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Variables

Formulas for electron rings

K. Oide

February 19, 2018

In this lecture we use canonical variables:

(x, px, y, py, z, �) , (1)

where momenta are normalized by design momentum Pd as:

px ⌘ Px/Pd ,

py ⌘ Py/Pd ,

z ⌘ �v(t � t0) ,
� ⌘ (P � Pd)/Pd ,

(2)

where we have introduced the total momentum P, the design arrival time t0 = t0(s),
and the total velocity v = cP/

p
m2c2 + P2. For a storage ring, usually Pd is chosen

constant over the entire ring.

These variables are functions of s, which is the length along the coordinate
line.
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Hamiltonian
For the variables defined above, the Hamiltonian is written as

H = � (1 + x/⇢)
q

(1 + � + '/c)2 � (px � Ax)2 � (py � Ay)2

� (1 + x/⇢)Az � (xpy � ypx)/⌧ +
E
vd
+

 
1
v
+

1
c

!
z
@'

@s
, (3)

where ⇢, ⌧, and vd are the bending radius, the torsion, and the design velocity,
respectively, and E = c

q
(1 + � + '/c)2 + m2c2/P2

d + ' is the (normalized) energy.

The bending radius and the torsion are associated with the coordinate system
and not with the motion of particles. Thus usually we do not have to use the torsion
⌧, even if particles are doing helical motions.

The external fields are expressed by (normalized) electromagnetic potentials
(Ax, Ay, Az,'), which are functions of (x, y, z; s). In the case of magnets or RF cav-
ities without a solenoid component Bz, only Az is necessary to express the field. In
such cases the Hamiltonian is simplified to

H = �(1 + x/⇢)
q

(1 + �)2 � p2
x � p2

y � (1 + x/⇢)Az +
E
vd
. (4)
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If a particle does a motion from s0 to s, a transfer matrix M from s0 to s is
defined by

M =
@(x, px, y, py, z, �)

@(x0, px0, y0, py0, z0, �0)
, (5)

where variables su�ced by 0 mean the initial value at s = s0.

In general M depends on the initial values (x0, px0, y0, py0, z0, �0).

The most fundamental nature of the transfer matrix for a motion associated
with a Hamiltonian is the symplectic condition:

tMJM = J , J ⌘

0
BBBBBBBBBBBBBBBBBB@

. 1 . . ...
�1 . . . ...
. . . 1 ...
. . �1 . ...
... ... ... ... ...

1
CCCCCCCCCCCCCCCCCCA

. (6)

It is known for a symplectic motion that the beam emittance, the spread of the
beam in the phase space, is preserved in each plane, once the variables are chosen
properly.
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Symplectic condition
0
BBBBBBBBBBBBBBBBBB@

⇤ ⇤ ⇤ ⇤ ...
⇤ ⇤ ⇤ ⇤ ...
⇤ ⇤ ⇤ ⇤ ...
⇤ ⇤ ⇤ ⇤ ...
... ... ... ... ...

1
CCCCCCCCCCCCCCCCCCA

4

+

+
…
= 1

0
BBBBBBBBBBBBBBBBBB@

⇤ ⇤ ⇤ ⇤ ...
⇤ ⇤ ⇤ ⇤ ...
⇤ ⇤ ⇤ ⇤ ...
⇤ ⇤ ⇤ ⇤ ...
... ... ... ... ...

1
CCCCCCCCCCCCCCCCCCA

4

+

+
…
= 0

0
BBBBBBBBBBBBBBBBBB@

⇤ ⇤ ⇤ ⇤ ...
⇤ ⇤ ⇤ ⇤ ...
⇤ ⇤ ⇤ ⇤ ...
⇤ ⇤ ⇤ ⇤ ...
... ... ... ... ...

1
CCCCCCCCCCCCCCCCCCA

The sum of 2 by 2 determinants between two columns or
two rows are:

(
= 1 for (u, pu) .
= 0 for (u, v), (u, pv), (pu, pv), when u , v ,

4

: 2 by 2 determinant



A drift space is a field-free region in the beam line. Its Hamiltonian is

H = �
q

(1 + �)2 � p2
x � p2

y +
E
vd
. (7)

The solution of the motion for a drift space with a length L is

x = x0 +
px0

pz
L , px = px0

y = y0 +
py0

pz
L , py = py0 (8)

z = z0 +

 
v
vd
�

1 + �0

pz

!
L , � = �0 ,

where we have used
pz ⌘

q
(1 + �)2 � p2

x � p2
y . (9)

Note that the motion in a drift space is nonlinear in the momenta due to the 1/pz

dependence.
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Drift space

1 + δ

pz
ds
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For an on-axis particle (x0, px0, y0, py0) = (0, 0, 0, 0), the transfer matrix of a
drift space becomes

M =

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
L

1 + �
. . . .

. 1 . . . .

. . 1
L

1 + �
. .

. . . 1 . .

. . . . 1
v � vd

vd
L

. . . . . 1

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

, (10)

since, for instance,

@x
@px0

=
@

@px0

 
px0

pz0
L
!
=

0
BBBB@

1
pz0
�

px0

p2
z0

@pz0

@px0

1
CCCCA L =

0
BBBB@

1
pz0
+

p2
x0

p3
z0

1
CCCCA L

=
L

1 + �
, * px0 = py0 = 0, pz = 1 + � .

Thus the ”length” of a drift has a 1/(1 + �) dependence on the momentum
o↵set �. This is the source of natural chromaticity.
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Drift space (2)A drift space is a field-free region in the beam line. Its Hamiltonian is

H = �
q

(1 + �)2 � p2
x � p2

y +
E
vd
. (7)

The solution of the motion for a drift space with a length L is

x = x0 +
px0

pz
L , px = px0

y = y0 +
py0

pz
L , py = py0 (8)

z = z0 +

 
v
vd
�

1 + �0

pz

!
L , � = �0 ,

where we have used

pz ⌘

q
(1 + �)2 � p2

x � p2
y . (9)

Note that the motion in a drift space is nonlinear in the momenta due to the 1/pz

dependence.
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If we approximate the Hamiltonian of a drift space up to the second order of
px and py:

H ⇡ �(1 + �)
0
BBBB@1 �

p2
x

2(1 + �)2 �
p2

y

2(1 + �)2

1
CCCCA +

E
vd
, (11)

the change of path length dz/ds due to the transverse momenta is expressed as

dz
ds
=
@H
@�
= �

p2
x

2(1 + �)2 �
p2

y

2(1 + �)2 +
v � vd

vd
. (12)

It means that the change of the path length should be proportional to the trans-
verse actions (another canonical variable, square of the amplitudes in the normal-
ized phase space, to be introduced later):

�z = 2⇡⇠xJx + 2⇡⇠yJy (13)

with coe�cients ⇠x, ⇠y.

Then since

2⇡⇠x =
@�z
@Jx
=
@

@Jx

@H
@�
=
@

@�

@H
@Jx
=
@µx

@�
, (14)

we have realized that the coe�cients ⇠x,y correspond to the momentum derivatives

of tunes
1

2⇡
@µx,y

@�
.
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Chromaticity
A drift space is a field-free region in the beam line. Its Hamiltonian is

H = �
q

(1 + �)2 � p2
x � p2

y +
E
vd
. (7)

The solution of the motion for a drift space with a length L is

x = x0 +
px0

pz
L , px = px0

y = y0 +
py0

pz
L , py = py0 (8)

z = z0 +

 
v
vd
�

1 + �0

pz

!
L , � = �0 ,

where we have used

pz ⌘

q
(1 + �)2 � p2

x � p2
y . (9)

Note that the motion in a drift space is nonlinear in the momenta due to the 1/pz

dependence.

5

1 + δ

pz
ds ≈

(
1 +

p2x
2(1 + δ)2

)
ds
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For an o↵-momentum particle having d�, a small section of a drift space ds
has an e↵ective length ds/(1 + d�) ⇡ �dsd�. Thus the entire transfer matrix of a
stable ring changes to

M0 =

0
BBBBBBBB@

cos µ0 + ↵0 sin µ0 �0 sin µ0

�
1 + ↵02

�0
sin µ0 cos µ0 � ↵0 sin µ0

1
CCCCCCCCA =

 
1 �dsd�
. 1

! 0BBBBBBBB@

cos µ + ↵ sin µ � sin µ

�
1 + ↵2

�
sin µ cos µ � ↵ sin µ

1
CCCCCCCCA

=

0
BBBBBBBBBBBBB@

cos µ +
 
↵ +

1 + ↵2

�
dsd�

!
sin µ � sin µ � (cos µ � ↵ sin µ)dsd�

1 + ↵2

�
sin µ cos µ � ↵ sin µ

1
CCCCCCCCCCCCCA
. (15)

By looking at the trace of M0 above we obtain:

2 cos µ0 = 2 cos µ +
1 + ↵2

�
sin µdsd� . (16)

By putting µ0 = µ + d2µ into above:

d2µ = �
1 + ↵2

2�
dsd� , and dµ = �d�

I
1 + ↵2

2�
ds (17)

by integrating over the ring. Thus the natural chromaticity is expressed as

⇠x,y ⌘
1

2⇡
@µx,y

@�
= �

1
4⇡

I 1 + ↵2
x,y

�x,y
ds . (18)

Note that ⇠x,y is always negative.
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Chromaticity (2)



A horizontally bending dipole magnet with a uniform magnetic field

B = (0, B, 0), B =
Pd

e⇢
(19)

has a Hamiltonian:

H = �
 
1 +

x
⇢

! q
(1 + �)2 � p2

x � p2
y +

1
2

 
1 +

x
⇢

!2

+
E
vd
. (20)

The equations of motion are:

dx
ds
=
@H
@px
=

px

pz

 
1 +

x
⇢

!
,

dpx

ds
= �
@H
@x
=

 
pz � 1 �

x
⇢

!
1
⇢
,

dy
ds
=
@H
@py
=

py

pz

 
1 +

x
⇢

!
,

dpy

ds
= �
@H
@y
= 0 , (21)

dz
ds
=
@H
@�
= �

1 + �
pz

 
1 +

x
⇢

!
+

v
vd
,

d�
ds
= �
@H
@z
= 0 .
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Dipole magnet

For the variables defined above, the Hamiltonian is written as

H = � (1 + x/⇢)
q

(1 + � + '/c)2 � (px � Ax)2 � (py � Ay)2

� (1 + x/⇢)Az � (xpy � ypx)/⌧ +
E
vd
+

 
1
v
+

1
c

!
z
@'

@s
, (3)

where ⇢, ⌧, and vd are the bending radius, the torsion, and the design velocity,
respectively, and E = c

q
(1 + � + '/c)2 + m2c2/P2

d + ' is the (normalized) energy.

The bending radius and the torsion are associated with the coordinate system
and not with the motion of particles. Thus usually we do not have to use the torsion
⌧, even if particles are doing helical motions.

The external fields are expressed by (normalized) electromagnetic potentials
(Ax, Ay, Az,'), which are functions of (x, y, z; s). In the case of magnets or RF cav-
ities without a solenoid component Bz, only Az is necessary to express the field. In
such cases the Hamiltonian is simplified to

H = �(1 + x/⇢)
q

(1 + �)2 � p2
x � p2

y � (1 + x/⇢)Az +
E
vd
. (4)

2

Az = �1

2

✓
1 +

x

⇢

◆
,

eBy

Pd
= � 1

1 + x/⇢

@

@x
[(1 + x/⇢)Az]

=
1

⇢
<latexit sha1_base64="X7ShbhToBYTN4kl07UgD1dACGic="></latexit><latexit sha1_base64="X7ShbhToBYTN4kl07UgD1dACGic="></latexit><latexit sha1_base64="X7ShbhToBYTN4kl07UgD1dACGic="></latexit><latexit sha1_base64="X7ShbhToBYTN4kl07UgD1dACGic="></latexit>



The motion in a uniform magnetic field is helical motion along the field line,
which is in y-direction in this case. First we can derive

d2 px

ds2 = �
px

⇢2 , (22)

then the solution has the form:

px = a cos ✓ + b sin ✓ , (23)

where ✓ ⌘ s/⇢, and a and b are constants determined by the initial conditions.

Thus we obtain

px = px0 cos ✓ +
 
pz0 � 1 �

x0

⇢

!
sin ✓ , (24)

by comparing with the initial values of px and
dpx

ds
.

Then we continue to obtain the solution of the other variables:

x = ⇢
(

px0 sin ✓ �
 
pz0 � 1 �

x0

⇢

!
cos ✓ + pz � 1

)
, (25)

y = y0 + ⇢!py0 , (26)

z = z0 � ⇢!(1 + �) +
v
vd
⇢✓ (27)

with the angle of the arc of the actual orbit:

! = ✓ + tan�1 px0

pz0
� tan�1 px

pz
. (28)
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✓

�0

�

!! = ✓ + �0 � �

tan�0 =
px0
pz0

tan� =
px
pz

design orbit

actual orbit

Dipole magnet (2)



The transfer matrix for a flat dipole can be obtained by di↵erentiating above.
For an on-axis particle (x0, px0, y0, py0) = (0, 0, 0, 0) with a small bending angle
✓ ⌧ 1, it is written as

M =

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
L

1 + �
. . .

L✓
2(1 + �)2

. 1 . . . ✓

. . 1
L

1 + �
. .

. . . 1 . .

�✓ �
L✓(1 + 2�)
2(1 + �)2 . . 1

v � vd

vd
L

. . . . . 1

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

+ O(✓)2 , (29)

where L ⌘ ⇢✓. If we compare this with the transfer matrix for a drift, the di↵erences
are the non-zero M16,M26,M51,M52 components, which are related to dispersions,
and will be discussed later.

Except for these terms, the transfer matrix of a flat, small-bending dipole
is just equal to that of the drift space with the length L, including the chromatic
behavior.

9

Dipole magnet (3)



Thin multipole magnets
A 2n-pole multipole magnet has a magnetic field

Bx + iBy =
Bn

(n � 1)!
(x + iy)n�1 . (30)

The associated Hamiltonian is

H = �
q

(1 + �)2 � p2
x � p2

y +
Kn�1

n!
(x + iy)n +

E
vd
, (31)

where Kn�1 =
1

B⇢
dn�1By

dxn�1 .

There is no analytic solution of the motion with the Hamiltonian above, due
to the p term. The simples way of approximations is to concentrate the field into
a thin lens. In this case the resulting Hamiltonian with the thin field at s = 0 is
expressed as

H =
kn�1

n!
(x + iy)n�(s) , (32)

where
kn�1 ⌘

Z
Kn�1ds ⇡ Kn�1L . (33)
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Thin multipole magnets (2)
Then the solution is

px + ipy = px0 + ipy0 �
kn�1

(n � 1)!
(x0 + iy0)n�1 , (34)

x = x0, y = y0, z = z0, � = �0 . (35)

Note that the transformation is independent on �, which means there is no chro-
maticity in a thin multipole.

Then the associated transfer matrix is written as

M =

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1 . . . . .

�<(
kn�1

(n � 2)!
(x0 + iy0)n�2) 1 . . . .

. . 1 . . .

. . =(
ikn�1

(n � 2)!
(x0 + iy0)n�2) 1 . .

. . . . 1 .

. . . . . 1

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

. (36)
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Thin quadrupole magnet

︸ ︷︷ ︸
<latexit sha1_base64="bFu4lh90oGhqfPKa71KdIsSU/YY=">AAAB/XicbVDLSsNAFL2pr1pfUZcuDBbBhZTEjXVXcKHLCsYWmlIm00kdmpmk81BKCLjxT8SN4krxF/wFd36K6WNhWg/cy+GccxnO+HFIpbLtb6OwsLi0vFJcLa2tb2xumds7NzLSAhMXR2Ekmj6SJKScuIqqkDRjQRDzQ9Lw++cjv3FHhKQRv1bDmLQZ6nEaUIxUJnXMfU/zLhG+QJgk3mCgUffvTjtm2a7YY1jzxJmScs25ePoBgHrH/PK6EdaMcIVDJGXLsWPVTpBQFIckLXlakhjhPuqRhOlQURHd59VxqdQ6zKSuFUQiG66ssZrLISblkPlZkiF1K2e9kXjss3/tgAw5i3PPtrQKqu2E8lgrwnFqlbLqzmzReeKeVM4q9lX2BVWYoAh7cABH4MAp1OAS6uAChkd4gXf4MB6MZ+PVeJtEC8b0ZhdyMD5/AbkNmTU=</latexit><latexit sha1_base64="AJzZ/OFf10c4rBwNBTSt5X7Y5rc=">AAAB/XicbVDLSsNAFJ3UV62vqEsXBovgQkrixroruNBlBWMLTSmTyU0dmpmk81BKCbjxT8RNxZXiL/gLfoG/YfpYmOqBezmccy7DGT+JqFS2/WUUFhaXlleKq6W19Y3NLXN750bGWhBwSRzFouljCRHl4CqqImgmAjDzI2j4vfOx37gDIWnMr9UggTbDXU5DSrDKpI6572kegPAFJjD0+n2Ng9877Zhlu2JPYP0lzoyUa87F0/dIB/WO+ekFMdEMuCIRlrLl2IlqD7FQlESQljwtIcGkh7swZDpSVMT3eXVSKrUOMymwwlhkw5U1UXM5zKQcMD9LMqxu5bw3Fo999q8dwoCzJPdsS6uw2h5SnmgFnKRWKavuzBf9S9yTylnFvsq+oIqmKKI9dICOkINOUQ1dojpyEUGPaITe0LvxYDwbL8brNFowZje7KAfj4we4OZrA</latexit><latexit sha1_base64="AJzZ/OFf10c4rBwNBTSt5X7Y5rc=">AAAB/XicbVDLSsNAFJ3UV62vqEsXBovgQkrixroruNBlBWMLTSmTyU0dmpmk81BKCbjxT8RNxZXiL/gLfoG/YfpYmOqBezmccy7DGT+JqFS2/WUUFhaXlleKq6W19Y3NLXN750bGWhBwSRzFouljCRHl4CqqImgmAjDzI2j4vfOx37gDIWnMr9UggTbDXU5DSrDKpI6572kegPAFJjD0+n2Ng9877Zhlu2JPYP0lzoyUa87F0/dIB/WO+ekFMdEMuCIRlrLl2IlqD7FQlESQljwtIcGkh7swZDpSVMT3eXVSKrUOMymwwlhkw5U1UXM5zKQcMD9LMqxu5bw3Fo999q8dwoCzJPdsS6uw2h5SnmgFnKRWKavuzBf9S9yTylnFvsq+oIqmKKI9dICOkINOUQ1dojpyEUGPaITe0LvxYDwbL8brNFowZje7KAfj4we4OZrA</latexit><latexit sha1_base64="AJzZ/OFf10c4rBwNBTSt5X7Y5rc=">AAAB/XicbVDLSsNAFJ3UV62vqEsXBovgQkrixroruNBlBWMLTSmTyU0dmpmk81BKCbjxT8RNxZXiL/gLfoG/YfpYmOqBezmccy7DGT+JqFS2/WUUFhaXlleKq6W19Y3NLXN750bGWhBwSRzFouljCRHl4CqqImgmAjDzI2j4vfOx37gDIWnMr9UggTbDXU5DSrDKpI6572kegPAFJjD0+n2Ng9877Zhlu2JPYP0lzoyUa87F0/dIB/WO+ekFMdEMuCIRlrLl2IlqD7FQlESQljwtIcGkh7swZDpSVMT3eXVSKrUOMymwwlhkw5U1UXM5zKQcMD9LMqxu5bw3Fo999q8dwoCzJPdsS6uw2h5SnmgFnKRWKavuzBf9S9yTylnFvsq+oIqmKKI9dICOkINOUQ1dojpyEUGPaITe0LvxYDwbL8brNFowZje7KAfj4we4OZrA</latexit>

