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Condensed Matter Physics

0. Introduction

Condensed matter physics is the study of “stu↵”, of how the wonderfully diverse prop-

erties of solids and liquids and other forms of matter can emerge from the simple laws

that govern the underlying electrons and atoms. It provides answers to the most basic,

childlike questions that a scientist can ask. Why is water wet? Why are metals shiny?

How can we use non-Abelian quasi-particles to store quantum information? (Ok...that

last one wasn’t very childlike.) But all of these questions have their answers in the

beautiful world of quantum mechanics.

As a physicist, if you want to understand how a something works then it’s very tempt-

ing to think about the underlying constituents. This is the approach of reductionism.

For any material, we know exactly what the underlying constituents are: atoms. Often

in a material, some of the electrons get dislodged from the atom, so we should really

be talking about electrons and ions. All materials in the world are described by some

number Ne of electrons and some number Ni of ions. We understand perfectly the

equation which describes these constituents. It is the Hamiltonian
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where

• Each electron has mass m and charge �e. The jth electron has position rj and

momentum pj with j = 1, . . . , Ne.

• The ↵th ion has mass M↵, charge +Z↵e, position R↵ and momentum P↵ with

↵ = 1, . . . , Ni is the number of ions.

For completeness, we should also include the spin of the electron. But that’s it. The

equation above includes everything that we need to understand the world around us.

All we need to do is solve it and we can go home.

That turns out to be hard. We can solve the equation above when Ne = Ni = 1.

This is the hydrogen atom. We can solve it numerically when Ne, Ni ⇠ 10 or so. But

to understand solids, we need to solve this when

Ne, Ni ⇠ 1024

We have no hope at all of doing this! The naive reductionist approach is not very useful

when thinking about how stu↵ works.
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Electrons: mass m, charge –e, position rj, momentum pj

Ions: mass Ma, charge +Zae, position Ra, momentum Pa

Just solve this!
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Band Structure

Inside a solid, the ions are arranged on a lattice

How does the electron move through this? How does its energy change?



Band Structure

A particle moving in empty space has energy 
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Band Structure

Figure 4: Energy dispersion for the free electron model.

Our real interest is what happens close to the edge of the Brillouin zone when � is

small compared to the gap Vn. In this case we can expand the square-root to give
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The first collection of terms coincide with the energy at the edge of the Brillouin zone

(1.15), as indeed it must. For us, the important new point is in the second term which

tells us that as we approach the gaps, the energy is quadratic in the momentum �.

Band Structure

We now have all we need to sketch the rough form of the energy spectrum E(k). The

original quadratic spectrum is deformed with a number of striking features:

• For small momenta, k ⌧ ⇡/a, the spectrum remains roughly unchanged.

• The energy spectrum splits into distinct bands, with gaps arising at k = n⇡/a

with n 2 Z. The size of these gaps is given by 2|Vn|, where Vn is the appropriate

Fourier mode of the potential.

The region of momentum space corresponding to the nth energy band is called

the nth Brillouin zone. However, we usually call the 1st Brillouin zone simply the

Brillouin zone.
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A particle moving through a lattice has energy which is similar to empty space, but with gaps 
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• Tight binding model

• Nearly free electron model



Tight Binding Model

1. Electrons Moving in One Dimension

In this chapter, we start our journey into the world of condensed matter physics. This

is the study of the properties of “stu↵”. Here, our interest lies in a particular and

familiar kind of stu↵: solids.

Solids are collections of tightly bound atoms. For most solids, these atoms arrange

themselves in regular patterns on an underlying crystalline lattice. Some of the elec-

trons of the atom then disassociate themselves from their parent atom and wander

through the lattice environment. The properties of these electrons determine many of

the properties of the solid, not least its ability to conduct electricity.

One might imagine that the electrons in a solid move in a fairly random fashion, as

they bounce from one lattice site to another, like a ball in a pinball machine. However,

as we will see, this is not at all the case: the more fluid nature of quantum particles

allows them to glide through a regular lattice, almost unimpeded, with a distorted

energy spectrum the only memory of the underlying lattice.

In this chapter, we will focus on understanding how the energy of an electron depends

on its momentum when it moves in a lattice environment. The usual formula for kinetic

energy, E = 1

2

mv2 = p2/2m, is one of the first things we learn in theoretical physics as

children. As we will see, a lattice changes this in interesting ways, the consequences of

which we will explore in chapter 3.

We begin with some particularly simple toy models which capture much of the rel-

evant physics. These toy models describe an electron moving in a one-dimensional

lattice. We’ll take what lessons we can from this before moving onto more realistic

descriptions of electrons moving in higher dimensions.

1.1 The Tight-Binding Model

The tight-binding model is a caricature of electron motion in solid in which space is

made discrete. The electron can sit only on the locations of atoms in the solid and has

some small probability to hop to a neighbouring site due to quantum tunnelling.

To start with our “solid” consists of a one-dimensional lattice of atoms. This is

described by N points arranged along a line, each separated by distance a.

a
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Consider a one-dimensional lattice. Each atom is separated by distance a

One electron moves on this lattice. It can sit at any lattice site. When the electron sits on 
the nth lattice site, we will denote its quantum state as: 

Consider a single electron moving on this lattice. We will assume that the electron

can only sit on a given lattice point; it’s not allowed to roam between lattice points.

