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Supergravity is next natural step after General Relativity

For cosmology we need General Rela:vity

Superstring theory is believed to be the most fundamental theory we know 

However, string theory has an emergent concept of space-:me. To use it in 
the context of the 4-dimensional General Rela:vity and cosmology requires 
many intermediate steps 

If in these steps some amount of supersymmetry, maximal or minimal or 
intermediate, is preserved, one finds consequences for cosmology, 
potentially supportable or falsifiable by observations



• De Sitter/near de Sitter  supergravity

• Inflationary model building

• New M-theory/String theory inspired targets for B-
modes beyond the well known satellite targets like R2

and Higgs inflation, with r of the order 3x10-3

• Dark Energy and Quintessential Inflation
models with w equal or close to -1, but allowing 
a shift of ns, if new data requires it

• Cosmological data and the String Swampland
A comment to very recent papers by Vafa et al



Fundamental idea following the discovery 
of General Relativity: local supersymmetry

Einstein’s dream of unifying electromagne4sm and gravity was realized 
star:ng with extended N=2 supergravity. The model does so by adding two 
real gravi4no to the photon and the graviton. The first breakthrough into 
finiteness of quantum supergravity occurred via this unifica:on: an explicit 
calcula:on of photon—photon sca=ering which was known to be divergent 
in the coupled Maxwell—Einstein system yielded a drama:c result : the new 
diagrams involving gravi:nos cancelled the divergences found previously,
1976.

More such cancella:on were found later in higher N. 



LHC did not discover low-energy N=1 supersymmetry yet, nor gave 
evidence of extra dimensions.

However, the idea of a maximal supersymmetry, spontaneously broken to 
minimal supersymmetry, can be tested in cosmology

N=8 in d=4 supergravity, 

M-theory , N=1 in d=11

Superstring theory, N=2 in d=10

B-mode targets

Hidden symmetries



Known to be negative in pure supergravity, without 
scalar fields (1977)

Cosmological Constant in Supergravity

Supergravity with a positive cosmological constant without 
scalars was not known

L < 0     AdS

L > 0     dS



What is the problem with de Sitter supergravity ? 

• Anti- de Sitter:

SO(3,2) is SO(4,1) 

• Superalgebra ?

• Jacobi identities: only with lower sign (Anti-de Sitter)
Supergroup OSp(1|4);   sp(4)=so(3,2)

N > 1 Jacobi ok, but non-unitary reps 

N=1



No-go theorems prohibit linearly realized supersymmetry. 

New N=1 dS supergravity has a non-linearly realized
supersymmetry. 

Bergshoeff, Freedman, RK, Van Proeyen
Hasegawa, Yamada  2015



Standard linear N=1 SUSY Non-linear N=1 SUSY

1 Majorana fermion 1 complex scalar 1 Majorana fermion 2 Majorana fermions

Wess-Zumino, 1974: minimal SUSY with a

Majorana fermion and a complex scalar
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Upon substituting this solution back in (3.3) we find
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This is equivalent to the Akulov-Volkov Lagrangian [1]. We conclude that (3.1) is a simple

description of the AV Lagrangian.

What is the equation of motion which follows from (3.1)? To answer this question we

add a superpotential term 1
2λX2

NL to (3.1) in order to implement the constraint where λ

is a Lagrange multiplier chiral superfield. Now the equations of motion are X2
NL = 0 and

1
4D

2
XNL = λXNL + f . The first is our constraint and the second determines G and F .

However, if we multiply the second equation by XNL and use the constraint, we derive

XNLD
2
XNL = 4fXNL . (3.7)

This equation contains less information than the full equation of motion. It determines F

but does not determine G. One way to think about it, is as the variation equation of the

Lagrangian (3.1) under δXNL = χXNL with an infinitesimal chiral superfield χ.

Rocek used (3.7) to constrain his Goldstino superfield [4]. We see that our formalism

leads to this equation as a consequence of the equation of motion. However, it is important

to stress that once we include corrections to (3.1), or terms with additional fields (see

below), the equations of motion are modified and (3.7) no longer holds. Therefore, for the

minimal theory our on shell description coincides with that of [4]. When various corrections

are added both descriptions are valid but they differ by field redefinitions.

It is again instructive to compare this discussion with the theory of pions. The theory

(3.1) appears free but the constraint makes it nonlinear. This is similar to the leading

order Lagrangian for pions which is not free only because the field U is constrained to be

unitary.

Both theories (3.1) and the leading order pion Lagrangian are subject to higher deriva-

tive corrections. In the case of pions the leading order term has two derivatives and the
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L m = m(FA + GB -½ i ~ O )  

and 

Lg = g [ F ( A 2 - B  2) + 2GAB - ig-~(A - V5 B) t~]. 

Here A and B are respectively a scalar and a pseudo- 
scalar field, ~k is a Majorana spinor and F and G are 
auxiliary fieldst 2. A possible further invariant 

L x = ;kF 

can always be eliminated by a shift in the field A or 
by a shift followed by a 3'5 rotation followed by a 
shift, depending on whether m 2 - 4g~, is positive or 
negative. The auxiliary fields satisfy the equations 
of  motion 

F + mA + g ( A 2 - B 2 ) =  O and G + mB ÷  2gAB=O 

which can be used to eliminate them from the La- 
grangian. The result is 

L =-½(~)taA) 2-½ (~ )  B) 2 -½ i ~ 3 ' " ~  I~ 
- }m2A 2 -½m 2 B  2 -½ im~ ,O  

- gmA (A 2 + 82)- -g2(A2+ 2) 2- ig (A-3'sa),. 

The equality of the masses and the relations among 
the various couplings are consequences of  the invar- 
iance under supergauge transformations. It is re- 
markable that this Lagrangian appears to be renor- 
malizable even when the masses and coupling con- 
stants are not independent and that the relations 
among them are preserved by renormalization. Fur- 
thermore the theory turns out to be less divergent 
when the above relations are satisfiedt 3. For in- 
stance, the quadratic divergence of  the mass renor- 
malization for the scalar and pseudoscalar fields can- 
cels among the various diagrams contributing to it. 
Similarly the logarithmic divergence of  the vertex 
correction to the spinor-scalar or the spinor-pseudo- 
scalar interaction also cancels between the two dia- 
grams where a scalar or a pseudoscalar is exchanged, 
leaving a finite vertex correction. All these state- 

t 2 We find it convenient  to use the  Majorana representat ion 
with real -r#'s, (,,go) 2 = - 1 ,  (~,s)2 = _ 1. 

i -3 The au thors  are very grateful to B.W. Lee for point ing 
out  first the  occurrence o f  cancellations and also the fact 
tha t  relations among  couplings are preserved in the one- 
loop approximat ion .  

ments have been verified first (in the one-loop approx- 
imation) using the Lagrangian in the form obtained 
by eliminating the fields F and G. 