f =
1

k1
<latexit sha1_base64="4QstvO1hiTNc7ZWkeiMWB/OZ2Nc=">AAAB7XicbZDdSsMwHMX/nV9zfrTqpTfFIXghoxXBeSEMvPFygnWDbZQ0S2dYkoYkVUbpa3ijeKX4Kr6Cb2P3cdPNA4HD75wQTiLJqDae92tV1tY3Nreq27Wd3b192zk4fNRJqjAJcMIS1Y2QJowKEhhqGOlKRRCPGOlE49tp3nkmStNEPJiJJAOORoLGFCNToNCx45t+rBDO/Dwbh34eOnWv4c3krhp/YeqtS8d2AaAdOj/9YYJTToTBDGnd8z1pBhlShmJG8lo/1UQiPEYjkvGUGaqSlzKdjcjd0wIN3ThRxRHGndFSD3GtJzwqmhyZJ72cTeF5xP+NYzIRXJae7aUmbg4yKmRqiMC5Wyum+8tDV01w0bhuePfFFzRhriocwwmcgQ9X0II7aEMAGFJ4g0/4sqT1ar1bH/NqxVrcOYKSrO8/T8aP7A==</latexit><latexit sha1_base64="sRTmH0Wh+/AJHAjIvDZXKtas0aw=">AAAB7XicbZDdSsMwHMX/nVPn/FjVS2+KQ/BCRiuC80IYeOPlBOsG2yhpls6wJA1JqozSB/AFvFG8UnwVX8G3sfu46eaBwOF3TggnoWRUG9f9tUpr5fWNzcpWdXtnd69m7x886DhRmPg4ZrHqhkgTRgXxDTWMdKUiiIeMdMLxzTTvPBGlaSzuzUSSAUcjQSOKkclRYNei636kEE69LB0HXhbYdbfhzuSsGm9h6q0Lu1Z/UeV2YP/0hzFOOBEGM6R1z3OlGaRIGYoZyar9RBOJ8BiNSMoTZqiKn4t0NiJzTnI0dKJY5UcYZ0YLPcS1nvAwb3JkHvVyNoVnIf83jshEcFl4tpeYqDlIqZCJIQJnTjWf7i0PXTX+eeOq4d7lX9CEuSpwBMdwCh5cQgtuoQ0+YEjgDT7hy5LWq/VufcyrJWtx5xAKsr7/AJ32kO4=</latexit><latexit sha1_base64="sRTmH0Wh+/AJHAjIvDZXKtas0aw=">AAAB7XicbZDdSsMwHMX/nVPn/FjVS2+KQ/BCRiuC80IYeOPlBOsG2yhpls6wJA1JqozSB/AFvFG8UnwVX8G3sfu46eaBwOF3TggnoWRUG9f9tUpr5fWNzcpWdXtnd69m7x886DhRmPg4ZrHqhkgTRgXxDTWMdKUiiIeMdMLxzTTvPBGlaSzuzUSSAUcjQSOKkclRYNei636kEE69LB0HXhbYdbfhzuSsGm9h6q0Lu1Z/UeV2YP/0hzFOOBEGM6R1z3OlGaRIGYoZyar9RBOJ8BiNSMoTZqiKn4t0NiJzTnI0dKJY5UcYZ0YLPcS1nvAwb3JkHvVyNoVnIf83jshEcFl4tpeYqDlIqZCJIQJnTjWf7i0PXTX+eeOq4d7lX9CEuSpwBMdwCh5cQgtuoQ0+YEjgDT7hy5LWq/VufcyrJWtx5xAKsr7/AJ32kO4=</latexit><latexit sha1_base64="sRTmH0Wh+/AJHAjIvDZXKtas0aw=">AAAB7XicbZDdSsMwHMX/nVPn/FjVS2+KQ/BCRiuC80IYeOPlBOsG2yhpls6wJA1JqozSB/AFvFG8UnwVX8G3sfu46eaBwOF3TggnoWRUG9f9tUpr5fWNzcpWdXtnd69m7x886DhRmPg4ZrHqhkgTRgXxDTWMdKUiiIeMdMLxzTTvPBGlaSzuzUSSAUcjQSOKkclRYNei636kEE69LB0HXhbYdbfhzuSsGm9h6q0Lu1Z/UeV2YP/0hzFOOBEGM6R1z3OlGaRIGYoZyar9RBOJ8BiNSMoTZqiKn4t0NiJzTnI0dKJY5UcYZ0YLPcS1nvAwb3JkHvVyNoVnIf83jshEcFl4tpeYqDlIqZCJIQJnTjWf7i0PXTX+eeOq4d7lX9CEuSpwBMdwCh5cQgtuoQ0+YEjgDT7hy5LWq/VufcyrJWtx5xAKsr7/AJ32kO4=</latexit>

︸ ︷︷ ︸
<latexit sha1_base64="bFu4lh90oGhqfPKa71KdIsSU/YY=">AAAB/XicbVDLSsNAFL2pr1pfUZcuDBbBhZTEjXVXcKHLCsYWmlIm00kdmpmk81BKCLjxT8SN4krxF/wFd36K6WNhWg/cy+GccxnO+HFIpbLtb6OwsLi0vFJcLa2tb2xumds7NzLSAhMXR2Ekmj6SJKScuIqqkDRjQRDzQ9Lw++cjv3FHhKQRv1bDmLQZ6nEaUIxUJnXMfU/zLhG+QJgk3mCgUffvTjtm2a7YY1jzxJmScs25ePoBgHrH/PK6EdaMcIVDJGXLsWPVTpBQFIckLXlakhjhPuqRhOlQURHd59VxqdQ6zKSuFUQiG66ssZrLISblkPlZkiF1K2e9kXjss3/tgAw5i3PPtrQKqu2E8lgrwnFqlbLqzmzReeKeVM4q9lX2BVWYoAh7cABH4MAp1OAS6uAChkd4gXf4MB6MZ+PVeJtEC8b0ZhdyMD5/AbkNmTU=</latexit><latexit sha1_base64="AJzZ/OFf10c4rBwNBTSt5X7Y5rc=">AAAB/XicbVDLSsNAFJ3UV62vqEsXBovgQkrixroruNBlBWMLTSmTyU0dmpmk81BKCbjxT8RNxZXiL/gLfoG/YfpYmOqBezmccy7DGT+JqFS2/WUUFhaXlleKq6W19Y3NLXN750bGWhBwSRzFouljCRHl4CqqImgmAjDzI2j4vfOx37gDIWnMr9UggTbDXU5DSrDKpI6572kegPAFJjD0+n2Ng9877Zhlu2JPYP0lzoyUa87F0/dIB/WO+ekFMdEMuCIRlrLl2IlqD7FQlESQljwtIcGkh7swZDpSVMT3eXVSKrUOMymwwlhkw5U1UXM5zKQcMD9LMqxu5bw3Fo999q8dwoCzJPdsS6uw2h5SnmgFnKRWKavuzBf9S9yTylnFvsq+oIqmKKI9dICOkINOUQ1dojpyEUGPaITe0LvxYDwbL8brNFowZje7KAfj4we4OZrA</latexit><latexit sha1_base64="AJzZ/OFf10c4rBwNBTSt5X7Y5rc=">AAAB/XicbVDLSsNAFJ3UV62vqEsXBovgQkrixroruNBlBWMLTSmTyU0dmpmk81BKCbjxT8RNxZXiL/gLfoG/YfpYmOqBezmccy7DGT+JqFS2/WUUFhaXlleKq6W19Y3NLXN750bGWhBwSRzFouljCRHl4CqqImgmAjDzI2j4vfOx37gDIWnMr9UggTbDXU5DSrDKpI6572kegPAFJjD0+n2Ng9877Zhlu2JPYP0lzoyUa87F0/dIB/WO+ekFMdEMuCIRlrLl2IlqD7FQlESQljwtIcGkh7swZDpSVMT3eXVSKrUOMymwwlhkw5U1UXM5zKQcMD9LMqxu5bw3Fo999q8dwoCzJPdsS6uw2h5SnmgFnKRWKavuzBf9S9yTylnFvsq+oIqmKKI9dICOkINOUQ1dojpyEUGPaITe0LvxYDwbL8brNFowZje7KAfj4we4OZrA</latexit><latexit sha1_base64="AJzZ/OFf10c4rBwNBTSt5X7Y5rc=">AAAB/XicbVDLSsNAFJ3UV62vqEsXBovgQkrixroruNBlBWMLTSmTyU0dmpmk81BKCbjxT8RNxZXiL/gLfoG/YfpYmOqBezmccy7DGT+JqFS2/WUUFhaXlleKq6W19Y3NLXN750bGWhBwSRzFouljCRHl4CqqImgmAjDzI2j4vfOx37gDIWnMr9UggTbDXU5DSrDKpI6572kegPAFJjD0+n2Ng9877Zhlu2JPYP0lzoyUa87F0/dIB/WO+ekFMdEMuCIRlrLl2IlqD7FQlESQljwtIcGkh7swZDpSVMT3eXVSKrUOMymwwlhkw5U1UXM5zKQcMD9LMqxu5bw3Fo999q8dwoCzJPdsS6uw2h5SnmgFnKRWKavuzBf9S9yTylnFvsq+oIqmKKI9dICOkINOUQ1dojpyEUGPaITe0LvxYDwbL8brNFowZje7KAfj4we4OZrA</latexit>

f = − 1

k1
<latexit sha1_base64="+2tmH/La9YQlHz9t4kQcygeuCfs=">AAAB7nicbZDdSsMwHMX/9XPOj1W99KY4BC90tCI4L4SBN15OsG6wjZJm6QxL0pikk1H6HN4oXik+iq/g29h93HTzQODwOyeEk1Ayqo3r/lorq2vrG5ulrfL2zu5exd4/eNRxojDxccxi1Q6RJowK4htqGGlLRRAPGWmFw9tJ3hoRpWksHsxYkh5HA0EjipHJUWDb0c15N1IIp16WDgMvC+yqW3OncpaNNzfVxqVdcQCgGdg/3X6ME06EwQxp3fFcaXopUoZiRrJyN9FEIjxEA5LyhBmq4pcina7InJMc9Z0oVvkRxpnSQg9xrcc8zJscmSe9mE3gWcj/jSMyFlwWnu0kJqr3UipkYojAmVPOp3uLQ5eNf1G7rrn3+RfUYaYSHMExnIIHV9CAO2iCDxhG8Aaf8GU9W6/Wu/Uxq65Y8zuHUJD1/Qe6C5Aj</latexit><latexit sha1_base64="dj/yAsR1DXjNCDl6uSmoLTHHtzs=">AAAB7nicbZBNSsNAHMX/qVVr/WjUpZtgEVxoSYpgXQgFNy4rGFtoS5hMJ3XozCTOTCol5ACewI3iSvEoXsHbmH5s0vpg4PF7bxje+BGjStv2r1FYK65vbJa2yts7u3sVc//gQYWxxMTFIQtlx0eKMCqIq6lmpBNJgrjPSNsf3Uzz9phIRUNxrycR6XM0FDSgGOkMeaYZXJ/3Aolw4qTJyHNSz6zaNXsma9U4C1NtXpiV6osstjzzpzcIccyJ0JghpbqOHel+gqSmmJG03IsViRAeoSFJeMw0leFzns5WpNZJhgZWEMrsCG3NaK6HuFIT7mdNjvSjWs6m8Mzn/8YBmQge5Z7txjpo9BMqolgTgVOrnE13loeuGrdeu6rZd9kXNGCuEhzBMZyCA5fQhFtogQsYxvAGn/BlPBmvxrvxMa8WjMWdQ8jJ+P4DCEqRJQ==</latexit><latexit sha1_base64="dj/yAsR1DXjNCDl6uSmoLTHHtzs=">AAAB7nicbZBNSsNAHMX/qVVr/WjUpZtgEVxoSYpgXQgFNy4rGFtoS5hMJ3XozCTOTCol5ACewI3iSvEoXsHbmH5s0vpg4PF7bxje+BGjStv2r1FYK65vbJa2yts7u3sVc//gQYWxxMTFIQtlx0eKMCqIq6lmpBNJgrjPSNsf3Uzz9phIRUNxrycR6XM0FDSgGOkMeaYZXJ/3Aolw4qTJyHNSz6zaNXsma9U4C1NtXpiV6osstjzzpzcIccyJ0JghpbqOHel+gqSmmJG03IsViRAeoSFJeMw0leFzns5WpNZJhgZWEMrsCG3NaK6HuFIT7mdNjvSjWs6m8Mzn/8YBmQge5Z7txjpo9BMqolgTgVOrnE13loeuGrdeu6rZd9kXNGCuEhzBMZyCA5fQhFtogQsYxvAGn/BlPBmvxrvxMa8WjMWdQ8jJ+P4DCEqRJQ==</latexit><latexit sha1_base64="dj/yAsR1DXjNCDl6uSmoLTHHtzs=">AAAB7nicbZBNSsNAHMX/qVVr/WjUpZtgEVxoSYpgXQgFNy4rGFtoS5hMJ3XozCTOTCol5ACewI3iSvEoXsHbmH5s0vpg4PF7bxje+BGjStv2r1FYK65vbJa2yts7u3sVc//gQYWxxMTFIQtlx0eKMCqIq6lmpBNJgrjPSNsf3Uzz9phIRUNxrycR6XM0FDSgGOkMeaYZXJ/3Aolw4qTJyHNSz6zaNXsma9U4C1NtXpiV6osstjzzpzcIccyJ0JghpbqOHel+gqSmmJG03IsViRAeoSFJeMw0leFzns5WpNZJhgZWEMrsCG3NaK6HuFIT7mdNjvSjWs6m8Mzn/8YBmQge5Z7txjpo9BMqolgTgVOrnE13loeuGrdeu6rZd9kXNGCuEhzBMZyCA5fQhFtogQsYxvAGn/BlPBmvxrvxMa8WjMWdQ8jJ+P4DCEqRJQ==</latexit><latexit sha1_base64="xQZ1W0eGikrsjLtDvnhsuND17IM=">AAABznicbZC7SgNBFIbPxltco8baZjEIFhJmbdROsLGM4JpAEsPs5GwcMjdmZpUQ0lkFO1/KV/Bt3MQ0m/jDgZ/vP3AuqRHceUJ+gsrW9s7uXnU/PKiFh0fH9dqz07llmDAttO2k1KHgChPPvcCOsUhlKrCdju8XefsNreNaPfmJwb6kI8UzzqgvUGtQb5AmWSraNPHKNGClQf27N9Qsl6g8E9S5bkyM70+p9ZwJnIW93KGhbExHOJW58Nzq9zJdrjyLzgs0jDJti1I+WtJSH5XOTWRadErqX916toCXqfw3znCipCmN7eY+u+lPuTK5R8VmUVhcHq/fuWmSq+ZtkzwSqMIpnMEFxHANd/AALUiAwRDm8BW8BB/B/O9BlWD1qRMoKfj8BZdFhpI=</latexit><latexit sha1_base64="1PbKelAHWYZEBESBFuScK0Tsw9Y=">AAAB43icbZDNSsNAFIVv6l+tVaNbN8EiuNAycaMuBMGNywrGFtoSJtNJHTozmc5MKiXkOdworvRZfAXfxrR2k9YDFw7fuXA5N1KcGYvQj1NZW9/Y3Kpu13bqu3v77kH9ySSpJjQgCU90J8KGciZpYJnltKM0xSLitB2N7mZ5e0K1YYl8tFNF+wIPJYsZwbZAoevGN+e9WGOS+Xk2Cv08dBuoiebyVo2/MA1YqBW6371BQlJBpSUcG9P1kbL9DGvLCKd5rZcaqjAZ4SHNRMot08lLmc5b5N5JgQZenOhipPXmtLSHhTFTERWbAttns5zN4Fkk/o1jOpVClc52Uxtf9TMmVWqpJLlXK6r7y0VXTXDRvG6iBwRVOIJjOAUfLuEW7qEFARCYwBt8wpczdl6d978fVZzFsw6hJOfjF6YSjiU=</latexit><latexit sha1_base64="1PbKelAHWYZEBESBFuScK0Tsw9Y=">AAAB43icbZDNSsNAFIVv6l+tVaNbN8EiuNAycaMuBMGNywrGFtoSJtNJHTozmc5MKiXkOdworvRZfAXfxrR2k9YDFw7fuXA5N1KcGYvQj1NZW9/Y3Kpu13bqu3v77kH9ySSpJjQgCU90J8KGciZpYJnltKM0xSLitB2N7mZ5e0K1YYl8tFNF+wIPJYsZwbZAoevGN+e9WGOS+Xk2Cv08dBuoiebyVo2/MA1YqBW6371BQlJBpSUcG9P1kbL9DGvLCKd5rZcaqjAZ4SHNRMot08lLmc5b5N5JgQZenOhipPXmtLSHhTFTERWbAttns5zN4Fkk/o1jOpVClc52Uxtf9TMmVWqpJLlXK6r7y0VXTXDRvG6iBwRVOIJjOAUfLuEW7qEFARCYwBt8wpczdl6d978fVZzFsw6hJOfjF6YSjiU=</latexit><latexit sha1_base64="+9p2CS7WrwFIg/qICrTCxA0zF9c=">AAAB7nicbZDPS8MwHMW/mb/m/FX16KU4BA86Wi/OgzDw4nGCdYNtlDRLZ1iS1iSdjNK/w4viSfFP8V/wv7GbvXTzQeDxeS+ElyDmTBvH+UGVldW19Y3qZm1re2d3z9o/eNBRogj1SMQj1Q2wppxJ6hlmOO3GimIRcNoJxjezvDOhSrNI3ptpTAcCjyQLGcEmR75lhdfn/VBhkrpZOvbdzLfqTsOZy142bmHqUKjtW9/9YUQSQaUhHGvdc53YDFKsDCOcZrV+ommMyRiPaCoSbpiKnst0viKzT3I0tMNI5Ucae05LPSy0noogbwpsHvViNoNngfg3DulUirj0bC8xYXOQMhknhkqS2bV8urs4dNl4F42rhnPn1FvN4g+qcATHcAouXEILbqENHhCYwCt8wCd6Qi/oDb3/VSuouHMIJaGvX89aj3A=</latexit><latexit sha1_base64="+9p2CS7WrwFIg/qICrTCxA0zF9c=">AAAB7nicbZDPS8MwHMW/mb/m/FX16KU4BA86Wi/OgzDw4nGCdYNtlDRLZ1iS1iSdjNK/w4viSfFP8V/wv7GbvXTzQeDxeS+ElyDmTBvH+UGVldW19Y3qZm1re2d3z9o/eNBRogj1SMQj1Q2wppxJ6hlmOO3GimIRcNoJxjezvDOhSrNI3ptpTAcCjyQLGcEmR75lhdfn/VBhkrpZOvbdzLfqTsOZy142bmHqUKjtW9/9YUQSQaUhHGvdc53YDFKsDCOcZrV+ommMyRiPaCoSbpiKnst0viKzT3I0tMNI5Ucae05LPSy0noogbwpsHvViNoNngfg3DulUirj0bC8xYXOQMhknhkqS2bV8urs4dNl4F42rhnPn1FvN4g+qcATHcAouXEILbqENHhCYwCt8wCd6Qi/oDb3/VSuouHMIJaGvX89aj3A=</latexit><latexit sha1_base64="dj/yAsR1DXjNCDl6uSmoLTHHtzs=">AAAB7nicbZBNSsNAHMX/qVVr/WjUpZtgEVxoSYpgXQgFNy4rGFtoS5hMJ3XozCTOTCol5ACewI3iSvEoXsHbmH5s0vpg4PF7bxje+BGjStv2r1FYK65vbJa2yts7u3sVc//gQYWxxMTFIQtlx0eKMCqIq6lmpBNJgrjPSNsf3Uzz9phIRUNxrycR6XM0FDSgGOkMeaYZXJ/3Aolw4qTJyHNSz6zaNXsma9U4C1NtXpiV6osstjzzpzcIccyJ0JghpbqOHel+gqSmmJG03IsViRAeoSFJeMw0leFzns5WpNZJhgZWEMrsCG3NaK6HuFIT7mdNjvSjWs6m8Mzn/8YBmQge5Z7txjpo9BMqolgTgVOrnE13loeuGrdeu6rZd9kXNGCuEhzBMZyCA5fQhFtogQsYxvAGn/BlPBmvxrvxMa8WjMWdQ8jJ+P4DCEqRJQ==</latexit><latexit sha1_base64="dj/yAsR1DXjNCDl6uSmoLTHHtzs=">AAAB7nicbZBNSsNAHMX/qVVr/WjUpZtgEVxoSYpgXQgFNy4rGFtoS5hMJ3XozCTOTCol5ACewI3iSvEoXsHbmH5s0vpg4PF7bxje+BGjStv2r1FYK65vbJa2yts7u3sVc//gQYWxxMTFIQtlx0eKMCqIq6lmpBNJgrjPSNsf3Uzz9phIRUNxrycR6XM0FDSgGOkMeaYZXJ/3Aolw4qTJyHNSz6zaNXsma9U4C1NtXpiV6osstjzzpzcIccyJ0JghpbqOHel+gqSmmJG03IsViRAeoSFJeMw0leFzns5WpNZJhgZWEMrsCG3NaK6HuFIT7mdNjvSjWs6m8Mzn/8YBmQge5Z7txjpo9BMqolgTgVOrnE13loeuGrdeu6rZd9kXNGCuEhzBMZyCA5fQhFtogQsYxvAGn/BlPBmvxrvxMa8WjMWdQ8jJ+P4DCEqRJQ==</latexit><latexit sha1_base64="dj/yAsR1DXjNCDl6uSmoLTHHtzs=">AAAB7nicbZBNSsNAHMX/qVVr/WjUpZtgEVxoSYpgXQgFNy4rGFtoS5hMJ3XozCTOTCol5ACewI3iSvEoXsHbmH5s0vpg4PF7bxje+BGjStv2r1FYK65vbJa2yts7u3sVc//gQYWxxMTFIQtlx0eKMCqIq6lmpBNJgrjPSNsf3Uzz9phIRUNxrycR6XM0FDSgGOkMeaYZXJ/3Aolw4qTJyHNSz6zaNXsma9U4C1NtXpiV6osstjzzpzcIccyJ0JghpbqOHel+gqSmmJG03IsViRAeoSFJeMw0leFzns5WpNZJhgZWEMrsCG3NaK6HuFIT7mdNjvSjWs6m8Mzn/8YBmQge5Z7txjpo9BMqolgTgVOrnE13loeuGrdeu6rZd9kXNGCuEhzBMZyCA5fQhFtogQsYxvAGn/BlPBmvxrvxMa8WjMWdQ8jJ+P4DCEqRJQ==</latexit><latexit sha1_base64="dj/yAsR1DXjNCDl6uSmoLTHHtzs=">AAAB7nicbZBNSsNAHMX/qVVr/WjUpZtgEVxoSYpgXQgFNy4rGFtoS5hMJ3XozCTOTCol5ACewI3iSvEoXsHbmH5s0vpg4PF7bxje+BGjStv2r1FYK65vbJa2yts7u3sVc//gQYWxxMTFIQtlx0eKMCqIq6lmpBNJgrjPSNsf3Uzz9phIRUNxrycR6XM0FDSgGOkMeaYZXJ/3Aolw4qTJyHNSz6zaNXsma9U4C1NtXpiV6osstjzzpzcIccyJ0JghpbqOHel+gqSmmJG03IsViRAeoSFJeMw0leFzns5WpNZJhgZWEMrsCG3NaK6HuFIT7mdNjvSjWs6m8Mzn/8YBmQge5Z7txjpo9BMqolgTgVOrnE13loeuGrdeu6rZd9kXNGCuEhzBMZyCA5fQhFtogQsYxvAGn/BlPBmvxrvxMa8WjMWdQ8jJ+P4DCEqRJQ==</latexit>

