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Outline

Machine learning in the time of DNN



Large scale machine learning algorithms
with provable optimal statistical accuracy
and best known computational complexity.



Machine learning as a paradigm

Texts
ISubject Date Time Body
| has the viagra for 12:23 Hi! | noticed that you are a software engineer

03121992 Yes
pm so here’s the pleasure you were looking for...

4 01:24 . N N
Important business 05/29/1995 Give me your account number and you'll be rich. I'm totally serial Yes
pm

. i ! .
Rusiness Plan 05/23/ 99607' As pe; our conversation, here's the business plan for our new venture Warm
pm regards...

ob Opportunity 02/291 998: Hi !l am trying to fill a position for a PHP ...

No

A few thousand rows ommitted]

Call mom. She's been trying to reach you for a few days now
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0 U 0 0 0 U Data: (z1,41). ..., (Zn, )

) Note: x;'s can be high/huge
: dimensional!



Learning functions
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Learning functions
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Learning functions

Note: z;'s and y;'s are random

Problem: given {(z1,51).. ., (., yn)} find /(Znew) ~ Ynew |




Functions and their representation

f(@) = (w, ®(2)),  z— &z)
——

fixed representation

®(z) = (cos(B] z), ... ,cos(ﬁ;rx))

¢

(Cortes, Vapnik '95)




Functions and their representation

f(@) = (w, ®(2)),  z— &z)
——

fixed representation

®(z) = (cos(B] z), ... ,cos(ﬁ;rx))

Not so fast. ..

(Cortes, Vapnik '95)
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Deep neural networks (DNN)

f@)={w,®(x)), z+— Pro---0d(x)

compositional representation

@ (2) = (cos({Br, 7)), - -, cos((Bp, 7))

Dy(2) = (cos({ar, P1(2))); - ., cos({ap, P1(x))))
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Convolutional and fully connected DNN

f(@)=(w,®(z)), z—>Pro..Prodyg 1---0d(x)

Fully connected Convolutional

Op(2) = (cos((ar, ®1(2))), - ., cos({ap, D1 (2))))

Dy () = ([lcos(Br % @)l[oo, - - - [lcos(Bp * ) [l o0)

(LeCun et al. '98)



End to end learning

min — Z (w,®y0 @1(%)))2

W,B1,...,Bp, 01 ;...

Optimize by (stochastic) gradient methods

Local minima

Global minima



Trading DNN for kernel methods

» Convolutional layers, thousands parameters.
» Fully connected layers, millions parameters.
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Trading DNN for kernel methods

» Convolutional layers, thousands parameters.
» Fully connected layers, millions parameters.

fl@)={(w, @), z— o o®y _q---0®i(x)
—_————
Kernel representation Convolutional
This talk:

» not about data representation. . .

> ...but scaling kernel methods to millions of points.



Is it worthed?

Yesterday's results on Imagenet

Top-1 class error

FALKON + I-v3 feat. 22.1%
Inception-v3 21.2%
Inception-v2 23.4%
BN-Inception 25.2%
BN-GooglLeNet 26.8%
GoogleNet 29.0%
AlexNet 42.3%

Table: Single crop experimental results on the validation set of ILSVRC 2012.



Outline

Learning with kernels



Learning functions
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Problem: given {(x1,41).. ... (2.yn)} find / (Zoew) ~ tiew |

Can we define the problem precisely?



Statistical learning theory in 1 slide

The problem P
Find
fr = argmin&(f), E(f) = / dp(e,y)(y — f(x)?
feH

with p unknown but (z;, ;)" i.i.d. samples given.

Remarks:

» 7 is a space of candidate solutions...

Ok, but in practice?



Enter regularization

Let H = span{K(z,-)|z € X}, e.g. K(z,2') = e ll==='I"7,



Enter regularization

Let H = span{K(z, )|z € X}, e.g. K(z,2) = e llz==I"7,
Problem P,

n

B = argmin = 3 (i — F(:))? + A £

fen N4

Called Kernel Ridge Regression (KRR) or Gaussian Processes MAP



Statistical guarantees

Ideally

Jr = argmin £(f), E(f) = / dp(e,y)(y — f(z))?

feH

In practice
n

= sugmin = 3 (01 = (@) + Al

i=1

Is it a good idea?



Statistical guarantees

Ideally

Jr = argmin £(f), E(f) = / dp(e,y)(y — f(z))?

feH

In practice
n

Fo = axgmin £ 3" (g~ £(0)? + A7

fen i

Is it a good idea?

(Optimal) Statistics
Theorem[(Caponnetto, De Vito '05, Smale, Zhou '05)] Assume bounded kernel
and outputs. If A, = 1/4/n then

1

EE(fx,) — E(fn) < 7



KRR Optimization

n Linear System

(K + Anl)c=7 e

<)



KRR Optimization

R n Linear System
n(z) = Z K(z,z;)e
i=1
(K 4+ Anl)c=7 I

Computations Space O(n?) Time O(n?)

Large scale ML:

Running out of time and space ... can we fix it?