In order to prepare the way for a future systematic 
treatment of  higher orders, it seems preferable to de- 
scribe the renormalization procedure for the original 
Lagrangian containing the fields F and G, rather than 
after elimination of  those fieldst 4 . If  one takes 
Lo+L m as unperturbed Lagrangian, one finds, in addi- 
tion to the usual propagatorst s , 

( A A )  = (BB) = A c, 

propagators for the auxiliary fields 

(FF)  = (GG) = [~A 
c 

and mixed propagators 

( A F )  = (BG) = - m A  c. 

Contrary to the more complicated situation for the 
Lagrangian without F and G, it now turns out that 
the only renormalization needed in the one-loop ap- 
proximation is a logarithmically divergent wave func- 
tion renormalization Z, the same for all fields A, B, 
~, F and G. One finds Z = 1 - 4g2I, where I is the 
logarithmically divergent intdgral 

I=--if d4k ~ 1 - I j~-~ 
(270 4 (k2+m2) 2 16rr 2 - - "  

For instance, no diagonal mass for the field A and B 
is generated. The quadratic divergence of  the self-ener- 
gy cancels among the various diagrams and the remain- 
ing logarithmically divergent self-energy is proportion- 
al to p2. Similarly, the spinor self-energy is propor- 
tional to 7Upu and the corrections to the off-diagonal 
mass terms tuFA and mGB add up to zero. Therefore, 
the only mass renormalization is that due to the 
wave-function renormalization and the renormalized 
mass m r is given by m r = mZ. The corrections to the 
couplings gFA 2, - g F B  2 and 2gGAB add up to zero, 
while the vertex corrections to the interactions 
- i g ~ d / A  and ig~75 ~bB add up to finite values and 

~4 In this fo rm the theory  can be regularized (for instance 
by the me thod  of  Pauli-Vil lars)  wi thout  spoiling super- 
gauge invariance. Therefore,  the Ward identit ies following 
f rom supergauge invariance are expected to be satisfied in 
per turbat ion theory.  The authors  are very grateful to J. 
Iliopoulos for a discussion o f  these points.  

l "s Here A c is the  usual F e y n m a n  propagator,  (u _ m2) Ac  = 
64(x-x').  
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LHC, as of June 2018

No SUSY partners yet

Gravity NO-GO for de Sitter
Pure supergravity, with de Sitter vacua was 
constructed in 2015 

p
|g|⇤ =

p
|g| f2 > 0

AdS/CFT studies

L =L =

Bergshoeff, Freedman, RK, Van Proeyen;
Hasegawa, Yamada;

p
|g|⇤  0

Volkov, Akulov, 1972    Non-linearly realized 

supersymmetry: only fermions are present



The hints came from infla0onary model building: in a-a9ractor 
models (yellow lines on Planck r/ns plot).  

Non-linear supersymmetry is a nice feature that allows to stabilize 
extra moduli and reduce the evolu0on to the one driven by a single 
scalar inflaton.

The advanced version of these models are based on a supersymmetry 
which is not a  standard linear susy but includes also a non-linear 
susy.

A feature known in non-perturbative string theory: 
D-branes with Born-Infeld vectors and Volkov-Akulov spinors



Goldstino action in absence of fermions 
just adds a positive term to energy

Supersymmetric KKLT uplift

Non-linearly realized supersymmetry:

only fermions present

Ls2(x,✓)=0 = �f2 + @a�̄�̄
a�+

1

4f2
�̄2@2�2 � 1

16f6
�2�̄2@2�2@2�̄2

Nilpotent chiral mul@plet ac@on

In supergravity inlation a stabilizer superfield

S2(x, ✓) = 0



LCDM	parameters	vs	time	

S
O
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N	

S
O
O
N

François	R.	Bouchet,	DSU,		June	25th	2018	"CMB:	The	Planck	experiment"	 39	



Focus on infla+onary parameters fNL and r-ns plane

If we see in Planck 2018 that ns is still about 0.96 – 0.97

If we see in Planck 2018 and BICEP-KEK 2018 that r <  0.07

Can we find one simple reason why 

ns ⇡ 1� 2

N

Absence of non-Gaussianity: easy to explain with a single 
inflaton field. This requires stabilization of many other 
scalars fields. We learned how to do it. 

Surprisingly,  even in multi-a-attractor models, we find a 
very small non-Gaussianity

N is the number of 
e-foldings



B-modes 
• Thomson scattering within local quadrupole 

anisotropies generates linear polarization 
• Scalar modes Æ T, E 
• Tensor modes Æ T, E, B 
• Ratio r = ΔT / ΔS 
• Gravitational waves at LSS                 

create B-mode polarization 
• Probes Lyth bound of Inflation  
• Ekpyrotic models Æ r = 0 
 

Lorenzo Moncelsi 

Planck 2015 

BICEP2 2014 

W. Hu 

B>0 B<0 

Moriond 22/3/16 

Planck XX 2015 

BK14 w / 95GHz 2016 

If B-modes are discovered soon with r > 10-2 natural inflation   
models, axion monodromy models, a-attractor models,…, will 
be validated - no need to worry about log scale r

Otherwise, we switch to log r to see 10-3 <  r  <  10-2

RK, Linde,
Roest, 2013

Cosmology: from the sky to the fundamental physics
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h"p://mathworld.wolfram.com/PoincareHyperbolicDisk.html

r ⇠ 10�3 ↵ =
1

3

For a unit size Poincare disk:

Next CMB satellite mission target

ds2 = 3↵
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1 Introduction

During the next few years we might expect some dramatic new information from B-mode experiments

either detecting primordial gravity waves or establishing a new upper bound on r, and from LHC

discovery/non-discovery of low scale supersymmetry. A theoretical framework to discuss both of

these important factors in cosmology and particle physics has been proposed recently. It is based on

the construction of new models of chaotic inflation [1] in supergravity compatible with the current

cosmological data [2] as well as involving a controllable supersymmetry breaking at the minimum

of the potential [3–7]. In this paper we will develop supergravity models of inflation motivated by

either string theory or extended supergravity consderations, known as cosmological ↵-attractors [8–16].

Here we will enhance them with a controllable supersymmetry breaking and cosmological constant at

the minimum. We find this to be a compelling framework for the discussion of the crucial new data

on cosmology and particle physics expected during the next few years. Some models of this type were

already discussed in [14].

The paper is organized as follows. We begin in Section 2 with a brief review of key vocabulary and

features of these and related models with references to more in-depth treatments. In Section 3 we

present the ↵-attractor supergravity models that make manifest an inflaton shift-symmetry by virtue

of having the Kähler potential inflaton independent – which we will refer to as Killing-adapted form.

