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Lecture 2: Fermi Surfaces



Review of Lecture 1

In the last lecture, we looked at a single electron moving in a lattice. The energy spectrum 
forms a band structure with gaps. 

In this lecture, we look at what happens when we have many electrons. 

Figure 4: Energy dispersion for the free electron model.

Our real interest is what happens close to the edge of the Brillouin zone when � is

small compared to the gap Vn. In this case we can expand the square-root to give
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The first collection of terms coincide with the energy at the edge of the Brillouin zone

(1.15), as indeed it must. For us, the important new point is in the second term which

tells us that as we approach the gaps, the energy is quadratic in the momentum �.

Band Structure

We now have all we need to sketch the rough form of the energy spectrum E(k). The

original quadratic spectrum is deformed with a number of striking features:

• For small momenta, k ⌧ ⇡/a, the spectrum remains roughly unchanged.

• The energy spectrum splits into distinct bands, with gaps arising at k = n⇡/a

with n 2 Z. The size of these gaps is given by 2|Vn|, where Vn is the appropriate

Fourier mode of the potential.

The region of momentum space corresponding to the nth energy band is called

the nth Brillouin zone. However, we usually call the 1st Brillouin zone simply the

Brillouin zone.
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Fermi Surfaces

Let’s first think about a Fermi surface without a lattice 

Consider a single electron in a box of size L. The energy is
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Make some assumptions

• Electron has two spin states:       and  

• Electrons do not interact with each other

We also need a key principle of physics: the Pauli exclusion principle

• No two electrons can occupy the same state

3. Fermi Surfaces

In the previous chapter we have seen how the single-electron energy states form

a band structure in the presence of a lattice. Our goal now is to understand the

consequences of this, so that we can start to get a feel for some of the basic properties

of materials.

There is one feature in particular that will be important: materials don’t just have

one electron sitting in them. They have lots. A large part of condensed matter physics

is concerned with in understanding the collective behaviour of this swarm of electrons.

This can often involve the interactions between electrons giving rise to subtle and

surprising e↵ects. However, for our initial foray into this problem, we will make a fairly

brutal simplification: we will ignore the interactions between electrons. Ultimately,

much of the basic physics that we describe below is unchanged if we turn on interactions,

although the reason for this turns out to be rather deep.

3.1 Fermi Surfaces

Even in the absence of any interactions, electrons still are still a↵ected by the presence

of others. This is because electrons are fermions, and so subject to the Pauli exclusion

principle. This is the statement that only one electron can sit in any given state. As

we will see below, the Pauli exclusion principle, coupled with the general features of

band structure, goes some way towards explaining the main properties of materials.

Free Electrons

As a simple example, suppose that we have no lattice. We kz

kk yx

Figure 18: The Fermi

surface

take a cubic box, with sides of length L, and throw in some

large number of electrons. What is the lowest energy state of

this system? Free electrons sit in eigenstates with momentum

~k and energy E = ~2k2/2m. Because we have a system of

finite size, momenta are quantised as ki = 2⇡ni/L. Further,

they also carry one of two spin states, |" i or |# i.
The first electron can sit in the state k = 0 with, say, spin

|" i. The second electron can also have k = 0, but must have

spin |# i, opposite to the first. Neither of these electrons costs

any energy. However, the next electron is not so lucky. The

minimum energy state it can sit in has ni = (1, 0, 0). Including spin and momentum

there are a total of six electrons which can carry momentum |k| = 2⇡/L. As we go on,

we fill out a ball in momentum space. This ball is called the Fermi sea and the boundary
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Fermi Surfaces

Now we throw N electrons into the box. (With N=1023 roughly). What is the ground state?

• The first electron has k=0 and, say, spin

• The second electron has k=0 and spin

• The next electron must have non-zero momentum. We can set k=2p/L. 
• There are six states with this energy (three directions; spin up or down)

• Now we keep going. As we throw in more electrons, they have to have higher 
momentum and higher energy.  
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The electrons fill out a ball in momentum space
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Fermi Surfaces
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Everything in the Fermi surface is called the Fermi-something

• This inside is the Fermi sea

• The edge is the Fermi surface

• The electrons on the edge have Fermi momentum, kF

• The energy of this last electron is the Fermi energy

An important fact: 

Only the electrons near the Fermi surface can contribute to 
any dynamical process.