This is supposed to mimic the idea that electrons are bound to the atoms in a lattice

and goes by the name of the tight-binding approximation. (We’ll see exactly what we’re

neglecting in this approximation later.)

When the electron sits on the nth atom, we denote the quantum state as |ni. These
states are considered orthogonal to each other, so

hn|mi = �nm

Clearly the total Hilbert space has dimension N , and is spanned by |ni with n =

1, . . . , N .

What kind of Hamiltonian will govern the dynamics of this electron? If the electron

just remains on a given atom, an appropriate Hamiltonian would be

H
0

= E
0

X

n

|nihn|

Each of the position states |ni is an energy eigenstate of H
0

with energy E
0

. The

electrons governed by this Hamiltonian don’t move. This Hamiltonian is boring.

To make things more interesting, we need to include the possibility that the electron

can tunnel from one site to another. How to do this? Well, the Hamiltonian governs

time evolution. In some small time increment of time �t, a state evolves as

| i 7! | i � i�t

~ H| i+O(�t2)

This means that if we want the possibility for the electron to hop from one site to

another, we should include in the Hamiltonian a term of the form |mihn| which takes

an electron at site n and moves it to an electron at site m.

There is one last ingredient that we want to feed into our model: locality. We don’t

want electrons to disappear and reappear many thousands of lattice spacings down the

line. We want our model to describe electrons hopping from one atom to neighbouring

atoms. This motivates our final form of the Hamiltonian,

H = E
0

X

n

|nihn|� t
X

n

⇣
|nihn+ 1|+ |n+ 1ihn|

⌘
(1.1)

First a comment on notation: the parameter t is called the hopping parameter. It is not

time; it is simply a number which determines the probability that a particle will hop
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We take n=1,…,N and set 
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First a comment on notation: the parameter t is called the hopping parameter. It is not

time; it is simply a number which determines the probability that a particle will hop
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We also make the chain of ions into a circle by imposing periodic boundary conditions

to a neighbouring site. (More precisely, the ratio t2/E2

0

will determine the probability.

of hopping.) It’s annoying notation, but unfortunately t is the canonical name for this

hopping parameter so it’s best we get used to it now.

Now back to the physics encoded in H. We’ve chosen a Hamiltonian that only

includes hopping terms between neighbouring sites. This is the simplest choice; we will

describe more general choices later. Moreover, the probability of hopping to the left is

the same as the probability of hopping to the right. This is required because H must

be a Hermitian operator.

There’s one final issue that we have to address before solving for the spectrum of H:

what happens at the edges? Again, there are a number of di↵erent possibilities but

none of the choices a↵ect the physics that we’re interested in here. The simplest option

is simply to declare that the lattice is periodic. This is best achieved by introducing a

new state |N + 1i, which sits to the right of |Ni, and is identified with |N + 1i ⌘ |1i.

Solving the Tight-Binding Model

Let’s now solve for the energy eigenstates of the Hamiltonian (1.1). A general state

can be expanded as

| i =
X

m

 m|mi

with  n 2 C. Substituting this into the Schrödinger equation gives

H| i = E| i ) E
0

X

m

 m|mi � t
⇣X

m

 m+1

|mi+  m|m+ 1i
⌘
= E

X

n

 m|mi

If we now take the overlap with a given state hn|, we get the set of linear equations for
the coe�cients  n

hn|H| i = Ehn| i ) E
0

 n � t( n+1

+  n�1

) = E n (1.2)

These kind of equations arise fairly often in physics. (Indeed, they will arise again in

Section ?? when we come to discuss the vibrations of a lattice.) They are solved by

the ansatz

 n = eikna (1.3)

Or, if we want to ensure that the wavefunction is normalised,  n = eikna/
p
N . The

exponent k is called the wavenumber. The quantity p = ~k plays a role similar to

momentum in our discrete model; we will discuss the ways in which it is like momentum

in Section 1.3. We’ll also often be lazy and refer to k as momentum.
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Tight-Binding Model

We describe the electron by the tight-binding Hamiltonian
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First a comment on notation: the parameter t is called the hopping parameter. It is not

time; it is simply a number which determines the probability that a particle will hop
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t is called the “hopping parameter”

To get some intuition for this Hamiltonian, in a small time interval
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• The term proportional to E0 leaves the electron alone
• The hopping term makes the electron move one place to the left or to the right



Tight-Binding Model
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Each of the position states |ni is an energy eigenstate of H
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with energy E
0

. The

electrons governed by this Hamiltonian don’t move. This Hamiltonian is boring.
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time evolution. In some small time increment of time �t, a state evolves as
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~ H| i+O(�t2)
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another, we should include in the Hamiltonian a term of the form |mihn| which takes

an electron at site n and moves it to an electron at site m.

There is one last ingredient that we want to feed into our model: locality. We don’t

want electrons to disappear and reappear many thousands of lattice spacings down the

line. We want our model to describe electrons hopping from one atom to neighbouring

atoms. This motivates our final form of the Hamiltonian,
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First a comment on notation: the parameter t is called the hopping parameter. It is not

time; it is simply a number which determines the probability that a particle will hop
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We want to solve this. We want to find energy eigenstates that solve

to a neighbouring site. (More precisely, the ratio t2/E2

0

will determine the probability.

of hopping.) It’s annoying notation, but unfortunately t is the canonical name for this

hopping parameter so it’s best we get used to it now.

