 4 e
WRF €V ’

thk = : ’ 83
wi = = (83)

M. =

By equating M, with the representatlon by Twiss parameters

COS U, + a, sin lu, ,BZ sin He

Mz = 1+ CY? :
- : :

~we obtain at the middle of the RF cavty:
=0,
a,Ck,

2
a,C

sinp,

- Note that k. > 0 for the stability, and . < 0 for @, > 0.

In the case of I,uz] < 1, @, and S, are nealy constant over the ring, and:
2 | » tp

= a,Ck,, B ——
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Overview of synchrotron radiation

e
‘—»U

At

<+—>
B

Due to the relativistic kinematics, an ultra-relativistic
particle can only radiate within an angle 1/y.

Then the pulse length of the radiation observed at a
location far from the ring can be estimated by the time
difference between the particle and the light:

_ply psinlly
% C

2P

T 3y3c

At (87)

(88)

The energy of the photon should be characterized by
critical energy using the uncertainty principle:

h 3 .h 3 5 ,
- ~v’mc? i (89)

uc:EZE P2 ap

where @ and r, are the fine structure constant and the

classical electron radius, respectively.
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Most basic characteristics of the radiation, concerning to the beam, are rep-

resented by the following formulas

in a

1at

O
©
A
e
il
s
o
T
o
@
)
>
P
Yy

3

.
2 S

The expected number of photons

(N)

1ew O

angle ¢

Overv




.. AL v .. bl eaadsdidud
el el i s b G b adab b nutvubichinadiinliblotlvei it

ion (2)
bending
(90)

10N

in a

t

1d

f synchrotron rad

Most basic characteristics of the radiation, concerning to the beam, are rep-

resented by the following formulas
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verview of synchrotron radiation (

Most basic characteristics of the radiation, concerning to the beam, are rep-

resented by the following formulas: The expected number of photons in a bending

angle ¢:

5
——ay¢
2v3

The expected value of photon energy ahd the square of photon energy:

(N) = : = (90)

8 
—uCS
153
11,
27

(u)
(u*)

The expected energy loss per an angle ¢:

2
(AE) = —(N)u) = _§y4mcz =1¢.
P

L

[l bl Lk ks i e e o

T




Overview of synchrotron radiation (2)
Most basic characteristics of the radiation, concerning to the Vbeam', are rep-
resented by the following formulas: The expected number of photons in a bending
angle ¢: ‘ | ' = '
5 P
——ayd .
23

The expected value of photon energy ahd the square of photon energy:

(N) = (90)

g
—uCS
153

11,
27

{w)

) .

The expected energy loss per an angle ¢:

(AE) = —(N)(u) = —%y“mcz “)g.
P

TheeXpected energy spread per an angle ¢:

ce
Y =

. UE?) = (B — (EY? = (NY#) =
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Let us denote the amount of the momentum loss, normalized by the design

momentum Py, in a small section of a beam line by —dW(x,y,d
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Overview of synchrotron radiation

Let us denote the amount of the momentum loss, normalized by the design
momentum Py, in a small section of a beam line by —dW(x,y, d; s). As we have
seen, dW is expressed by

_ ANXw)
= CPd :

dW (95)

We obtain the energy loss per revolution by integrating dW at the standard orbit:

£
U() = CPd de = EEd Eds 3 (96)

where £, ~ cPd and
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We obtain the energy loss per revolution by integrating dW at the standard orb

momentum Py, in a small section of a beam line by —dW(x,y,d
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Overview of synchrotron radiation (3)

Let us denote the amount of the momentum loss, normalized by the design
momentum P,, in a small sectlon of a beam line by —dW(x,y,d;s). As we have
seen, dW 1s expressed by

dW = ) : (95)
CPd

We obtain the energy loss per revolution by integrating dW at the standard orbit:
e |
U() = CPd de = —E _st 3 (96)
| A 2r p
where E; ~ cPd and

47 r
3 (mc?)®

Cy

If the bending radius is constant, 0 = pg, along the ring,

E; E,[GeV]*
Us=C =88 sev)> 2ot
Po Polm]

Table 1: One-turn energy loss Uy for FCC-ee.

Beam Energy E;, | [GeV] | 456 1825
: Bending radius pg < [m] - 10760
~ Energy loss /turn Uy [MeV] | 356 9124
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The beam energy Changes_ as

Note that
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If the system emits k uncorrelated photons randomly, its probability is given by

exp(—(NV)) .

vy
!

