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The distance from Earth to the edge of the observable part of the universe is 
about 46.5 billion light years, or 4.4 x 1028 cm, in any direction. It contains 

about 1090 elementary particles. The total mass is about 1050 tons.



In quantum gravity it is very convenient to use system of units where

c = ~ = G = 1
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In these units, the density of matter in the expanding universe was 

⇢ ⇠ 1

t2
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At  t < 1, density was > O(1), and quantum fluctuations were too strong. 
The time t = 1 (or 10-43 seconds, in more conventional units) is called 
the Planck time, and the density equal to 1 (or 1094 g/cm3) is called the 
Planck density. At that time, each part of the universe of size O(1) 
(Planck length ~ 10-33 cm) contained O(1) particles, each of them with 
kinetic energy O(1). 

One can talk about classical space - time only at t > 1 and at density 
smaller than the Planck density.



Thus, at the Planck time t = 1, the whole universe consisted of 1090

causally connected parts of size ct =O(1). Such parts did not know 
about each other. If someone wanted to create the universe at the 
Planck time, he/she could only make a Very Small Bang in his/her 
own tiny part of the universe of a Planck size ct = O(1).   Everything 
else was beyond causal control.

According to the standard hot Big Bang universe, the total number of 
particles during its expansion did not change much, so the universe at 
the Planck time was supposed to contain about 1090 particles. At the 
Planck time t =O(1), there was one particle per Planck length ct =O(1).

Is it possible to make a miracle, start with less than a 
milligram of matter (Planck mass), in a tiny speck of space 
of Planck size O(1), and produce 1090 particles from it?



One of the Einstein equations for the empty universe with vacuum energy 
density V0 (cosmological constant) is
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It has a solution describing an exponentially growing (inflating) universe:

a = a0 e
Ht
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The total vacuum energy of such universe grows even faster, as volume

E = E0 e
3Ht
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If eventually this vacuum state decays, it produces exponentially many 
elementary particles with exponentially large energy.  Problem solved!

Alan Guth 1980



Alan Greenspan

“If I’ve made myself too clear, you must 
have misunderstood me.”



If the universe is empty, how can one tell that it expands?

The universe with a constant positive vacuum energy V0 is de Sitter 
space. It looks expanding in one system of coordinates, collapsing in 
another system of coordinates, and static in yet another coordinates.

If there is no preferable coordinate system in the vacuum, then there is 
no preferable time when the vacuum state decays. Therefore vacuum 
decays chaotically, and the universe becomes grossly inhomogeneous.  
After a year of investigation, Alan Guth and Stephen Hawking concluded 
that this scenario cannot be improved.

Moreover, in the original scenario, it was assumed that the universe was 
large from the very beginning, started its evolution in the hot Big Bang, 
and inflation began only at t > 105. Does not fully address the problem.



A solution was found in 1981-1983: Instead of a 
vacuum state with a constant vacuum energy V0, 
one should consider a slowly changing scalar field 
with a sufficiently flat potential V(f). If the potential is 
too steep – no inflation. If it is too flat – the universe 
becomes inhomogeneous.

And then it was realized that it is better to completely 
abandon the idea that the universe was born in the 
hot Big Bang. 



The simplest inflationary model

Eternal  Inflation

AL 1983



n Einstein equation:

n Klein-Gordon equation:

Equations of motion:

Compare with equation for the harmonic oscillator with 
friction:



l ⇠ 10�33 cm

m ⇠ 10�5 g



1010000000000

in ANY units of length 



Energy of matter in the universe IS NOT CONSERVED:  
dE  = - p dV. Volume V of an expanding universe 
grows, dV > 0, so its energy decreases if p > 0, and grows 
when p < 0. 

For a slowly rolling scalar field one has p < 0, i.e. dE > 0.



If such instability is possible, it appears over and over 
again. This leads to eternal inflation.