Now back to the physics encoded in H. We’ve chosen a Hamiltonian that only

includes hopping terms between neighbouring sites. This is the simplest choice; we will

describe more general choices later. Moreover, the probability of hopping to the left is

the same as the probability of hopping to the right. This is required because H must

be a Hermitian operator.

There’s one final issue that we have to address before solving for the spectrum of H:

what happens at the edges? Again, there are a number of di↵erent possibilities but

none of the choices a↵ect the physics that we’re interested in here. The simplest option

is simply to declare that the lattice is periodic. This is best achieved by introducing a

new state |N + 1i, which sits to the right of |Ni, and is identified with |N + 1i ⌘ |1i.

Solving the Tight-Binding Model

Let’s now solve for the energy eigenstates of the Hamiltonian (1.1). A general state

can be expanded as

| i =
X

m

 m|mi

with  n 2 C. Substituting this into the Schrödinger equation gives

H| i = E| i ) E
0

X

m

 m|mi � t
⇣X

m

 m+1

|mi+  m|m+ 1i
⌘
= E

X

n

 m|mi

If we now take the overlap with a given state hn|, we get the set of linear equations for
the coe�cients  n

hn|H| i = Ehn| i ) E
0

 n � t( n+1

+  n�1

) = E n (1.2)

These kind of equations arise fairly often in physics. (Indeed, they will arise again in

Section ?? when we come to discuss the vibrations of a lattice.) They are solved by

the ansatz

 n = eikna (1.3)

Or, if we want to ensure that the wavefunction is normalised,  n = eikna/
p
N . The

exponent k is called the wavenumber. The quantity p = ~k plays a role similar to

momentum in our discrete model; we will discuss the ways in which it is like momentum

in Section 1.3. We’ll also often be lazy and refer to k as momentum.
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But on the lattice, our state is the same if we shift

The wavenumber has a number of properties. First, the set of solutions remain the

same if we shift k ! k + 2⇡/a so the wavenumber takes values in

k 2
h
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a
,+

⇡
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⌘
(1.4)

This range of k is given the fancy name Brillouin zone. We’ll see why this is a useful

concept that deserves its own name in Section 2.

There is also a condition on the allowed values of k coming from the requirement of

periodicity. We want  N+1

=  
1

, which means that eikNa = 1. This requires that k

is quantised in units of 2⇡/aN . In other words, within the Brillouin zone (1.4) there

are exactly N quantum states of the form (1.3). But that’s what we expect as it’s the

dimension of our Hilbert space; the states (1.3) form a di↵erent basis.

States of the form (1.3) have the property that
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This immediately ensures that equation (1.2) is

solved for any value of k, with the energy eigen-

value

E = E
0

� 2t cos(ka) (1.5)

The spectrum is shown in the figure for t > 0.

(The plot was made with a = t = 1 and E
0

= 2.) The states with k > 0 describe

electrons which move to the right; those with k < 0 describe electrons moving to the

left.

There is a wealth of physics hiding in this simple result, and much of the following

sections will be fleshing out these ideas. Here we highlight a few pertinent points

• The electrons do not like to sit still. The eigenstates |ni of the original Hamil-

tonian H
0

were localised in space. One might naively think that adding a tiny

hopping parameter t would result in eigenstates that were spread over a few sites.

But this is wrong. Instead, all energy eigenstates are spread throughout the whole

lattice. Arbitrarily small local interactions result in completely delocalised energy

eigenstates.

• The energy eigenstates of H
0

were completely degenerate. Adding the hopping

term lifts this degeneracy. Instead, the eigenstates are labelled by the wavevector
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This range of energies is referred to a band and the di↵erence between the maxi-

mum and minimum energy (which is 4t in this case) is called the band width. In

our simple model, we have just a single energy band. In subsequent models, we

will see multiple bands emerging.

• For suitably small momentum, k ⌧ ⇡/a, we can Taylor expand the energy (1.5)

as

E(k) ⇡ (E
0

� 2t) + ta2k2

Up to a constant, this takes the same form as a free particle moving in the

continuum,

E
free

=
~2k2

2m
(1.6)

This is telling us that low energy, low momentum particles are unaware that they

are moving on an underlying lattice. Instead, they act as if they are moving along

a continuous line with e↵ective mass m? = ~2/2ta2. Notice that in this model

the e↵ective mass has nothing to do with the physical mass of the electron; it is

inherited from properties of the lattice.

• There is a cute reciprocity between the properties of momentum and position.

We know from our first course on quantum mechanics that if space is made finite

— for example, a particle in a box, or a particle moving on a circle — then

momentum becomes discrete. We also saw this above as the periodic boundary

conditions enforced the wavenumber to be quantised in units of 2⇡/Na.

However, our tight-binding model also exhibits the converse phenomenon: when

we make space discrete, momentum becomes periodic: it has to lie in the Brillouin

zone (1.4). More generally, discreteness is the Fourier transform of compactness.

1.2 Nearly Free Electrons

The tight-binding model is an extreme cartoon of the real physics in which space is

discrete; electrons are stuck on atomic sites with a non-vanishing probability to hop

to a neighbouring site. In this section we present another cartoon that is designed to

capture the opposite extreme.
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to a neighbouring site. In this section we present another cartoon that is designed to

capture the opposite extreme.
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This range of energies is referred to a band and the di↵erence between the maxi-

mum and minimum energy (which is 4t in this case) is called the band width. In

our simple model, we have just a single energy band. In subsequent models, we

will see multiple bands emerging.