Section 4 presents a universal rule: given a bosonic inflationary potential of the form F2(') one can

reconstruct the superpotential W =
⇣
S+ 1

b

⌘
f(�) for the Kähler potentials described in Section 3. The

resulting models with f 0(') = F(') have a cosmological constant ⇤ and an arbitrary SUSY breaking

M at the minimum. In Section 5 we study more general class of models with W = g(') + Sf((')

and the same Kähler potential. For these models it is also possible to get agreement with the Planck

data as well as dark energy and SUSY breaking. Moreover, these models have nice properties with

regard to initial conditions for inflation, analogous to the ones studied in [28] for models without SUSY

breaking and dark energy. We close in Section 6 with a summary of what we have accomplished.

2 Review

2.1 ↵, and attraction

There is a key parameter ↵ in these models, for which the Kähler potential K = �3↵ ln(T + T̄ ). It

describes the moduli space curvature [9] given by RK = � 2
3↵ . Another, also geometric, interpretation

of this parameter is in terms of the Poincaré disk model of a hyperbolic geometry with the radiusp
3↵, illustrated by the Escher’s picture Circle Limit IV [15, 16]. As clarified in these references,

from the fundamental point of view, there are particularly interesting values of ↵ depending on the

original theory. From the maximal N = 4 superconformal theory, [17], one would expect ↵ = 1/3

with r ⇡ 10�3. This corresponds to the unit radius Escher disk [15], as well as a target of the

future space mission for B-mode detection, as specified in CORE (Cosmic ORigins Explorer). Some

interesting simplifications occur for ↵ = 1/9, which corresponds to the GL model [18,19]. From N = 1

1

ds2 =
3↵

(1� ZZ̄)2
dZdZ̄ ds2 =

3↵

(T + T̄ )2
dTdT̄

Escher in the Sky, RK, Linde 
2015

Disk or half-plane

Curvature of the moduli space in Kahler geometry

3↵ = R2
Escher ⇡ 103r

Hyperbolic geometry
of a Poincaré disk

ZZ̄ < 1

T + T̄ > 0

SL(2,R) symmetry



Möbius transformations applied to hyperbolic tilings

http://en.wikipedia.org/wiki/M%C3%B6bius_transformation


Meaning of the measurement of the 
curvature of the 3d space 

k=+1, k=-1, k=0 Spatial curvature parameter

In the context of new
supergravity cosmological
models, measuring r
means measuring the 
curvature of the hyperbolic 
geometry of the moduli 
space

ns = 1� 2

N
, r = ↵

12

N2

⌦K = �0.0004± 0.00036

scalar fields are coordinates 
of the Kahler geometry

ds2 = �dt2 + a(t)2�ijdx
idxj

RK = � 2

3↵

Decreasing r, decreasing a,
increasing curvature RK

3↵ = R2
Escher ⇡ 103r

Hyperbolic geometry
of a Poincaré disk



Test of General RelativityTest of Quantum Gravity



LIGO detected GW from binary black holes 
and neutron stars, with the wavelength of 
thousands of kilometers

But the primordial GW affecting the CMB 
have wavelengths of billions of light-years!!!
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r ⇡ 10�2
H ⇡ 2.6⇥ 1013GeV

r ⇡ 10�3
H ⇡ 0.8⇥ 1013GeV

The energy of infla.onary perturba.ons

we will probe energies billion times higher
than the energies probed at LHC

If primordial gravitational waves are detected

The energy scale of inflation 

Gravitational waves and large field inflation

Andrei Linde
Department of Physics and SITP, Stanford University,

Stanford, California 94305 USA

According to the famous Lyth bound, one can confirm large field inflation by finding tensor modes
with su�ciently large tensor-to-scalar ratio r. Here we will try to answer two related questions: Is
it possible to rule out all large field inflationary models by not finding tensor modes with r above
some critical value, and what can we say about the scale of inflation by measuring r? However, in
order to answer these questions one should distinguish between two di↵erent definitions of the large
field inflation and three di↵erent definitions of the scale of inflation. We will examine these issues
using the theory of cosmological ↵-attractors as a convenient testing ground.

1. INTRODUCTION

There is a lot of interest in the search of gravitational
waves produced during inflation. Discovery of such gravita-
tional waves would be tremendously important not only as
an additional confirmation of inflationary theory, but also
as a direct confirmation of predictions of quantum gravity
at enormous energies. But even a non-discovery of infla-
tionary gravitational waves would be very important since
it would rule out large families of inflationary models. It al-
ready played this role by ruling out the simplest model with
the quadratic potential m

2

2 '2, and by ruling out or placing
under pressure many other popular inflationary models [1].

One of the tools helping to approach these issues is the
famous Lyth bound [2]. To derive it, one can use the slow-
roll approximation and equation for the inflaton field as a
function of the number of e-foldings N remaining until the
end of inflation:

d'

dN
=

V 0

V
, (1.1)

where V 0/V is related to the tensor to scalar ratio r and the
slow-roll parameter ✏,

r = 16✏ = 8

✓
V 0

V

◆2

. (1.2)

Here and throughout the paper, we work in Planck units
Mp = 1. Integrating the first equation shows that during
inflation when the universe grows eN times the scalar field
decreases by

�' =

Z
N

0
dN

⇣r
8

⌘1/2
. (1.3)

Assuming that N > 30 and that r monotonously grows dur-
ing inflation (which is often the case), one finds the bound

�' & 10
p
r . (1.4)

One can tweak this bound a bit, but it is di�cult to get
around its consequences [3]. In particular, if the cosmologi-
cal observations find that r & 10�2, they will demonstrate,
or at least strongly indicate, that the universe experienced

large field inflation, during which the inflaton field changed
by more than the Planck value, �' > 1. This result would
have profound implications for the development of inflation-
ary cosmology, and for evaluation of various theoretical ideas
related to quantum gravity and string theory.

One may wonder whether it is possible to use similar con-
siderations to rule out all large field models with ' > 1 by
not finding tensor modes with r & 10�2, or r & 10�3, or per-
haps r & 10�4. The short answer to this question is “No”,
but the long answer is more nuanced; it depends on what ex-
actly do we mean by large field inflation. Indeed, there are
at least 2 very di↵erent definitions of the large field inflation
and 3 di↵erent definitions of the scale of inflation:

A. Global definition of large field inflation. From the point
of view of the foundations of inflationary theory, one of the
main issues is whether the canonically normalized inflaton
field ' may have a super-Planckian value ' > 1 at any stage

of the cosmological evolution, or it is always sub-Planckian
in accordance with various conjectures often debated in the
literature.