Exponential instability

Simultaneous creation   
of space and matter

E = 0

Ematter ~ + e3Ht

Espace  ~ - e3Ht

Total energy of 
the universe 

including 
gravitational 

energy



In this theory, original inhomogeneities are 
stretched away, but new ones are produced from 
quantum fluctuations, which are  amplified and 
stretched exponentially during inflation.

Galaxies are children of quantum fluctuations 
produced in the first 10-35 seconds after the birth 
of the universe.

Mukhanov and Chibisov 1981



Planck 2013: Perturbations of temperature
This is an image of quantum fluctuations produced 10-35 seconds 
after the Big Bang. These tiny fluctuations were stretched by 
inflation to incredibly large size, and now we can observe them 
using all sky as a giant photographic plate!!!



Planck 2015: Perturbations of polarization
E-modes





Non-inflationary HZ spectrum with ns = 1 is ruled out at a better than 6s
level, just as predicted in 1981 by Mukhanov and Chibisov. (This is an 
important prediction of inflation, similar to asymptotic freedom in QCD.)

An impressive success of inflationary theory

Agrees with predictions of the simplest 
inflationary models with accuracy  O(10-4).

Universe is flat with 
accuracy 10-2

Spectrum of perturbations 
is nearly flat

⌦ = 1± 0.005
ns = 0.968± 0.006

f local
NL = 0.8± 5



1) Yet another Planck data release is expected shortly. 

2) B-modes: a special polarization pattern which can be 
produced by gravitational waves generated during 
inflation. A discovery of the gravitational waves of this 
type (BICEP/Keck and other experiments) could provide 
a strong additional evidence in favor of inflation.

A non-discovery is fine too: many inflationary 
models predict a very small amplitude of the 
gravitational waves.  



Not all theories fit the data

�2
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Suppose inflation takes place near the pole at t = 0, and 
V(0) > 0,  V’(0) >0, and  V has a minimum nearby. Then 
in canonical variables   

Then in the leading approximation in 1/N, for any non-singular V
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Figure 2. The same potential in terms of the canonical inflaton field ' (2.2). As we see, the shape
of the potential at � ⌧ 1 practically did not change. Meanwhile the vicinity of the boundary of the
moduli space at |�| = 1 is infinitely stretched. The height of the potential V (') at ' ! ±1 coincides
with V (�) at the boundaries of the moduli space � = ±1.

single-field inflation model I do not make any attempts to address the cosmological constant
problem, I am just assuming that it is small in one of the string theory vacua. To reflect this
assumption, I appropriately uplifted the otherwise random potential. Fortunately, due to the
magic of ↵ attractors, this uplifting does not change the predictions for ns and r.

3 Two-field ↵-attractors

Now we will generalize these results for the theory of two field inflation, � and �, with the
Lagrangian

1p
�g

L =
R

2
� (@µ�)2

2(1� �2

6↵)
2
� (@µ�)2

2
� V (�,�). (3.1)

In terms of canonical fields ' with the kinetic term (@µ')2

2 , the potential is

V (',�) = V (
p
6↵ tanh

'p
6↵

,�). (3.2)

During inflation at |'| �
p
↵, one can use the asymptotic equation

V (',�)|'|�
p
6↵ ⇡ V (�,�)�=±

p
6↵ , (3.3)

which means that asymptotically V (',�) is given by the values of the original potential
V (�,�) at the boundaries of the moduli space. The same is true for the curvature of the
potential in the � direction, i.e. for the effective mass squared of the field �, which asymp-
totically approaches a constant value [23]

V�,�(',�)|'|�
p
6↵ ⇡ V�,�(�,�)�=±

p
6↵ . (3.4)

To illustrate the implications of this result, we will consider again the case 6↵ = 1 and
generate a random potential V (�,�) of the original fields � and � in the Planck size box
1 < �,� < 1, see Fig. 3. Just as in the single field case, the potential V (�,�) shown in
Fig. 3 is very steep, so it would not support slow roll inflation if both fields were canonically
normalized. (We could always generate a smooth potential with the super-Planckian field
variations, but we want to analyze the most difficult case when the potential V (�,�) is very
steep.)
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a-attractor mechanism makes 
the potentials flat, which makes 
inflation possible, which, in its 
turn, makes the universe flat