• For suitably small momentum, k ⌧ ⇡/a, we can Taylor expand the energy (1.5)

as

E(k) ⇡ (E
0

� 2t) + ta2k2

Up to a constant, this takes the same form as a free particle moving in the

continuum,

E
free

=
~2k2

2m?
(1.6)

This is telling us that low energy, low momentum particles are unaware that they

are moving on an underlying lattice. Instead, they act as if they are moving along

a continuous line with e↵ective mass m? = ~2/2ta2. Notice that in this model

the e↵ective mass has nothing to do with the physical mass of the electron; it is

inherited from properties of the lattice.

• There is a cute reciprocity between the properties of momentum and position.

We know from our first course on quantum mechanics that if space is made finite

— for example, a particle in a box, or a particle moving on a circle — then

momentum becomes discrete. We also saw this above as the periodic boundary
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• How many quantum states do we have? To see this, we need to remember that the 
lattice is periodic, which means that

• For this to work, k must be quantised in units of 

• In the Brillouin zone                          we have N different quantum states

• This is the same number that we started with! 

Tight-Binding Model

The state with momentum k has energy

The wavenumber has a number of properties. First, the set of solutions remain the

same if we shift k ! k + 2⇡/a so the wavenumber takes values in

k 2
h
�⇡
a
,+

⇡

a

⌘
(1.4)

This range of k is given the fancy name Brillouin zone. We’ll see why this is a useful

concept that deserves its own name in Section 2.

There is also a condition on the allowed values of k coming from the requirement of

periodicity. We want  N+1

=  
1

, which means that eikNa = 1. This requires that k

is quantised in units of 2⇡/aN . In other words, within the Brillouin zone (1.4) there

are exactly N quantum states of the form (1.3). But that’s what we expect as it’s the

dimension of our Hilbert space; the states (1.3) form a di↵erent basis.

States of the form (1.3) have the property that
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Figure 1:

 n±1

= e±ika n

This immediately ensures that equation (1.2) is

solved for any value of k, with the energy eigen-

value

E(k) = E
0

� 2t cos(ka) (1.5)

The spectrum is shown in the figure for t > 0.

(The plot was made with a = t = 1 and E
0

= 2.) The states with k > 0 describe

electrons which move to the right; those with k < 0 describe electrons moving to the

left.

There is a wealth of physics hiding in this simple result, and much of the following

sections will be fleshing out these ideas. Here we highlight a few pertinent points

• The electrons do not like to sit still. The eigenstates |ni of the original Hamil-

tonian H
0

were localised in space. One might naively think that adding a tiny

hopping parameter t would result in eigenstates that were spread over a few sites.

But this is wrong. Instead, all energy eigenstates are spread throughout the whole

lattice. Arbitrarily small local interactions result in completely delocalised energy

eigenstates.

• The energy eigenstates of H
0

were completely degenerate. Adding the hopping

term lifts this degeneracy. Instead, the eigenstates are labelled by the wavevector
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Nearly Free Electron Model

Here’s a completely different way to think about electrons moving in a lattice. The electron 
can move anywhere along a line, but feels a periodic potential V(x)

V(x) V(x)

Figure 2: A periodic sine wave. Figure 3: A periodic square wave.

We will assume that our electron is free to move anywhere along the line, parame-

terised by the position x. To mimic the underlying lattice, we add a weak, periodic

potential V (x). This means that we consider the Hamiltonian

H =
p2

2m
+ V (x)

where p = �i~d/dx is the usual momentum operator. The periodicity of the potential

means that it satisfies

V (x+ a) = V (x) (1.7)

For example, the potential could take the form of a sine wave, or a square wave as

shown in the figure, or it could be a an infinite series of delta functions. For much of

our discussion we won’t need the exact form of the potential.

To avoid discussing edge e↵ects, it’s again useful to consider the particle moving

on a circle S1 of length (circumference) L. This is compatible with the periodicity

requirement (1.7) only if L/a = N 2 Z. The integer N plays the role of the number of

atoms in the lattice.

In the absence of the potential, the eigenstates are the familiar plane waves |ki,
labelled by the momentum p = ~k. Because we are on a circle, the wavenumber of k is

quantised in units of 2⇡/L. The associated wavefunctions are

 k(x) = hx|ki = 1p
L
eikx (1.8)

These states are are orthonormal, with

hk|k0i = 1

L

Z
dx ei(k

0�k)x = �k,k0 (1.9)
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When the potential vanishes, the energy eigenstates         are plane waves
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We will treat the potential V(x) using perturbation theory. Except the two states         and 
have the same energy. We must use degenerate perturbation theory!

(Recall that we are living on a circle, so the momenta k are discrete and the Kronecker

delta is the appropriate thing to put on the right-hand side.) Meanwhile, the energy

of a free particle is given by

E
0

(k) =
~2k2

2m
(1.10)

Our goal is to understand how the presence of the potential V (x) a↵ects this energy

spectrum. To do this, we work perturbatively. However, perturbation theory in the

present situation is a little more subtle than usual. Let’s see why.