-

=
Ry
)
Lo
G
i es
©
O
0
i
vp
0
P,

The beam energy c"ha_nges_ as

Note that




~ Justification of (E*) - (E)* = (N)(w*)
Ii the system emjts k uncorrelated photons r_andor_hly, its p‘r'obabilityis'g_iven byi = = |

0 =

Note that

i/lk =1, ikﬂk — (VY.
k=0 k=0 = :

- The beam :eine_rgy Chahges_ as |

k

Ek“‘: EO = Z uj ,

)

k k k

e =125 30+ (3 S

i=1 i=1 ]=1

= E2 — 2KEo(u) + k(k — 1){u)? + k(u®) .

(B =) AED
: SaeETea e




Justification of <E2> - <E> = <N><u >

If the system emlts k uncorrelated photons randomly, its probab111ty is glven by _ ‘ —

No_te that

- The beam Ve'_ne_rgy changes as ».

| Ek‘:Eo— Zu, s

)

(E ) = E2 2EO<Zk:ui> +' <Zklzk:uluj>
] =Lyl

= E2 — 2KEo(u) + k(k — 1){u)? + k(u®) .

(EY) = Z’ ASED
= E = 2E0<N><u> + Z k(k o exp( <N>><u )+ (V)

_ E2 2E0<N><u} + <N>2<u> + <N><u2> |
<E>2 + <N><u2> -
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The effects

of radiation or emission of photons on the particle motion are characterized as

ic, 1e., v > 1.
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The effects

of radiation or emission of photons on the particle motion are characterized as

=y >k

, 1e
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Hereafter we assume the particle is ultra-relativist
e The position of a particle does not change due to radiation.
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Effects of radiation on the beam motion

Hereafter we assume the particle is ultra-relativistic, ie., ¥y > 1. The effects
of radiation or emission of photons on the particle motion are characterized as:

e The position of a particle does not change due to radiation.

e The radiation 1s almost in the same direction of the particle momenta, within
an angular deviation < 1/, The angular divergence will be omitted below for
the time being.




Effects of radiation on the beam motion

Hereafter we assume the particle is ultra-relativistic, ie., ¥y > 1. The effects
of radiation or emission of photons on the particle motion are characterized as:

e The position of a particle does not change due to radiation.

e The radiation 1s almost in the same direction of the particle momenta, within
an angular deviation < 1/, The angular divergence will be omitted below for
the time being.

e Thus the particle almost does not change the direction of motion. The changes
of the momenta are expressed as

P
P—> P-ujc, : , . (104)

P—u/c




Effects of radiation on the beam motion

Hereafter we assume the particle is ultra-relativistic, ie., ¥y > 1. The effects
of radiation or emission of photons on the particle motion are characterized as:

e The position of a particle does not change due to radiation.

e The radiation 1s almost in the same direction of the particle momenta, within
an angular deviation < 1/, The angular divergence will be omitted below for
the time being.

e Thus the particle almost does not change the direction of motion. The changes
of the momenta are expressed as

P
P—> P-ujc, : , . (104)

e The emission of photons is a totally random process. It is not possible to tell
when and where a particle emits a photon. Each amount of photon is also
stochastic under a given probability distribution.
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Local radiation damping

Now let us consider a particle having small deviations (x, p,, y, py,z,0) from

-
S
>
L
o
D)
>
o -
o))
N
o v—
L
o
g,
av)
o
g9
av)
o
O
Mooy
oo
O
—
O
Alase
=
i
.
%)
-
e
=~
S
)
QO
<

Shkedaiconondar. St Al 0 e ki it £ AR Ve 00 A A A 3 L (LA A b L i S S I ot Rl S 4 M L L 8 A AL R P B
L0 s |2 datht (08 A A Aioire { .




Siix (it Wiy

T N
e AT
,.«,...hm,“..w__fm AR /:‘.u._,

) .
NN y f
-: ! (R

) A A { ] !
RN NN R Ayl SRSy

1ation are

Y

ddW
ady

odW
5= =
0x -

do = —(dW — dW,)

Local radiation damping

Now let us consider a particle having small deviations (x, p,, y, py,z,0) from

Then the change of momenta relative to the standard orbit due to rad
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Local radiation damping

Now let us consider a particle having small deviations (x, p,, y, py,z,0) from
the standard orbit, where the radiation 1s given by dW,,.

Then the change of momenta relative to the standard orbit due to radiation are
written as

do = —(dW — dW,)
0dW . 9dW  0dW

= =5 = 105
36 e o

dpx,y == _(dex,y N depx,y;d) (106)
= —dWp,, , (107)

where we have assumed the momentum components at the standard orbit p, ., are
ZEero.