Multifield a-attractor
New model with axion shift symmetry in the geometry, broken by the potential

The complex variable on the disk can be expressed as

Z = ⇢ ei✓ , (3.2)

where ⇢ is the radial field and ✓ is the angular field. In general, the potential V (⇢, ✓) in these
variables can be quite complicated and steep. For simplicity, in the following we assume
the potential vanishes at the origin Z = 0 and is monotonic along the radial direction of
the unit disk3, i.e. V⇢ � 0. One natural possibility is V⇢ ⇠ V✓/⇢ ⇠ V , which at first glance
cannot yield sufficient inflation. However, the hyperbolic geometry of the moduli space
makes slow roll inflation possible even if the potential is quite steep.

To see this, and to connect this to a more familiar canonical field ' in 3↵ = 1 attractor
models where the tanh argument is '/

p
6↵, we can use the following relation

⇢ = tanh
'
p
2
. (3.3)

Therefore, our cosmological models with geometric kinetic terms are based on the following
Lagrangian of the axion-dilaton system

g�1
L =

1

2
(@')2 +

1

4
sinh2(

p
2')(@✓)2 � V (', ✓) , (3.4)

where some choice of the potentials V (', ✓) will be made depending on both moduli fields.
In terms of this new field ', the corresponding potential near the boundary ⇢ = 1 is
exponentially stretched to form a plateau, where ' field becomes light and slow-roll inflation
naturally occurs. If we further assume the potential is a function of the radial field only, then
we recover the T-model as shown in Figure 1. Generally speaking, the potential may also
depend on ✓, and have ridges and valleys along the radial direction. One simple example
is shown in Figure 2. Although the ✓ field can appear heavy in the unit disk coordinates,
after stretching in the radial direction, the effective mass in the angular direction is also
exponentially suppressed for ' � 1.

For a cosmological spacetime, the background dynamics is described by equations of
motion of two scalar fields

'̈+ 3H'̇+ V' �
1

2
p
2
sinh

⇣
2
p
2'

⌘
✓̇2 = 0 , (3.5)

✓̈ + 3H ✓̇ +
V✓

1
2 sinh

2(
p
2')

+
2✓̇'̇

1p
2
tanh(

p
2')

= 0 , (3.6)

and the Friedmann equation

3H2 =
1

2
('̇2 +

1

2
sinh2

p
2' ✓̇2) + V (', ✓) , (3.7)

where H ⌘ ȧ/a is the Hubble parameter. In such a two-field system with potential as
shown in Figure 2, one may expect that the inflaton will first roll down from the ridge to
the valley, and then slowly rolls down to the minimum along the valley. In the following we
will demonstrate, due to the magic of hyperbolic geometry, the dynamics of moduli fields
is totally different from this naive picture.

3We leave other interesting cases with non-monotonic potential, such as the Mexican hat potential, for
future work [38].
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Surprize!

Figure 3: The stream of ' and ✓ fields on the potential with random angular dependence
shown in Figure 2. The dashed gray lines show the radial directions, while the blue arrows
correspond to the field flow, starting at 'i = 10.

attractors, the field ✓ was rapidly rolling down, whereas here instead of rolling down to the
valley first, the scalar fields are rolling on the ridge with almost constant ✓.

To see this counter-intuitive behaviour clearly, we can look at the flow ('̇, ✓̇) in the
polar coordinate system. The numerical result of the flow of the fields is shown in Figure 3
for the potential from Figure 2. As we see, although the potential looks chaotic in the
angular direction, the fields always roll to the minimum along the ridge, no matter where
they start.