Perturbation Theory

Recall that the first thing we usually do in perturbation theory is decide whether

we have non-degenerate or degenerate energy eigenstates. Which do we have in the

present case? Well, all states are trivially degenerate because the energy of a free

particle moving to the right is the same as the energy of a free particle moving to the

left: E
0

(k) = E
0

(�k). But the fact that the two states |ki and |�ki have the same

energy does not necessarily mean that we have to use degenerate perturbation theory.

This is only true if the perturbation causes the two states to mix.

To see what happens we will need to compute matrix elements hk|V |k0i. The key bit

of physics is the statement that the potential is periodic (1.7). This ensures that it can

be Fourier expanded

V (x) =
X

n2Z

Vn e
2⇡inx/a with Vn = V ?

�n

where the Fourier coe�cients follow from the inverse transformation

Vn =
1

a

Z a

0

dx V (x) e�2⇡inx/a

The matrix elements are then given by

hk|V |k0i = 1

L

Z
dx

X

n2Z

Vn e
i(k0�k+2⇡n/a)x =

X

n2Z

Vn �k�k0,2⇡n/a (1.11)

We see that we get mixing only when

k = k0 +
2⇡n

a

for some integer n. In particular, we get mixing between degenerate states |ki and |�ki
only when

k =
⇡n

a
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with energy



Nearly Free Electron Model

Proof: Consider the two states        and                        . To do perturbation theory, we should compute

for some n. The first time that this happens is when k = ⇡/a. But we’ve seen this

value of momentum before: it is the edge of the Brillouin zone (1.4). This is the first

hint that the tight-binding model and nearly free electron model share some common

features.

With this background, let’s now try to sketch the basic features of the energy spec-

trum as a function of k.

Low Momentum: With low momentum |k| ⌧ ⇡/a, there is no mixing between states

at leading order in perturbation theory (and very little mixing at higher order). In

this regime we can use our standard results from non-degenerate perturbation theory.

Expanding the energy to second order, we have

E(k) =
~2k2

2m
+ hk|V |ki+

X

k0 6=k

|hk|V |k0i|2
E

0

(k)� E
0

(k0)
+ . . . (1.12)

From (1.11), we know that the first order correction is hk|V |ki = V
0

, and so just

gives a constant shift to the energy, independent of k. Meanwhile, the second order

term only gets contributions from |k0i = |k + 2⇡n/ai for some n. When |k| ⌧ ⇡/a,

these corrections are small. We learn that, for small momenta, the particle moves as if

una↵ected by the potential. Intuitively, the de Broglie wavelength 2⇡/k of the particle

much greater than the wavelength a of the potential, and the particle just glides over

it unimpeded.

The formula (1.12) only holds for low momenta. Indeed, we see that the formula

knows about its own failings, because if we attempt to use it when k = n⇡/a for some

n, the the numerator hk|V |�ki is finite while the denominator becomes zero. Whenever

perturbation theory diverges in this manner it’s because we’re doing something wrong.

In this case it’s because we should be working with degenerate perturbation theory.

At the Edge of the Brillouin Zone: Let’s consider the momentum eigenstates which

sit right at the edge of the Brillouin zone, k = ⇡/a, or at integer multiples

k =
n⇡

a

As we’ve seen, these are the values which mix due to the potential perturbation and

we must work with degenerate perturbation theory.

Let’s recall the basics of degenerate perturbation theory. We focus on the subsector of

the Hilbert space formed by the two degenerate states, in our case |ki and |k0i = |�ki.
To leading order in perturbation theory, the new energy eigenstates will be some linear
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Using this, the matrix elements are given by

(Recall that we are living on a circle, so the momenta k are discrete and the Kronecker

delta is the appropriate thing to put on the right-hand side.) Meanwhile, the energy

of a free particle is given by

E
0

(k) =
~2k2

2m
(1.10)

Our goal is to understand how the presence of the potential V (x) a↵ects this energy

spectrum. To do this, we work perturbatively. However, perturbation theory in the

present situation is a little more subtle than usual. Let’s see why.

Perturbation Theory

Recall that the first thing we usually do in perturbation theory is decide whether

we have non-degenerate or degenerate energy eigenstates. Which do we have in the

present case? Well, all states are trivially degenerate because the energy of a free

particle moving to the right is the same as the energy of a free particle moving to the

left: E
0

(k) = E
0

(�k). But the fact that the two states |ki and |�ki have the same

energy does not necessarily mean that we have to use degenerate perturbation theory.

This is only true if the perturbation causes the two states to mix.

To see what happens we will need to compute matrix elements hk|V |k0i. The key bit

of physics is the statement that the potential is periodic (1.7). This ensures that it can

be Fourier expanded

V (x) =
X

n2Z

Vn e
2⇡inx/a with Vn = V ?

�n

where the Fourier coe�cients follow from the inverse transformation

Vn =
1

a

Z a

0

dx V (x) e�2⇡inx/a

The matrix elements are then given by

hk|V |k0i = 1

L

Z
dx

X

n2Z

Vn e
i(k0�k+2⇡n/a)x =

X

n2Z

Vn �k�k0,2⇡n/a (1.11)

We see that we get mixing only when

k = k0 +
2⇡n

a

for some integer n. In particular, we get mixing between degenerate states |ki and |�ki
only when

k =
⇡n

a
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Claim: When the momentum is                    , with n an integer, the potential will scatter the state +k

state to the –k state. Note that this first happens at the edge of the Brillouin zone, 
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delta is the appropriate thing to put on the right-hand side.) Meanwhile, the energy

of a free particle is given by

E
0

(k) =
~2k2

2m
(1.10)

Our goal is to understand how the presence of the potential V (x) a↵ects this energy

spectrum. To do this, we work perturbatively. However, perturbation theory in the

present situation is a little more subtle than usual. Let’s see why.