Local radiation damping

Now let us consider a particle having small deviations (x, p,, y, py,z,0) from
the standard orbit, where the radiation 1s given by dW,,.

Then the change of momenta relative to the standard orbit due to radiation are
written as

do = —(dW — dW,)
odw . odW  odW
e =y 105
36 e °
dpx,y = _(dex,y pe depx,y;d) (106)

= —dWp., . (107)

where we have assumed the momentum components at the standard orbit p, ., are
ZEero.

. .. 0dW  0dW
In a simple case with = —
0x 0y

= (), the equations above become

do = _W(S : dpyy = —dWp,, , (108)

which means a local damping of the momenta around the standard orbit.
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a length ds is expressed as




Local radiation damping (2)

In the case of a uniform (transverse) magnetic field B, the momentum loss in
a length ds is expressed as ' ' |

N
aw. 1 (109)
CPd ,
2D2 7.7 \2
—<N><I/l> — —%‘)/411102 % ¢ (93) oC P B dS oC (1 + 6) (110)
using Eq.(93) with ¢ = ds’/p and P = (1 + §)P, = eBp. Here we have introduced

the orbit length ds’, which will be described later.
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Local radiation damping (2)

In the case of a uniform (transverse) magnetic field B, the momentum loss in
a length ds is expressed as ' '
N
dW = _M (109)
cP d
o P2B*ds’ « (1 + 6)* (110)

—(N)u) = —%7417102 (%)¢ (93)

using Eq.(93) with ¢ = ds’/p and P = (1 + §)P, = eBp. Here we have introduced
the orbit length ds’, which will be described later.

Then the momentum damping coeflicient in Eq. (108) 1s written as

odwW

= 2dW , 111
Y (111)

which means the longitudinal damping rate 1s twice faster than the transverse ones
in this simple case.

(103)
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Effects of dispersion on damping

If there are dispersions, the motion should be considered in the betatron coor-

dinates instead of physical coordinates:

s e i
px:B : px npx
yB y Ty
\DPyB/ \pyJ \"p, )

as well as

28 = 2+ Mp X — NuPx + Mp,Y — Dy - (113)

Since we know the physical position (x, y, z) does not change due to radiation:

dx=dy=dz=0, (114)
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Effects of dispersion on dampmg

If there are dispersions, the motion should be con31dered in the betatron coor-
dinates 1nstead of physu:al coordinates: -

s e i
Pxp | Px] np%
VB V| |
\py) \py) \"p, )

as well as

Zs = 2+ 17p, X = 1xPx + 1, = TPy (113)

Since we know the physical position (x, y, z) does not change due to radiation:
dx=dy=dz=0, , (114)

we obtain

1) = 0+ 1)~
—n.dd
_dW(px,B + npxé) npxdé
—n,dé ,
—dW(pyﬂ + npy6) npydé

Mp.dxg = 1xdPg + 11p,dy - nydpyﬁ :




Effects of dispersion on damping (2)

The effect of radiation in the previous equation can be expressed by a matrix:

(dxﬁ\

((Xp )
Pxs
B
Pyp
<

\ 0 )

(

\

OdW
Ox Mx

agz)?/ Np, —dW

odW
Ox ny
odW
Ox npy

: dWn,
_0dwW
o0x

odwW
oy =
9dw

ay npx
o0dw
0y My
0dW

Oy npy

_ 0dwW
dy

_dRD66 T x

—(dRpes + dW)n,,.

_dRD66 Ty

—(dRpes + dW)n,,

\(Xlg\

P xpB
Vg
Pyp

dW(nxnpx =~ nynpy) B

dRpes

J\ o
(116)




Effects of dispersion on damping (2)

The effect of radiation in the previous equation can be expressed by a matrix:

(dxp ) ((Xp ) ; 63’}{“ Mx - 5g’—yan - : —dRpes)x Vi xg )
dp,s pal |2ty dW Shy . @R AW, |5
dyg =agp B ag)‘:vny - 631—yW77y : : —dRpes]y yg
dpys| — Clpw| |%En,, . M¥p, —dW . —(dRpss +dWmp, || |’
dzg B : dWn, : dWn, . dW@.n, +n,) || <6

\ df ) e e e o dR pes JA

(116)

iR _odwW odwW adwW (117

a0




Effects of dispersion on damping (2)
The effect of radiation in the previous equation can be expressed by a matrix:

( odW adW \

( dxﬂ ) ( Xg ) agv){/ T x : ada_‘%,vnx . . _dRD6677x ( Xg )
dpxﬁ Pxp 5 Mp. —dW a_ynpx . . _(dRD66 + dW)npx Pxs
dy,B = dRp VB = 83)‘?/ Ty . 6f91—yW77y . . _dRD6677y Vg
dpyg Pot Folun, - <y, dW - (dRpstdWn, | P’
dZ,B B - dwn, . d Wn, . dW(nanx =~ 77y77py) B
\ do ) e e e o dR pes JL6
(116)

odW odW odWwW
dRpes = = 6—yny = (117)

Then the local damping rates dk,, , are calculated by the diagonal parts of dRp:

dRDll + dRD22 1 f odW
di, = - = faw-Z20).
- 2 e v ’7)
dRD33 <> dRD44 1 ( odW
dc— =W ] 118
dRD55 + dRD66 1 (adW odWwW
a5 = = . o
e 2 2\ oOx L
odw
— =2dW, (111)

where we have used Eq. (111). 96




ffects of dispersion on damping (2)

The effect of radiation in the previous equation can be expressed by a matrix:

OdW
( ox Mx :

( dxﬁ ) ( X3 )
dpy ol | aW
dypg
dpys
dZﬁ
\ do )

odw
dRpec = =

_dRpi1 +dRpy,
2

_dRp33 + dRpus
2

_ dRpss + dRpes
2

dk,

dky

dk,

where we have used Eq. (111).

Note that dk, + dk, + d, = 2dW.

D= N = DN =

odW
= 1
9dW

ay npx
0dw
ay n)’
0dW

Oy npy

_9aw

_dRD66 N x
—(dRpes + dW)n,,.

_dRD6677y
—(dRpes + dW)n,,

AW (1N px + NyMpy)
dR pes

)

( Xg )
P xpB
Vg
Pyp
B

/

L 0 )

(116)

(117)




Radiation damping per revolution

We can integrate the local damping decrements Eq. (118) all over the ring to
obtain the damping rate per revolution. We also assume there is no x-y coupling
nor more complicated betatron-synchrotron couplings beyond that expressed by the

dispersions.
| dRDll + dRD22 1 odw
dk, = — == |dW — ——n.]| ,
: 2 2 ox |
dRp33 + dRpas 1 AdW
dk. = — = —[aw -Z20 ) 118
“ 2 2 ay (118)
dRD55 + dRD66 1 {0dW odwW
- = - =g, + ——n, +2dW|
2 2\ Ox 7 oy h




Radiation damping per revolution

We can integrate the local damping decrements Eq. (118) all over the ring to
obtain the damping rate per revolution. We also assume there is no x-y coupling
nor more complicated betatron-synchrotron couplings beyond that expressed by the
dispersions. . ‘ :

by
i

)

»mf,
i

. Gy
f . i3 X

A
N

:(4“

=

The local momentum loss dW 1s expressed as

(N)u)
CPdV

dW

2
gygreez(l +0)°Bds’
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EYFTEYT

g A b debaitied disiiadadov bbbl b Ak 4

dRpi +dRpyy 1 odW
- = —|dW - —n,]| ,
2 2 ox |
dRp33 + dRpasa 1 odwW
— = —dW — —— , 118
2 2 oy P (118)
dRD55 + dRD66 1 {0dW odwW
_ _ (2, Y f2aw)
2 2\ Ox 7 oy h



Radiation damping per revolution

We can integrate the local damping decrements Eq. (118) all over the ring to
obtain the damping rate per revolution. We also assume there is no x-y coupling
nor more complicated betatron-synchrotron couplings beyond that expressed by the
dispersions.

The local momentum loss dW 1s expressed as

—N)Yw) = —2y*me? (9)¢
N 3 ’
= W
CPd
2
= gygreez(l +6)*B*ds’ , (119)
with the orbit length ds’
ds = (1 o l)ds : (120)
Px Py
where p, = —P,/eB, and p, = P,/eB, are the bending radius in each plane, and
B> = B> + Bﬁ.
_ dRDll + dRDZZ . 1 _ odW
de = > = > (dW ox nx) s
_ _dRD33 + dRD44 . 1 _ odW
dky, = > =3 (dW . ny) :
_ _dRD55 + dRD66 . 1 odwW odwW
— 5 _2(8)6 nX+_0y ny+2dW),

—_—

(93)
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Radiation damping per revolution (2)