However, it is crucial to emphasize that, although ✓̇ is highly suppressed and ✓ is nearly
constant, the angular motion is still quite important. In the curved field manifold, since the
angular distance is also stretched for large ', the proper velocity in the angular direction
is given by 1p

2
sinh(

p
2')✓̇. We are encouraged to define a new parameter � as the ratio

between the physical angular and radial velocity

� ⌘
sinh(

p
2') ✓̇

p
2 '̇

'
V✓

V⇢
, (3.12)

where in the last step we have used large-' and slow-roll approximations. Since ✓ hardly
evolves and ⇢ ' 1 for ' � 1, � is nearly constant during most period of inflation. This
parameter captures the deviation from the single field scenario. For instance, let us look at
the potential slow-roll parameter in the radial direction

✏' ⌘
1

2

✓
V'

V

◆2

'
'̇2

2H2
, (3.13)

which is the same with the single field one. Then in our model the full Hubble slow-roll

– 10 –

does not seem to move because physical distance in angular direction 
during inflation is exponentially large, proportional to 
✓
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CMB-S4to be discussed by Kallosh



In the old Big Bang theory, by looking at the sky we were looking back in 
time, all the way to the Big Bang. Gravitational waves could come to us 
directly from the Big Bang – one could see the singularity.

In inflationary theory, we can study only the last stages of inflation, when the 
density of the universe was about 9 orders below the Planck density. Indeed, 
there is a relation between the tensor to scalar ratio

present time perturbations with momentum k⇤ ⇠ 0.05/Mpc. The results of the calculations
corresponding to the perturbations on the present scale of the horizon slightly di↵er from these
results because the spectrum is not exactly flat, but the di↵erence is rather small, so one can use
the results given above as a good first approximation for the amplitude of the perturbations
on the scale of the horizon. In many inflationary models, these perturbations are produced
at N ⇡ 60 e-foldings before the end of inflation. However, the number N can be somewhat
di↵erent, depending on details of the post-inflationary evolution. That is why when comparing
expected results for various models with observations, cosmologists often make calculations for
N = 60 and also for N = 50.

The number of e-foldings can be calculated in the slow roll approximation using the relation

N '

Z
�

�end

V

V 0d� . (7.15)

Equation (7.14) leads to the relation between r, V and H, in Planck units:

r ⇡ 3 ⇥ 107 V ⇡ 108 H2 . (7.16)

The latest Planck results, in combination with the results of WMAP and the results based on
investigation of baryon acoustic oscillations (BAO), imply that

r . 0.11 (7.17)

and
ns = 0.9607 ± 0.0063 . (7.18)

These relations are very useful for comparing inflationary models with observations. A more
detailed discussion of observational constraints can be found in Section 11.

Up to now, we discussed perturbations produced by the simplest, standard mechanism
described in [10, 16, 17]. However, in models involving additional light scalars fields �, other
mechanisms of generation of perturbations are possible.

Let us assume, for example, that the products of the inflaton decay after inflation are
ultra-relativistic and rapidly rapidly loose energy in an expanding universe, whereas the field
� is heavy decay with a significant delay. In that case, the field � may dominate the energy
density of the universe and perturbations of this field suddenly become important. When
the field � decays, its perturbations under certain conditions can be converted into the usual
adiabatic perturbations of the metric. If this conversion is incomplete, one obtains a mixture
of isocurvature and adiabatic perturbations [44, 45], which should be very small in accordance
with recent observational data [1]. On the other hand, if the conversion is complete, one
obtains a novel mechanism of generation of purely adiabatic density perturbations, which is
called the curvaton mechanism [46, 47, 48, 49]. Note that in many of the original versions of
the curvaton scenario, it was assumed that at the epoch of the curvaton decay the universe was
dominated by the classical curvaton field. In this case the curvaton decay produced significant
amount of isocurvature perturbations, which strongly constrain such models [1]. However, if one
makes a natural assumption that a large number of curvaton particles are produced during the
inflaton decay, this problem disappears [50, 51]. There are other closely related but di↵erent
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According to BICEP – Keck data, r < 0.07 or so, which means that V < 10-9 at 
the edge of visibility. To see what happen at V = O(1) one would need to look 
beyond the horizon. These are bad news and good news simultaneously. 

Too bad, we will never see the moment of creation. But this also means that 
the absence of full knowledge of the processes near the cosmological 
singularity should not affect the basic features of inflation.