All others are trapped. 
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Figure 19: Fermi surfaces for valence Z = 1 with increasing lattice strength.

of the ball is called the Fermi surface. The states on the Fermi surface are said to have

Fermi momentum ~kF and Fermi energy EF = ~2k2

F/2m. Various properties of the

free Fermi sea are explored in the lectures on Statistical Physics.

3.2 Metals vs Insulators

Here we would like to understand what becomes of the Fermi sea and, more importantly,

the Fermi surface in the presence of a lattice. Let’s recapitulate some important facts

that we’ll need to proceed:

• A lattice causes the energy spectrum to splits into bands. We saw in Section

2.6 that a Bravais lattice with N sites results in each band having N momen-

tum states. These are either labelled by momenta in the first Brillouin zone (in

the reduced zone scheme) or by momentum in successive Brillouin zones (in the

extended zone scheme).

• Because each electron carries one of two spin states, each band can accommodate

2N electrons.

• Each atom of the lattice provides an integer number of electrons, Z, which are

free to roam the material. These are called valence electrons and the atom is said

to have valence Z.

From this, we can piece the rest of the story together. We’ll discuss the situation for

two-dimensional square lattices because it’s simple to draw the Brillouin zones. But

everything we say carries over for more complicated lattices in three-dimensions.

Suppose that our atoms have valence Z = 1. There are then N electrons, which

can be comfortably housed inside the first Brillouin zone. In the left-hand of Figure

19 we have drawn the Fermi surface for free electrons inside the first Brillouin zone.

However, we know that the e↵ect of the lattice is to reduce the energy at the edges

– 37 –

Fermi Surfaces with a Lattice

How does this change in a solid where there is a lattice? 

• The energy spectrum for a single electron forms bands. 

• The bands sit within Brillouin zone

Let’s consider electrons moving in two-dimensions. Throw in electrons and they form a Fermi surfaceFigure 4: Energy dispersion for the free electron model.

Our real interest is what happens close to the edge of the Brillouin zone when � is

small compared to the gap Vn. In this case we can expand the square-root to give
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The first collection of terms coincide with the energy at the edge of the Brillouin zone

(1.15), as indeed it must. For us, the important new point is in the second term which

tells us that as we approach the gaps, the energy is quadratic in the momentum �.

Band Structure

We now have all we need to sketch the rough form of the energy spectrum E(k). The

original quadratic spectrum is deformed with a number of striking features:

• For small momenta, k ⌧ ⇡/a, the spectrum remains roughly unchanged.

• The energy spectrum splits into distinct bands, with gaps arising at k = n⇡/a

with n 2 Z. The size of these gaps is given by 2|Vn|, where Vn is the appropriate

Fourier mode of the potential.

The region of momentum space corresponding to the nth energy band is called

the nth Brillouin zone. However, we usually call the 1st Brillouin zone simply the

Brillouin zone.
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Figure 4: Energy dispersion for the free electron model.
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As the lattice gets stronger, the energy gets pushed down near the edge of the BZ.
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original quadratic spectrum is deformed with a number of striking features:

• For small momenta, k ⌧ ⇡/a, the spectrum remains roughly unchanged.

• The energy spectrum splits into distinct bands, with gaps arising at k = n⇡/a

with n 2 Z. The size of these gaps is given by 2|Vn|, where Vn is the appropriate

Fourier mode of the potential.

The region of momentum space corresponding to the nth energy band is called

the nth Brillouin zone. However, we usually call the 1st Brillouin zone simply the

Brillouin zone.
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As the lattice gets very strong it can distort the Fermi surface to touch the edge of the BZ.



Real Fermi Surfaces

Figure 20: Lithium. Figure 21: Copper.

of the Brillouin zone. We expect, therefore, that the Fermi surface — which is the

equipotential EF — will be distorted as shown in the middle figure, with states closer

to the edge of the Brillouin zone filled preferentially. Note that the area inside the

Fermi surface remains the same.