We obtain the derivatives of dW in Eq. (118), on the standard orbit where
(X, Px, ¥, Py, 2,0) = 0. Using Egs. (119,120), they are written as:

dRpi1 +dRpy 1 ddw
- _ . =5 |dW - ——n|, 1 adW_ 1 +23yaBy (121)
dez—dRD“;dRD““:% dW—ag—yWny : aisy dW dx p, B? Ox’
dk. = _dRDSS;dRD66 :% angnx+ angny+2dW , 1 adW = l 4 @% , (122)
, x Y dw oy p, B*> Oy

— ZN3 2 2p2 3. 119

AW 3 Y0ree (1+06)°Bds, (119) 1 dW _ 5 (123)
N dW 95
ds' =|1+—+ =|ds (120)
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FESCA FUH IV RN

LRI RS

TURY

PR VAPIIRLF L YTRGTNDR N EX SIS0 S S WINPT WY T R LW

ikl (b AL A Kb il




Radiation damping per revolution (2)

We obtain the derivatives of dW in Eq. (118), on the standard orbit where
(X, Px, ¥, Py, 2,0) = 0. Using Egs. (119,120), they are written as:

dRpy +dRpy 1 ddW
2 ‘EdW_W"")’ 1 0dw 1 +23y(93y (121)
dez—dRD”;dRD““ =% dW—a;l—yWny), aisy dW dx p, B? Ox’
D55 T AIXpes 1 1 ZBx X
ax. = R e 2 (B0 20w oy i (122)
) Y dw oy p, B*> Oy
— ZN3 2 2p2 3. 119
dW 3 Yoree (1+06)"B-ds’, (119) 1 0dW _5 (123)
ds’ = (1 + p_ + p—)ds (120)
7 0B, 0B ,
We have omitted skew-focusing components = and 8_y’ which can cause x-y
X Yy

coupling.




Radiation damping per revolution (2)

We obtain the derivatives of dW in Eq. (118), on the standard orbit where
(X, Px, ¥, Py, 2,0) = 0. Using Egs. (119,120), they are written as:

_dRD11+dRD22 odw )
> ,
dRp33 + dRpas
_ . _
dRpss + dRpes

- 2

dW — —n,
(9xn

1 dWw 1 2B,0B
= (121)

aisy dW Ox o, B? ox

1 odW 1 2B,0B,
= — + , (122)

) dw oy p, B*> Oy
dW = 3%irec(1 + 67 Bds’ . (119) 1 0dW

= N = =

= 123
, ( X y) dW 86 )
ds" =1+ —+ —|ds (120)

px py . . aB aB
We have omitted skew-focusing components — and ——, which can cause x-y

0x dy ’
coupling.

Thus the damping decrement per revolution at the standard orbit becomes

- 95 o on (124)

(125)

(126)

WC 1
where dW,, = 3 LE> >ds, as shown in Eq. (96).
e ‘p




Radiation damping per revolution (3

These damping decrements are expressed in terms of damping partitions Live

J. -
Kiye = —2= (D AW, = =2 = (127)

- 2 CPd.

o
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B, 8B,\ dW,
g ox | 2
B, 0B\ dW,
g2 oy | 2
Nx Ty B, 9B, B, 0B, \ dW,
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Py T B2 x nszay 2

(124)
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These damping decrements are expressed in terms of damping partitions J., .

(127)

(128)

S+ +J,=4.
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Radiation damping per revolution (3)

These damping decrements are expressed in terms of damping partitions J, .
as:

7 e
Kips = 2” 9§ dW, = 2’“ cp(;‘ (127)

Thus

S+ +J, =4, (128)

2B, 0B,
In the expressions 1n Egs. (124-126), the terms with field gradients — ——

B> 0x
2B, 0B,
and B 5y are often zero, in the case of a ring consisting of flat dipoles (" B’ = 0)
y
and separated quadrupoles (.. B = 0 at the design orbit). Also the ratio n,/p is

usually small for a large machine. Then in such a case we can approximate as:

JexJ, =1, 5 =2 (129)
Ny By 8By de
= = l-—=-2 124
Ky Sgdkx ﬁ( o 77sz Gx) 5 (124)
Ky—édky—é(l—;y—%]ym ay) 7 (125)
Mx Ty B aB Bx 6Bx de
Kzzﬁde §(2+[)—x+[7y+2 ﬁg'l‘Z?th ay > (126)




Radiation damping per revolution (3)

These damping decrements are expressed in terms of damping partitions J, .
as:

7 e
Kips = 2” 9§ dW, = 2’“ cp(;‘ (127)

Thus

S+ +J, =4, (128)

2B, 0B,
In the expressions 1n Egs. (124-126), the terms with field gradients — ——