But there is something else. By observing our part of the 
universe and playing the movie back, we would see 
galaxies moving closer to each other, particles collide, 
but we would never see 1090 particles merge into 
nothing and disappear, we would never see their origin 
in a vacuum-like state containing no particles at all.

Indeed, all particles were produced in the process of 
reheating after inflation. This is an irreversible 
quantum mechanical process.



More about related issues - in talk by Nomura



The Universe is similar to the Schrodinger cat, 
but without the cat to start with…



I would like to state a theorem which at present 
can not be based upon anything more than a faith
in the simplicity, i.e. intelligibility, of nature: There 
are no arbitrary constants… that is to say, nature 
is so constituted that it is possible logically to lay 
down such strongly determined laws that within 
these laws only rationally completely determined 
constants occur (not constants, therefore, whose 
numerical value could be changed without 
destroying the theory).

Albert Einstein
Autobiographical Notes, 1949





Uniformity of our universe is explained by 
inflation:   Exponential stretching of the 
universe makes our part of the universe almost 
exactly uniform.

However, the same theory predicts that on a much 
greater scale, the universe is 100% non-uniform.

Inflationary  universe becomes a multiverse







If each part of the multiverse is huge, we will never see other parts, 
so it is impossible to prove that we live in the multiverse. 

If each part of the multiverse is huge, we will never see other parts, 
so it is impossible to disprove that we live in the multiverse.

This scenario is more general (otherwise one would need to 
explain why all colors but one are forbidden). Therefore the theory 
of the multiverse, rather than the theory of the universe, is the 
basic theory. 

Moreover, even if one begins with a single-colored universe, 
quantum fluctuations make it multi-colored.

I'd rather be an optimist and a fool than a pessimist and right. Albert Einstein

http://www.goodreads.com/author/show/9810.Albert_Einstein


Example:  SUSY landscape

V

SU(5) SU(3)xSU(2)xU(1)SU(4)xU(1)

Weinberg 1982:   Supersymmetry forbids tunneling from SU(5) to 
SU(3)xSU(2)XU(1). This implied that we cannot break SU(5) symmetry.

A.L. 1983:   Inflation solves this problem. Inflationary fluctuations bring us to 
each of the three minima. Inflation make each of the parts of the universe 
exponentially big. We can live only in the  SU(3)xSU(2)xU(1) minimum.

Supersymmetric SU(5)



Kandinsky  Universe





In string theory, genetic code of the universe 
is written in properties of compactification of 

extra dimensions

10500 or more different combinations 
Sakharov 1984; Bousso, Polchinski 2000;  Silverstein 2001; 

Kachru, Kallosh, AL, Trivedi, 2003;  Douglas 2003, Susskind 2003



Before quantum corrections After quantum corrections

Anthropic bound: |L| < 10-120  

Vacuum energy in string theory

galaxies are destroyed

universe rapidly collapses



5 Examples of single-field models of quintessential inflation

5.1 Linear potential

We begin with the –-attractor version of the simplest linear dark energy potential [8]

V („) = “„+ � . (5.1)

In terms of the canonically normalized field Ï, this potential is given by

V (Ï) = “
Ô

6–(tanh Ï
Ô

6–
+ 1) + � . (5.2)

At Ï∫ +
Ô

6– and �π “
Ô

6– the potential is given by

V (Ï) = 2“
Ô

6–(1≠ e
≠
q

2
3– Ï) , (5.3)

whereas at Ïπ ≠
Ô

6– one has

V (Ï) = � + 2“
Ô

6– e

q
2

3– Ï
. (5.4)

From the COBE/Planck normalization (2.12), we find a constraint

“
Ô
–
≥ 2◊ 10≠11 . (5.5)

Figure 4. Linear potential V = 1
2

Ô
6–

(
Ô

6– + „) + � = 1
2 (1 + tanh ÏÔ

6–
) + � for – = 10≠2 and � ≥ 10≠120.

The tiny cosmological constant � is crucial for the validity of our scenario, but � is so small that it is invisible
in this figure.