Perturbation Theory

Recall that the first thing we usually do in perturbation theory is decide whether

we have non-degenerate or degenerate energy eigenstates. Which do we have in the

present case? Well, all states are trivially degenerate because the energy of a free

particle moving to the right is the same as the energy of a free particle moving to the

left: E
0

(k) = E
0

(�k). But the fact that the two states |ki and |�ki have the same

energy does not necessarily mean that we have to use degenerate perturbation theory.

This is only true if the perturbation causes the two states to mix.

To see what happens we will need to compute matrix elements hk|V |k0i. The key bit

of physics is the statement that the potential is periodic (1.7). This ensures that it can

be Fourier expanded

V (x) =
X

n2Z

Vn e
2⇡inx/a with Vn = V ?

�n

where the Fourier coe�cients follow from the inverse transformation

Vn =
1

a

Z a

0

dx V (x) e�2⇡inx/a

The matrix elements are then given by

hk|V |k0i = 1

L

Z
dx

X

n2Z

Vn e
i(k0�k+2⇡n/a)x =

X

n2Z

Vn �k�k0,2⇡n/a (1.11)

We see that we get mixing only when

k = k0 +
2⇡n

a

for some integer n. In particular, we get mixing between degenerate states |ki and |�ki
only when

k =
⇡n

a
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Because the potential is periodic, we can Fourier transform
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value of momentum before: it is the edge of the Brillouin zone (1.4). This is the first

hint that the tight-binding model and nearly free electron model share some common

features.

With this background, let’s now try to sketch the basic features of the energy spec-

trum as a function of k.

Low Momentum: With low momentum |k| ⌧ ⇡/a, there is no mixing between states
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E(k) =
~2k2
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+ hk|V |ki+

X

k0 6=k

|hk|V |k0i|2
E

0

(k)� E
0

(k0)
+ . . . (1.12)

From (1.11), we know that the first order correction is hk|V |ki = V
0

, and so just

gives a constant shift to the energy, independent of k. Meanwhile, the second order

term only gets contributions from |k0i = |k + 2⇡n/ai for some n. When |k| ⌧ ⇡/a,

these corrections are small. We learn that, for small momenta, the particle moves as if

una↵ected by the potential. Intuitively, the de Broglie wavelength 2⇡/k of the particle

much greater than the wavelength a of the potential, and the particle just glides over

it unimpeded.

The formula (1.12) only holds for low momenta. Indeed, we see that the formula
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At the Edge of the Brillouin Zone: Let’s consider the momentum eigenstates which

sit right at the edge of the Brillouin zone, k = ⇡/a, or at integer multiples
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a

As we’ve seen, these are the values which mix due to the potential perturbation and
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Let’s recall the basics of degenerate perturbation theory. We focus on the subsector of

the Hilbert space formed by the two degenerate states, in our case |ki and |k0i = |�ki.
To leading order in perturbation theory, the new energy eigenstates will be some linear
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The potential can scatter the particle only when it has momentum                     .

The energy eigenstates will be some linear combination                             . To figure this out, 
we diagonalise the matrix  

combination of these original states ↵|ki + �|k0i. We would like to figure out what

choice of ↵ and � will diagonalise the new Hamiltonian. There will be two such choices

since there must, at the end of the day, remain two energy eigenstates. To determine

the correct choice of these coe�cients, we write the Schrödinger equation, restricted to

this subsector, in matrix form
 

hk|H|ki hk|H|k0i
hk0|H|ki hk0|H|k0i

! 
↵

�

!
= E

 
↵

�

!
(1.13)

We’ve computed the individual matrix elements above: using the fact that the states

|ki are orthonormal (1.9), the unperturbed energy (1.10) and the potential matrix

elements (1.11), our eigenvalue equation becomes

 
E

0

(k) + V
0

Vn

V ?
n E

0

(k0) + V
0

! 
↵

�

!
= E

 
↵

�

!
(1.14)

where, for the value k = �k0 = n⇡/a of interest, E
0

(k) = E
0

(k0) = n2~2⇡2/2ma2. It’s

simple to determine the eigenvalues E of this matrix: they are given by the roots of

the quadratic equation

(E
0

(k) + V
0

� E)2 � |Vn|2 = 0 ) E =
~2
2m

n2⇡2

a2
+ V

0

± |Vn| (1.15)

This is important. We see that a gap opens up in the spectrum at the values k = ±n⇡/a.

The size of the gap is proportional to 2|Vn|.
It’s simple to understand what’s going on here. Consider the simple potential

V = 2V
1

cos

✓
2⇡x

a

◆

which gives rise to a gap only at k = ±⇡/a. The eigenvectors of the matrix are

(↵, �) = (1,�1) and (↵, �) = (�1, 1), corresponding to the wavefunctions

 
+

(x) = hx|
⇣
|ki+ |�ki

⌘
⇠ cos

⇣⇡x
a

⌘

 �(x) = hx|
⇣
|ki � |�ki

⌘
⇠ sin

⇣⇡x
a

⌘

The density of electrons is proportional to | ±|2. Plotting these densities on top of the

potential, we see that  
+

describes electrons that are gathered around the peaks of the

potential, while  � describes electrons gathered around the minima. It is no surprise

that the energy of  
+

is higher than that of  �.
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(Recall that we are living on a circle, so the momenta k are discrete and the Kronecker

delta is the appropriate thing to put on the right-hand side.) Meanwhile, the energy

of a free particle is given by

E
0

(k) =
~2k2

2m
(1.10)

Our goal is to understand how the presence of the potential V (x) a↵ects this energy

spectrum. To do this, we work perturbatively. However, perturbation theory in the

present situation is a little more subtle than usual. Let’s see why.