In the case of a quadrupole, M is obtained by setting n = 2 in Eq. (36):

M =

0
BBBBBBBBBBBBBBBBBBBBBBB@

1 . . . . .
�k1 1 . . . .
. . 1 . . .
. . k1 1 . .
. . . . 1 .
. . . . . 1

1
CCCCCCCCCCCCCCCCCCCCCCCA

, (37)

where we have assumed k1 is real.

The physical meaning of above is that k1 is the inverse of the focal length of
the thin quadrupole.
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A thin accelerating RF cavity can be expressed by a Hamiltonian, consisting
of only Az:

H =
eVc

cPd!RF
cos
✓
�!RF

z
v
+ �RF

◆
�(s) (38)

=
eVc

cPd!RF
cos (!RF(t � t0RF) + �RF) �(s) , (39)

where Vc, !RF, �RF, and t0RF are the peak accelerating voltage, angular frequency,
RF phase, and the design arrival time of the cavity.

The resulting transformation for the RF cavity is:

E = E0 +
eVc

cPd
sin
✓
�!RF

z
v
+ �RF

◆
, (40)

and the change of z, and � are calculated from their definitions:

E2 =
m2c4

c2 p2
d

+ (1 + �)2 , z = �
1 + �

E
c(t � t0RF) . (41)

Since the RF cavity is expressed by Hamiltonian, the emittance is preserved in each
plane.
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RF cavity



FODO cell

FODO cells FODO cells

IP

RF RF

dispersion suppressors

A “typical” collider consists of

FODO cells, interaction region, dispersion suppressors, and RF.



Various arc lattices
lattice characteristics machines

FODO simplest structure
best packing factor of dipoles

high energy 
machines (LEP, PEP, 

TRISTAN, etc.)

Multi-bend 
achromat

small emittance
suitable for insertion devices 3G light sources

Theoretical 
minimum 
emittance

small emittance
fast damping

damping rings 
(KEK-ATF)

2.5!
non-interleaved sextupole

variable emittance/momentum 
compaction

KEKB/SuperKEKB

Non- 
periodic

All independent quadrupoles
Maximum flexibility CESR



Let us consider the on-axis, on-momentum transfer matrix M of a FODO cell,
between the midpoints of QF. For the time being, we consider the 2 by 2 part for x
and y. The z� parts will be discussed later.

Mxy
=

 
1 0

⌥kF/2 1

!  
1 L
0 1

!  
1 0
±kD 1

!  
1 L
0 1

!  
1 0

⌥kF/2 1

!
(42)

=

 
1 ± (kD � kF)L � kFkDL2/2 L(2 ± kDL)

±(kD � kF) � kFkDL + k2
F L(1 ± kDL/2)/2 1 ± (kD � kF)L � kFkDL2/2

!

(43)

=

0
BBBBBBBBB@

1 ± (cD � cF) �
cDcF

2
L(2 ± cD)

±(cD � cF) � cFcD + c2
F(1 ± cD/2)

L
1 ± (cD � cF) �

cFcD

2

1
CCCCCCCCCA
, (44)

where L is the length between quads, and kF , kD are the focusing strengths of QF

and QD, respectively.

We have used the thin-lens approximation for the quadrupoles, and introduced
dimensionless parameters cF,D ⌘ kF,DL. We assume cF,D > 0.

16

FODO cell (2)
F(kF )

<latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit>

D(kD)
<latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit>

O(L)
<latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit>

O(L)
<latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit>

F(kF )
<latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit>



If the beam optics is periodic, the transfer matrix above must be equal to

Mx,y =

0
BBBBBBBBB@

cos µx,y + ↵x,y sin µx,y �x,y sin µx,y
1 + ↵2

x,y

�x,y
sin µx,y cos µx,y � ↵x,y sin µx,y

1
CCCCCCCCCA
. (45)

By comparing two expressions, we obtain the values of the Twiss parameters at the
center of QF as

↵x,y = 0 , (46)

cos µx,y = 1 + (cD,F � cF,D) �
cFcD

2
, (47)

�x,y =
2 ± cD

sin µx,y
L . (48)

Then once the phase advances µx,y are given, parameters cF,D are determined as

cF =
1
4

✓
cos µy � cos µx +

q
32 � 16(cos µx + cos µy) + (cos µx � cos µy)2

◆
(49)

cD =
1
4

✓
cos µx � cos µy +

q
32 � 16(cos µx + cos µy) + (cos µx � cos µy)2

◆
, (50)

The value of �-function at QF is obtained by Eq. (48). Note that 0 < CF,D < 2.
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FODO cell (3)
F(kF )

<latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit>

D(kD)
<latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit>

O(L)
<latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit>

O(L)
<latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit>

F(kF )
<latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit>

Let us consider the on-axis, on-momentum transfer matrix M of a FODO cell,
between the midpoints of QF. For the time being, we consider the 2 by 2 part for x
and y. The z� parts will be discussed later.

Mxy
=

 
1 0

⌥kF/2 1

!  
1 L
0 1

!  
1 0
±kD 1

!  
1 L
0 1

!  
1 0

⌥kF/2 1

!
(42)

=

 
1 ± (kD � kF)L � kFkDL2/2 L(2 ± kDL)

±(kD � kF) � kFkDL + k2
F L(1 ± kDL/2)/2 1 ± (kD � kF)L � kFkDL2/2

!

(43)

=

0
BBBBBBBBB@

1 ± (cD � cF) �
cDcF

2
L(2 ± cD)

±(cD � cF) � cFcD + c2
F(1 ± cD/2)

L
1 ± (cD � cF) �

cFcD

2

1
CCCCCCCCCA
, (44)

where L is the length between quads, and kF , kD are the focusing strengths of QF

and QD, respectively.

We have used the thin-lens approximation for the quadrupoles, and introduced
dimensionless parameters cF,D ⌘ kF,DL. We assume cF,D > 0.
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Dependence of FODO cell parameters on !x,y 
F(kF )

<latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit>

D(kD)
<latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit>

O(L)
<latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit>

O(L)
<latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit>

F(kF )
<latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit>

�x =
2 + cD
sinµx

L
<latexit sha1_base64="KuIh4vxEOrE91kKZSvYC8G2CS/A="></latexit><latexit sha1_base64="KuIh4vxEOrE91kKZSvYC8G2CS/A="></latexit><latexit sha1_base64="KuIh4vxEOrE91kKZSvYC8G2CS/A="></latexit><latexit sha1_base64="KuIh4vxEOrE91kKZSvYC8G2CS/A="></latexit><latexit sha1_base64="qyhfJX1oDymg/Z2FkbETqDNQSC4="></latexit><latexit sha1_base64="omfaQVsnnmAGbVrFwIN984O3Lhc="></latexit><latexit sha1_base64="nqW9Jhsfdh1cWVFl9Atr5U0scME="></latexit><latexit sha1_base64="nqW9Jhsfdh1cWVFl9Atr5U0scME="></latexit><latexit sha1_base64="K9YYZEytSaT3YryrQSpyg96nyZk="></latexit><latexit sha1_base64="KuIh4vxEOrE91kKZSvYC8G2CS/A="></latexit><latexit sha1_base64="KuIh4vxEOrE91kKZSvYC8G2CS/A="></latexit><latexit sha1_base64="qyhfJX1oDymg/Z2FkbETqDNQSC4="></latexit><latexit sha1_base64="qyhfJX1oDymg/Z2FkbETqDNQSC4="></latexit><latexit sha1_base64="qyhfJX1oDymg/Z2FkbETqDNQSC4="></latexit><latexit sha1_base64="qyhfJX1oDymg/Z2FkbETqDNQSC4="></latexit>

�y =
2� cD
sinµy

L
<latexit sha1_base64="H2jRzoti1OUeTuX/30u6Z4MXRwo="></latexit><latexit sha1_base64="H2jRzoti1OUeTuX/30u6Z4MXRwo="></latexit><latexit sha1_base64="H2jRzoti1OUeTuX/30u6Z4MXRwo="></latexit><latexit sha1_base64="H2jRzoti1OUeTuX/30u6Z4MXRwo="></latexit><latexit sha1_base64="dTmyKhgP8lWJ9+NOBJBmYinVL/k="></latexit><latexit sha1_base64="omfaQVsnnmAGbVrFwIN984O3Lhc="></latexit><latexit sha1_base64="Og2RM80TMTk6MJxMV/PEtrD27LE="></latexit><latexit sha1_base64="Og2RM80TMTk6MJxMV/PEtrD27LE="></latexit><latexit sha1_base64="h8ktR0gDDkDlWUCQJbi6M8gqVEM="></latexit><latexit sha1_base64="H2jRzoti1OUeTuX/30u6Z4MXRwo="></latexit><latexit sha1_base64="H2jRzoti1OUeTuX/30u6Z4MXRwo="></latexit><latexit sha1_base64="dTmyKhgP8lWJ9+NOBJBmYinVL/k="></latexit><latexit sha1_base64="dTmyKhgP8lWJ9+NOBJBmYinVL/k="></latexit><latexit sha1_base64="dTmyKhgP8lWJ9+NOBJBmYinVL/k="></latexit><latexit sha1_base64="dTmyKhgP8lWJ9+NOBJBmYinVL/k="></latexit>



Once we have the Twiss parameters ↵1, �1 at a particular location s = s1 in a
beam line, the 2 by 2 transfer matrix M from s1 to s is expressed as

M =
" 

1 0
↵(s) 1

!  
1/

p
�(s) 0

0
p
�(s)

!#�1

⇥

 
cos �(s) sin �(s)
� sin �(s) cos �(s)

!

⇥

" 
1 0
↵1 1

!  
1/
p
�1 0

0
p
�1

!#

=

0
BBBBBBBBBBBBBBBBBB@

s
�(s)
�1

(cos � + ↵1 sin �)
p
�(s)�1 sin �

�
(1 + ↵(s)↵1) sin � + (↵(s) � ↵1) cos �

p
�(s)�1

s
�1

�(s)
(cos � � ↵(s) sin �)

1
CCCCCCCCCCCCCCCCCCA

, (51)

where ↵(s), �(s), and � = �(s) are the Twiss parameters at s and the phase advance
from s1 to s, respectively.

The above means that a symplectic motion is reduced to a circular motion in
the normalized phase space:

(u, pu) =
 

x
p
�
, px

p
� + x

↵
p
�

!
. (52)
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�
<latexit sha1_base64="ytVmDrbNE0qtgEREXnpEGG5R/T8=">AAAB4HicbZDLSgMxGIX/1Futt6pLN4NFcCFlRgTrruDGZQXHFtpSMmmmDc2NJKOUMg/gRnGl+ES+gm/jtM5mWg8EDt854c+fSHNmne//oNLa+sbmVnm7srO7t39QPTx6tCoxhIZEcWU6EbaUM0lDxxynHW0oFhGn7WhyO8/bT9RYpuSDm2raF3gkWcwIdnPU02M2qNb8ur+Qt2qC3NQgV2tQ/e4NFUkElY5wbG038LXrz7BxjHCaVnqJpRqTCR7RmUi4Y0Y9F+ni3al3lqGhFyuTHem8BS30sLB2KqKsKbAb2+VsDi8i8W8c06kUujC2m7i40Z8xqRNHJUm9SrZ6sLzoqgkv6zd1//6q1mzkf1CGEziFcwjgGppwBy0IgcAYXuEDPhFBL+gNvf9VSyi/cwwFoa9fKiiKhA==</latexit><latexit sha1_base64="ytVmDrbNE0qtgEREXnpEGG5R/T8=">AAAB4HicbZDLSgMxGIX/1Futt6pLN4NFcCFlRgTrruDGZQXHFtpSMmmmDc2NJKOUMg/gRnGl+ES+gm/jtM5mWg8EDt854c+fSHNmne//oNLa+sbmVnm7srO7t39QPTx6tCoxhIZEcWU6EbaUM0lDxxynHW0oFhGn7WhyO8/bT9RYpuSDm2raF3gkWcwIdnPU02M2qNb8ur+Qt2qC3NQgV2tQ/e4NFUkElY5wbG038LXrz7BxjHCaVnqJpRqTCR7RmUi4Y0Y9F+ni3al3lqGhFyuTHem8BS30sLB2KqKsKbAb2+VsDi8i8W8c06kUujC2m7i40Z8xqRNHJUm9SrZ6sLzoqgkv6zd1//6q1mzkf1CGEziFcwjgGppwBy0IgcAYXuEDPhFBL+gNvf9VSyi/cwwFoa9fKiiKhA==</latexit><latexit sha1_base64="ytVmDrbNE0qtgEREXnpEGG5R/T8=">AAAB4HicbZDLSgMxGIX/1Futt6pLN4NFcCFlRgTrruDGZQXHFtpSMmmmDc2NJKOUMg/gRnGl+ES+gm/jtM5mWg8EDt854c+fSHNmne//oNLa+sbmVnm7srO7t39QPTx6tCoxhIZEcWU6EbaUM0lDxxynHW0oFhGn7WhyO8/bT9RYpuSDm2raF3gkWcwIdnPU02M2qNb8ur+Qt2qC3NQgV2tQ/e4NFUkElY5wbG038LXrz7BxjHCaVnqJpRqTCR7RmUi4Y0Y9F+ni3al3lqGhFyuTHem8BS30sLB2KqKsKbAb2+VsDi8i8W8c06kUujC2m7i40Z8xqRNHJUm9SrZ6sLzoqgkv6zd1//6q1mzkf1CGEziFcwjgGppwBy0IgcAYXuEDPhFBL+gNvf9VSyi/cwwFoa9fKiiKhA==</latexit><latexit sha1_base64="ytVmDrbNE0qtgEREXnpEGG5R/T8=">AAAB4HicbZDLSgMxGIX/1Futt6pLN4NFcCFlRgTrruDGZQXHFtpSMmmmDc2NJKOUMg/gRnGl+ES+gm/jtM5mWg8EDt854c+fSHNmne//oNLa+sbmVnm7srO7t39QPTx6tCoxhIZEcWU6EbaUM0lDxxynHW0oFhGn7WhyO8/bT9RYpuSDm2raF3gkWcwIdnPU02M2qNb8ur+Qt2qC3NQgV2tQ/e4NFUkElY5wbG038LXrz7BxjHCaVnqJpRqTCR7RmUi4Y0Y9F+ni3al3lqGhFyuTHem8BS30sLB2KqKsKbAb2+VsDi8i8W8c06kUujC2m7i40Z8xqRNHJUm9SrZ6sLzoqgkv6zd1//6q1mzkf1CGEziFcwjgGppwBy0IgcAYXuEDPhFBL+gNvf9VSyi/cwwFoa9fKiiKhA==</latexit>