One could expect that the simplest linear model (5.1) with � = 0 can be used as a model
of quintessential inflation if one takes – & 1; see e.g. (2.22) and (2.23) for – = 7/3. However,
one can easily check that in this model with – > 1/3 the inflationary slow-roll parameter ‘
always remains smaller than 1 and inflation never ends.

This problem can be solved by using – π 1, for example – = O(10≠2), and adding a
small cosmological constant � ≥ 10≠120, see Fig. 4. In that case, inflation does end in a vicinity
of Ï = 0, at Ïend ¥

Ò
3–

8 ln 1
3–
≥ 0.2. Then the field Ï rolls down until it freezes at some
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Can describe inflation and dark energy for a ~ 10-2

Akrami, Kallosh, AL, Vardanyan 1712.09693



Why do we live in a 4-dimentional space-time?
P. Ehrenfest,  Proc. Amsterdam Acad. 20, 200 (1917)

In space-time of dimension d > 4, planetary systems and atoms are 
unstable. For d < 4, in general theory of relativity there is no gravitational 
attraction between distant bodies, so planetary systems cannot exist. 
That is why can live only is space-time with d = 4.

Einstein

Eddington

de Sitter

Lorentz

Ehrenfest

Leiden Observatory, 1923



Why do we live in a 4-dimentional space-time?
P. Ehrenfest,  Proc. Amsterdam Acad. 20, 200 (1917)

Back in 1917, this could seem just a mathematical curiosity: Our space has d=4; 
we simply do not have any other choice. 

However, according to most popular versions of string theory, our world 
fundamentally is 10-dimensional, but some of these dimensions are tiny, 
compactified. In general, one could end with space-time of any dimension d, 
which would grow exponentially large due to inflation. We can live only in the 
parts of the world where the compactification produces space-time with d = 4. 

Thus the observation made by Ehrenfest in 1917, in Leiden, in combination with 
string theory constructions developed in the beginning of this century, explains 
why we live in space-time with d = 4. 



This theory provides the only known explanation of 
numerous experimental results (extremely small vacuum 
energy, the number of dimensions of space, strange masses of 
many elementary particles). In this sense, it was already 
tested many times.

“When you have eliminated 
the impossible, whatever 
remains, however improbable, 
must be the truth.”

Sherlock Holmes



In order to propose a true alternative to the theory of inflationary 
multiverse one should achieve several incredibly difficult goals: 

One should propose an alternative to inflation and string theory.

One should explain why only one vacuum of string theory can 
actually exist and all other 10500 vacua are forbidden.

One should find an alternative solution of the cosmological 
constant problem and many other coincidence problems.

Any suggestions?



The most incomprehensible 
thing about the universe is 
that it is comprehensible

Albert Einstein

The unreasonable efficiency 
of mathematics in science is 
a gift we neither understand 
nor deserve

Eugene Wigner

Charlie Rose, Bloomberg



There is only one thing which 
is more unreasonable than 
the unreasonable 
effectiveness of mathematics 
in physics, and this is the 
unreasonable ineffectiveness 
of mathematics in biology.

Israel Gelfand



The reason why Einstein was puzzled by the efficiency of 
physics and Wigner was puzzled by the efficiency of 
mathematic is very simple: 

If the universe is everywhere the same (no choice), then 
the fact that it obeys so many different laws that we can 
discover, remember and use can be considered as an 
“undeserved gift of God” to physicists and mathematicians. 



In the inflationary multiverse, this problem disappears. 
The laws of mathematics and physics are efficient 
only if they allow us to make reliable predictions. The 
possibility to make reliable predictions is necessary for 
our survival. There are some parts of the multiverse 
where information processing is inefficient; we cannot 
live there.

We can only live in those parts of the multiverse 
where the laws of mathematics and physics allow 
stable information processing and reliable predictions. 
That is why physics and mathematics are so efficient
in our part of the multiverse.



Physicists can live only 
in those parts of the 
multiverse where 
mathematics is efficient 
and the universe is 
comprehensible.