Perturbation Theory

Recall that the first thing we usually do in perturbation theory is decide whether

we have non-degenerate or degenerate energy eigenstates. Which do we have in the

present case? Well, all states are trivially degenerate because the energy of a free

particle moving to the right is the same as the energy of a free particle moving to the

left: E
0

(k) = E
0

(�k). But the fact that the two states |ki and |�ki have the same

energy does not necessarily mean that we have to use degenerate perturbation theory.

This is only true if the perturbation causes the two states to mix.

To see what happens we will need to compute matrix elements hk|V |k0i. The key bit

of physics is the statement that the potential is periodic (1.7). This ensures that it can

be Fourier expanded

V (x) =
X

n2Z

Vn e
2⇡inx/a with Vn = V ?

�n

where the Fourier coe�cients follow from the inverse transformation

Vn =
1

a

Z a

0

dx V (x) e�2⇡inx/a

The matrix elements are then given by

hk|V |k0i = 1

L

Z
dx

X

n2Z

Vn e
i(k0�k+2⇡n/a)x =

X

n2Z

Vn �k�k0,2⇡n/a (1.11)

We see that we get mixing only when

k = k0 +
2⇡n

a

for some integer n. In particular, we get mixing between degenerate states |ki and |�ki
only when

k =
⇡n

a
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A gap opens up at 
these values of the 
momenta



Nearly Free Electron Model

Figure 4: Energy dispersion for the free electron model.

Our real interest is what happens close to the edge of the Brillouin zone when � is

small compared to the gap Vn. In this case we can expand the square-root to give

E± ⇡ ~2
2m

n2⇡2

a2
+ V

0

± |Vn|+ ~2
2m

✓
1± 1

|Vn|
n2~2⇡2

ma2

◆
�2

The first collection of terms coincide with the energy at the edge of the Brillouin zone

(1.15), as indeed it must. For us, the important new point is in the second term which

tells us that as we approach the gaps, the energy is quadratic in the momentum �.

Band Structure

We now have all we need to sketch the rough form of the energy spectrum E(k). The

original quadratic spectrum is deformed with a number of striking features:

• For small momenta, k ⌧ ⇡/a, the spectrum remains roughly unchanged.

• The energy spectrum splits into distinct bands, with gaps arising at k = n⇡/a

with n 2 Z. The size of these gaps is given by 2|Vn|, where Vn is the appropriate

Fourier mode of the potential.

The region of momentum space corresponding to the nth energy band is called

the nth Brillouin zone. However, we usually call the 1st Brillouin zone simply the

Brillouin zone.
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The energy shows a band structure

There are gaps in the energy as you go from one Brillouin zone to the next.



Other Lattices

In 2d and 3d there are many different possible lattices. Each lattice has an associated 
Brillouin zone, which is a region of momentum space

Figure 13: The Brillouin zones for a 2d square lattice. The first is shown in yellow, the

second in pink, the third in blue.

As an example, consider the square lattice in 2d. The reciprocal lattice is also square.

The first few Brillouin zones on this square lattice are shown in Figure 13.

For the one-dimensional lattice that we looked at in Section 1, we saw that the

conserved momentum lies within the first Brillouin zone. This will also be true in

higher dimensions. This motivates us to work in the reduced zone scheme, in which these

higher Brillouin zones are mapped back into the first. This is achieved by translating

them by some lattice vector. The higher Brillouin zones of the square lattice in the

reduced zone scheme are shown in Figure 14.

Figure 14: The first three Brillouin zones for a square lattice in the reduced zone scheme.

Finally, note that the edges of the Brillouin zone should be identified; they label

the same momentum state k. For one-dimensional lattices, this results in the Brillouin

zone having the topology of a circle. For d-dimensional lattices, the Brillouin zone is

topologically a torus Td.
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The energy of an electron is fixed by the momentum k, but with gaps in the spectrum when 
you cross the boundary of a Brillouin zone.

e.g. 2d square lattice: 

momentum in 
x-direction

momentum in 
y-direction



Other Lattices

Figure 17: Free band structure (in red) for BCC and FCC, together with the band structure

for silicon, exhibiting a gap.

We know from experience what the e↵ect of the perturbation V (x) will be: it will lift

the degeneracy. This means that a gap opens at the boundary of the Brillouin zone. For

example, the energy of states just inside the first Brillouin zone will be pushed down,

while the energy of those states just outside the first Brillouin zone will be pushed up.

Note that the size of this gap will vary as we move around the boundary..

There is one further subtlety that we should mention. At a generic point on the

boundary of the Brillouin zone, the degeneracy will usually be two-fold. However, at

special points — such as edges, or corners — it often higher. In this case, we must

work with all degenerate states when computing the gap.