B. Large field inflation during the last 50-60 e-foldings.
From the point of view of the observational cosmology, one
may want to know whether the canonically normalized field
' was large during the last 50-60 e-foldings of inflation.

C. Characteristic scale of the inflaton field. One may won-
der whether the characteristic scale of the inflaton field, de-
scribing a typical range �' in which the inflaton potential
changes in a significant way, can be super-Planckian. For ex-
ample, the characteristic scale for the theory with a potential
V = V0(1� e�'/M ) as defined in [3] is �' = M .

D. The energy scale of inflation. There is an important
relation between the inflaton potential V and r [4]

V 1/4 ⇠ 1.04⇥ 1016 GeV
⇣ r

0.01

⌘1/4
. (1.5)

Some authors use this relation to argue that the discovery of
the tensor modes would give us access to physics at energy
scales more than 1011 times higher than those probed at the
LHC collider. However, the comparison with the LHC col-
lider may suggest, incorrectly, that during inflation the uni-
verse consisted of colliding particles with energies V 1/4, com-
parable with the grand unification energy scale ⇠ 1016 GeV.
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From the Executive Summary of the CDT Report

https://cmb-s4.org/CMB-S4workshops/index.php/
File:CMBS4_CDT_final.pdf

From the Executive Summary of the CDT Report

https://cmb-s4.org/CMB-S4workshops/index.php/
File:CMBS4_CDT_final.pdf

CMB-S4 Concept Definition Task force
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LiteBIRD LiteBIRD

What is LiteBIRD ?

9

u Post-Planck CMB Satellite

u Primordial Cosmology

u Fundamental Physics

u JAXA-led international mission w/ strong European participation
u The most-advanced status (Phase-A) among all post-Planck proposals
u CMB polarization sky survey w/  Planck x ~100 sensitivity  

u A definitive search for signal from cosmic inflation in CMB polarization map
u Either making a discovery or ruling out well-motivated inflationary models

u Giving insight into the quantum nature of gravity and other new physics 

M. Hazumi, March 2018



LiteBIRDB-mode power spectrum (2016)

r	<	0.07	(95%	C.L.)

Inflation

` 18



LiteBIRD

Yuji Chinone

LiteBIRD

LiteBIRD expectation

`

Full Success�
s(r) < 1 x 10-3 (for r=0)
2 ≤ ≤ 200`

Inflation

19



• Maximal supersymmetry and B-modes
• M-theory in d=11 
• Superstring theory in d=10 
• N=8 supergravity in d=4

2016, Ferrara and RK

Scalars are coordinates of the coset space in N=8 supergravity in d=4
G

H
=

E7(7)

SU(8)

ds2 = k
dTdT̄

(T + T̄ )2
, k = 1, 2, 3, 4, 5, 6, 7

Geometries with discreet number of unit size Poincaré disks are possible when 
consistent reducJon of supersymmetry is performed. Upon idenJficaJon of their 
moduli one finds

= 3 a

At least one disk and no more than seven

N=55 e-foldings

E7(7)(R) � [SL(2,R)]7

r ⇡ {1.3, 2.6, 3.9, 5.2, 6.5, 7.8, 9.1}⇥ 10�3

ns ⇡ 0.963



Pascal's triangle determines the coefficients which arise 
in binomial expansions.
Each number in the triangle is the sum of the two directly above it.

N=4 SYM

N=8 SG

(x+y)4

(x+y)8

Yanghui triangle      
13th century

http://en.wikipedia.org/wiki/Binomial_expansion


Maximal              supergravity

• Theory has    28 = 256 massless states.
• Multiplicity of states, vs. helicity, from coefficients in 
binomial expansion of  (x+y)8 – 8th row of Pascal’s triangle

SUSY charges
Qa, a=1,2,…,8
shift helicity by 
1/2

DeWit, Freedman (1977); Cremmer, Julia, Scherk (1978); 
Cremmer, Julia (1978,1979); De Wit, Nicolai (1982)

• Ungauged theory, in flat spacetime



An#-D3 Brane Induced Geometric Infla#on: 

Kahler function G Cremmer, Ferrara, Girardello,  Julia,  Scherk,  
van Nieuwenhuizen, Van Proeyen, from  1978

Model Building Paradise 

We are interested in anti-D3 brane interaction with Calabi-Yau moduli Ti .  In 
supergravity we expect some interaction between the nilpotent superfield S, 
representing KKLT type anti-D3 brane, and Calabi-Yau moduli Ti

G(T i, T̄ i;S, S̄)

stability of each model and show the absence of tachyons. The bisectional curvature of
these geometric models will play a role in the stability analysis.

We will develop a general class of D3 induced geometric inflation with multiple moduli
in CY bulk interacting with D3 nilpotent multiplet S. It is important that the D3 induced
geometric inflation models have a non-vanishing gravitino mass, W does not vanish during
and at the exit from inflation. In this case, one can use the advantage of a geometric Kähler
function formalism where

G ⌘ K + logW + log W̄ , V = eG(G↵�̄
G↵G�̄ � 3) (1.1)

and study various interesting application of the new models. Here the index ↵ includes the
directions S and Ti.

The role of the Kähler function G was recognized starting with [10] when supergravity
models interacting with matter were first constructed. It was shown there that the action
is fully determined by the Kähler function. However, in some cosmological models, for
example in D-term inflation [11], or in models in [12], during the evolution the superpotential
might vanish. For these models it was more useful to employ the Kähler potential and the
superpotential W since the Kähler function G has a singularity at W = 0. Meanwhile, the
analysis of metastable de Sitter vacua with spontaneously broken supersymmetry was based
mostly on the analysis using the Kähler function G, see for example, [13]. Comparative to
this analysis, the new ingredient here is the fact that the S superfield is nilpotent and that
we will use it for developing inflationary models with the exit to de Sitter minima. Our
Hermitian Kähler function will be of the form

G(Ti, T̄i;S, S̄) = G0(Ti, T̄i) + S + S̄ + GSS̄(Ti, T̄i)SS̄ , (1.2)

which we will show will describe the general case of supergravity models with one nilpotent
multiplet and non-vanishing superpotentials.