B> 0x
2B, 0B,
and B 5y are often zero, in the case of a ring consisting of flat dipoles (" B’ = 0)
y
and separated quadrupoles (.. B = 0 at the design orbit). Also the ratio n,/p is

usually small for a large machine. Then in such a case we can approximate as:

JexJ, =1, 5 =2 (129)
Mor.e. terms in t.he damping ) ) e, B, 8B,\ dW, o
partitions can arise from the Kp= Qdre= Pl - o hEex ) 2 (124)
edge angle of a dlpole.. Also L £y m BB\ dW, (125)
""" a non-zero closed orbit will o= YA = oy "B oy) 2
change them. ne 1y B, 0B, B, 0B,\ dW,
Ze e K, = éde §(2 + p_x + [Ty + 2 ﬁg + 277)) 7 ay ) > (126)
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Momentum spread

The stochastic nature of the synchrotron radiation generates beam emittance,

which is the spread of particles in the phase space.
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Momentum spread

The stochastic nature of the synchrotron radiation generates beam emittance,

which is the spread of particles in the phase space.

First let us look at the z-plane. From Eq. (94), we can write the increment of

the square of momentum spread in a small section ds as
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(94)
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Momentum spread

The stochastic nature of the synchrotron radiation generates beam emittance,
which is the spread of particles in the phase space.

First let us look at the z-plane. From Eq. (94), we can write the increment of
the square of momentum spread in a small section ds as

2 2
7 r\ JA :<N><u>: 55 52&
m*c* (;) o . (94) z Czpfl 24 \/57’ a |p|3 .

(130)

The momentum spread of the beam follows an equation of damping and excitation:

2
d0'6

1
= = —2K, 05 + > SEdAZ : (131)

where n 1s the number of turns.
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Momentum spread

The stochastic nature of the synchrotron radiation generates beam emittance,
which is the spread of particles in the phase space.

First let us look at the z-plane. From Eq. (94), we can write the increment of
the square of momentum spread in a small section ds as

= (NYu?) ey 5r_§ ds

| 55 Y (Y dA - = 130
W =2 m2c4(—)¢. (94) = o R Gl 5y

The momentum spread of the beam follows an equation of damping and excitation:

2
a’()'(S

1
% = —ZKZO_(% S 5 ﬁdAz 3 (131)

where n 1s the number of turns.

The factor 1/2 in front of the integral above comes from the synchrotron
oscillation, where the average of 6 is equal to 5§eak /2. We have also assumed the
synchrotron motion is slow (8, = const., @, = 0).




Momentum spread

The stochastic nature of the synchrotron radiation generates beam emittance,
which is the spread of particles in the phase space.

First let us look at the z-plane. From Eq. (94), we can write the increment of
the square of momentum spread in a small section ds as

, | 2 2
) y Ny = 35 5reds (130)

dA. = =
oY ‘TP T 43 olP

The momentum spread of the beam follows an equation of damping and excitation:

d0'6 1
= = 2KZO'5 2%dAZ, (131)

where n is the number of turns.
The factor 1/2 in front of the integral above comes from the synchrotron
oscillation, where the average of 6> is equal to 5§eak /2. We have also assumed the

synchrotron motion is slow (8, = const., @, = 0).

Using Eq. (127), at the equilibrium the momentum spread becomes

1 1 cP
2 d
= dA dA. 132
T e =i 2
- C, 2561/|,0|307S (133)
" $1/p2ds '

S 5
where C, = ‘W_ = 0.9923%,. o Tee 9§ AW, = Jryz Uo
: mc xX.y.Z -

(122)
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The transverse equili rium emittance can be estimated

the normalized coordinate
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Then the excitation term dA,, corresponding to dA, for z-plane is
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The transverse equili rium emittance can be estimated

the normalized coordinate
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Then the excitation term dA,, corresponding to dA, for z-plane is
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The transverse equili rium emittance can be estimated
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Transverse emittance

The transverse equilibrium emittance can be estimated in a similar way. In
the normalized coordinate

X a,
( x> ux) = xPx + —— s (134)
vl s

the emittance is equal to the expected value (u?) = (p> ).

Then the excitation term dA,, corresponding to dA, for z-plane is

dA, = {du>) + {dp>.)
7x<dx/23> A5 a’x<dx,3dpx,3> +:Bx<dp)293> ’

(7% + 20,7 + But, ) (467
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Transverse emittance

The transverse equilibrium emittance can be estimated in a similar way. In
the normalized coordinate

X Qy

= Bp 134
N Bxp \/B_xx (134)

the emittance is equal to the expected value (u?) = (p> ).