<)



Statistical and computational trade-offs

_ __ 5 Minimax risk
lower bound
'
B
Runtime t(p)
o€
Computational
lower bound
D
Y A
E F G _H |
e o o o H

Number of samples n(p)

(Chandrasekaran, Jordan '12)
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Gradient descent

f>\ +( ZK x,x;)c = A[(K = §) + Anct !

Statistics
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Iterative optimization

Gradient descent

f>\ +( ZK x,x;)c = A[(K = §) + Anct !

Statistics
Theorem[(Bauer, Perverzev, R. '07,Angles et al. '15, )] If \, = 1/\/5 and
t, = 1/An, then

~ 1
EE(fxue,) —E(fn) S o
Computations Space O(n?) Time O(n? ¢, )
—
N

(Biihlmann, Yu'02, Yao, Caponnetto, R. '05, Raskutti et al. '13)



Iterative optimization (cont.)

Beyond gradient descent:

» Acceleration (conjugate gradient, nesterov method) =
t, = O(n'/*)
» Stochastic gradient, = ¢, = O(1) (one/few epochs...)?

Statistics
Same as exact KRR

Computations? Space O(n) Time O(n?n'/%)

(Bauer, Perverzev, R. '07, Blanchard, Kraemer '10, Dieuleveut Bach '14, Villa, R. '14,
Lin, R. '16)

LComputing matrix products on the fly. ..



Random projections

— Random features (Rahimi, Recht '07)
— Nystrom methods (Smola, Scholképf '00)



Random projections

— Random features (Rahimi, Recht '07)
— Nystrom methods (Smola, Scholképf '00)

» pick M columns at random
Linear System

M

Far(z) =Y K(z,3)c;
=1

~

5>
R

Connections to randomized linear algebra (Halko et al. '11)



Random projections Properties

K =

<)

?Kernel computed on the fly O(n+/n) evaluations



Random projections Properties

K, nM| =

<)

Statistics (Rudi, Camoriano, R. '15)
Same as exact KRR (!) provided M,, = /n

2Kernel computed on the fly O(ny/n) evaluations



Random projections Properties

KrLZW = /y\

Statistics (Rudi, Camoriano, R. '15)
Same as exact KRR (!) provided M,, = /n

Computations? Space O — O(M?) Time O — O(n M?)
- -

n n

(Halko et al. '11, Bach '13, Alaoui, Mahoney, '15, Yang et al. '15, Musco, Musco '16)

2Kernel computed on the fly O(ny/n) evaluations



Best* so far: Space O(n) Time O(n?) ‘

* For optimal statistics accuracy!



Outline

Randomized projections and preconditioning



Beyond O(n?) time with preconditioning

Idea: define equivalent linear system with better condition number
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Beyond O(n?) time with preconditioning

Idea: define equivalent linear system with better condition number

Preconditioning KRR

(K+MIc=4j — B (K+MI)BB=B"j, c=BB.

ldeally BBT = (K + AnI)™!, so that

t=0(1/\) = t=0(1)

Previous works: (Fasshauer et al '12, Avron et al '16, Cutajat '16, Ma, Belkin '17)



Baby FALKON

Recall Nystrom KRR (I?JMI?nM + )\nI?MM)C = I?JMﬂ
Preconditioning

—~ —~ —1
BBT = (%K@M + AnKMM) :

Baby FALKON

M

Faara(@) =" K(@,&)eri, ¢ = BBy

i=1

T ~ ~ ~
Br = Bi—1 — EBT {KIM(KnMB/Bt—l —Yn) + AnKpyymBBi1



FALKON?

» Gradient descent — conjugate gradient

» Computing B

1 1
B=-—T"14""' T =chol(Ky), A= chol (M TT" + AI) ;
n

7

where chol(+) is the Cholesky decomposition.

3Logo borrowed from moto Guzzi



Some Theory

Statistics
Theorem[Rudi, Carratino, R. '17] If

An = 1/\/57 M, = \/ﬁv tn, = logn,

then
1

Ec(:(,]?)\mMn,tn) —&(fu) < %

Computations Space O(M?) Time O(nM,t,)



Computational comparison

Algorithm train time kernel eval. memory test time
SVM / KRR + direct method ~ O(n?) O(n?) O(n?) O(n)
KRR + iterative O(n22) O(n?) O(n?) O(n)
Pegasos / KRR + sgd O(n2?) O(n2®) O(n) O(n)
KRR + iter + precond O(n?) ~( 2) O(n) O(n)
Divide & Conquer O(n?) O( /1) O(n) O(n)
Doubly stochastic O(n2?) O(n2 5) O(n) O(n)
Nystrom, random features O(n?) O(ny/n) O(n) O(V/n)
Nystrom + iterative O(n?) O(nym)  O(m)  O(Vn)
Nystrom + sgd O(n?) O(nyn)  O(m)  O(Vn)
FALKON O(nvm) O(nym) O(n) O(v/n)




test error
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Some experiments

MillionSongs YELP TIMIT
MSE  Relative error  Time(s) RMSE Time(m)  c-err  Time(h)
FALKON 80.30 4.51x10°3 55 0.833 20 32.3% 1.5
Prec. KRR - 4.58 x 1073 289F - - - -
Hierarchical - 4.56 x 1073 293* - - - -
D&C 80.35 - 737* - - - -
Rand. Feat. 80.93 - 772" - - - -
Nystrom 80.38 - 876* - - - -
ADMM R. F. - 5.01 x 1073 958 - - - -
BCD R. F. - - - 0.949 42% 34.0% 1.7
BCD Nystrém - - - 0.861 607 33.7% 1.7
KRR - 4.55 x 1073 - 0.854 500* 33.5% 8.3
EigenPro - - - - - 32.6% 3.9
Deep NN - - - - - 32.4% -
Sparse Kernels - - - - - 30.9% -
Ensemble - - - - - 33.5% -