If the e↵ects of the lattice get very strong, it may that the Fermi surface touches the

edge of the Brillouin zone as shown in the right-hand drawing in Figure 19. Because

the Brillouin zone is a torus, if the Fermi surface is to be smooth then it must hit the

edge of the Brillouin zone at right-angles.

This same physics can be seen in real Fermi surfaces. Lithium has valence Z = 1.

It forms a BCC lattice, and so the Brillouin zone is FCC. Its Fermi surface is shown

above, plotted within its Brillouin zone2. Copper also has valency Z = 1, with a FCC

lattice and hence BCC Brillouin zone. Here the e↵ects of the lattice are somewhat

stronger, and the Fermi surface touches the Brillouin zone.

In all of these cases, there are unoccupied states with arbitrarily small energy above

EF . (Strictly speaking, this statement holds only in the limit L ! 1 of an infinitely

large lattice.) This means that if we perturb the system in any way, the electrons will

easily be able to respond. Note, however, that only those electrons close to the Fermi

surface can respond; those that lie deep within the Fermi sea are locked there by the

Pauli exclusion principle and require much larger amounts of energy if they wish to

escape.

This is an important point, so I’ll say it again. In most situations, only those electrons

which lie on the Fermi surface can actually do anything. This is why Fermi surfaces

play such a crucial role in our understanding of materials.

2
This, and other pictures of Fermi surfaces, are taken from http://www.phys.ufl.edu/fermisurface/.
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Lithium Copper

Figure 20: Lithium. Figure 21: Copper.

of the Brillouin zone. We expect, therefore, that the Fermi surface — which is the

equipotential EF — will be distorted as shown in the middle figure, with states closer

to the edge of the Brillouin zone filled preferentially. Note that the area inside the

Fermi surface remains the same.

If the e↵ects of the lattice get very strong, it may that the Fermi surface touches the

edge of the Brillouin zone as shown in the right-hand drawing in Figure 19. Because

the Brillouin zone is a torus, if the Fermi surface is to be smooth then it must hit the

edge of the Brillouin zone at right-angles.

This same physics can be seen in real Fermi surfaces. Lithium has valence Z = 1.

It forms a BCC lattice, and so the Brillouin zone is FCC. Its Fermi surface is shown

above, plotted within its Brillouin zone2. Copper also has valency Z = 1, with a FCC

lattice and hence BCC Brillouin zone. Here the e↵ects of the lattice are somewhat

stronger, and the Fermi surface touches the Brillouin zone.

In all of these cases, there are unoccupied states with arbitrarily small energy above

EF . (Strictly speaking, this statement holds only in the limit L ! 1 of an infinitely

large lattice.) This means that if we perturb the system in any way, the electrons will

easily be able to respond. Note, however, that only those electrons close to the Fermi

surface can respond; those that lie deep within the Fermi sea are locked there by the

Pauli exclusion principle and require much larger amounts of energy if they wish to

escape.

This is an important point, so I’ll say it again. In most situations, only those electrons

which lie on the Fermi surface can actually do anything. This is why Fermi surfaces

play such a crucial role in our understanding of materials.

2
This, and other pictures of Fermi surfaces, are taken from http://www.phys.ufl.edu/fermisurface/.
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Fermi Surfaces with a Lattice

What happens if we keep adding electrons? 

Figure 22: Fermi surfaces for valence Z = 2 with increasing lattice strength, moving from a

metal to an insulator.

Materials with a Fermi surface are called metals. Suppose, for example, that we

apply a small electric field to the sample. The electrons that lie at the Fermi surface

can move to di↵erent available states in order to minimize their energy in the presence

of the electric field. This results in a current that flows, the key characteristic of a

metal. We’ll discuss more about how electrons in lattices respond to outside influences

in Section 5

Before we more on, a couple of comments:

• The Fermi energy of metals is huge, corresponding to a temperature of EF/kB ⇠
104 K, much higher than the melting temperature. For this reason, the zero

temperature analysis is a good starting point for thinking about real materials.

• Metals have a very large number of low-energy excitations, proportional to the

area of the Fermi surface. This makes metals a particularly interesting theoretical

challenge.