normalized phase space

u
<latexit sha1_base64="7iDfhgpCF712AK37tKEKrLTjob4=">AAAB3XicbZBLS8NAFIVv6qvWV9Wlm2ARXEhJpGDdFdy4bMHYQlvqZHpTh84jZGaUUrp1o7hS/Ev+Bf+Nac0mrQcGDt85w507YcyZNp734xTW1jc2t4rbpZ3dvf2D8uHRvVY2oRhQxVXSCYlGziQGhhmOnThBIkKO7XB8M8/bT5hopuSdmcTYF2QkWcQoMSlq2UG54lW9hdxV42emApmag/J3b6ioFSgN5UTrru/Fpj8liWGU46zUsxpjQsdkhFNhuWGJes7TxaNn7lmKhm6kkvRI4y5orkeE1hMRpk1BzKNezubwIhT/xhFOpIhzY7vWRPX+lMnYGpR05pbS1f3lRVdNcFm9rnqtWqVRz/6gCCdwCufgwxU04BaaEAAFhFf4gE/nwXlx3pz3v2rBye4cQ07O1y8FNYk+</latexit><latexit sha1_base64="7iDfhgpCF712AK37tKEKrLTjob4=">AAAB3XicbZBLS8NAFIVv6qvWV9Wlm2ARXEhJpGDdFdy4bMHYQlvqZHpTh84jZGaUUrp1o7hS/Ev+Bf+Nac0mrQcGDt85w507YcyZNp734xTW1jc2t4rbpZ3dvf2D8uHRvVY2oRhQxVXSCYlGziQGhhmOnThBIkKO7XB8M8/bT5hopuSdmcTYF2QkWcQoMSlq2UG54lW9hdxV42emApmag/J3b6ioFSgN5UTrru/Fpj8liWGU46zUsxpjQsdkhFNhuWGJes7TxaNn7lmKhm6kkvRI4y5orkeE1hMRpk1BzKNezubwIhT/xhFOpIhzY7vWRPX+lMnYGpR05pbS1f3lRVdNcFm9rnqtWqVRz/6gCCdwCufgwxU04BaaEAAFhFf4gE/nwXlx3pz3v2rBye4cQ07O1y8FNYk+</latexit><latexit sha1_base64="7iDfhgpCF712AK37tKEKrLTjob4=">AAAB3XicbZBLS8NAFIVv6qvWV9Wlm2ARXEhJpGDdFdy4bMHYQlvqZHpTh84jZGaUUrp1o7hS/Ev+Bf+Nac0mrQcGDt85w507YcyZNp734xTW1jc2t4rbpZ3dvf2D8uHRvVY2oRhQxVXSCYlGziQGhhmOnThBIkKO7XB8M8/bT5hopuSdmcTYF2QkWcQoMSlq2UG54lW9hdxV42emApmag/J3b6ioFSgN5UTrru/Fpj8liWGU46zUsxpjQsdkhFNhuWGJes7TxaNn7lmKhm6kkvRI4y5orkeE1hMRpk1BzKNezubwIhT/xhFOpIhzY7vWRPX+lMnYGpR05pbS1f3lRVdNcFm9rnqtWqVRz/6gCCdwCufgwxU04BaaEAAFhFf4gE/nwXlx3pz3v2rBye4cQ07O1y8FNYk+</latexit><latexit sha1_base64="7iDfhgpCF712AK37tKEKrLTjob4=">AAAB3XicbZBLS8NAFIVv6qvWV9Wlm2ARXEhJpGDdFdy4bMHYQlvqZHpTh84jZGaUUrp1o7hS/Ev+Bf+Nac0mrQcGDt85w507YcyZNp734xTW1jc2t4rbpZ3dvf2D8uHRvVY2oRhQxVXSCYlGziQGhhmOnThBIkKO7XB8M8/bT5hopuSdmcTYF2QkWcQoMSlq2UG54lW9hdxV42emApmag/J3b6ioFSgN5UTrru/Fpj8liWGU46zUsxpjQsdkhFNhuWGJes7TxaNn7lmKhm6kkvRI4y5orkeE1hMRpk1BzKNezubwIhT/xhFOpIhzY7vWRPX+lMnYGpR05pbS1f3lRVdNcFm9rnqtWqVRz/6gCCdwCufgwxU04BaaEAAFhFf4gE/nwXlx3pz3v2rBye4cQ07O1y8FNYk+</latexit>

pu
<latexit sha1_base64="I5ahZ1ud2pAchE+ozxHyRvgFPa0=">AAAB33icbZBLSwMxFIXv1Fetr6pLN4NFcCFlRgTrruDGZUXHFtpSkjRTQ5NMyEMpZfZuFFeK/8i/4L9xWmczrQcCh++ccHODFWfGBsGPV1pZXVvfKG9WtrZ3dveq+wcPJnGa0IgkPNEdjAzlTNLIMstpR2mKBOa0jcfXs7z9RLVhiby3E0X7Ao0kixlBNkN3auAG1VpQD+byl02Ymxrkag2q371hQpyg0hKOjOmGgbL9KdKWEU7TSs8ZqhAZoxGdCsct08lzkc6fnfonGRr6caKzI60/p4UeEsZMBM6aAtlHs5jN4BkW/8YxnUihCmO7zsaN/pRJ5SyVJPUr2erh4qLLJjqvX9WD24tas5H/QRmO4BhOIYRLaMINtCACAiN4hQ/49LD34r1573/VkpffOYSCvK9fgQ6KIQ==</latexit><latexit sha1_base64="I5ahZ1ud2pAchE+ozxHyRvgFPa0=">AAAB33icbZBLSwMxFIXv1Fetr6pLN4NFcCFlRgTrruDGZUXHFtpSkjRTQ5NMyEMpZfZuFFeK/8i/4L9xWmczrQcCh++ccHODFWfGBsGPV1pZXVvfKG9WtrZ3dveq+wcPJnGa0IgkPNEdjAzlTNLIMstpR2mKBOa0jcfXs7z9RLVhiby3E0X7Ao0kixlBNkN3auAG1VpQD+byl02Ymxrkag2q371hQpyg0hKOjOmGgbL9KdKWEU7TSs8ZqhAZoxGdCsct08lzkc6fnfonGRr6caKzI60/p4UeEsZMBM6aAtlHs5jN4BkW/8YxnUihCmO7zsaN/pRJ5SyVJPUr2erh4qLLJjqvX9WD24tas5H/QRmO4BhOIYRLaMINtCACAiN4hQ/49LD34r1573/VkpffOYSCvK9fgQ6KIQ==</latexit><latexit sha1_base64="I5ahZ1ud2pAchE+ozxHyRvgFPa0=">AAAB33icbZBLSwMxFIXv1Fetr6pLN4NFcCFlRgTrruDGZUXHFtpSkjRTQ5NMyEMpZfZuFFeK/8i/4L9xWmczrQcCh++ccHODFWfGBsGPV1pZXVvfKG9WtrZ3dveq+wcPJnGa0IgkPNEdjAzlTNLIMstpR2mKBOa0jcfXs7z9RLVhiby3E0X7Ao0kixlBNkN3auAG1VpQD+byl02Ymxrkag2q371hQpyg0hKOjOmGgbL9KdKWEU7TSs8ZqhAZoxGdCsct08lzkc6fnfonGRr6caKzI60/p4UeEsZMBM6aAtlHs5jN4BkW/8YxnUihCmO7zsaN/pRJ5SyVJPUr2erh4qLLJjqvX9WD24tas5H/QRmO4BhOIYRLaMINtCACAiN4hQ/49LD34r1573/VkpffOYSCvK9fgQ6KIQ==</latexit><latexit sha1_base64="I5ahZ1ud2pAchE+ozxHyRvgFPa0=">AAAB33icbZBLSwMxFIXv1Fetr6pLN4NFcCFlRgTrruDGZUXHFtpSkjRTQ5NMyEMpZfZuFFeK/8i/4L9xWmczrQcCh++ccHODFWfGBsGPV1pZXVvfKG9WtrZ3dveq+wcPJnGa0IgkPNEdjAzlTNLIMstpR2mKBOa0jcfXs7z9RLVhiby3E0X7Ao0kixlBNkN3auAG1VpQD+byl02Ymxrkag2q371hQpyg0hKOjOmGgbL9KdKWEU7TSs8ZqhAZoxGdCsct08lzkc6fnfonGRr6caKzI60/p4UeEsZMBM6aAtlHs5jN4BkW/8YxnUihCmO7zsaN/pRJ5SyVJPUr2erh4qLLJjqvX9WD24tas5H/QRmO4BhOIYRLaMINtCACAiN4hQ/49LD34r1573/VkpffOYSCvK9fgQ6KIQ==</latexit>

2J = u2 + p2u =
x2

�
+ �

✓
px +

↵

�
x

◆2

<latexit sha1_base64="fEr1+27DmnwvKuj5MsQKxBTAJrk=">AAACKnicbVDLSsNAFJ34rPVVdekmWIRKpSRBsC4KBTciLioYW2jaMJlO2qEzyTAz0ZaQT3LjV7h3Y3Gl+CGmDxdtPXDvHM45l+Fej1MilWGMtJXVtfWNzcxWdntnd28/d3D4KMNIIGyjkIai4UGJKQmwrYiiuMEFhsyjuO71r8d+/QkLScLgQQ05bjHYDYhPEFSp5OburNtK1LaK3E17xfEFRPGgbSWx42EFk+LkcSj2VYG7g+I04EDKe/AvM3AE6fbUWdtyc3mjZEygLxNzRvJghpqbe3M6IYoYDhSiUMqmaXDViqFQBFGcZJ1IYg5RH3ZxzCKqiAif59XJBRL9NJU6uh+KtAKlT9S5HGRSDpmXJhlUPbnojcVzj/1r+3gYMD73bTNSfrkVk4BHCgco0bPp6ubiosvEtkpXJeP+Il8tz26QAcfgBBSACS5BFdyAGrABAq/gA3yBb+1Fe9dG2uc0uqLNZo7AHLSfX9/1qHs=</latexit><latexit sha1_base64="fEr1+27DmnwvKuj5MsQKxBTAJrk=">AAACKnicbVDLSsNAFJ34rPVVdekmWIRKpSRBsC4KBTciLioYW2jaMJlO2qEzyTAz0ZaQT3LjV7h3Y3Gl+CGmDxdtPXDvHM45l+Fej1MilWGMtJXVtfWNzcxWdntnd28/d3D4KMNIIGyjkIai4UGJKQmwrYiiuMEFhsyjuO71r8d+/QkLScLgQQ05bjHYDYhPEFSp5OburNtK1LaK3E17xfEFRPGgbSWx42EFk+LkcSj2VYG7g+I04EDKe/AvM3AE6fbUWdtyc3mjZEygLxNzRvJghpqbe3M6IYoYDhSiUMqmaXDViqFQBFGcZJ1IYg5RH3ZxzCKqiAif59XJBRL9NJU6uh+KtAKlT9S5HGRSDpmXJhlUPbnojcVzj/1r+3gYMD73bTNSfrkVk4BHCgco0bPp6ubiosvEtkpXJeP+Il8tz26QAcfgBBSACS5BFdyAGrABAq/gA3yBb+1Fe9dG2uc0uqLNZo7AHLSfX9/1qHs=</latexit><latexit sha1_base64="fEr1+27DmnwvKuj5MsQKxBTAJrk=">AAACKnicbVDLSsNAFJ34rPVVdekmWIRKpSRBsC4KBTciLioYW2jaMJlO2qEzyTAz0ZaQT3LjV7h3Y3Gl+CGmDxdtPXDvHM45l+Fej1MilWGMtJXVtfWNzcxWdntnd28/d3D4KMNIIGyjkIai4UGJKQmwrYiiuMEFhsyjuO71r8d+/QkLScLgQQ05bjHYDYhPEFSp5OburNtK1LaK3E17xfEFRPGgbSWx42EFk+LkcSj2VYG7g+I04EDKe/AvM3AE6fbUWdtyc3mjZEygLxNzRvJghpqbe3M6IYoYDhSiUMqmaXDViqFQBFGcZJ1IYg5RH3ZxzCKqiAif59XJBRL9NJU6uh+KtAKlT9S5HGRSDpmXJhlUPbnojcVzj/1r+3gYMD73bTNSfrkVk4BHCgco0bPp6ubiosvEtkpXJeP+Il8tz26QAcfgBBSACS5BFdyAGrABAq/gA3yBb+1Fe9dG2uc0uqLNZo7AHLSfX9/1qHs=</latexit><latexit sha1_base64="fEr1+27DmnwvKuj5MsQKxBTAJrk=">AAACKnicbVDLSsNAFJ34rPVVdekmWIRKpSRBsC4KBTciLioYW2jaMJlO2qEzyTAz0ZaQT3LjV7h3Y3Gl+CGmDxdtPXDvHM45l+Fej1MilWGMtJXVtfWNzcxWdntnd28/d3D4KMNIIGyjkIai4UGJKQmwrYiiuMEFhsyjuO71r8d+/QkLScLgQQ05bjHYDYhPEFSp5OburNtK1LaK3E17xfEFRPGgbSWx42EFk+LkcSj2VYG7g+I04EDKe/AvM3AE6fbUWdtyc3mjZEygLxNzRvJghpqbe3M6IYoYDhSiUMqmaXDViqFQBFGcZJ1IYg5RH3ZxzCKqiAif59XJBRL9NJU6uh+KtAKlT9S5HGRSDpmXJhlUPbnojcVzj/1r+3gYMD73bTNSfrkVk4BHCgco0bPp6ubiosvEtkpXJeP+Il8tz26QAcfgBBSACS5BFdyAGrABAq/gA3yBb+1Fe9dG2uc0uqLNZo7AHLSfX9/1qHs=</latexit>

p
2J

<latexit sha1_base64="qQnzhEyxG63ghBx3I7OQGvVEcN4=">AAAB5XicbZBPS8MwGMbfzn9z/qt69FIcggcZ7RCct4EX8TTBusk2RpqlW1iSxiRVRulX8KJ4Uvw6fgW/jd3spZsPBB5+zxPevAkko9q47o9VWlldW98ob1a2tnd29+z9g3sdxQoTH0csUp0AacKoIL6hhpGOVATxgJF2MLma5e0nojSNxJ2ZStLnaCRoSDEyGXro6UdlkvpNOrCrbs2dy1k2Xm6qkKs1sL97wwjHnAiDGdK667nS9BOkDMWMpJVerIlEeIJGJOExM1RFz0U6f3zqnGRo6ISRyo4wzpwWeohrPeVB1uTIjPViNoNnAf83DslUcFkY241N2OgnVMjYEIFTp5Kt7i0uumz8eu2y5t6eV5uN/A/KcATHcAoeXEATrqEFPmDg8Aof8GmNrRfrzXr/q5as/M4hFGR9/QLc0Yyz</latexit><latexit sha1_base64="qQnzhEyxG63ghBx3I7OQGvVEcN4=">AAAB5XicbZBPS8MwGMbfzn9z/qt69FIcggcZ7RCct4EX8TTBusk2RpqlW1iSxiRVRulX8KJ4Uvw6fgW/jd3spZsPBB5+zxPevAkko9q47o9VWlldW98ob1a2tnd29+z9g3sdxQoTH0csUp0AacKoIL6hhpGOVATxgJF2MLma5e0nojSNxJ2ZStLnaCRoSDEyGXro6UdlkvpNOrCrbs2dy1k2Xm6qkKs1sL97wwjHnAiDGdK667nS9BOkDMWMpJVerIlEeIJGJOExM1RFz0U6f3zqnGRo6ISRyo4wzpwWeohrPeVB1uTIjPViNoNnAf83DslUcFkY241N2OgnVMjYEIFTp5Kt7i0uumz8eu2y5t6eV5uN/A/KcATHcAoeXEATrqEFPmDg8Aof8GmNrRfrzXr/q5as/M4hFGR9/QLc0Yyz</latexit><latexit sha1_base64="qQnzhEyxG63ghBx3I7OQGvVEcN4=">AAAB5XicbZBPS8MwGMbfzn9z/qt69FIcggcZ7RCct4EX8TTBusk2RpqlW1iSxiRVRulX8KJ4Uvw6fgW/jd3spZsPBB5+zxPevAkko9q47o9VWlldW98ob1a2tnd29+z9g3sdxQoTH0csUp0AacKoIL6hhpGOVATxgJF2MLma5e0nojSNxJ2ZStLnaCRoSDEyGXro6UdlkvpNOrCrbs2dy1k2Xm6qkKs1sL97wwjHnAiDGdK667nS9BOkDMWMpJVerIlEeIJGJOExM1RFz0U6f3zqnGRo6ISRyo4wzpwWeohrPeVB1uTIjPViNoNnAf83DslUcFkY241N2OgnVMjYEIFTp5Kt7i0uumz8eu2y5t6eV5uN/A/KcATHcAoeXEATrqEFPmDg8Aof8GmNrRfrzXr/q5as/M4hFGR9/QLc0Yyz</latexit><latexit sha1_base64="qQnzhEyxG63ghBx3I7OQGvVEcN4=">AAAB5XicbZBPS8MwGMbfzn9z/qt69FIcggcZ7RCct4EX8TTBusk2RpqlW1iSxiRVRulX8KJ4Uvw6fgW/jd3spZsPBB5+zxPevAkko9q47o9VWlldW98ob1a2tnd29+z9g3sdxQoTH0csUp0AacKoIL6hhpGOVATxgJF2MLma5e0nojSNxJ2ZStLnaCRoSDEyGXro6UdlkvpNOrCrbs2dy1k2Xm6qkKs1sL97wwjHnAiDGdK667nS9BOkDMWMpJVerIlEeIJGJOExM1RFz0U6f3zqnGRo6ISRyo4wzpwWeohrPeVB1uTIjPViNoNnAf83DslUcFkY241N2OgnVMjYEIFTp5Kt7i0uumz8eu2y5t6eV5uN/A/KcATHcAoeXEATrqEFPmDg8Aof8GmNrRfrzXr/q5as/M4hFGR9/QLc0Yyz</latexit>

physical phase space

Normal to physical 
conversion at exit 

Rotation in the normal 
phase space

Physical to normal 
conversion at entrance



Twiss parameters along a beam line (2)
If we know the transfer matrix from s1 to s

M(s) =
 
M11 M12

M21 M22

!
, (53)

we can calculate the Twiss parameters at s using Eq, (51) as

↵(s) = (M11M22 + M12M21)↵1 � M11M21�1 � M12M22
1 + ↵2

1

�1
(54)

�(s) = �2M11M12↵1 + M2
11�1 + M2

12
1 + ↵2

1

�1
(55)

�(s) = arg(�M12↵1 + M11�1 + iM12) (56)
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Once we have the Twiss parameters ↵1, �1 at a particular location s = s1 in a
beam line, the 2 by 2 transfer matrix M from s1 to s is expressed as

M =
" 

1 0
↵(s) 1

!  
1/

p
�(s) 0

0
p
�(s)

!#�1

⇥

 
cos �(s) sin �(s)
� sin �(s) cos �(s)

!