We will show below that, in general, from the knowledge of the potential V(Ti, T̄i) and
the T -dependent Kähler function G0(Ti, T̄i) it is possible to recover the S-field geometry

GSS̄(Ti, T̄i)dSdS̄. (1.3)

Whereas the complete formula will be given below in eq. (2.13), here we would like to
point out that under certain conditions the relation between the S-field geometry and the
potential simplifies significantly. If the gravitino mass is constant throughout inflation at
S = 0, and supersymmetry is unbroken in the Ti directions, i.e. during inflation

eG(Ti,T̄i) = |m3/2|
2 = const , GTi(Ti, T̄i) = 0 , (1.4)

– 3 –

simple relation between the potential and the nilpotent field geometry

GSS̄(Ti, T̄i) =
V(Ti, T̄i) + 3|m3/2|2

|m3/2|2
From the sky to 
fundamental physics

RK, Linde, Roest, Yamada, 2017



1. Start with M-theory, or String theory, or N=8 supergravity

2. Perform a consistent trunca>on to N=1 supergravity in d=4 with a 7-disk manifold

3.5 Seven-disk merger model

Finally, we briefly discuss the possible merger of several disks. Consider for instance,

G = logW 2
0 �

1

2

7X

i=1

log
(1� ZiZi)2

(1� Z2
i )(1� Z

2
i )

+ S + S + GSSSS, (3.32)

G
SS =

1

W 2
0

(3W 2
0 +V). (3.33)

corresponding to seven disks with ↵i = 1/3. The scalar potential is

V = ⇤+
m2

7

X

i

|Zi|
2 +

M2

72

X

1ij7

⇣
(Zi + Zi)� (Zj + Zj)

⌘2
, (3.34)

and the last term gives the dynamical constraint �i = �j where we have defined canonical
fields as Zi = tanh �i+i✓ip

2
. During inflation at �i = �j =

'p
7
, the scalar potential reads

V(') = ⇤+m2 tanh2
'

p
14

, (3.35)

in terms of the canonically normalized inflaton field.

The axionic directions are stabilized at their origin, and their masses are given by

m2
✓i = 2(m2 + 2W 2

0 )�
1

7
m2

 
7 + 6 cosh

r
2

7
'

!
cosh�4 '

p
14

. (3.36)

The first two constant part dominate the mass and the remaining negative part is suppressed
during inflation. At the minimum, the mass of the axions becomes m2

✓i
= 1

7m
2 + 4W 2

0 and
is still positive.

For real directions {�i}, the following canonical mass eigenbasis is useful, ' = 1p
7

P7
i=1 �i,

and �i =
1p
8�i

((7� i)�i � �i+1 · · ·� �7). The inflaton is ' and moduli �i are stabilized at
their origin with the mass

m2
�i

=
1

7

 
2m2 + 4M2

�m2 cosh

r
2

7
'

!
cosh�4 '

p
14

. (3.37)

As the two disk models, the mass of the moduli �i becomes small, and when 4M2 <

m2 cosh
q

2
7', they becomes tachyonic. At the minimum ' = 0, the inflaton and moduli

mass are given by

m2
� =

1

7
m2, m2

�i
=

1

7
m2 +

4

7
M2. (3.38)

Note that SUSY breaking takes place at the minimum; GS = 1 and
q

GSG
SSGS =

p
3W0.

Here again we see the advantage of using the new geometric class of models comparative to
the earlier version of the seven-disk model in Ref. [24] where we only studied an inflationary
stage.
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corresponding to the merger of seven disks of unit size 
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Here again we see the advantage of using the new geometric class of models comparative to
the earlier version of the seven-disk model in Ref. [24] where we only studied an inflationary
stage.
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During inflation 
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3a=7 example

De Sitter exit

The scalar potential defining geometry is

r ⇡ 10�2



Based on CMB data on the value of the tilt of the spectrum ns  as a function of N
we deduced that hyperbolic geometry  of a Poincaré disk               suggests a way 
to explain the experimental formula

ns ⇡ 1� 2

N
Using a consistent reduc@on from maximal N=8 supersymmetry theories: M-theory 
in d=11, String theory in d=10, maximal supergravity in d=4, to the minimal N=1
supersymmetry we have deduced the favorite models with hyperbolic geometry  
with R2Escher = 3a= 7,6,5,4,3,2,1

r ⇡ 0.9⇥ 10�2 r ⇡ 1.3⇥ 10�3

B-mode targets from disks merger
In contrast with N=1 supersymmetry models where is arbitrary3a



• B-mode detection, if it takes place, will probe energies at about 1013 GeV,  billion times 
higher than the energies probed at LHC 

• Whereas LIGO discovery of gravitaFonal waves confirms General RelaFvity, a discovery of 
primordial  gravitaFonal waves will confirm our understanding of Quantum Gravity, up to 
energies of inflaFon, since we describe inflaFonary perturbaFons using both
General RelaFvity and Quantum field Theory

• The range of B-mode space detectors   10-3 <  r  <  10-2 is particularly interesting since 
it has targets from the fundamental physics: string theory, M-theory, maximal supergravity

N=55 e-foldings

r ⇡ 3↵
4

N2
ns ⇡ 1� 2

N

3a= 7,6,5,4,3,2,1

a-attractor models

Starobinsky and Higgs,  
a=1

Seven values scanning the range between  10-3 and 10-2

Short summary on B-modes

ns ⇡ 0.963
Example



T

T

E

Figure 1: This Figure is taken from [16], it represents a forecast of CMB-S4 constraints in the ns � r plane

for a fiducial model with r = 0.01. Here the grey band shows predictions of the sub-class of ↵-attractor models

[2, 3, 4]. We have added to this figure a blue circle with the letter T inside it corresponding to a highest

preferred value 3↵ = 7 and the purple one corresponding to the lowest preferred value 3↵ = 1 in a seven-disk

geometry. All intermediate cases 3↵ = {1, 2, 3, 4, 5, 6, 7} are between these two. They all describe the class

of ↵-attractor models with V ⇠ tanh
2
('/

p
6↵), so-called quadratic T -models. The quadratic E-models with

V ⇠ (1 � e
p

2/3↵'
)
2
tend to be slightly to the right of the T -models, see [2]. We show them as a navy circle

with the letter E inside it.

by requiring that

3↵ = 7 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 ⌘ ⌧
3↵ = 6 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 ⌘ ⌧ , ⌧7 = const
3↵ = 5 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 ⌘ ⌧ , ⌧6 = ⌧7 = const
3↵ = 4 : ⌧1 = ⌧2 = ⌧3 = ⌧4 ⌘ ⌧ , ⌧5 = ⌧6 = ⌧7 = const
3↵ = 3 : ⌧1 = ⌧2 = ⌧3 ⌘ ⌧ , ⌧4 = ⌧5 = ⌧6 = ⌧7 = const
3↵ = 2 : ⌧1 = ⌧2 ⌘ ⌧ , ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 = const
3↵ = 1 : ⌧1 ⌘ ⌧ , ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 = const (4.17)

We illustrate in Fig. 1 the features of ↵-attractor models [2, 3, 4] with the seven-disk geometry
using the recent discussion of B-modes in the CMB-S4 Science Book [16]. We show in Fig. 1
predictions of ↵-attractor models with seven-disk geometry in the ns � r plane for N ⇠ 55, for
the minimal value 3↵ = 1 and for the maximal value 3↵ = 7.