Let’s now consider atoms with valency Z = 2. These

Figure 23: Beryllium

have 2N mobile electrons, exactly the right number to fill

the first band. However, in the free electron picture, this

is not what happens. Instead, they partially fill the first

Brillouin zone and then spill over into the second Brillouin

zone. The resulting Fermi surface, drawn in the extended

zone scheme, is shown in left-hand picture of Figure 22

If the e↵ects of the lattice are weak, this will not be

greatly changed. Both the first and second Brillouin zones

will have available states close to the Fermi surface as

shown in the middle picture. These materials remain metals. We sometimes talk

– 39 –

With no lattice, the electrons spill over into the next Brillouin zone



Fermi Surfaces with a Lattice

What happens if we keep adding electrons? 

Figure 22: Fermi surfaces for valence Z = 2 with increasing lattice strength, moving from a

metal to an insulator.

Materials with a Fermi surface are called metals. Suppose, for example, that we

apply a small electric field to the sample. The electrons that lie at the Fermi surface

can move to di↵erent available states in order to minimize their energy in the presence

of the electric field. This results in a current that flows, the key characteristic of a

metal. We’ll discuss more about how electrons in lattices respond to outside influences

in Section 5

Before we more on, a couple of comments:

• The Fermi energy of metals is huge, corresponding to a temperature of EF/kB ⇠
104 K, much higher than the melting temperature. For this reason, the zero

temperature analysis is a good starting point for thinking about real materials.

• Metals have a very large number of low-energy excitations, proportional to the

area of the Fermi surface. This makes metals a particularly interesting theoretical

challenge.

Let’s now consider atoms with valency Z = 2. These

Figure 23: Beryllium

have 2N mobile electrons, exactly the right number to fill

the first band. However, in the free electron picture, this

is not what happens. Instead, they partially fill the first

Brillouin zone and then spill over into the second Brillouin

zone. The resulting Fermi surface, drawn in the extended

zone scheme, is shown in left-hand picture of Figure 22

If the e↵ects of the lattice are weak, this will not be

greatly changed. Both the first and second Brillouin zones

will have available states close to the Fermi surface as

shown in the middle picture. These materials remain metals. We sometimes talk
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The lattice distorts the energy spectrum, creating a gap at the BZ. If the gap 
is small, the electrons still spill over into the second BZ



Fermi Surfaces with a Lattice

What happens if we keep adding electrons? 

Figure 22: Fermi surfaces for valence Z = 2 with increasing lattice strength, moving from a

metal to an insulator.

Materials with a Fermi surface are called metals. Suppose, for example, that we

apply a small electric field to the sample. The electrons that lie at the Fermi surface

can move to di↵erent available states in order to minimize their energy in the presence

of the electric field. This results in a current that flows, the key characteristic of a

metal. We’ll discuss more about how electrons in lattices respond to outside influences

in Section 5

Before we more on, a couple of comments:

• The Fermi energy of metals is huge, corresponding to a temperature of EF/kB ⇠
104 K, much higher than the melting temperature. For this reason, the zero

temperature analysis is a good starting point for thinking about real materials.

• Metals have a very large number of low-energy excitations, proportional to the

area of the Fermi surface. This makes metals a particularly interesting theoretical

challenge.

Let’s now consider atoms with valency Z = 2. These

Figure 23: Beryllium

have 2N mobile electrons, exactly the right number to fill

the first band. However, in the free electron picture, this

is not what happens. Instead, they partially fill the first

Brillouin zone and then spill over into the second Brillouin

zone. The resulting Fermi surface, drawn in the extended

zone scheme, is shown in left-hand picture of Figure 22

If the e↵ects of the lattice are weak, this will not be

greatly changed. Both the first and second Brillouin zones

will have available states close to the Fermi surface as

shown in the middle picture. These materials remain metals. We sometimes talk
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But if the lattice is strong, then the electrons fill up all of the first BZ and 
none of the second BZ. 



Fermi Surfaces with a Lattice

Figure 22: Fermi surfaces for valence Z = 2 with increasing lattice strength, moving from a

metal to an insulator.