(Uy, Pux) =

Then the excitation term dA,, corresponding to dA, for z-plane is

dA, = (di}) + (dp,,) (135)
= yx(dxé) + a,{dxgdp,s) +,Bx(dp)2€/3) S (136)

= (YalTs + 200477 + BT ) (d67) (137)
= H(d5”) (138)

where y, = (1 + a2)/B,, and we have used dxz = —1,d6 and dp.3 = —1,,d5. Then
in a similar way as the z-plane, the equilibrium emittance can be obtained as
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Iransverse emittance
The transverse equilibrium emittance can be estimated in a similar way. In

the normalized coordinate

e 0 =
o Pax) = > x x+_x ’ : (134)
(U, Pux) N v,Bp \/ﬁ_xx -3

the emittance is equal to the expected value (u2) = ( pﬁx)

- Then the excitation term dA,, corresponding to dA; for z-plane is

dA, = (ddy +(dp’) | (135)
= y(dx3) + a(dxpdp,g) + Bldply) (136)

= (YalTs + 200477 + BT ) (d67) (137)

= H{(d%), ' e

_whére Vo= (1 + a)%)/,B,;, and we have used dxz = —n,dd and dp,s = —1n,,,d6. Then
1n a similar way as the z-plane, the equilibrium emittance can be obtained as

1 cP d
' dAs; = = hA;
4Ky ﬁ 2 U =

_Cy L9 H.,/lplds
.]x,yyo '-561//02615

b

wx?y = 7x,y7732c,y & 2afx,y77x",y.77px,py + ﬁx,yn?;x,pyv'? _ (140)
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Long1tudma1 emittance
The result for the transverse equilibrium emlttance Eq (139) 18 extendable to
z-plane as:

(141)

: ﬂz = ang + za'x,ynzné +ﬂZ’7§
~ B,

‘where _we have used ns=1andn. ~ 0.

= From the emittance, the resulting bunch length and the energy spread are
‘written as

p:&: (144)

1 +a? | —

In the case of a slow synehrotron motion, above agree with previous results by

72‘31 =

settmg ,BZ const. = ——C as in Eq (86)
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-y coupling

e The expression for the Verticaleqliilibrium emittance Eq. (139) is only true
when the x-y coupling is zero. It is no longer correct under x-y coupling.
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E e
Xy Te Yo §1 Jp°ds
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x-y coupling

e The expression for the vertical equ111br1um emittance Eq. (139) is only true
when the x—y coupling is zero. It is no longer correct under x-y couphng

e For instance, if we put a skew quadrupole in a dispersion-free region of a
perfect ring with zero vertical dispersion, the vertical dispersion still remains
ZEero.
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X-y coup

e The expression for the vertical equilibrium emittance Eq. (139) is only true
when the x-y coupling is zero. It is no longer correct under x-y coupling.

e For instance, if we put a skew quadrupole in a dispersion-free region of a
perfect ring with zero vertical dispersion, the vertical dispersion still remains
Z€10. ‘

e On the other hand, the vertical emittance can be increased depending on the
magnitude of the skew quadrupole.
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x-y coupling
The expression for the vertical equilibrium emittance Eq. (139) is only true

when the x-y coupling is zero. It is no longer correct under x-y coupling.

For instance, if we put a skew quadrupole in a dispersion-free region of a
perfect ring with zero vertical dispersion, the vertical dispersion still remains
ZEero.

On the other hand, the vertical emittance can be increased depending on the
magnitude of the skew quadrupole.

Thus the expression H; should not refer the dispersions in the physical coor-
dinate, but the dispersions in the betatron coordinate.
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x-y coupling

e The expression for the vertical equilibrium emittance Eq. (139) is only true
when the x-y coupling is zero. It 1s no longer correct under x-y coupling.

e For instance, if we put a skew quadrupole in a dispersion-free region of a
perfect ring with zero vertical dispersion, the vertical dispersion still remains
Zero.

e On the other hand, the vertical emittance can be increased depending on the
magnitude of the skew quadrupole.

e Thus the expression H:; should not refer the dispersions in the physical coor-
dinate, but the dispersions in the betatron coordinate.