Table: MillionSongs, YELP and TIMIT Datasets. Times obtained on: =
cluster of 128 EC2 r3.2xlarge machines, T = cluster of 8 EC2 r3.8xlarge
machines, ! = single machine with two Intel Xeon E5-2620, one Nvidia GTX
Titan X GPU and 128GB of RAM, % = cluster with 512 GB of RAM and IBM
POWERS8 12-core processor, * = unknown platform.



Some more experiments

SUSY HIGGS
c-err AUC  Time(m) AUC  Time(h)
FALKON 19.6% 0.877 4 0.825 3
EigenPro 19.8% - 6! - -
SVM 26.4% - 9* - -
Hierarchical 20.1% - 40t - -
Boosted Decision Tree - 0.863 - 0.810 -
Neural Network - 0.875 - 0.816 -
Deep Neural Network - 0.879  4680%  0.885 78t

Table: SUSY and HIGGS Datasets. Time obtained working on : 1 = cluster
with 512 GB of RAM and IBM POWERS 12-core processor, { = single machine
with two Intel Xeon E5-2620, one Nvidia GTX Titan X GPU and 128GB of
RAM, 1 = single machine, * = 14 workers.



Contributions

v

Random projections+iterative solvers+preconditioning

v

Outperform SOA on a single machine!

v

Best computations so far for optimal statistics

|Space O(n)  Time O(ny/mlogn) |

» Can do much better in benign cases...

Next?
» Use more than a single machine...
» Open the kernel blackbox!

Papers on arxiv.
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Refined bounds
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Assumptions

(Cucker, Smale '01, Caponnetto, De Vito, R.'04, Caponetto, De Vito '05)

T) Tails K(z,z) <1 as. and |f,(x) — y| subexp., f,(z) = [ydp(z,y)

Let L7 = {f: X = R [ |[fI} = [x [f(z)[*dp < oo} and

L1212 (L)) = / K(z,2)f (2 )dp(z')

A) Approximation: Mercer Source Condition,
IL™" follp <00, 7 €10,00)
C) Capacity Denote by (¢;(L));>1 the eigenvalues of L and assume

1
oj(L)~j 7, ~v€(0,1)



Remarks on the Assumptions

> Inverse problems: source condtions and degree of ill-posedeness.

» Capacity conditions are related to entropy/covering numbers
conditions.

» Source conditions are related to interpolation spaces.



More Remarks on the Assumptions

» For X = R?, Sobolev spaces W*2, s > d/2, are a special case,
r=1/2,v=d/2s.

» Analysis directly applies to other regimes/examples:

— exponential eigendecay,
— general source conditions (Bauer, Perverzev, R.'07).



Fast rates for KRR

Statistics
Theorem[Caponnetto, De Vito '05]

Under Ass. T)-A)-C), If A, = n~ 777 then

EE(fr,) —E(fn) S n" 75, rell/2,1]

» Optimal bounds.

» Adaptivity via cross validation or Lepskii principle.



Fast rates for FALKON

Statistics
Theorem|Rudi, Carratino, R. '17] If

Ao =0"T5, My =1/Ay, to=logn,

then R )
EE(fan Mutn) —E(fn) S n7 770, rell/2,1]

Computations Space O(M?) Time O(nM,t,)

— Improve with with r for v = 1, but gets worse for v = 0.
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Beyond Uniform Subsampling

Leverage scores A

Approximate Leverage scores (ALS)

In expectation

%li(t) < Ii(t) < Tli(t)



Beyond Uniform Subsampling

Leverage scores

Approximate Leverage scores (ALS)
In expectation

ALS subsampling
Pick w1, ...,wp C x1, ...z, with replacement, and probability

i) = 1(t /Zz



Fast rates for FALKON with ALS

Statistics
Theorem[Rudi, Carratino, R. '17] If

An:n_ﬁa M, =1/X}, t,=logn,

then R )
EE(fa, Motn) —E(fn) S n 0, re[l/2,1]

Computations Space O(M?) Time O(nM,t,,)

— Can be O(1) memory O(n) time*!!!

4If we can compute ALS. ..
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Extensions

Random features [Rudi R. '16]

Stochastic gradients [Villa, R. 15, Lin, R. '16,Lin, R. '17]
Spectral filtering [Rudi R. '17]

Conjugate gradient

Distributed computing

Other learning problems: Pairwise learning, inverse regression,
gradient learning, KPCA, Kernel k-means, kernel mean embeddings,
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