Materials with a Fermi surface are called metals. Suppose, for example, that we

apply a small electric field to the sample. The electrons that lie at the Fermi surface

can move to di↵erent available states in order to minimize their energy in the presence

of the electric field. This results in a current that flows, the key characteristic of a

metal. We’ll discuss more about how electrons in lattices respond to outside influences

in Section 5

Before we more on, a couple of comments:

• The Fermi energy of metals is huge, corresponding to a temperature of EF/kB ⇠
104 K, much higher than the melting temperature. For this reason, the zero

temperature analysis is a good starting point for thinking about real materials.

• Metals have a very large number of low-energy excitations, proportional to the

area of the Fermi surface. This makes metals a particularly interesting theoretical

challenge.

Let’s now consider atoms with valency Z = 2. These

Figure 23: Beryllium

have 2N mobile electrons, exactly the right number to fill

the first band. However, in the free electron picture, this

is not what happens. Instead, they partially fill the first

Brillouin zone and then spill over into the second Brillouin

zone. The resulting Fermi surface, drawn in the extended

zone scheme, is shown in left-hand picture of Figure 22

If the e↵ects of the lattice are weak, this will not be

greatly changed. Both the first and second Brillouin zones

will have available states close to the Fermi surface as

shown in the middle picture. These materials remain metals. We sometimes talk
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These two cases are similar. If we perturb 
the system a little bit, the electrons can shift 
into new states at very little cost of energy, 

This is very different. If we perturb 
the system, the electrons can move. 
There is an energy gap to the next 
available state



Fermi Surfaces with a Lattice

Figure 22: Fermi surfaces for valence Z = 2 with increasing lattice strength, moving from a

metal to an insulator.

Materials with a Fermi surface are called metals. Suppose, for example, that we

apply a small electric field to the sample. The electrons that lie at the Fermi surface

can move to di↵erent available states in order to minimize their energy in the presence

of the electric field. This results in a current that flows, the key characteristic of a

metal. We’ll discuss more about how electrons in lattices respond to outside influences

in Section 5

Before we more on, a couple of comments:

• The Fermi energy of metals is huge, corresponding to a temperature of EF/kB ⇠
104 K, much higher than the melting temperature. For this reason, the zero

temperature analysis is a good starting point for thinking about real materials.

• Metals have a very large number of low-energy excitations, proportional to the

area of the Fermi surface. This makes metals a particularly interesting theoretical

challenge.

Let’s now consider atoms with valency Z = 2. These

Figure 23: Beryllium

have 2N mobile electrons, exactly the right number to fill

the first band. However, in the free electron picture, this

is not what happens. Instead, they partially fill the first

Brillouin zone and then spill over into the second Brillouin

zone. The resulting Fermi surface, drawn in the extended

zone scheme, is shown in left-hand picture of Figure 22

If the e↵ects of the lattice are weak, this will not be

greatly changed. Both the first and second Brillouin zones

will have available states close to the Fermi surface as

shown in the middle picture. These materials remain metals. We sometimes talk
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These two cases are similar. If we perturb 
the system a little bit, the electrons can shift 
into new states at very little cost of energy, 

This is very different. If we perturb 
the system, the electrons can move. 
There is an energy gap to the next 
available state

These are metals This is an insulator



To make an insulator, we have to fill one Brillouin zone exactly, with no spillover. 

• Each Brillouin zone contains N states. (where N is the number of atoms)

• Each electron has two spin states, up and down

• So each Brillouin zone can accommodate 2N electrons

Fermi Surfaces with a Lattice

Figure 22: Fermi surfaces for valence Z = 2 with increasing lattice strength, moving from a

metal to an insulator.

Materials with a Fermi surface are called metals. Suppose, for example, that we

apply a small electric field to the sample. The electrons that lie at the Fermi surface

can move to di↵erent available states in order to minimize their energy in the presence

of the electric field. This results in a current that flows, the key characteristic of a

metal. We’ll discuss more about how electrons in lattices respond to outside influences

in Section 5

Before we more on, a couple of comments:

• The Fermi energy of metals is huge, corresponding to a temperature of EF/kB ⇠
104 K, much higher than the melting temperature. For this reason, the zero

temperature analysis is a good starting point for thinking about real materials.