⇥

" 
1 0
↵1 1

!  
1/
p
�1 0

0
p
�1

!#

=

0
BBBBBBBBBBBBBBBBBB@

s
�(s)
�1

(cos � + ↵1 sin �)
p
�(s)�1 sin �

�
(1 + ↵(s)↵1) sin � + (↵(s) � ↵1) cos �

p
�(s)�1

s
�1

�(s)
(cos � � ↵(s) sin �)

1
CCCCCCCCCCCCCCCCCCA

, (51)

where ↵(s), �(s), and � = �(s) are the Twiss parameters at s and the phase advance
from s1 to s, respectively.

The above means that a symplectic motion is reduced to a circular motion in
the normalized phase space:

(u, pu) =
 

x
p
�
, px

p
� + x

↵
p
�

!
. (52)
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FODO cell (4) F(kF )
<latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit>

D(kD)
<latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit>

O(L)
<latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit>

O(L)
<latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit><latexit sha1_base64="+t46FL5QhaF4I7exT1mFxS81Wt8=">AAAB5nicbZDLSsNAGIX/1Futt6hLN8EiVJCSiGDdFdy4EKxgbLEtZTKd1KFzCTMTpYQ8gxvFleLj+Aq+jWnNJq0HBg7fOcM//wQRo9q47o9VWlpeWV0rr1c2Nre2d+zdvXstY4WJjyWTqhMgTRgVxDfUMNKJFEE8YKQdjC+nefuJKE2luDOTiPQ5GgkaUoxMhh6SnuLOTVq7Ph7YVbfuzuQsGi83VcjVGtjfvaHEMSfCYIa07npuZPoJUoZiRtJKL9YkQniMRiThMTNUyecinb0+dY4yNHRCqbIjjDOjhR7iWk94kDU5Mo96PpvCk4D/G4dkInhUGNuNTdjoJ1REsSECp04lW92bX3TR+Kf1i7p7e1ZtNvI/KMMBHEINPDiHJlxBC3zAIOAVPuDTotaL9Wa9/1VLVn5nHwqyvn4BfbGMYg==</latexit>

F(kF )
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β-functions along a FODO cell with various phase advances (μx = μy)

βmax ≈ βmin → ∞(μ→0) 
βmax >> βmin (μ→π)



Let us consider the on-axis, on-momentum transfer matrix M of a FODO cell,
between the midpoints of QF. For the time being, we consider the 2 by 2 part for x
and y. The z� parts will be discussed later.

Mxy
=

 
1 0

⌥kF/2 1

!  
1 L
0 1

!  
1 0
±kD 1

!  
1 L
0 1

!  
1 0

⌥kF/2 1

!
(42)

=

 
1 ± (kD � kF)L � kFkDL2/2 L(2 ± kDL)

±(kD � kF) � kFkDL + k2
F L(1 ± kDL/2)/2 1 ± (kD � kF)L � kFkDL2/2

!

(43)

=

0
BBBBBBBBB@

1 ± (cD � cF) �
cDcF

2
L(2 ± cD)

±(cD � cF) � cFcD + c2
F(1 ± cD/2)

L
1 ± (cD � cF) �

cFcD

2

1
CCCCCCCCCA
, (44)

where L is the length between quads, and kF , kD are the focusing strengths of QF

and QD, respectively.

We have used the thin-lens approximation for the quadrupoles, and introduced
dimensionless parameters cF,D ⌘ kF,DL. We assume cF,D > 0.
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In a FODO cell, now let us consider a horizontal dipole with length L and
the bending angle ✓ in place of the drift space. The on-axis, on-momentum transfer
matrix between the center of QFs in (x, px, z, �) phase space is written as

M =

0
BBBBBBBBBBBBB@

1 . . .
�kF/2 1 . .
. . 1 .
. . . 1

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

1 L . L✓/2
. 1 . ✓
�✓ �L✓/2 1 .
. . . 1

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

1 . . .
kD/2 1 . .
. . 1 .
. . . 1

1
CCCCCCCCCCCCCA

⇥

0
BBBBBBBBBBBBB@

1 L . L✓/2
. 1 . ✓
�✓ �L✓/2 1 .
. . . 1

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

1 . . .
�kF/2 1 . .
. . 1 .
. . . 1

1
CCCCCCCCCCCCCA

=

0
BBBBBBBBBBBBBBBBBBBBBBBB@

Mx

.
(cD + 4)L✓

2
. �

(cD + 4)(cF � 2)✓
4

(cD + 4)(cF � 2)✓
4

�
(cD + 4)L✓

2
. .

1 �
(4 + cD)L✓2

4
. 1

1
CCCCCCCCCCCCCCCCCCCCCCCCA

, (57)

where Mx is the 2 by 2 matrix of FODO given by Eq.(44).
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Dispersion F(kF )
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<latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit>

B(L, ✓)
<latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit>

dipole magnet
The transfer matrix for a flat dipole can be obtained by di↵erentiating above.

For an on-axis particle (x0, px0, y0, py0) = (0, 0, 0, 0) with a small bending angle
✓ ⌧ 1, it is written as

M =

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
L

1 + �
. . .

L✓
2(1 + �)2

. 1 . . . ✓

. . 1
L

1 + �
. .

. . . 1 . .

�✓ �
L✓(1 + 2�)
2(1 + �)2 . . 1

v � vd

vd
L

. . . . . 1

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

+ O(✓)2 , (29)

where L ⌘ ⇢✓. If we compare this with the transfer matrix for a drift, the di↵erences
are the non-zero M16,M26,M51,M52 components, which are related to dispersions,
and will be discussed later.

Except for these terms, the transfer matrix of a flat, small-bending dipole
is just equal to that of the drift space Eq. (10) with the length L, including the
chromatic behavior.
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This transfer matrix has nonzero Mx,�, Mpx,�, Mz,x,Mz,px components, which
means a coupled motion between x- and z- planes.

In general, any stable coupled symplectic matrix M can be decomposed into
a non-coupled semi-diagonal matrix consisting of 2 by 2 matrices Mx,y,z by

D�1MD =

0
BBBBBBBB@

Mx . .
. My .
. . Mz

1
CCCCCCCCA , (58)

where D is a symplectic matrix.

This means that any stable coupled motion can be decoupled into 1D motions,
by the choice of variables by the matrix D by

0
BBBBBBBBBBBBBBBBBBBBBBB@

x�
px�

y�
py�

z�
��

1
CCCCCCCCCCCCCCCCCCCCCCCA

= D�1

0
BBBBBBBBBBBBBBBBBBBBBBB@

x
px

y
py

z
�

1
CCCCCCCCCCCCCCCCCCCCCCCA

(59)

where the lhs are the uncoupled coordinates, or betatron coordinates, for which we
can define the Twiss parameters in a usual way of a 1D motion.

21

Dispersion (2)

In a FODO cell, now let us consider a horizontal dipole with length L and
the bending angle ✓ in place of the drift space. The on-axis, on-momentum transfer
matrix between the center of QFs in (x, px, z, �) phase space is written as

M =

0
BBBBBBBBBBBBB@

1 . . .
�kF/2 1 . .
. . 1 .
. . . 1

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

1 L . L✓/2
. 1 . ✓
�✓ �L✓/2 1 .
. . . 1

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

1 . . .
kD/2 1 . .
. . 1 .
. . . 1

1
CCCCCCCCCCCCCA

⇥

0
BBBBBBBBBBBBB@

1 L . L✓/2
. 1 . ✓
�✓ �L✓/2 1 .
. . . 1

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

1 . . .
�kF/2 1 . .
. . 1 .
. . . 1

1
CCCCCCCCCCCCCA

=

0
BBBBBBBBBBBBBBBBBBBBBBBB@

Mx

.
(cD + 4)L✓

2
. �

(cD + 4)(cF � 2)✓
4

(cD + 4)(cF � 2)✓
4

�
(cD + 4)L✓

2
. .

1 �
(4 + cD)L✓2

4
. 1

1
CCCCCCCCCCCCCCCCCCCCCCCCA

, (57)

where Mx is the 2 by 2 matrix of FODO given by Eq.(44).
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Consider a FODO with dipoles having the cell transfer matrix for x, z planes:

M =

0
BBBBBBBBBBBBB@

M11 M12 . M16

M21 M22 . M26

�M11M26 + M21M16 �M12M26 + M22M16 1 M56

. . . 1

1
CCCCCCCCCCCCCA
. (60)

The matrix M is semi-diagonalized by another matrix

D =

0
BBBBBBBBBBBBB@

1 . . ⌘x

. 1 . ⌘px

�⌘px ⌘x 1 .
. . . 1

1
CCCCCCCCCCCCCA

as D�1MD =

0
BBBBBBBBBBBBB@

M11 M12 . .
M21 M22 . .
. . 1 MD56

. . . 1

1
CCCCCCCCCCCCCA

(61)

with

⌘x =
(1 � M22)M16 + M12M26

4 sin2(µx/2)
,

⌘px =
M21M16 + (1 � M11)M26

4 sin2(µx/2)
,

(62)

where we have used M11 + M22 = 2 cos µx from Eq. (45).

22

physical to normal normal to physical

F(kF )
<latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit>

D(kD)
<latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit>

F(kF )
<latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit>

B(L, ✓)
<latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit>

B(L, ✓)
<latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit>

If the beam optics is periodic, the transfer matrix above must be equal to

Mx,y =

0
BBBBBBBBB@

cos µx,y + ↵x,y sin µx,y �x,y sin µx,y
1 + ↵2

x,y

�x,y
sin µx,y cos µx,y � ↵x,y sin µx,y

1
CCCCCCCCCA
. (45)

By comparing two expressions, we obtain the values of the Twiss parameters at the
center of QF as

↵x,y = 0 , (46)

cos µx,y = 1 + (cD,F � cF,D) �
cFcD

2
, (47)

�x,y =
2 ± cD

sin µx,y
L . (48)

Then once the phase advances µx,y are given, parameters cF,D are determined as

cF =
1
4

✓
cos µy � cos µx +

q
32 � 16(cos µx + cos µy) + (cos µx � cos µy)2

◆
(49)

cD =
1
4

✓
cos µx � cos µy +

q
32 � 16(cos µx + cos µy) + (cos µx � cos µy)2

◆
, (50)

The value of �-function at QF is obtained by Eq. (49). Note that 0 < CF,D < 2.
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Dispersion (3)