All of this is well illustrated with an example. However, it’s illustrated even better if

you do the example yourself! The problem of nearly free electrons in a two-dimensional

square lattice is on the problem sheet. The resulting energy contours are shown in

Figure 16.

Plotting Band Structures in Three Dimensions

For three-dimensional lattice, we run into the problem of depicting the bands. For this,

we need the crystallographer’s notation we described previously. The spectrum of free

particles (i.e. with no lattice) is plotted in the Brillouin zone of BCC and FCC lattices

in Figure 171.

1
Images plotted by Jan-Rens Reitsma, from Wikimedia commons.
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Figure 11: Wigner-Seitz cell for BCC Figure 12: Salt.

However, a more symmetric choice is

a
1

=
a

2
(�x̂+ ŷ + ẑ) , a

2

=
a

2
(x̂� ŷ + ẑ) , a

3

=
a

2
(x̂+ ŷ � ẑ)

The primitive unit cell has volume V = a3/2.

The BCC lattice can also be thought of as a cubic lattice, with a basis of two

atoms with d
1

= 0 and d
2

= a
2

(x̂ + ŷ + ẑ). However, this doesn’t a↵ect the fact

that the BCC lattice is itself Bravais.

The Alkali metals (Li, Na, K, Rb, Cs) all have a BCC structure, as do the

Vanadium group (V , Nb, Ta) and Chromium group (Cr, Mo, W ) and Iron (Fe).

In each case, the lattice constant is roughly a ⇡ 3 to 6⇥ 10�10 m.

• Face Centered Cubic (FCC): This is again built from the cubic lattice, now

with an extra point added to the centre of each face. The primitive lattice vectors

are

a
1

=
a

2
(ŷ + ẑ) , a

2

=
a

2
(x̂+ ẑ) , a

3

=
a

2
(x̂+ ŷ)

The primitive unit cell has volume V = a3/4.

The FCC lattice can also be thought of as a cubic lattice, now with a basis of

four atoms sitting at d
1

= 0, d
2

= a
2

(x̂ + ŷ), d
3

= a
2

(x̂ + ẑ) and d
4

= a
2

(ŷ + ẑ).

Nonetheless, it is also a Bravais lattice in its own right.

Examples of FCC structures include several of the Alkaline earth metals (Be,

Ca, Sr), many of the transition metals (Sc, Ni, Pd, Pt, Rh, Ir, Cu, Ag, Au)

and the Noble gases (Ne, Ar, Kr, Xe) when in solid form, again with a ⇡ 3 to

6⇥ 10�10 m in each case.
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Cubic BCC FCC

Figure 10: Three Bravais lattices. The di↵erent coloured atoms are there in an attempt to

make the diagrams less confusing; they do not denote di↵erent types of atoms.

This kind of construction generalises. We can describe any lattice as a repeating

group of atoms, where each group sits on an underlying Bravais lattice ⇤. Each atom

in the group is displaced from the vertex of the Bravais lattice by a vector di. Each

group of atoms, labelled by their positions di is called the basis. For example, for

the honeycomb lattice we chose the basis d
1

= 0 for red atoms and d
2

= d for white

atoms, since the red atoms sat at the positions of the underlying triangular lattice.

In general there’s no requirement that any atom sits on the vertex of the underlying

Bravais lattice. The whole lattice is then described by the union of the Bravais lattice

and the basis, [i{⇤+ di}.

Examples of Bravais Lattices in 3d

It turns out that there are 14 di↵erent Bravais lattices in three dimensions. Fortunately

we won’t need all of them. In fact, we will describe only the three that arise most

frequently in Nature. These are:

• Cubic: This is the simplest lattice. The primitive lattice vectors are aligned with

the Euclidean axes

a
1

= ax̂ , a
2

= aŷ , a
3

= aẑ

And the primitive cell looks has volume V = a3. The Wigner-Seitz cell is also a

cube, centered around one of the lattice points.

• Body Centered Cubic (BCC): This is a cubic lattice, with an extra point

placed at the centre of each cube. We could take the primitive lattice vectors to

be

a
1

= ax̂ , a
2

= aŷ , a
3

=
a

2
(x̂+ ŷ + ẑ)

– 23 –

Cubic BCC FCC

Figure 10: Three Bravais lattices. The di↵erent coloured atoms are there in an attempt to

make the diagrams less confusing; they do not denote di↵erent types of atoms.
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1

= 0 for red atoms and d
2

= d for white

atoms, since the red atoms sat at the positions of the underlying triangular lattice.

In general there’s no requirement that any atom sits on the vertex of the underlying

Bravais lattice. The whole lattice is then described by the union of the Bravais lattice

and the basis, [i{⇤+ di}.

Examples of Bravais Lattices in 3d

It turns out that there are 14 di↵erent Bravais lattices in three dimensions. Fortunately

we won’t need all of them. In fact, we will describe only the three that arise most

frequently in Nature. These are:

• Cubic: This is the simplest lattice. The primitive lattice vectors are aligned with

the Euclidean axes

a
1

= ax̂ , a
2

= aŷ , a
3

= aẑ

And the primitive cell looks has volume V = a3. The Wigner-Seitz cell is also a

cube, centered around one of the lattice points.

• Body Centered Cubic (BCC): This is a cubic lattice, with an extra point

placed at the centre of each cube. We could take the primitive lattice vectors to

be
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1
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The Brillouin zone for BCC

What an energy 
spectrum really 
looks like!