• Metals have a very large number of low-energy excitations, proportional to the

area of the Fermi surface. This makes metals a particularly interesting theoretical

challenge.

Let’s now consider atoms with valency Z = 2. These

Figure 23: Beryllium

have 2N mobile electrons, exactly the right number to fill

the first band. However, in the free electron picture, this

is not what happens. Instead, they partially fill the first

Brillouin zone and then spill over into the second Brillouin

zone. The resulting Fermi surface, drawn in the extended

zone scheme, is shown in left-hand picture of Figure 22

If the e↵ects of the lattice are weak, this will not be

greatly changed. Both the first and second Brillouin zones

will have available states close to the Fermi surface as

shown in the middle picture. These materials remain metals. We sometimes talk
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Recall:



• Each atom donates some number Z of electrons which wander through the materia; with Z 
an integer. This is called the valence of the atom. The number of electrons in a solid is NZ.

• For Z=1, the first BZ must be exactly half-filled. Any element with Z=1 is a metal!
• e.g. Lithium, Copper

Metals vs Insulators

Figure 20: Lithium. Figure 21: Copper.

of the Brillouin zone. We expect, therefore, that the Fermi surface — which is the

equipotential EF — will be distorted as shown in the middle figure, with states closer

to the edge of the Brillouin zone filled preferentially. Note that the area inside the

Fermi surface remains the same.

If the e↵ects of the lattice get very strong, it may that the Fermi surface touches the

edge of the Brillouin zone as shown in the right-hand drawing in Figure 19. Because

the Brillouin zone is a torus, if the Fermi surface is to be smooth then it must hit the

edge of the Brillouin zone at right-angles.

This same physics can be seen in real Fermi surfaces. Lithium has valence Z = 1.

It forms a BCC lattice, and so the Brillouin zone is FCC. Its Fermi surface is shown

above, plotted within its Brillouin zone2. Copper also has valency Z = 1, with a FCC

lattice and hence BCC Brillouin zone. Here the e↵ects of the lattice are somewhat

stronger, and the Fermi surface touches the Brillouin zone.

In all of these cases, there are unoccupied states with arbitrarily small energy above

EF . (Strictly speaking, this statement holds only in the limit L ! 1 of an infinitely

large lattice.) This means that if we perturb the system in any way, the electrons will

easily be able to respond. Note, however, that only those electrons close to the Fermi

surface can respond; those that lie deep within the Fermi sea are locked there by the

Pauli exclusion principle and require much larger amounts of energy if they wish to

escape.

This is an important point, so I’ll say it again. In most situations, only those electrons

which lie on the Fermi surface can actually do anything. This is why Fermi surfaces

play such a crucial role in our understanding of materials.

2
This, and other pictures of Fermi surfaces, are taken from http://www.phys.ufl.edu/fermisurface/.
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Figure 20: Lithium. Figure 21: Copper.

of the Brillouin zone. We expect, therefore, that the Fermi surface — which is the

equipotential EF — will be distorted as shown in the middle figure, with states closer

to the edge of the Brillouin zone filled preferentially. Note that the area inside the

Fermi surface remains the same.

If the e↵ects of the lattice get very strong, it may that the Fermi surface touches the

edge of the Brillouin zone as shown in the right-hand drawing in Figure 19. Because

the Brillouin zone is a torus, if the Fermi surface is to be smooth then it must hit the

edge of the Brillouin zone at right-angles.

This same physics can be seen in real Fermi surfaces. Lithium has valence Z = 1.

It forms a BCC lattice, and so the Brillouin zone is FCC. Its Fermi surface is shown

above, plotted within its Brillouin zone2. Copper also has valency Z = 1, with a FCC

lattice and hence BCC Brillouin zone. Here the e↵ects of the lattice are somewhat

stronger, and the Fermi surface touches the Brillouin zone.

In all of these cases, there are unoccupied states with arbitrarily small energy above

EF . (Strictly speaking, this statement holds only in the limit L ! 1 of an infinitely

large lattice.) This means that if we perturb the system in any way, the electrons will

easily be able to respond. Note, however, that only those electrons close to the Fermi

surface can respond; those that lie deep within the Fermi sea are locked there by the

Pauli exclusion principle and require much larger amounts of energy if they wish to

escape.