D�1 = D/.{⌘x ! �⌘x, ⌘px ! �⌘px}
<latexit sha1_base64="DF75CfsYm9oJ1jZ1w6rUfRsOEro=">AAACM3icbZDNSsNAFIUn9a/Wv6hLN8EiuGhjIoJ1IRR04bKCsYWmhsl00g7NJMPMRFtCXsuNL+ArCG4UV4rvYJpmk9YDA2e+cy+Xe13mEyEN400pLS2vrK6V1ysbm1vbO+ru3r0II46whUI/5B0XCuyTAFuSSB93GMeQuj5uu6Orad5+xFyQMLiTE4Z7FA4C4hEEZYoc1YptTrXr5CGum8ll/jnR7djGEjpjm5PBUELOwyetPkM1W8tMzMbJYpzRxFGrhm5k0haNmZsqyNVy1Fe7H6KI4kAiHwrRNQ0mezHkkiAfJxU7EphBNIIDHNPIlySdWKTZKRLtKEV9zQt5+gKpZbRQB6kQE+qmlRTKoZjPprDm0n9jD08Cygpju5H0Gr2YBCySOECJVklXN+cXXTTWqX6hG7dn1WYjv0EZHIBDcAxMcA6a4Aa0gAUQeAEf4Bv8KM/Ku/KpfM1KS0resw8KUn7/AKq1rH4=</latexit><latexit sha1_base64="DF75CfsYm9oJ1jZ1w6rUfRsOEro=">AAACM3icbZDNSsNAFIUn9a/Wv6hLN8EiuGhjIoJ1IRR04bKCsYWmhsl00g7NJMPMRFtCXsuNL+ArCG4UV4rvYJpmk9YDA2e+cy+Xe13mEyEN400pLS2vrK6V1ysbm1vbO+ru3r0II46whUI/5B0XCuyTAFuSSB93GMeQuj5uu6Orad5+xFyQMLiTE4Z7FA4C4hEEZYoc1YptTrXr5CGum8ll/jnR7djGEjpjm5PBUELOwyetPkM1W8tMzMbJYpzRxFGrhm5k0haNmZsqyNVy1Fe7H6KI4kAiHwrRNQ0mezHkkiAfJxU7EphBNIIDHNPIlySdWKTZKRLtKEV9zQt5+gKpZbRQB6kQE+qmlRTKoZjPprDm0n9jD08Cygpju5H0Gr2YBCySOECJVklXN+cXXTTWqX6hG7dn1WYjv0EZHIBDcAxMcA6a4Aa0gAUQeAEf4Bv8KM/Ku/KpfM1KS0resw8KUn7/AKq1rH4=</latexit><latexit sha1_base64="DF75CfsYm9oJ1jZ1w6rUfRsOEro=">AAACM3icbZDNSsNAFIUn9a/Wv6hLN8EiuGhjIoJ1IRR04bKCsYWmhsl00g7NJMPMRFtCXsuNL+ArCG4UV4rvYJpmk9YDA2e+cy+Xe13mEyEN400pLS2vrK6V1ysbm1vbO+ru3r0II46whUI/5B0XCuyTAFuSSB93GMeQuj5uu6Orad5+xFyQMLiTE4Z7FA4C4hEEZYoc1YptTrXr5CGum8ll/jnR7djGEjpjm5PBUELOwyetPkM1W8tMzMbJYpzRxFGrhm5k0haNmZsqyNVy1Fe7H6KI4kAiHwrRNQ0mezHkkiAfJxU7EphBNIIDHNPIlySdWKTZKRLtKEV9zQt5+gKpZbRQB6kQE+qmlRTKoZjPprDm0n9jD08Cygpju5H0Gr2YBCySOECJVklXN+cXXTTWqX6hG7dn1WYjv0EZHIBDcAxMcA6a4Aa0gAUQeAEf4Bv8KM/Ku/KpfM1KS0resw8KUn7/AKq1rH4=</latexit><latexit sha1_base64="DF75CfsYm9oJ1jZ1w6rUfRsOEro=">AAACM3icbZDNSsNAFIUn9a/Wv6hLN8EiuGhjIoJ1IRR04bKCsYWmhsl00g7NJMPMRFtCXsuNL+ArCG4UV4rvYJpmk9YDA2e+cy+Xe13mEyEN400pLS2vrK6V1ysbm1vbO+ru3r0II46whUI/5B0XCuyTAFuSSB93GMeQuj5uu6Orad5+xFyQMLiTE4Z7FA4C4hEEZYoc1YptTrXr5CGum8ll/jnR7djGEjpjm5PBUELOwyetPkM1W8tMzMbJYpzRxFGrhm5k0haNmZsqyNVy1Fe7H6KI4kAiHwrRNQ0mezHkkiAfJxU7EphBNIIDHNPIlySdWKTZKRLtKEV9zQt5+gKpZbRQB6kQE+qmlRTKoZjPprDm0n9jD08Cygpju5H0Gr2YBCySOECJVklXN+cXXTTWqX6hG7dn1WYjv0EZHIBDcAxMcA6a4Aa0gAUQeAEf4Bv8KM/Ku/KpfM1KS0resw8KUn7/AKq1rH4=</latexit><latexit sha1_base64="xQZ1W0eGikrsjLtDvnhsuND17IM=">AAABznicbZC7SgNBFIbPxltco8baZjEIFhJmbdROsLGM4JpAEsPs5GwcMjdmZpUQ0lkFO1/KV/Bt3MQ0m/jDgZ/vP3AuqRHceUJ+gsrW9s7uXnU/PKiFh0fH9dqz07llmDAttO2k1KHgChPPvcCOsUhlKrCdju8XefsNreNaPfmJwb6kI8UzzqgvUGtQb5AmWSraNPHKNGClQf27N9Qsl6g8E9S5bkyM70+p9ZwJnIW93KGhbExHOJW58Nzq9zJdrjyLzgs0jDJti1I+WtJSH5XOTWRadErqX916toCXqfw3znCipCmN7eY+u+lPuTK5R8VmUVhcHq/fuWmSq+ZtkzwSqMIpnMEFxHANd/AALUiAwRDm8BW8BB/B/O9BlWD1qRMoKfj8BZdFhpI=</latexit><latexit sha1_base64="AHbFLhHO0WQPYu8cWR9IZHXqtzk=">AAACKHicbZDNSsNAFIVv6l+tVaNbN8EiuGhj4kZdCIIuXFYwttDUMJlO2qGZJMxMtCXktdz4Ar6C4EZxpS9hmmaT1gMDZ75z4XKPG/lUSMN4Vyorq2vrG9XN2lZ9e2dX3as/iDDmmFg49EPedZEgPg2IJan0STfiBDHXJx13fD3LO0+ECxoG93IakT5Dw4B6FCOZIUe1Epsz7SZ9TFpmell8TnQ7sYlEzsTmdDiSiPPwWWvNUdPWcpNEk3Q5zmnqqA1DN3Jpy8YsTAMKtR31zR6EOGYkkNhHQvRMI5L9BHFJsU/Smh0LEiE8RkOSsNiXNNtYpnkVqXaUoYHmhTx7gdRyWppDTIgpc7NJhuRILGYz2HTZv7FHpgGLSmt7sfTO+wkNoliSAKdaLTvdXDx02Vin+oVu3BlQhQM4hGMw4Qyu4BbaYAGGV/iEH/hVXpQP5WveUUUpytqHkpTvP00Wquo=</latexit><latexit sha1_base64="AHbFLhHO0WQPYu8cWR9IZHXqtzk=">AAACKHicbZDNSsNAFIVv6l+tVaNbN8EiuGhj4kZdCIIuXFYwttDUMJlO2qGZJMxMtCXktdz4Ar6C4EZxpS9hmmaT1gMDZ75z4XKPG/lUSMN4Vyorq2vrG9XN2lZ9e2dX3as/iDDmmFg49EPedZEgPg2IJan0STfiBDHXJx13fD3LO0+ECxoG93IakT5Dw4B6FCOZIUe1Epsz7SZ9TFpmell8TnQ7sYlEzsTmdDiSiPPwWWvNUdPWcpNEk3Q5zmnqqA1DN3Jpy8YsTAMKtR31zR6EOGYkkNhHQvRMI5L9BHFJsU/Smh0LEiE8RkOSsNiXNNtYpnkVqXaUoYHmhTx7gdRyWppDTIgpc7NJhuRILGYz2HTZv7FHpgGLSmt7sfTO+wkNoliSAKdaLTvdXDx02Vin+oVu3BlQhQM4hGMw4Qyu4BbaYAGGV/iEH/hVXpQP5WveUUUpytqHkpTvP00Wquo=</latexit><latexit sha1_base64="Qh6Wj5SwhBdc4LGYwOp+y+e6JVo=">AAACM3icbZDNSsNAFIUn9a/Wv6hLN4NFcNHWxI11IRR04bKCsYWmhsl00g5mJmFmoi0hr+XGF/AVBDeKK8V3ME2zSeuBgTPfuZfLvW7oU6kM400rLS2vrK6V1ysbm1vbO/ru3p0MIoGJhQM/EF0XSeJTTixFlU+6oSCIuT7puA+X07zzSISkAb9Vk5D0GRpy6lGMVIoc3YptweBVch/XzeQi/5w07NgmCjljW9DhSCEhgidYn6GaDTMTh+NkMc5o4uhVo2FkgovGzE0V5Go7+qs9CHDECFfYR1L2TCNU/RgJRbFPkoodSRIi/ICGJGaRr2g6sUizUyTwKEUD6AUifVzBjBbqEJNywty0kiE1kvPZFNZc9m/skQlnYWFsL1Jesx9THkaKcJzASrq6Ob/oorFOG+cN48aotpr5DcrgAByCY2CCM9AC16ANLIDBC/gA3+BHe9betU/ta1Za0vKefVCQ9vsHqXWseg==</latexit><latexit sha1_base64="DF75CfsYm9oJ1jZ1w6rUfRsOEro=">AAACM3icbZDNSsNAFIUn9a/Wv6hLN8EiuGhjIoJ1IRR04bKCsYWmhsl00g7NJMPMRFtCXsuNL+ArCG4UV4rvYJpmk9YDA2e+cy+Xe13mEyEN400pLS2vrK6V1ysbm1vbO+ru3r0II46whUI/5B0XCuyTAFuSSB93GMeQuj5uu6Orad5+xFyQMLiTE4Z7FA4C4hEEZYoc1YptTrXr5CGum8ll/jnR7djGEjpjm5PBUELOwyetPkM1W8tMzMbJYpzRxFGrhm5k0haNmZsqyNVy1Fe7H6KI4kAiHwrRNQ0mezHkkiAfJxU7EphBNIIDHNPIlySdWKTZKRLtKEV9zQt5+gKpZbRQB6kQE+qmlRTKoZjPprDm0n9jD08Cygpju5H0Gr2YBCySOECJVklXN+cXXTTWqX6hG7dn1WYjv0EZHIBDcAxMcA6a4Aa0gAUQeAEf4Bv8KM/Ku/KpfM1KS0resw8KUn7/AKq1rH4=</latexit><latexit sha1_base64="DF75CfsYm9oJ1jZ1w6rUfRsOEro=">AAACM3icbZDNSsNAFIUn9a/Wv6hLN8EiuGhjIoJ1IRR04bKCsYWmhsl00g7NJMPMRFtCXsuNL+ArCG4UV4rvYJpmk9YDA2e+cy+Xe13mEyEN400pLS2vrK6V1ysbm1vbO+ru3r0II46whUI/5B0XCuyTAFuSSB93GMeQuj5uu6Orad5+xFyQMLiTE4Z7FA4C4hEEZYoc1YptTrXr5CGum8ll/jnR7djGEjpjm5PBUELOwyetPkM1W8tMzMbJYpzRxFGrhm5k0haNmZsqyNVy1Fe7H6KI4kAiHwrRNQ0mezHkkiAfJxU7EphBNIIDHNPIlySdWKTZKRLtKEV9zQt5+gKpZbRQB6kQE+qmlRTKoZjPprDm0n9jD08Cygpju5H0Gr2YBCySOECJVklXN+cXXTTWqX6hG7dn1WYjv0EZHIBDcAxMcA6a4Aa0gAUQeAEf4Bv8KM/Ku/KpfM1KS0resw8KUn7/AKq1rH4=</latexit><latexit sha1_base64="DF75CfsYm9oJ1jZ1w6rUfRsOEro=">AAACM3icbZDNSsNAFIUn9a/Wv6hLN8EiuGhjIoJ1IRR04bKCsYWmhsl00g7NJMPMRFtCXsuNL+ArCG4UV4rvYJpmk9YDA2e+cy+Xe13mEyEN400pLS2vrK6V1ysbm1vbO+ru3r0II46whUI/5B0XCuyTAFuSSB93GMeQuj5uu6Orad5+xFyQMLiTE4Z7FA4C4hEEZYoc1YptTrXr5CGum8ll/jnR7djGEjpjm5PBUELOwyetPkM1W8tMzMbJYpzRxFGrhm5k0haNmZsqyNVy1Fe7H6KI4kAiHwrRNQ0mezHkkiAfJxU7EphBNIIDHNPIlySdWKTZKRLtKEV9zQt5+gKpZbRQB6kQE+qmlRTKoZjPprDm0n9jD08Cygpju5H0Gr2YBCySOECJVklXN+cXXTTWqX6hG7dn1WYjv0EZHIBDcAxMcA6a4Aa0gAUQeAEf4Bv8KM/Ku/KpfM1KS0resw8KUn7/AKq1rH4=</latexit><latexit sha1_base64="DF75CfsYm9oJ1jZ1w6rUfRsOEro=">AAACM3icbZDNSsNAFIUn9a/Wv6hLN8EiuGhjIoJ1IRR04bKCsYWmhsl00g7NJMPMRFtCXsuNL+ArCG4UV4rvYJpmk9YDA2e+cy+Xe13mEyEN400pLS2vrK6V1ysbm1vbO+ru3r0II46whUI/5B0XCuyTAFuSSB93GMeQuj5uu6Orad5+xFyQMLiTE4Z7FA4C4hEEZYoc1YptTrXr5CGum8ll/jnR7djGEjpjm5PBUELOwyetPkM1W8tMzMbJYpzRxFGrhm5k0haNmZsqyNVy1Fe7H6KI4kAiHwrRNQ0mezHkkiAfJxU7EphBNIIDHNPIlySdWKTZKRLtKEV9zQt5+gKpZbRQB6kQE+qmlRTKoZjPprDm0n9jD08Cygpju5H0Gr2YBCySOECJVklXN+cXXTTWqX6hG7dn1WYjv0EZHIBDcAxMcA6a4Aa0gAUQeAEf4Bv8KM/Ku/KpfM1KS0resw8KUn7/AKq1rH4=</latexit><latexit sha1_base64="DF75CfsYm9oJ1jZ1w6rUfRsOEro=">AAACM3icbZDNSsNAFIUn9a/Wv6hLN8EiuGhjIoJ1IRR04bKCsYWmhsl00g7NJMPMRFtCXsuNL+ArCG4UV4rvYJpmk9YDA2e+cy+Xe13mEyEN400pLS2vrK6V1ysbm1vbO+ru3r0II46whUI/5B0XCuyTAFuSSB93GMeQuj5uu6Orad5+xFyQMLiTE4Z7FA4C4hEEZYoc1YptTrXr5CGum8ll/jnR7djGEjpjm5PBUELOwyetPkM1W8tMzMbJYpzRxFGrhm5k0haNmZsqyNVy1Fe7H6KI4kAiHwrRNQ0mezHkkiAfJxU7EphBNIIDHNPIlySdWKTZKRLtKEV9zQt5+gKpZbRQB6kQE+qmlRTKoZjPprDm0n9jD08Cygpju5H0Gr2YBCySOECJVklXN+cXXTTWqX6hG7dn1WYjv0EZHIBDcAxMcA6a4Aa0gAUQeAEf4Bv8KM/Ku/KpfM1KS0resw8KUn7/AKq1rH4=</latexit>



Dispersion (4) F(kF )
<latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit>

D(kD)
<latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit><latexit sha1_base64="HIjdvV02CofnGfBSr0ThJSsGF3Q=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbuwssJ1g3WMdIsnaFJGpJUGaUP4Y3ileLT+Aq+jd3sTacHAoffOeHLl0Ayqo3jfFuVldW19Y3qZm1re2d3r75/cK/jRGHi4ZjFahAgTRgVxDPUMDKQiiAeMNIPout53n8kStNY3JmZJCOOpoKGFCOTIz/1Fbe7WTMad0/H9YbTchay/xq3MA0o1BvXv/xJjBNOhMEMaT10HWlGKVKGYkaymp9oIhGO0JSkPGGGqvipTBfvz+yTHE3sMFb5EcZe0FIPca1nPMibHJkHvZzN4VnA/41DMhNclsYOExO2RykVMjFE4Myu5au7y4v+Nd5566rl3F40Ou3iD6pwBMfQBBcuoQM30AMPMEh4gXf4sCLr2Xq13n6rFau4cwglWZ8/3GCNLQ==</latexit>

F(kF )
<latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit><latexit sha1_base64="envn0pPSszX+KWVkb7nvnwBC0ew=">AAAB6HicbZDfSsMwGMW/zn9z/pt66U1xCBNktCI47wbC8HKCdYN1jDRLZ2iShiRVRulDeKN4pfg0voJvYzd70+mBwOF3TvjyJZCMauM431ZlZXVtfaO6Wdva3tndq+8f3Os4UZh4OGaxGgRIE0YF8Qw1jAykIogHjPSD6Hqe9x+J0jQWd2YmyYijqaAhxcjkyE99xe1u1ozG3dNxveG0nIXsv8YtTAMK9cb1L38S44QTYTBDWg9dR5pRipShmJGs5ieaSIQjNCUpT5ihKn4q08X7M/skRxM7jFV+hLEXtNRDXOsZD/ImR+ZBL2dzeBbwf+OQzASXpbHDxITtUUqFTAwROLNr+eru8qJ/jXfeumo5txeNTrv4gyocwTE0wYVL6MAN9MADDBJe4B0+rMh6tl6tt99qxSruHEJJ1ucP4lKNMQ==</latexit>

B(L, ✓)
<latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit>

B(L, ✓)
<latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit><latexit sha1_base64="v/mEVyPVGt5Zc7n/+5DpP4W3x/g=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFqFBKIoJ1V3TjwkUFYwttKZPpTTt2fkJmopTSd3CjuFJ8G1/BtzGt2aT1wMDhO2e4c8cPOdPGcX6s3Mrq2vpGfrOwtb2zu1fcP3jQKo4oelRxFbV8opEziZ5hhmMrjJAIn2PTH13P8uYTRpopeW/GIXYFGUgWMEpMgtpX5dtKxwzRkNNeseRUnbnsZeOmpgSpGr3id6evaCxQGsqJ1m3XCU13QiLDKMdpoRNrDAkdkQFORMwNi9Rzls6fP7VPEtS3AxUlRxp7TjM9IrQeCz9pCmKGejGbwYov/o0DHEsRZsa2YxPUuhMmw9igpFO7kKzuLi66bLyz6mXVuTsv1WvpH+ThCI6hDC5cQB1uoAEeUFDwCh/waT1aL9ab9f5XzVnpnUPIyPr6Bf0wjKo=</latexit>

In a FODO cell, now let us consider a horizontal dipole with length L and
the bending angle ✓ in place of the drift space. The on-axis, on-momentum transfer
matrix between the center of QFs in (x, px, z, �) phase space is written as

M =

0
BBBBBBBBBBBBB@

1 . . .
�kF/2 1 . .
. . 1 .
. . . 1

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

1 L . L✓/2
. 1 . ✓
�✓ �L✓/2 1 .
. . . 1

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

1 . . .
kD/2 1 . .
. . 1 .
. . . 1

1
CCCCCCCCCCCCCA

⇥

0
BBBBBBBBBBBBB@

1 L . L✓/2
. 1 . ✓
�✓ �L✓/2 1 .
. . . 1

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

1 . . .
�kF/2 1 . .
. . 1 .
. . . 1

1
CCCCCCCCCCCCCA

=

0
BBBBBBBBBBBBBBBBBBBBBBBB@

Mx

.
(cD + 4)L✓

2
. �

(cD + 4)(cF � 2)✓
4

(cD + 4)(cF � 2)✓
4

�
(cD + 4)L✓

2
. .

1 �
(4 + cD)L✓2

4
. 1

1
CCCCCCCCCCCCCCCCCCCCCCCCA

, (57)

where Mx is the 2 by 2 matrix of FODO given by Eq.(44).
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In the case of a FODO with dipoles and the one-turn transfer matrix for x, z
planes are expressed as

M =

0
BBBBBBBBBBBBB@

M11 M12 . M16

M21 M22 . M26

�M11M26 + M21M16 �M12M26 + M22M16 1 M56

. . . 1

1
CCCCCCCCCCCCCA
. (60)

Then this matrix M is semi-diagonalized by a matrix

D =

0
BBBBBBBBBBBBB@

1 . . ⌘x

. 1 . ⌘px

�⌘px ⌘x 1 .
. . . 1

1
CCCCCCCCCCCCCA

as D�1MD =

0
BBBBBBBBBBBBB@

M11 M12 . .
M21 M22 . .
. . 1 MD56

. . . 1

1
CCCCCCCCCCCCCA

(61)

with

⌘x =
(1 � M22)M16 + M12M26

4 sin2(µx/2)
,

⌘px =
M21M16 + (1 � M11)M26

4 sin2(µx/2)
,

(62)

where we have used M11 + M22 = 2 cos µx from Eq. (45).
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In the case of the FODO transfer matrix Eq. (57), the solution Eq, (62) is

⌘x =
(4 + cD)L✓

2(cF � cD) + cFcD
(63)

=
2L + �x sin µx

4 sin2(µx/2)2
✓ , (64)

⌘px = 0 , (65)

then the matrix M is semi-diagonalized as

D�1MD =

0
BBBBBBBBBBBBBBBB@

Mx
. .
. .

. .

.
1

(cF � 4)⌘x✓

2
. 1

1
CCCCCCCCCCCCCCCCA

(66)

We will discuss the nature of MD56 in the matrix Eq. (61) later.
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Dispersion (5)

In the case of the FODO transfer matrix Eq. (57), the solution Eq, (62) is

⌘x =
(4 + cD)L✓

2(cF � cD) + cFcD
(63)

=
2L + �x sin µx

4 sin2(µx/2)2
✓ , (64)

⌘px = 0 , (65)

the matrix M is semi-diagonalized as

D�1MD =

0
BBBBBBBBBBBBBBBB@

Mx
. .
. .

. .

.
1

(cF � 4)⌘x✓

2
. 1

1
CCCCCCCCCCCCCCCCA

(66)

We will discuss the nature of MD56 in the matrix Eq. (60) later.
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In this case, the betatron coordinates by Eq. (59) are written as

x� = x � ⌘x� , (67)
px� = px � ⌘px� , (68)
z� = z + ⌘pxx � ⌘x px , (69)

and other variables are unchanged.

In this special case, the resulting 2 by 2 transfer matrix Mx in Eq. (66) did not
change, but in the z-plane, the 2 by 2 matrix or Mz� in Eq. (66) has changed.

Note that such a simple decoupling by dispersions as Eqs. (67–69) is only
possible when there is no acceleration in the beam line. If there is an RF cavity in
a non-dispersive location in a beam line, the x-z coupling requires more parameters
to decouple. The resulting 2 by 2 matrices will not preserve the forms of Eq. (66),
in such a general case.
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This transfer matrix has nonzero Mx,�, Mpx,�, Mz,x,Mz,px components, which
means a coupled motion between x- and z- planes.

In general, any stable coupled symplectic matrix M can be decomposed into
a non-coupled semi-diagonal matrix consisting of 2 by 2 matrices Mx,y,z by

D�1MD =

0
BBBBBBBB@

Mx . .
. My .
. . Mz

1
CCCCCCCCA , (58)

where D is a symplectic matrix.

This means that any stable coupled motion can be decoupled into 1D motions,
by the choice of variables by the matrix D by

0
BBBBBBBBBBBBBBBBBBBBBBB@

x�
px�

y�
py�

z�
��

1
CCCCCCCCCCCCCCCCCCCCCCCA

= D�1

0
BBBBBBBBBBBBBBBBBBBBBBB@

x
px

y
py

z
�

1
CCCCCCCCCCCCCCCCCCCCCCCA

(59)

where the lhs are the uncoupled coordinates, or betatron coordinates, for which we
can define the Twiss parameters in a usual way of a 1D motion.
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physical to normal at s normal to physical at s1

After obtained the dispersions at a particular location s = s1 of a beam line, it
is possible to transfer the dispersion at s1 to another location s in the beam line.

Let us denote the transfer matrix from s1 to s by M(s).

The decoupling matrix D(s) should be chosen to semi-diagonalize M(s) to
MD(s) as:

D(s)�1M(s)D = MD(s) =

0
BBBBBBBB@

Mx(s) . .
. My(s) .
. . Mz(s)

1
CCCCCCCCA , (70)

where Mx,y,z(s) are the 2 by 2 transfer matrices from s1 to s.
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Dispersion along a beam line



It is possible to transfer the dispersion at one location s1 of the beam line
to other location s. Let us denote the transfer matrix from s1 to s by M(s). The
decoupling matrix D(s) should be chosen to semi-diagonalize M(s) to MD(s) as:

D(s)�1M(s)D = MD(s) =

0
BBBBBBBB@

Mx(s) . .
. My(s) .
. . Mz(s)

1
CCCCCCCCA , (70)

where Mx,y,z(s) are the 2 by 2 transfer matrices from s1 to s.
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In the case of a simple dispersion in x-z plane, M(s) is expressed as

M(s) =

0
BBBBBBBBBBBBB@

M11 M12 . M16

M21 M22 . M26

�M11M26 + M21M16 �M12M26 + M22M16 1 M56

. . . 1

1
CCCCCCCCCCCCCA
. (71)

Then the matrix D(s) is written as

D(s) =

0
BBBBBBBBBBBBB@

1 . . ⌘x(s)
. 1 . ⌘px(s)

�⌘px(s) ⌘x(s) 1 .
. . . 1

1
CCCCCCCCCCCCCA

(72)

with dispersions at s:

⌘x(s) = M11⌘x + M12⌘px + M16 ,

⌘px(s) = M21⌘x + M22⌘px + M26 .
(73)

Above means that the the dispersions (⌘x(s), ⌘px(s)) behave in the same way
as variables (x, px) when the inhomogeneous terms M16 and M26 are zero.
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Dispersion along a beam line (2)



@ 
QF

Dispersion in a FODO cell

β-functions and dispersions with various phase advances (μx = μy)
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Dispersion in a ring

In the case of a FODO with dipoles and the one-turn transfer matrix for x, z
planes are expressed as

M =

0
BBBBBBBBBBBBB@

M11 M12 . M16

M21 M22 . M26

�M11M26 + M21M16 �M12M26 + M22M16 1 M56

. . . 1

1
CCCCCCCCCCCCCA
. (60)

Then this matrix M is semi-diagonalized by a matrix

D =

0
BBBBBBBBBBBBB@

1 . . ⌘x

. 1 . ⌘px

�⌘px ⌘x 1 .
. . . 1

1
CCCCCCCCCCCCCA

as D�1MD =

0
BBBBBBBBBBBBB@

M11 M12 . .
M21 M22 . .
. . 1 MD56

. . . 1

1
CCCCCCCCCCCCCA

(61)

with

⌘x =
(1 � M22)M16 + M12M26

4 sin2(µx/2)
,

⌘px =
M21M16 + (1 � M11)M26

4 sin2(µx/2)
,

(62)

where we have used M11 + M22 = 2 cos µx from Eq. (45).
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If we put s = C + s1 in Eq. (73), then M(s) becomes the one-turn transfer
matrix M in Eq. (60), and

⌘x = M11⌘x + M12⌘px + M16 ,

⌘px = M21⌘x + M22⌘px + M26 ,
(74)

by the periodic condition (⌘x(s), ⌘px(s)) = (⌘x, ⌘px).