There are several ways to express such betatron coordinates (u, p,, v, p,). One

way 18
(u ) (x) (u . =-ry r)(x)
v Y re o M - s
\Pv ) \py) \m rnn . pl)\p)

where 1}, 34 are the coupling coeflicients at each location s and W4 (rira—rar3) = 1.

e _ quzfﬁﬂx,y/|/?|3d5 (139)
Y Jiy 0 ggl/pzds ’
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for (u, p,, v, py)., it 1e.,
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x-y coupling (2)

Then for the tunction H we should use dispersions for (u, p,, Vv, p,)., it ie.,

(nu\ (nx\ (,L[ ; —Iy r2\(77x\
Npu | npx L r3 =1 || Mpx
Ty Ty Ey B H - Tly

\pv / Ipy) \I3 I3 H ) \1py)

(147)

Thus even with , = n,, = 0, the dispersions in the normal coordinates can be
nonzero due to the x-y coupling.

e Practically such an x-y coupling can arise from the vertical offset of sex-
tupoles, which generates skew quadrupole components.
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x-y coupling (2)

Then for the function H we should use dispersions for (u, p,, v, p,)., it ie.,
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Thus even with , = n,, = 0, the dispersions in the normal coordinates can be
nonzero due to the x-y coupling.

e Practically such an x-y coupling can arise from the vertical offset of sex-
tupoles, which generates skew quadrupole components.

e Usually a sextupole 1s placed at a location with non-zero horizontal dispersion
for the chromaticity correction, then such a vertical offset also produces the
vertical dispersion.




x-y coupling (2)

Then for the function H we should use dispersions for (u, p,, v, p,)., it ie.,

(nu\ (nx\ (,u s £ 1”2\(7’})6\

e s (147)
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Thus even with , = n,, = 0, the dispersions in the normal coordinates can be
nonzero due to the x-y coupling.

e Practically such an x-y coupling can arise from the vertical offset of sex-
tupoles, which generates skew quadrupole components.

e Usually a sextupole 1s placed at a location with non-zero horizontal dispersion
for the chromaticity correction, then such a vertical offset also produces the
vertical dispersion.

e Thus to reduce the vertical emittance, correcting the vertical dispersion is not
enough and x-y coupling correction through the ring is necessary.
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Under the presence of x-y coupling, the vertical emittance
~can increase even with zero (physical) vertical dispersion.
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Under the presence of x-y coupling, the vertical emittance

~can increase even with zero (physical) vertical dispersion.
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- Under the presence of x-y coupling, the vertical emittance
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Emittance by the opening angle of photons

Usually for a vertical direction in a flat storage ring, the design vertical dis-
- persion is zero and there 1s no x-y coupling in the ring. Then the vertical emittance
given by Eq. (139) becomes zero. ' ' '
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Emittance by the opening angle of photons

Usually for a vertical direction 1n a flat storage ring, the design vertical dis-
persion is zero and there 1s no x-y coupling in the ring. Then the vertical emittance
given by Eq. (139) becomes zero.

In such a case, the vertical emittance due to the angular fluctuation of photons
becomes the ultimate limit of the vertical emittance. The change of action 2dS g 18
given as in Eq. (136):

dA, 11y = BKAS* V) (148)

assuming the emitted photons have angular divergence ~ 1/y.
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Emittance by the opening angle of

Usually for a vertical direction 1n a flat storage ring, the design vertical dis-
persion is zero and there 1s no x-y coupling in the ring. Then the vertical emittance
given by Eq. (139) becomes zero.

In such a case, the vertical emittance due to the angular fluctuation of photons
becomes the ultimate limit of the vertical emittance. The change of action 2dS g 18

given as in Eq. (136):

dA, 11y = BKAS* V) (148)

assuming the emitted photons have angular divergence ~ 1/y.

Then the equilibrium vertical emittance is
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~ Emittance by the opening angle of photons

Usually for a vertical direction 1n a flat storage ring, the design vertical dis-
persion is zero and there is no x-y coupling in the ring. Then the vertical emittance
given by Eq. (139) becomes zero.

In such a case, the vertical emittance due to the angular fluctuation of photons
becomes the ultimate limit of the vertical emittance. The change of action 2dS , 1s

given as in Eq. (136):

dA, 11y = BKAS* V) (148)

assuming the emitted photons have angular divergence ~ 1/y.

Then the equilibrium vertical emittance 1s

C, $B,/lpPds
. e (149)
-]y §1/p2ds
In the case of uniform bending radius p = py,
Cy By) A By
Eylly = e (150)

‘]y Lo NJy Po

Interestingly, this limit on the vertical emittance does not explicitly depend on the

beam energy. Anyway the value is more important for a small ring. X
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Synchrotron radiation integrals

We can summarize these formulas related to synchrotron radiation in terms of
radiation integrals defined by: ~ — _

Il nx 5 77y_ dS-,
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