This is an important point, so I’ll say it again. In most situations, only those electrons

which lie on the Fermi surface can actually do anything. This is why Fermi surfaces

play such a crucial role in our understanding of materials.

2
This, and other pictures of Fermi surfaces, are taken from http://www.phys.ufl.edu/fermisurface/.
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• Each atom donates some number Z of electrons which wander through the materia; with Z 
an integer. This is called the valence of the atom. The number of electrons in a solid is NZ.

• For Z=1, the first BZ must be exactly half-filled. Any element with Z=1 is a metal!
• e.g. Lithium, Copper

Metals vs Insulators

Figure 4: Energy dispersion for the free electron model.

Our real interest is what happens close to the edge of the Brillouin zone when � is

small compared to the gap Vn. In this case we can expand the square-root to give
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The first collection of terms coincide with the energy at the edge of the Brillouin zone

(1.15), as indeed it must. For us, the important new point is in the second term which

tells us that as we approach the gaps, the energy is quadratic in the momentum �.

Band Structure

We now have all we need to sketch the rough form of the energy spectrum E(k). The

original quadratic spectrum is deformed with a number of striking features:

• For small momenta, k ⌧ ⇡/a, the spectrum remains roughly unchanged.

• The energy spectrum splits into distinct bands, with gaps arising at k = n⇡/a

with n 2 Z. The size of these gaps is given by 2|Vn|, where Vn is the appropriate

Fourier mode of the potential.

The region of momentum space corresponding to the nth energy band is called

the nth Brillouin zone. However, we usually call the 1st Brillouin zone simply the

Brillouin zone.
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• For Z=2, with a weak lattice, there will be some spillover. Some elements with Z=2 are metals.
• e.g. Beryllium

Metals vs Insulators

Figure 22: Fermi surfaces for valence Z = 2 with increasing lattice strength, moving from a

metal to an insulator.

Materials with a Fermi surface are called metals. Suppose, for example, that we

apply a small electric field to the sample. The electrons that lie at the Fermi surface

can move to di↵erent available states in order to minimize their energy in the presence

of the electric field. This results in a current that flows, the key characteristic of a

metal. We’ll discuss more about how electrons in lattices respond to outside influences

in Section 5

Before we more on, a couple of comments:

• The Fermi energy of metals is huge, corresponding to a temperature of EF/kB ⇠
104 K, much higher than the melting temperature. For this reason, the zero

temperature analysis is a good starting point for thinking about real materials.

• Metals have a very large number of low-energy excitations, proportional to the

area of the Fermi surface. This makes metals a particularly interesting theoretical

challenge.

Let’s now consider atoms with valency Z = 2. These

Figure 23: Beryllium

have 2N mobile electrons, exactly the right number to fill

the first band. However, in the free electron picture, this

is not what happens. Instead, they partially fill the first

Brillouin zone and then spill over into the second Brillouin

zone. The resulting Fermi surface, drawn in the extended

zone scheme, is shown in left-hand picture of Figure 22

If the e↵ects of the lattice are weak, this will not be

greatly changed. Both the first and second Brillouin zones

will have available states close to the Fermi surface as

shown in the middle picture. These materials remain metals. We sometimes talk
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• For Z=2, with a strong lattice, the first BZ will be exactly filled with no spillover. This is an 
insulator.

Metals vs Insulators

Figure 4: Energy dispersion for the free electron model.

Our real interest is what happens close to the edge of the Brillouin zone when � is

small compared to the gap Vn. In this case we can expand the square-root to give
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The first collection of terms coincide with the energy at the edge of the Brillouin zone

(1.15), as indeed it must. For us, the important new point is in the second term which

tells us that as we approach the gaps, the energy is quadratic in the momentum �.

Band Structure

We now have all we need to sketch the rough form of the energy spectrum E(k). The

original quadratic spectrum is deformed with a number of striking features:

• For small momenta, k ⌧ ⇡/a, the spectrum remains roughly unchanged.

• The energy spectrum splits into distinct bands, with gaps arising at k = n⇡/a

with n 2 Z. The size of these gaps is given by 2|Vn|, where Vn is the appropriate

Fourier mode of the potential.