The solution of Eqs. (74) is identical to the solution of semi-diagonalization,
Eqs. (62).
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In the case of a simple dispersion in x-z plane, M(s) is expressed as

M(s) =

0
BBBBBBBBBBBBB@

M11 M12 . M16

M21 M22 . M26

�M11M26 + M21M16 �M12M26 + M22M16 1 M56

. . . 1

1
CCCCCCCCCCCCCA
. (71)

Then the matrix D(s) is written as

D(s) =

0
BBBBBBBBBBBBB@

1 . . ⌘x(s)
. 1 . ⌘px(s)

�⌘px(s) ⌘x(s) 1 .
. . . 1

1
CCCCCCCCCCCCCA

(72)

with dispersions at s:

⌘x(s) = M11⌘x + M12⌘px + M16 ,

⌘px(s) = M21⌘x + M22⌘px + M26 .
(73)

Above means that the the dispersions (⌘x(s), ⌘px(s)) behave in the same way
as variables (x, px) when the inhomogeneous terms M16 and M26 are zero.
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Consider a FODO with dipoles having the cell transfer matrix for x, z planes:

M =

0
BBBBBBBBBBBBB@

M11 M12 . M16

M21 M22 . M26

�M11M26 + M21M16 �M12M26 + M22M16 1 M56

. . . 1

1
CCCCCCCCCCCCCA
. (60)

The matrix M is semi-diagonalized by another matrix

D =

0
BBBBBBBBBBBBB@

1 . . ⌘x

. 1 . ⌘px

�⌘px ⌘x 1 .
. . . 1

1
CCCCCCCCCCCCCA

as D�1MD =

0
BBBBBBBBBBBBB@

M11 M12 . .
M21 M22 . .
. . 1 MD56

. . . 1

1
CCCCCCCCCCCCCA

(61)

with

⌘x =
(1 � M22)M16 + M12M26

4 sin2(µx/2)
,

⌘px =
M21M16 + (1 � M11)M26

4 sin2(µx/2)
,

(62)

where we have used M11 + M22 = 2 cos µx from Eq. (45).
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Then the resulting semi-diagonal matrix MD(s) becomes

MD(s) =

0
BBBBBBBBBBBBB@

M11 M12 . .
M21 M22 . .
. . 1 MD56

. . . 1

1
CCCCCCCCCCCCCA
, (75)

MD56 = (M21⌘x + M22⌘px)M16 � (M11⌘x + M12⌘px)M26 + M56 ,

= ⌘px(s)M16 � ⌘x(s)M26 + M56 , (76)

where we have used Eq. (73).

Let us consider a small portion of a beam line whose transfer matrix is given
by �M. According to Eq. (76), the change of MD56 is written as

�MD56 = ⌘px(s)�M16 � ⌘x(s)�M26 + �M56 . (77)

Thus the component MD56 changes only when there are non-zero �M16, �M26,
�M56. Thus MD56 does not change in drift spaces nor multipole magnets at least
for an on-momentum & on-axis orbit, where M⇤6 = 0.

28

Momentum compactionIn the case of a simple dispersion in x-z plane, M(s) is expressed as
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It is possible to transfer the dispersion at one location s1 of the beam line
to other location s. Let us denote the transfer matrix from s1 to s by M(s). The
decoupling matrix D(s) should be chosen to semi-diagonalize M(s) to MD(s) as:

D(s)�1M(s)D = MD(s) =

0
BBBBBBBB@

Mx(s) . .
. My(s) .
. . Mz(s)

1
CCCCCCCCA , (70)

where Mx,y,z(s) are the 2 by 2 transfer matrices from s1 to s.
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In the case of a dipole with a small length L = ds and a bending angle ✓ =
ds/⇢, the transfer matrix Eq. (29) becomes

�M =

0
BBBBBBBBBBBBBBBBBBBBBB@

1 ds . .

. 1 .
ds
⇢

�
ds
⇢

. 1 .

. . . 1

1
CCCCCCCCCCCCCCCCCCCCCCA

+ O(ds)2 . (78)

Then if we plug in above into Eq. (77), the change of �MD56 is written as

dMD56 = �⌘xs
ds
⇢
. (79)

By integrating above, we obtain an expression for MD56:

MD56 = �

Z
⌘x(s)
⇢(s)

ds . (80)

For a storage ring, the quantity M56 is sometimes expressed in terms of the ratio to
the circumference C as

↵p ⌘ �
MD56

C
=

1
C

I
⌘x(s)
⇢(s)

ds , (81)

where the ratio ↵p is called momentum compaction factor.
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Momentum compaction (2) 
The transfer matrix for a flat dipole can be obtained by di↵erentiating above.

For an on-axis particle (x0, px0, y0, py0) = (0, 0, 0, 0) with a small bending angle
✓ ⌧ 1, it is written as

M =

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
L

1 + �
. . .

L✓
2(1 + �)2

. 1 . . . ✓

. . 1
L

1 + �
. .

. . . 1 . .

�✓ �
L✓(1 + 2�)
2(1 + �)2 . . 1

v � vd

vd
L

. . . . . 1

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

+ O(✓)2 , (29)

where L ⌘ ⇢✓. If we compare this with the transfer matrix for a drift, the di↵erences
are the non-zero M16,M26,M51,M52 components, which are related to dispersions,
and will be discussed later.

Except for these terms, the transfer matrix of a flat, small-bending dipole
is just equal to that of the drift space Eq. (10) with the length L, including the
chromatic behavior.
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Then the resulting semi-diagonal matrix MD(s) becomes
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Let us consider a ring with an RF cavity with the voltage Vc and the phase �RF

at a dispersion-free location. Using Eq. (40), the one-turn, on-axis transfer matrix
Mz in z-plane from the center of the cavity is written as:

Mz =

 
1 .

kz/2 1

!  
1 �↵pC
. 1

!  
1 .

kz/2 1

!
=

0
BBBBBBBBBBB@

1 �
↵pCkz

2
�↵pC

kz �
↵pCk2

z

4
1 �
↵pCkz

2

1
CCCCCCCCCCCA
, (82)

with kz =
!RF

v2

eVc

cPd
cos �RF . (83)

By equating Mz with the representation by Twiss parameters

Mz =

0
BBBBBBBB@

cos µz + ↵z sin µz �z sin µz
1 + ↵2

z

�z
sin µz cos µz � ↵z sin µz

1
CCCCCCCCA , (84)

we obtain at the middle of the RF cavty:

↵z = 0 ,

cos µz = 1 �
↵pCkz

2
,

�z = �
↵pC
sin µz

.

(85)

Note that ↵pkz > 0 for the stability, and µz < 0 for ↵p > 0.

In the case of |µz| ⌧ 1, ↵z and �z are nealy constant over the ring, and:

µ2
z ⇡ ↵pCkz , �z ⇡ �

↵p

µz
C . (86)
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Synchrotron motion 

A thin accelerating RF cavity can be expressed by a Hamiltonian, consisting
of only Az:

H =
eVc

cPd!RF
cos
✓
�!RF

z
v
+ �RF

◆
�(s) (38)

=
eVc

cPd!RF
cos (!RF(t � t0RF) + �RF) �(s) , (39)

where Vc, !RF, �RF, and t0RF are the peak accelerating voltage, angular frequency,
RF phase, and the design arrival time of the cavity.

The resulting transformation for the RF cavity is:

E = E0 +
eVc

cPd
sin
✓
�!RF

z
v
+ �RF

◆
, (40)

and the change of z, and � are calculated from their definitions:

E2 =
m2c4

c2 p2
d

+ (1 + �)2 , z = �
1 + �

E
c(t � t0RF) . (41)

Since the RF cavity is expressed by Hamiltonian, the emittance is preserved in each
plane.

15

A thin accelerating RF cavity can be expressed by a Hamiltonian, consisting
of only Az:

H =
eVc

cPd!RF
cos
✓
�!RF

z
v
+ �RF

◆
�(s) (38)

=
eVc

cPd!RF
cos (!RF(t � t0RF) + �RF) �(s) , (39)

where Vc, !RF, �RF, and t0RF are the peak accelerating voltage, angular frequency,
RF phase, and the design arrival time of the cavity.

The resulting transformation for the RF cavity is:

E = E0 +
eVc

cPd
sin
✓
�!RF

z
v
+ �RF

◆
, (40)

and the change of z, and � are calculated from their definitions:

E2 =
m2c4

c2 p2
d

+ (1 + �)2 , z = �
1 + �

E
c(t � t0RF) . (41)

Since the RF cavity is expressed by Hamiltonian, the emittance is preserved in each
plane.

15



Due to the relativistic kinematics, an ultra-relativistic
particle can only radiate within an angle 1/�.

Then the pulse length of the radiation observed at a
location far from the ring can be estimated by the time
di↵erence between the particle and the light:

�t ⇡
⇢/�

v
�
⇢ sin 1/�

c
(87)

⇡
2⇢

3�3c
. (88)

The energy of the photon should be characterized by
critical energy using the uncertainty principle:

uc =
~

�t
=

3
2
�3~c
⇢
=

3
2
�3mc2

 
re

↵⇢

!
, (89)

where ↵ and re are the fine structure constant and the
classical electron radius, respectively.
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Overview of synchrotron radiation
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Most basic characteristics of the radiation, concerning to the beam, are rep-
resented by the following formulas: The expected number of photons in a bending
angle �:

hNi =
5

2
p

3
↵�� . (90)

The expected value of photon energy and the square of photon energy:

hui =
8

15
p

3
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hu2
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c . (92)

The expected energy loss per an angle �:
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3
�4mc2

 
re

⇢

!
� . (93)

The expected energy spread per an angle �:
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Overview of synchrotron radiation (2)



Let us denote the amount of the momentum loss, normalized by the design
momentum Pd, in a small section of a beam line by �dW(x, y, �; s). As we have
seen, dW is expressed by

dW =
hNihui

cPd
. (95)

We obtain the energy loss per revolution by integrating dW at the standard orbit:

U0 = cPd

I
dWd =

C�
2⇡

E4
d

I
1
⇢2 ds , (96)

where Ed ⇡ cPd and

C� ⌘
4⇡
3

re

(mc2)3 . (97)

If the bending radius is constant, ⇢ = ⇢0, along the ring,

U0 = C�
E4

d

⇢0
= 88.5[keV] ⇥

Ed[GeV]4

⇢0[m]
. (98)

Table 1: One-turn energy loss U0 for FCC-ee.

Beam Energy Ed [GeV] 45.6 182.5
Bending radius ⇢0 [m] 10760
Energy loss / turn U0 [MeV] 35.6 9124
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Overview of synchrotron radiation (3)



If the system emits k uncorrelated photons randomly, its probability is given by

�k =
hNik

k!
exp(�hNi) . (99)

Note that
1X

k=0

�k = 1 ,
1X

k=0

k�k = hNi . (100)

The beam energy changes as

Ek = E0 �

kX

i

ui , (101)

hE2
ki = E2

0 � 2E0

* kX

i=1

ui

+
+

* kX

i=1

kX

j=1

uiu j

+

= E2
0 � 2kE0hui + k(k � 1)hui2 + khu2

i . (102)

Then

hE2
i =

1X

k=0

�khE2
ki

= E2
0 � 2E0hNihui +

1X

k=0

k(k � 1)
hNik

k!
exp(�hNi)hu2

i + hNihu2
i

= E2
0 � 2E0hNihui + hNi2hui2 + hNihu2

i

= hEi2 + hNihu2
i . (103)
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⟨E⟩ = E0 − ⟨N⟩⟨u⟩
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Most basic characteristics of the radiation, concerning to the beam, are rep-
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Hereafter we assume the particle is ultra-relativistic, ie., � � 1. The e↵ects
of radiation or emission of photons on the particle motion are characterized as:

• The position of a particle does not change due to radiation.

• The radiation is almost in the same direction of the particle momenta, within
an angular deviation . 1/�, The angular divergence will be omitted below for
the time being.

• Thus the particle almost does not change the direction of motion. The changes
of the momenta are expressed as

P! P � u/c , Px,y ! Px,y �
u
c

Px,y

P
. (104)

• The emission of photons is a totally random process. It is not possible to tell
when and where a particle emits a photon. Each amount of photon is also
stochastic under a given probability distribution.
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Effects of radiation on the beam motion

Hereafter we assume the particle is ultra-relativistic, ie., � � 1. The
e↵ects of radiation or emission of photons on the particle motion are charac-
terized as:

• The position of a particle does not change due to radiation.

• The radiation is almost in the same direction of the particle momenta,
within an angular deviation . 1/�.

• Thus the particle almost does not change the direction of motion. The
changesf the momenta are expressed as

P ! P � u/c, Px,y ! Px,y �
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cP
Px,y . (98)

• The emission is a totally random process. It is not possible tell when a
particle emits a photon. Each amount of photon is also stochastic under
a probability distribution.
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Now let us consider a particle having small deviations (x, px, y, py, z, �) from
the standard orbit, where the radiation is given by dWd.

Then the change of momenta relative to the standard orbit due to radiation are
written as

d� = �(dW � dWd)

= �
@dW
@�
� �
@dW
@x

x �
@dW
@y

y , (105)

dpx,y = �(dW px,y � dWd px,y;d) (106)
= �dW px,y , (107)

where we have assumed the momentum components at the standard orbit px,y;d are
zero.

In a simple case with
@dW
@x
=
@dW
@y
= 0, the equations above become

d� = �
@dW
@�
� , dpx,y = �dW px,y , (108)

which means a local damping of the momenta around the standard orbit.
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Local radiation damping



In the case of a uniform (transverse) magnetic field B, the momentum loss in
a length ds is expressed as

dW = �
hNihui

cPd
(109)

/ P2B2ds0 / (1 + �)2 (110)

using Eq.(93) with � = ds0/⇢ and P = (1 + �)Pd = eB⇢. Here we have introduced
the orbit length ds0, which will be described later.

Then the momentum damping coe�cient in Eq. (108) is written as

@dW
@�
= 2dW , (111)

which means the longitudinal damping rate is twice faster than the transverse ones
in this simple case.
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Most basic characteristics of the radiation, concerning to the beam, are rep-
resented by the following formulas: The expected number of photons in a bending
angle �:
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Most basic characteristics of the radiation, concerning to the beam, are rep-
resented by the following formulas: The expected number of photons in a bending
angle �:
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Local radiation damping (2)

Now consider a particle having small deviations (x, px, y, py, z, �) from the
standard orbit, where the radiation is given by dW0.

Then the change of momentum relative to the standard orbit due to radiation
are written as

d� = �(dW � dW0)

= �
@dW
@�
� �
@dW
@x

x �
@dW
@y

y , (100)

dpx,y = �(dW px,y � dW0 px,y;0) (101)
= �dW px,y , (102)

where we have assumed px,y;0 = 0.

In a simple case with @dW
@x =

@dW
@y = 0, the equations above become

d� = �
@dW
@�
� , dpx,y = �dW px,y , (103)

which means a local damping of the momenta around the standard orbit.
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If there are dispersions, the motion should be considered in the betatron coor-
dinates instead of physical coordinates:

0
BBBBBBBBBBBBB@

x�
px�

y�
py�

1
CCCCCCCCCCCCCA
=

0
BBBBBBBBBBBBB@

x
px

y
py

1
CCCCCCCCCCCCCA
�

0
BBBBBBBBBBBBB@

⌘x

⌘px

⌘y

⌘py

1
CCCCCCCCCCCCCA
� (112)

as well as

z� = z + ⌘px x � ⌘x px + ⌘pyy � ⌘y py . (113)

Since we know the physical position (x, y, z) does not change due to radiation:

dx = dy = dz = 0 , (114)

we obtain

d� = �
@dW
@x

(x� + ⌘x�) �
@dW
@y

(y� + ⌘y�) �
@dW
@�
� ,

dx� = �⌘xd� ,
dpx� = �dW(px� + ⌘px�) � ⌘pxd� ,
dy� = �⌘yd� ,

dpy� = �dW(py� + ⌘py�) � ⌘pyd� ,
dz� = ⌘pxdx� � ⌘xdpx� + ⌘pydy� � ⌘ydpy� .

(115)
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Effects of dispersion on damping



The e↵ect of radiation in the previous equation can be expressed by a matrix:

0
BBBBBBBBBBBBBBBBBBBBBBB@

dx�
dpx�

dy�
dpy�

dz�
d�

1
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= dRD
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@x ⌘x . @dW

@y ⌘x . . �dRD66⌘x
@dW
@x ⌘px �dW @dW

@y ⌘px . . �(dRD66 + dW)⌘px
@dW
@x ⌘y . @dW

@y ⌘y . . �dRD66⌘y
@dW
@x ⌘py . @dW

@y ⌘py �dW . �(dRD66 + dW)⌘py

. dW⌘x . dW⌘y . dW(⌘x⌘px + ⌘y⌘py)
�
@dW
@x . �
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(116)

dRD66 = �
@dW
@x
⌘x �

@dW
@y
⌘y �

@dW
@�
. (117)

Then the local damping rates dx,y,z are calculated by the diagonal parts of dRD:

dx = �
dRD11 + dRD22

2
=

1
2

 
dW �

@dW
@x
⌘x

!
,

dy = �
dRD33 + dRD44

2
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1
2

 
dW �

@dW
@y
⌘y

!
,

dz = �
dRD55 + dRD66

2
=

1
2

 
@dW
@x
⌘x +

@dW
@y
⌘y + 2dW

!
,

(118)

where we have used Eq. (111).

Note that dx + dy + dz = 2dW.
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In the case of a uniform (transverse) magnetic field B, the momentum loss in
a length ds is expressed as

dW = �
hNihui

cPd

/ P2B2ds0 / (1 + �)2 (104)

using Eq.(88) with � = ds0/⇢ and P = (1 + �)Pd = eB⇢. Here we have introduced
the orbit length ds0, which will be described later.