5 Values of 3↵ in string theory

Here we will show how to derive the 7-disk geometry (4.13) in string theory. We start with
the derivation of non-compact symmetries in string theory following [17], [18]. The toroidal

7

10-2

10-3

r

a

ns = 1� 2

N
, r = ↵

12

N2

CMB-S4

Seven new targets



The Future
Gravitational Waves from 
the Birth of the Universe

(in 10 years!?)

L. Page, talk at the Breakthrough Prize Symposium, December 4, 2017 at Stanford 

Primordial	gravitational	waves	would	be	a	direct	connection	
between	gravitation	and	quantum	mechanical	processes

….a	test	of	cosmology

….and	a	link	between	Einstein	and	Bohr	that	has	
eluded	physics	for	100	years

$40 Million Grant Establishes Simons Observatory, a New InvesJgaJon into the FormaJon 
of the Early Universe



The	DE	road	map past to	future

DESI

LSST

SKA-1

EUCLID

WFIRST



Before quantum corrections After quantum corrections

Anthropic bound

Anthropic approach to L in string theory:
String theory landscape?

KKLT-construction
of de Sitter vacua
in string theory
using uplifting 
anti-D3 brane10500

vacua

10�120



IIB MODULI   STABILISATION 

4-cycle size: τ  
(Kahler moduli) 

3-cycle size: U 
(Complex structure 
moduli) 

+ String Dilaton: S 

4-cycle size: τ  
(Kahler moduli) 

3-cycle size: U 
(Complex structure 
moduli) + Dilaton S 

IIB MODULI   STABILISATION 

4-cycle size: τ  
(Kahler moduli) 

3-cycle size: U 
(Complex structure 
moduli) 

+ String Dilaton: S 

4-cycle size: τ  
(Kahler moduli) 

3-cycle size: U 
(Complex structure 
moduli) + Dilaton S 



String landscape picture: many moduli, one has to stabilize many scalars to produce 
the (metastable) de Sitter vacua with positive CC 

KKLT construction, 2003 

Supergravity approximation: starting 2002, how to construct de Sitter vacua
inspired by string theory.

De Sitter vacua in string theory
Kachru, RK, Linde, Trivedi

Towards inflation in string theory
Kachru, RK, Linde, Maldacena, McAllister, Trivedi

2530 refs.

1050 refs.

An=-D3-brane in Giddings-Kachru-Polchinski background

Dark Energy,  LCDM,  wCDM



String theory and supergravity prefer AdS or Minkowski vacua with unbroken 
supersymmetry 

Kachru, Kallosh, Linde, Trivedi 2003KKLT

V

ReT

DTW = 0
AdS minimum at 

Marco Scalisi  | DESY / KU LeuvenInflation and Attractors from Nilpotent Kähler Corrections

K = �3 log(T + T̄ )

W = W0 +A exp(�aT )
V = VT

Negative CC

Stabilization of the
volume of the extra
six dimensions
(Calabi-Yau manifold)



Kachru, Kallosh, Linde, Trivedi 2003

V

ReT

DTW = 0
AdS minimum at 

T0

KKLT + anti-D3 brane uplift

Marco Scalisi  | DESY / KU LeuvenInflation and Attractors from Nilpotent Kähler Corrections

K = �3 log(T + T̄ )

W = W0 +A exp(�aT )
V = VT+

µ4

(T + T̄ )2

KKLT

Kachru, Kallosh, Linde, Trivedi 2003

V

ReT

DTW = 0
AdS minimum at 

T0

KKLT + anti-D3 brane uplift

Marco Scalisi  | DESY / KU LeuvenInflation and Attractors from Nilpotent Kähler Corrections

K = �3 log(T + T̄ )

W = W0 +A exp(�aT )
V = VT+

µ4

(T + T̄ )2

KKLT
Still 2003, positive energy from the anti-D3 brane



Ferrara, Kallosh, Linde 2014KKLT + Nilpotent Superfield

V

ReT

DTW = 0
AdS minimum at 

Marco Scalisi  | DESY / KU LeuvenInflation and Attractors from Nilpotent Kähler Corrections

V = VT +
µ4

3(T + T̄ )2

K = �3 log(T + T̄ � SS̄)

W = W0 +A exp(�aT ) + µ2S

KKLT + anti-D3 brane uplift

The nilpotent superfield

S2(x, ✓) = 0

S(x, ✓) = s(x) +
p
2�(x)✓ + F (x)✓2

S(x, ✓) =
��

2F
+

p
2�✓ + F✓2

no scalar! just fermions!

Volkov, Akulov 1972,1973

Rocek; Ivanov, Kapustnikov 1978 

Lindstrom, Rocek 1979 

Komargodski, Seiberg 2009 

Casalbuoni, De Curtis, Dominici, Feruglio, Gatto 1989 

Marco Scalisi  | DESY / KU LeuvenInflation and Attractors from Nilpotent Kähler Corrections

The scalar is a bilinear of a golds1no
fermions, not a fundamental field
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Combine multiple data sets: wCDM

● DES-3x2pt+Planck does 
not favor wCDM 

● (w,h, M!) highly degenerate 
for DES-3x2pt/Planck 
alone 

● DES-3x2pt+BAO+SN 
consistent with Planck in 
wCDM 

● combination disfavors 
wCMD (Rw =0.1), yields 
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1 Introduction

We live in a universe where the vacuum energy is positive. This can be realized by
having a scalar field potential V with a local minimum at a positive value, leading
to stable or meta-stable de Sitter (dS) vacuum. However it could also be that the
potential is positive but the scalar field is not at a minimum, as in quintessence
models, as long as |∇V | is sufficiently small and of the order of V itself (for a review
of quintessence models, see [1]). Most of the effort in string theory community to
realize our universe has been devoted to constructing dS vacua, for example, in [2–5].
Despite the heroic efforts in these attempts to construct dS vacua in string theory,
there has been a number of issues raised, for example, in [6–23]. It is fair to say that
these scenarios have not yet been rigorously shown to be realized in string theory.

Given the difficulties in obtaining dS-like vacua in string theory, it is natural to
contemplate the alternative possibility where no dS, not even meta-stable dS, can
exist in a consistent quantum theory of gravity (see [24] as well as [23] for raising
this possibility). One may be tempted to conjecture |∇V | > A for some constant
A > 0, which leads to such an exclusion. However, supersymmetric vacua with flat
directions provide counter-examples. To avoid them, we may consider allowing A to
depend on scalar fields φ in such a way that A(φ) ≤ 0 for supersymmetric vacua. A
simple form for such a dependence would be A(φ) = c · V (φ) with positive constant
c since V ≤ 0 in supersymmetric vacua.