The region of momentum space corresponding to the nth energy band is called

the nth Brillouin zone. However, we usually call the 1st Brillouin zone simply the

Brillouin zone.
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• For Z=3 we get a metal again.

Metals vs Insulators

Figure 4: Energy dispersion for the free electron model.

Our real interest is what happens close to the edge of the Brillouin zone when � is

small compared to the gap Vn. In this case we can expand the square-root to give
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The first collection of terms coincide with the energy at the edge of the Brillouin zone

(1.15), as indeed it must. For us, the important new point is in the second term which

tells us that as we approach the gaps, the energy is quadratic in the momentum �.

Band Structure

We now have all we need to sketch the rough form of the energy spectrum E(k). The

original quadratic spectrum is deformed with a number of striking features:

• For small momenta, k ⌧ ⇡/a, the spectrum remains roughly unchanged.

• The energy spectrum splits into distinct bands, with gaps arising at k = n⇡/a

with n 2 Z. The size of these gaps is given by 2|Vn|, where Vn is the appropriate

Fourier mode of the potential.

The region of momentum space corresponding to the nth energy band is called

the nth Brillouin zone. However, we usually call the 1st Brillouin zone simply the

Brillouin zone.
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conduction band

valence band



Electrons and Holes

Figure 4: Energy dispersion for the free electron model.

Our real interest is what happens close to the edge of the Brillouin zone when � is

small compared to the gap Vn. In this case we can expand the square-root to give
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The first collection of terms coincide with the energy at the edge of the Brillouin zone

(1.15), as indeed it must. For us, the important new point is in the second term which

tells us that as we approach the gaps, the energy is quadratic in the momentum �.

Band Structure

We now have all we need to sketch the rough form of the energy spectrum E(k). The

original quadratic spectrum is deformed with a number of striking features:

• For small momenta, k ⌧ ⇡/a, the spectrum remains roughly unchanged.

• The energy spectrum splits into distinct bands, with gaps arising at k = n⇡/a

with n 2 Z. The size of these gaps is given by 2|Vn|, where Vn is the appropriate

Fourier mode of the potential.

The region of momentum space corresponding to the nth energy band is called

the nth Brillouin zone. However, we usually call the 1st Brillouin zone simply the

Brillouin zone.
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Take an insulator, and inject enough energy to move an electron from the 
valence band to the conduction band.  

This is an electron which is 
free to move around

This is an absence of an electron, which is also free to move around.  We call it a 
hole. It acts like a particle with positive charge.

The hole is like an anti-particle! (Although it is not related to special relativity.)



• A semiconductor is an insulator, but with a small energy gap

Semiconductors

Figure 4: Energy dispersion for the free electron model.

Our real interest is what happens close to the edge of the Brillouin zone when � is

small compared to the gap Vn. In this case we can expand the square-root to give
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The first collection of terms coincide with the energy at the edge of the Brillouin zone

(1.15), as indeed it must. For us, the important new point is in the second term which

tells us that as we approach the gaps, the energy is quadratic in the momentum �.

Band Structure

We now have all we need to sketch the rough form of the energy spectrum E(k). The

original quadratic spectrum is deformed with a number of striking features:

• For small momenta, k ⌧ ⇡/a, the spectrum remains roughly unchanged.

• The energy spectrum splits into distinct bands, with gaps arising at k = n⇡/a

with n 2 Z. The size of these gaps is given by 2|Vn|, where Vn is the appropriate

Fourier mode of the potential.

The region of momentum space corresponding to the nth energy band is called

the nth Brillouin zone. However, we usually call the 1st Brillouin zone simply the

Brillouin zone.
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Energy gap D

If the temperature T is comparable to the gap, kBT ~ D, then electrons get excited into the 
conduction band, leaving behind holes. This is a semi-conductor.



Summary

• Lattice + Quantum Mechanics gives band structure

• Pauli exclusion principle gives metals and insulators

Lots of very interesting things still to discuss, and even more still to discover



Bose-Einstein Condensates



Superconductors

• Conventional superconductors 
• High temperature superconductors



Graphene



Topological Insulators



Quantum Hall Effect