Then the momentum damping coe�cient in Eq. (103) is written as

@dW
@�
= 2dW , (105)

which means the longitudinal damping rate is twice faster than the transverse ones
in the simple case.
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In the case of a uniform (transverse) magnetic field B, the momentum loss in
a length ds is expressed as

dW = �
hNihui

cPd
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Effects of dispersion on damping (2)



We can integrate the local damping decrements Eq. (118) all over the ring to
obtain the damping rate per revolution. We also assume there is no x-y coupling
nor more complicated betatron-synchrotron couplings beyond that expressed by the
dispersions.

The local momentum loss dW is expressed as

dW =
hNihui

cPd

=
2
3
�3

0ree2(1 + �)2B2ds0 , (119)

with the orbit length ds0

ds0 =
 
1 +

x
⇢x
+

y
⇢y

!
ds , (120)

where ⇢x = �Pd/eBy and ⇢y = Pd/eBy are the bending radius in each plane, and
B2 = B2

x + B2
y .
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Radiation damping per revolution

The e↵ect of radiation in the previous equation can be expressed by a matrix:
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where we have used Eq. (111).

Note that dx + dy + dz = 2dW.
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Most basic characteristics of the radiation, concerning to the beam, are rep-
resented by the following formulas: The expected number of photons in a bending
angle �:
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Most basic characteristics of the radiation, concerning to the beam, are rep-
resented by the following formulas: The expected number of photons in a bending
angle �:

hNi =
5

2
p

3
↵�� . (90)

The expected value of photon energy and the square of photon energy:

hui =
8

15
p

3
uc , (91)

hu2
i =

11
27

u2
c . (92)

The expected energy loss per an angle �:

h�Ei = �hNihui = �
2
3
�4mc2

 
re

⇢

!
� . (93)

The expected energy spread per an angle �:

h�E2
i = hE2

i � hEi2 = hNihu2
i =

55
24
p

3
�7

↵
m2c4

 
re

⇢

!2

� . (94)

32



We obtain the derivatives of dW in Eq. (118), on the standard orbit where
(x, px, y, py, z, �) = 0. Using Eqs. (119,120), they are written as:

1
dW
@dW
@x
=

1
⇢x
+

2By

B2

@By

@x
, (121)

1
dW
@dW
@y
=

1
⇢y
+

2Bx

B2

@Bx

@y
, (122)

1
dW
@dW
@�
= 2. (123)

We have omitted skew-focusing components
@Bx

@x
and
@By

@y
, which can cause x-y

coupling.

Thus the damping decrement per revolution at the standard orbit becomes

x =

I
dx =

I  
1 �
⌘x

⇢x
� 2⌘x

By

B2

@By

@x

!
dWd

2
, (124)

y =

I
dy =

I  
1 �
⌘y

⇢y
� 2⌘y

Bx

B2

@Bx

@y

!
dWd

2
, (125)

z =

I
dy =

I  
2 +
⌘x

⇢x
+
⌘y

⇢y
+ 2⌘x

By

B2

@By

@x
+ 2⌘y

Bx

B2

@Bx

@y

!
dWd

2
. (126)

where dWd =
C�
2⇡c

E3
d

1
⇢2 ds, as shown in Eq. (96).
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Let us denote the amount of the momentum loss, normalized by the design
momentum Pd, in a small section of a beam line by �dW(x, y, �; s). As we have
seen, dW is expressed by

dW =
hNihui

cPd
. (90)

We obtain the energy loss per revolution by integrating dW at the standard orbit:

U0 = cPd

I
dWd =

C�
2⇡

E4
d

I
1
⇢2 ds , (91)

where Ed ⇡ cPd and

C� ⌘
4⇡
3

re

(mc2)3 . (92)

If the bending radius is constant, ⇢ = ⇢0, along the ring,

U0 = C�
E4

d

⇢0
= 88.5[keV] ⇥

Ed[GeV]4

⇢0[m]
. (93)

Table 1: One-turn energy loss U0 for FCC-ee.

Beam Energy Ed [GeV] 45.6 182.5
Bending radius ⇢0 [m] 10760
Energy loss / turn U0 [MeV] 35.6 9124
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Radiation damping per revolution (2)

The e↵ect of radiation in the previous equation can be expressed by a matrix:

0
BBBBBBBBBBBBBBBBBBBBBBB@

dx�
dpx�

dy�
dpy�

dz�
d�

1
CCCCCCCCCCCCCCCCCCCCCCCA

= dRD

0
BBBBBBBBBBBBBBBBBBBBBBB@

x�
px�

y�
py�

z�
�

1
CCCCCCCCCCCCCCCCCCCCCCCA

=

0
BBBBBBBBBBBBBBBBBBBBBBBBBB@

@dW
@x ⌘x . @dW

@y ⌘x . . �dRD66⌘x
@dW
@x ⌘px �dW @dW

@y ⌘px . . �(dRD66 + dW)⌘px
@dW
@x ⌘y . @dW

@y ⌘y . . �dRD66⌘y
@dW
@x ⌘py . @dW

@y ⌘py �dW . �(dRD66 + dW)⌘py

. dW⌘x . dW⌘y . dW(⌘x⌘px + ⌘y⌘py)
�
@dW
@x . �

@dW
@y . . dRD66

1
CCCCCCCCCCCCCCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBBBBBBBBBBB@

x�
px�

y�
py�

z�
�

1
CCCCCCCCCCCCCCCCCCCCCCCA

,

(116)

dRD66 = �
@dW
@x
⌘x �

@dW
@y
⌘y �

@dW
@�
. (117)

Then the local damping rates dx,y,z are calculated by the diagonal parts of dRD:

dx = �
dRD11 + dRD22

2
=

1
2

 
dW �

@dW
@x
⌘x

!
,

dy = �
dRD33 + dRD44

2
=

1
2

 
dW �

@dW
@y
⌘y

!
,

dz = �
dRD55 + dRD66

2
=

1
2

 
@dW
@x
⌘x +

@dW
@y
⌘y + 2dW

!
,

(118)

where we have used Eq. (111).

Note that dx + dy + dz = 2dW.
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We can integrate the local damping decrements Eq. (113) all over the ring to
obtain the damping rate per revolution. We also assume there is no x-y coupling nor
more complicated betatron-synchrotron couplings beyond expressed by the disper-
sions.

The local momentum loss dW is expressed as

dW =
hNihui

cPd

=
2
3
�3

0ree2(1 + �)2B2ds0 , (114)

with the orbit length ds0

ds0 =
 
1 +

x
⇢x
+

y
⇢y

!
ds , (115)

where ⇢x = �Pd/eBy and ⇢y = Pd/eBy are the bending radius in each plane, and
B2 = B2

x + B2
y .
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We can integrate the local damping decrements Eq. (118) all over the ring to
obtain the damping rate per revolution. We also assume there is no x-y coupling
nor more complicated betatron-synchrotron couplings beyond that expressed by the
dispersions.

The local momentum loss dW is expressed as

dW =
hNihui

cPd

=
2
3
�3

0ree2(1 + �)2B2ds0 , (119)

with the orbit length ds0

ds0 =
 
1 +

x
⇢x
+

y
⇢y

!
ds , (120)

where ⇢x = �Pd/eBy and ⇢y = Pd/eBy are the bending radius in each plane, and
B2 = B2

x + B2
y .
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These damping decrements are expressed in terms of damping partitions Jx,y,z

as:

x,y,z =
Jx,y,z

2

I
dWd =

Jx,y,z

2
U0

cPd
. (127)

Thus

Jx + Jy + Jz = 4 . (128)

In the expressions in Eqs. (124–126), the terms with field gradients
2By

B2

@By

@x
and

2Bx

B2

@Bx

@y
are often zero, in the case of a ring consisting of flat dipoles (* B0 = 0)

and separated quadrupoles (* B = 0 at the design orbit). Also the ratio ⌘x/⇢ is
usually small for a large machine. Then in such a case we can approximate as:

Jx ⇡ Jy ⇡ 1, Jz ⇡ 2 . (129)

More terms in the damping
partitions can arise from the
edge angle of a dipole. Also
a non-zero closed orbit will
change them.
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Radiation damping per revolution (3)

We obtain the derivatives of dW in Eq. (118), on the standard orbit where
(x, px, y, py, z, �) = 0. Using Eqs. (119,120), they are written as:

1
dW
@dW
@x
=

1
⇢x
+

2By

B2

@By

@x
, (121)

1
dW
@dW
@y
=

1
⇢y
+

2Bx

B2

@Bx

@y
, (122)

1
dW
@dW
@�
= 2. (123)

We have omitted skew-focusing components
@Bx

@x
and
@By

@y
, which can cause x-y

coupling.

Thus the damping decrement per revolution at the standard orbit becomes

x =

I
dx =

I  
1 �
⌘x

⇢x
� 2⌘x

By

B2

@By

@x

!
dWd

2
, (124)

y =

I
dy =

I  
1 �
⌘y

⇢y
� 2⌘y

Bx

B2

@Bx

@y

!
dWd

2
, (125)

z =

I
dy =

I  
2 +
⌘x

⇢x
+
⌘y

⇢y
+ 2⌘x

By

B2

@By

@x
+ 2⌘y

Bx

B2

@Bx

@y

!
dWd

2
. (126)

where dWd =
C�
2⇡c

E3
d

1
⇢2 ds, as shown in Eq. (96).
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The stochastic nature of the synchrotron radiation generates beam emittance,
which is the spread of particles in the phase space.

First let us look at the z-plane. From Eq. (94), we can write the increment of
the square of momentum spread in a small section ds as

dAz =
hNihu2

i

c2P2
d

=
55

24
p

3
�5 r2

e

↵

ds
|⇢|3
. (130)

The momentum spread of the beam follows an equation of damping and excitation:

d�2
�

dn
= �2z�2

� +
1
2

I
dAz , (131)

where n is the number of turns.

The factor 1/2 in front of the integral above comes from the synchrotron
oscillation, where the average of �2 is equal to �2

peak/2. We have also assumed the
synchrotron motion is slow (�z ⇡ const.,↵z ⇡ 0).

Using Eq. (127), at the equilibrium the momentum spread becomes

�2
� =

1
4z

I
dA0 =

1
2Jz

cPd

U0

I
dAz (132)

=
Cq

Jz
�2

0

H
1/|⇢|3ds
H

1/⇢2ds
, (133)

where Cq ⌘
55

32
p

3
~

mc
= 0.9923oe.
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These damping decrements are expressed in terms of damping partitions Jx,y,z
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Thus

Jx + Jy + Jz = 4 . (123)

In the expressions in Eqs. (119–121), the terms with field gradients
2By

B2

@By

@x
and

2Bx

B2

@Bx

@y
are often zero, in the case of a ring consisting of flat dipoles (* B0 = 0)

and separated quadrupoles (* B = 0 at the design orbit). Also the ratio ⌘x/⇢ is
usually small for a large machine. Then in such a case we can approximate as:

Jx ⇡ Jy ⇡ 1, Jz ⇡ 2 . (124)

40

Momentum spread

Most basic characteristics of the radiation, concerning to the beam, are rep-
resented by the following formulas: The expected number of photons in a bending
angle �:

hNi =
5

2
p

3
↵�� . (90)

The expected value of photon energy and the square of photon energy:

hui =
8

15
p

3
uc , (91)

hu2
i =

11
27

u2
c . (92)

The expected energy loss per an angle �:

h�Ei = �hNihui = �
2
3
�4mc2

 
re

⇢

!
� . (93)

The expected energy spread per an angle �:

h�E2
i = hE2

i � hEi2 = hNihu2
i =

55
24
p

3
�7

↵
m2c4

 
re

⇢

!2

� . (94)
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The transverse equilibrium emittance can be estimated in a similar way. In
the normalized coordinate

(ux, pux) =
 

x
p
�x
,
p
�x px +

↵x
p
�x

x
!
, (134)

the emittance is equal to the expected value hu2
xi = hp2

uxi.

Then the excitation term dAx, corresponding to dAz for z-plane is

dAx = hdu2
xi + hdp2

uxi (135)
= �xhdx2

�i + ↵xhdx�dpx�i + �xhdp2
x�i , (136)

=
⇣
�x⌘

2
x + 2↵x⌘x⌘px + �x⌘

2
px

⌘
hd�2
i , (137)

= Hxhd�2
i , (138)

where �x = (1 + ↵2
x)/�x, and we have used dx� = �⌘xd� and dpx� = �⌘pxd�. Then

in a similar way as the z-plane, the equilibrium emittance can be obtained as

"x,y =
1

4x,y

I
dAx,y =

1
2Jx,y

cPd

U0

I
dAx,y

=
Cq

Jx,y
�2

0

H
Hx,y/|⇢|3ds
H

1/⇢2ds
, (139)

where

Hx,y ⌘ �x,y⌘
2
x,y + 2↵x,y⌘x,y⌘px,py + �x,y⌘

2
px,py . (140)
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Transverse emittance



The result for the transverse equilibrium emittance Eq. (139) is extendable to
z-plane as:

"z =
Cq

Jz
�2

0

H
Hz/|⇢|3ds
H

1/⇢2ds
, (141)

with

Hz ⌘ �z⌘
2
z + 2↵x,y⌘z⌘� + �z⌘

2
� (142)

⇡ �z , (143)

where we have used ⌘� = 1 and ⌘z ⇡ 0.

From the emittance, the resulting bunch length and the energy spread are
written as

�2
z = �z"z , (144)

�2
� = �z"z =

1 + ↵2
z

�z
"z . (145)

In the case of a slow synchrotron motion, above agree with previous results by
setting �z ⇡ const. = �

↵p

µz
C as in Eq. (86).
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Longitudinal emittance



• The expression for the vertical equilibrium emittance Eq. (139) is only true
when the x-y coupling is zero. It is no longer correct under x-y coupling.

• For instance, if we put a skew quadrupole in a dispersion-free region of a
perfect ring with zero vertical dispersion, the vertical dispersion still remains
zero.

• On the other hand, the vertical emittance can be increased depending on the
magnitude of the skew quadrupole.

• Thus the expressionH† should not refer the dispersions in the physical coor-
dinate, but the dispersions in the betatron coordinate.

There are several ways to express such betatron coordinates (u, pu, v, pv). One
way is

0
BBBBBBBBBBBBB@

u
pu

v
pv

1
CCCCCCCCCCCCCA
= R

0
BBBBBBBBBBBBB@

x
px

y
py

1
CCCCCCCCCCCCCA
=

0
BBBBBBBBBBBBB@

µ . �r4 r2

. µ r3 �r1

r1 r2 µ .
r3 r4 . µ

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

x
px

y
py

1
CCCCCCCCCCCCCA
, (146)

where r1,2,3,4 are the coupling coe�cients at each location s and µ2+(r1r4�r2r3) = 1.
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x-y coupling

The transverse equilibrium emittance can be estimated in a similar way. The
increment of the horizontal action dAx in a small section ds is written as

dAx0 = �xhdx2
�i + ↵xhdx�dpx�i + �xhdp2

x�i , (128)

=
⇣
�x⌘

2
x + 2↵x⌘x⌘px + �x⌘

2
px

⌘
hd�2
i , (129)

= Hxhd�2
i , (130)

where �x = (1 + ↵2
x)/�x, and we have used Eq. (109). Then in a similar way as the

z-plane, the equilibrium emittance can be obtained as

"x,y =
1

4x,y

I
dAx,y;0 =

1
4Jx,y

cPd

U0

I
dAx,y;0

=
Cq

Jx,y
�2

0

H
Hx,y/|⇢|3ds
H

1/⇢2ds
, (131)

where

Hx,y ⌘ �x,y⌘
2
x,y + 2↵x,y⌘x,y⌘px,py + �x,y⌘

2
px,py . (132)
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Then for the functionH we should use dispersions for (u, pu, v, pv)., it ie.,
0
BBBBBBBBBBBBB@

⌘u

⌘pu

⌘v

⌘pv

1
CCCCCCCCCCCCCA
= R

0
BBBBBBBBBBBBB@

⌘x

⌘px

⌘y

⌘py

1
CCCCCCCCCCCCCA
=

0
BBBBBBBBBBBBB@

µ . �r4 r2

. µ r3 �r1

r1 r2 µ .
r3 r4 . µ

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

⌘x

⌘px

⌘y

⌘py

1
CCCCCCCCCCCCCA
, (147)

Thus even with ⌘y = ⌘py = 0, the dispersions in the normal coordinates can be
nonzero due to the x-y coupling.

• Practically such an x-y coupling can arise from the vertical o↵set of sex-
tupoles, which generates skew quadrupole components.

• Usually a sextupole is placed at a location with non-zero horizontal dispersion
for the chromaticity correction, then such a vertical o↵set also produces the
vertical dispersion.

• Thus to reduce the vertical emittance, correcting the vertical dispersion is not
enough and x-y coupling correction through the ring is necessary.
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x-y coupling (2)



unstable
Emittance ratio

x-y coupling (3)

Skew quadrupole (SK1)

ηx, ηy (mm)
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physical
dispersion

normal mode
dispersion

@ SK1 = 1.0/m

Under the presence of x-y coupling, the vertical emittance
can increase even with zero (physical) vertical dispersion.
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ηx, ηy (mm)
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Usually for a vertical direction in a flat storage ring, the design vertical dis-
persion is zero and there is no x-y coupling in the ring. Then the vertical emittance
given by Eq. (139) becomes zero.

In such a case, the vertical emittance due to the angular fluctuation of photons
becomes the ultimate limit of the vertical emittance. The change of action 2dS y0 is
given as in Eq. (136):

dAy,1/� = �yhd�2/�2
i , (148)

assuming the emitted photons have angular divergence ⇠ 1/�.

Then the equilibrium vertical emittance is

"y,1/� =
Cq

Jy

H
�y/|⇢|3ds
H

1/⇢2ds
. (149)

In the case of uniform bending radius ⇢ = ⇢0,

"y,1/� =
Cq

Jy

h�yi

⇢0
⇡
oe

Jy

h�yi

⇢0
. (150)

Interestingly, this limit on the vertical emittance does not explicitly depend on the
beam energy. Anyway the value is more important for a small ring.
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Emittance by the opening angle of photons

The transverse equilibrium emittance can be estimated in a similar way. In
the normalized coordinate

(ux, pux) =
 

x
p
�x
,
p
�x px +

↵x
p
�x

x
!
, (134)

the emittance is equal to the expected value hu2
xi = hp2

uxi.

Then the excitation term dAx, corresponding to dAz for z-plane is

dAx = hdu2
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= �xhdx2
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2
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⌘
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i , (137)

= Hxhd�2
i , (138)

where �x = (1 + ↵2
x)/�x, and we have used dx� = �⌘xd� and dpx� = �⌘pxd�. Then

in a similar way as the z-plane, the equilibrium emittance can be obtained as
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where

Hx,y ⌘ �x,y⌘
2
x,y + 2↵x,y⌘x,y⌘px,py + �x,y⌘

2
px,py . (140)
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The transverse equilibrium emittance can be estimated in a similar way. The
increment of the horizontal action dAx in a small section ds is written as
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where �x = (1 + ↵2
x)/�x, and we have used Eq. (109). Then in a similar way as the

z-plane, the equilibrium emittance can be obtained as
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where
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Synchrotron radiation integrals
We can summarize these formulas related to synchrotron radiation in terms of

radiation integrals defined by:
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(144)

Then we can write as:
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