With this motivation, we propose,

|∇V | ≥ c · V, (1.1)

as a swampland criterion in any low energy theory of a consistent quantum theory
of gravity (for a recent review of other swampland criteria see [24]). Here, the norm
|∇V | of the potential gradient is defined using the metric on field space coming from
the kinetic term of the scalar fields, and c can depend on the macroscopic dimension
of spacetime d. The inequality means that the slope of V cannot be too small when
V > 0. We also propose that c is of order 1 in Planck units. If we take the Planck
mass to infinity while keeping other variables fixed, the inequality becomes |∇V | ≥ 0
and is trivially satisfied, as expected for a swampland criterion. Though we have not
been able to determine the value of c, we will give its upper bound based on a variety
of top-down constructions from string theory.

Let us discuss a couple of simple examples to illustrate the conjecture (1.1).
They are potential counter-examples, which will turn out to be consistent with the
inequality. Consider a supersymmetric vacuum with zero cosmological constant with
a flat direction. Since |∇V |/V = 0/0 is ill-defined, we need to deform the theory
to test the inequality. Since all parameters in string theory are dynamical, any
continuous deformation of the supersymmetric vacuum will involve a massive field,

V =
1

2
m2φ2.
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A simple quintessential inflation 2-shoulder
a-attractor model (requires large exponents)
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Dark Energy with a-attractors :  
w= -1, in most cases

is easy to propose a theory with an extremely flat potential, which would lead to equation
of state (EOS) practically indistinguishable from the equation of state of a (metastable)
vacuum state w = �1. But modifications which would lead to dark energy with equation
of state w = �0.99 or w = �0.9 typically requires lots of additional fine-tuning, on top of
the apparently unavoidable extreme fine-tuning required for making dark energy 10120 times
smaller than the Planck density, and 1029 times smaller than density of water.

Nevertheless, it would be important to explore various existing possibilities, using some
novel ideas recently discovered in inflationary cosmology. In particular, recently investigations
found a broad class of theories, cosmological ↵-attractors, which are based on models where
kinetic term of a scalar field has a pole. The pole is a consequence of the hyperbolic geometry
of the Poincaré disk. The radius square of this disk is equal to 3↵.

In such theories, the potential has a plateau shape, which is favored by the recent
inflation-related cosmological observations [9]. However, similar mechanism may also help
to construct satisfactory models of dark energy, see e.g. [10–14]. Moreover, it may be also
possible to find ↵-attractor models which can simultaneously describe inflation and dark
energy [11, 14]. Most of the models which we checked predict that asymptotically w1 = �1.

In our paper we will extend this investigation by taking into account the instant preheating
mechanism [15–17] while avoiding some of the speculative assumptions made in [11, 14]. In
particular we will present simple single field model for inflation and dark energy which will be
easy to falsify by the future data. They predict the value of the tensor to scalar perturbations
during inflation and the asymptotic value of the EOS which we call w1, to distinguish it from
a time dependent wDE and an observable EOS, weff

r = 4
3↵

N2
(1.1)

w1 = �1 +
2

3

1

3↵
(1.2)

Here 3↵ = R
2 is a geometric parameter defining the radius square of the Poincaré disk of the

hyperbolic geometry of the ↵-attractor models. This parameter also defines a curvature of the
corresponding Kähler manifold, RK = �

2
3↵ . Interesting values from fundamental theories are,

[18–20]
3↵ = 1, 2, 3, 4, 5, 6, 7 (1.3)

Note that 3↵ = 1 in this model with asymptotic w1 = �
1
3 is already ruled out by current

w1. (RK: Is this correct? Is my understanding of weff such that asymptotic w1 = �
1
3 is

ruled out, or one should say something else here?) The smaller R
2 = 3↵, the smaller the level

of primordial gravitational waves r = 16 ✏infl is predicted, but at the same time the deviation
from ⇤CDM is increasing, since w1 = �1 + 2

3✏1 and ✏1 = 1
R2 . We will explain why in this

model ✏infl is proportional to R
2, whereas ✏1 is inversely proportional to it.

A future detection of B-modes, or an improved bound, together with improvement
precision on ns = 1 �

2
N , and therefore number of e-foldings N , will give us a bound ↵ < ↵r.

On the other hand, if the precision data from the future large-scale structure surveys will
show the deviation of w1 from �1, we will have an opposite bound, ↵ > ↵dark. Therefore
this model will be falsified (or even confirmed?) by the future observations.

We will also study 2-field attractor models of quintessential inflation. Here again, most
of the models which we checked predict that asymptotically w1 = �1. With some effort, one
can propose models which deviate from this value. The ↵-attractor model of inflation has

– 2 –
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Quintessential a-attractor model with linear potential:

Very simple potential, predictions for w depend on efficiency of reheating. 
Requires a = 10-2.

Thus there is nothing simpler than the cosmological constant, but if the data 
show that w is different from -1, we can account for it without modifying GR.

Starobinsky model one often encounters an inefficient reheating with the reheating temperature
Tr ⇠ 109 � 1011 GeV. For Tr ⇠ 1010 GeV and assuming O(100) different types of particles in
thermal equilibrium after reheating, one finds �N ⇠ �4.

Meanwhile, in the quintessential ↵-attractors with gravitational reheating and a long
stage of kinetic energy dominance, one has �N = �

1
12 ln

⇣
⇢reh
⇢end

⌘
. Notice the important sign

change. Using the numerical estimates made in section 4.2, one finds �N = +7.5. This
particular number is rather sensitive to various assumptions on the energy scale of gravitational
reheating, but let us take it at its face value. It shows that the required number of e-folds N
in the quintessential ↵-attractor models can be greater than the one in the more conventional
↵-attractors or in the Starobinsky model by �N ⇠ 10.

As a result, the value of ns in quintessential ↵-attractors with gravitational reheating is
typically greater than in more traditional models by about 0.006 or so. This number coincides
with one standard deviation in the Planck results [52]. Thus, by a more precise determination
of ns, which can be achieved in the future, we may be able to distinguish quintessential
↵-attractors with gravitational reheating from other models with more efficient reheating and
without a long stage of kination.

5 Examples of single-field models of quintessential inflation

5.1 Linear potential

We begin with the ↵-attractor version of the simplest linear dark energy potential [8]

V (�) = �� + ⇤ . (5.1)

In terms of the canonically normalized field ', this potential is given by Eqs. (2.12) and (2.14),
which we reproduce here for convenience:

V (') = ⇤ + �
p

6↵(tanh
'

p
6↵

+ 1) ⇡ ⇤ + 2�
p

6↵ e

q
2
3↵'

. (5.2)

Here ⇤ = V� is the asymptotic value of the potential at ' ! �1, and the last equation is
valid for |'| �

p
3↵.

One could expect that the simplest linear model (5.2) with ⇤ = 0 can be used as a model
of quintessential inflation, if one takes ↵ & 1; see e.g. (2.19) and (2.21) for ↵ = 7/3. However,
one can easily check that in this model with ↵ > 1/3 the inflationary slow-roll parameter ✏
always remains smaller than 1 and inflation never ends.

This problem can be solved by using ↵ ⌧ 1, for example ↵ = O(10�2), and adding a
small cosmological constant ⇤ ⇠ 10�120, see Fig. 4. In that case, inflation does end in a vicinity
of ' = 0, at 'end ⇡

q
3↵
8 ln 1

3↵ ⇠ 0.2. Then the field ' rolls down until it freezes at some

value ' = 'F depending on the efficiency of reheating, see section 4.2. If |'F| >
q

3↵
2 ln ⇤

2�
p
6↵

,
then the potential (5.2) is dominated by the positive cosmological constant ⇤. In that case, at
the moment when the field starts moving again, the universe gradually enters the stage of
expansion dominated by the cosmological constant ⇤ with the equation of state wDE = �1.
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Figure 15. Upper panels: Cosmological constraints on log M2 and � for Exp-model I (left panel)
and Exp-model II (right panel) in term of 'F, when it is allowed to vary between �35 and +8. log M2

has been scanned over only in a range around the COBE/Planck normalization value depicted by the
vertical, red lines. Lower panels: CPL parameters w0 and wa for the dark energy equation of state, for
Exp-models I (left panel) and II (right panel) as functions of 'F. The points cluster around w0 = �1
(model I) and w0 ⇠ �0.96 (model II) for large, negative values of 'F.

possesses a cosmological constant limit. Increasing |'F| moves the field more and more on the
tail of the potential, and the model becomes more and more like ⇤CDM. There is however
no possibility of decreasing the total potential energy of the field further, as the scalar field
only contributes with a positive energy on top of the cosmological constant. That is why
there is a lower bound on � for Exp-model I in figure 15. 'F can however take values as large
as ⇠ +5, as in Exp-model II, giving larger deviations from ⇤CDM.

The lower panels of figure 15 show how the CPL parameters w0 and wa vary with 'F

in both models. First note that the viability regions are quite thin, and already tight as
far as the constraints from the cosmological data are concerned. We have checked that by
imposing the full COBE/Planck constraint (5.21) these regions become only slightly thiner,
which means that the late-time data are quite constraining on their own, independently
of the strong constraint on the model imposed by the COBE/Planck normalization — see
appendix A for a discussion of how these constraints are a↵ected if the inflationary priors
on M2 are fully relaxed. Second, we can clearly see that the models deviate more and more
from ⇤CDM by increasing 'F to less and less negative values, as illustrated by the deviations
in w0 and wa from �1 and 0, respectively. Note that all the points shown in figure 15 are
cosmologically viable, and therefore, by having a su�ciently e�cient reheating to stop the
field from rolling too much after inflation, we can expect a relatively large deviation from
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In quintessential a-attractors with gravitational preheating and a long stage of 
kinetic energy dominance, inflation must be longer than in the conventional
a-attractors with a long stage of oscillations at about

The required number of e-folds N in the quintessen>al a-a?ractor models can be 
greater than in the conven>onal a-a?ractors, or in the Starobinsky model, by 

As a result, the value of ns in the quintessential a-attractors with gravitational 
preheating is typically greater than in more traditional models by about 0.006 or 
so. This number coincides with one standard deviation in the Planck results. Thus 
by a more precise determination of ns to be achieved in the future, we may be 
able to distinguish between the quintessential a-attractors and conventional 
models with a cosmological constant, even if we cannot tell the difference 
between w and -1.  This emphasizes importance of precise measurement of ns.

�N ⇠ 10

�N ⇠ 1

6
ln

✓
⇢end
⇢reh

◆
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Quintessential inflation allows to increase the number of e-foldings N, which slightly 
increases ns for a-attractor models. With better precision on spectral index ns we may 
differentiate in the future between inflation ending at the minimum of the potential, and 
the one ending at a second plateau, even if the equation of state there is w = -1

T

T

E

Figure 1: This Figure is taken from [16], it represents a forecast of CMB-S4 constraints in the ns � r plane

for a fiducial model with r = 0.01. Here the grey band shows predictions of the sub-class of ↵-attractor models

[2, 3, 4]. We have added to this figure a blue circle with the letter T inside it corresponding to a highest

preferred value 3↵ = 7 and the purple one corresponding to the lowest preferred value 3↵ = 1 in a seven-disk

geometry. All intermediate cases 3↵ = {1, 2, 3, 4, 5, 6, 7} are between these two. They all describe the class

of ↵-attractor models with V ⇠ tanh
2
('/

p
6↵), so-called quadratic T -models. The quadratic E-models with

V ⇠ (1 � e
p

2/3↵'
)
2
tend to be slightly to the right of the T -models, see [2]. We show them as a navy circle

with the letter E inside it.

by requiring that

3↵ = 7 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 ⌘ ⌧
3↵ = 6 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 ⌘ ⌧ , ⌧7 = const
3↵ = 5 : ⌧1 = ⌧2 = ⌧3 = ⌧4 = ⌧5 ⌘ ⌧ , ⌧6 = ⌧7 = const
3↵ = 4 : ⌧1 = ⌧2 = ⌧3 = ⌧4 ⌘ ⌧ , ⌧5 = ⌧6 = ⌧7 = const
3↵ = 3 : ⌧1 = ⌧2 = ⌧3 ⌘ ⌧ , ⌧4 = ⌧5 = ⌧6 = ⌧7 = const
3↵ = 2 : ⌧1 = ⌧2 ⌘ ⌧ , ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 = const
3↵ = 1 : ⌧1 ⌘ ⌧ , ⌧2 = ⌧3 = ⌧4 = ⌧5 = ⌧6 = ⌧7 = const (4.17)

We illustrate in Fig. 1 the features of ↵-attractor models [2, 3, 4] with the seven-disk geometry
using the recent discussion of B-modes in the CMB-S4 Science Book [16]. We show in Fig. 1
predictions of ↵-attractor models with seven-disk geometry in the ns � r plane for N ⇠ 55, for
the minimal value 3↵ = 1 and for the maximal value 3↵ = 7.

5 Values of 3↵ in string theory

Here we will show how to derive the 7-disk geometry (4.13) in string theory. We start with
the derivation of non-compact symmetries in string theory following [17], [18]. The toroidal
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