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Abstract: We further develop and extend a recent perturbative framework for neutrino

oscillations in uniform matter density so that the resulting oscillation probabilities are

accurate for the complete matter potential versus baseline divided by neutrino energy

plane. This extension also gives the exact oscillation probabilities in vacuum for all values

of baseline divided by neutrino energy. The expansion parameter used is related to the ratio

of the solar to the atmospheric ∆m2 scales but with a unique choice of the atmospheric ∆m2

such that certain first-order effects are taken into account in the zeroth-order Hamiltonian.

Using a mixing matrix formulation, this framework has the exceptional feature that the

neutrino oscillation probability in matter has the same structure as in vacuum, to all

orders in the expansion parameter. It also contains all orders in the matter potential

and sin θ13. It facilitates immediate physical interpretation of the analytic results, and

makes the expressions for the neutrino oscillation probabilities extremely compact and

very accurate even at zeroth order in our perturbative expansion. The first and second

order results are also given which improve the precision by approximately two or more

orders of magnitude per perturbative order.
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Abstract: In this Addendum we rewrite the neutrino mixing angles and mass squared

di↵erences in matter given in our original paper, [1], in a notation that is more conventional

for the reader. Replacing the usual neutrino mixing angles and mass squared di↵erences in

the expressions for the vacuum oscillation probabilities with these matter mixing angles and

mass squared di↵erences gives an excellent approximation to the oscillation probabilities

in matter. Comparisons for T2K & T2HK, NOvA, T2HKK and DUNE are also given for

neutrinos and anti-neutrinos, disappearance and appearance channels and for both normal

and inverted orderings.
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Fig. 11. In the normal ordering (NO): Top left, the matter potentials, a and a 0, top right, sine
squared of mixing angles in matter, sin2 e✓

jk

, bottom left, the mass squared eigenvalues in matter,
fm2

j

, and bottom right, the mass squared di↵erences in matter, � fm2
jk

. E
⌫

� 0 (E
⌫

 0) is for
neutrinos (anti-neutrinos). E

⌫

= 0 is the vacuum values for both neutrinos and anti-neutrinos.

To calculate the oscillation probabilities, to 0th order, use the above � fm2
jk

instead of �m2
jk and replace the vacuum MNS matrix as follows
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MNS ⌘ U23(✓23) U13(✓13, �) U12(✓12) ) UM

MNS ⌘ U23(✓23) U13( e✓13, �) U12(e✓12).

That is, replace

�m2
jk ! � fm2

jk

✓13 ! e✓13

✓12 ! e✓12, (10)

✓23 and � remain unchanged, it is that simple. We call this the 0th order DMP
approximation.
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Fig. 11. In the normal ordering (NO): Top left, the matter potentials, a and a 0, top right, sine
squared of mixing angles in matter, sin2 e✓

jk

, bottom left, the mass squared eigenvalues in matter,
fm2

j

, and bottom right, the mass squared di↵erences in matter, � fm2
jk

. E
⌫

� 0 (E
⌫

 0) is for
neutrinos (anti-neutrinos). E

⌫

= 0 is the vacuum values for both neutrinos and anti-neutrinos.

To calculate the oscillation probabilities, to 0th order, use the above � fm2
jk

instead of �m2
jk and replace the vacuum MNS matrix as follows

U0
MNS ⌘ U23(✓23) U13(✓13, �) U12(✓12) ) UM

MNS ⌘ U23(✓23) U13( e✓13, �) U12(e✓12).

That is, replace

�m2
jk ! � fm2

jk

✓13 ! e✓13

✓12 ! e✓12, (10)

✓23 and � remain unchanged, it is that simple. We call this the 0th order DMP
approximation.
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Fig. 12. For normal ordering (NO), ⌫
µ

! ⌫
e

appearance: Top Left figure is for T2K , Top Right
figure is NOvA, Bottom Left figure is T2HKK, and Bottom Right is DUNE. In each figure, the
top panel is exact oscillation probability in matter, P ex

mat

(blue dashes) from6, the zeroth order
DMP approximation, P 0th

appx

(red dashes) from5 and the vacuum oscillation probability, P
vac

(black
dots). The Middle panel is di↵erence between exact oscillation probabilities in matter and vacuum
(black dots), and the di↵erence between exact and 0th DMP approximation (solid red) and exact
and 1st DMP approximation (solid magenta) approximations. Bottom panel is similar to middle
panel but plotting the fractional di↵erences, �P/P .

T2K/HK NOvA
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appearance: Top Left figure is for T2K , Top Right
figure is NOvA, Bottom Left figure is T2HKK, and Bottom Right is DUNE. In each figure, the
top panel is exact oscillation probability in matter, P ex

mat

(blue dashes) from6, the zeroth order
DMP approximation, P 0th

appx

(red dashes) from5 and the vacuum oscillation probability, P
vac

(black
dots). The Middle panel is di↵erence between exact oscillation probabilities in matter and vacuum
(black dots), and the di↵erence between exact and 0th DMP approximation (solid red) and exact
and 1st DMP approximation (solid magenta) approximations. Bottom panel is similar to middle
panel but plotting the fractional di↵erences, �P/P .
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• �±,0 are uncorrected at first order !

⌫
e

Survival Probability:

– Typeset by FoilT
E

X – 14

Figure 2. The ⌫e disappearance probability as a function of energy E for baselines of 3000 km
(upper panel) and 5000 km (lower panel). We have used the earth matter density 2.8 g/cm3.

Because of the simplicity of our expression for P (⌫e ! ⌫e), eq. (3.11), these shifts are

accurate to first order in the expansion parameter ✏. This simple understanding of the

features of P (⌫e ! ⌫e) is new to this paper.

3.3.6 Comparison with the existing perturbative frameworks

As we emphasized in section 2, our machinery has an advantage over the existing perturba-

tive frameworks by having the minimum number of terms composed of sin [(�j � �i)L/4E]

(i, j = 1, 2, 3) in the oscillation probabilities. This contrasts with the features of the exist-

ing perturbative frameworks in which much larger number of terms than those minimally

necessary as in (2.1) are produced. They include, typically, the terms with either extra

L/E dependences or di↵erent frequencies in the sine functions, or often both, which easily

obscures the physical interpretation.

To give a feeling to the readers on how simple and compact our formulas are, we com-

pare our expressions to the ones in the existing literatures to the same order in expansion.

For definiteness, we pick the ones in ref. [10] to make the comparison, the most recent one

among the reference list given in section 1.

Our expression of P (⌫e ! ⌫e) in (3.11) which has only a single term (ignoring unity)

may be compared with eqs. (4.6) and (4.7) which consist of total 3 terms. With regard to

P (⌫e ! ⌫µ), if we count numbers of terms with di↵erent L/E dependence we have one �-

independent and 2 �-dependent terms in (3.14), total 3. Whereas eqs. (4.8) and (4.9) in [10]

have total 7 terms, 3 �-independent and 4 �-dependent ones. Our expression of P (⌫µ ! ⌫⌧ )

in (3.17) has 3 �-independent and 2 �-dependent terms, adding up to total 5. On the other

hand, eqs. (4.10) and (4.11) in [10] contain total 8 �-independent and 10 �-dependent terms

(2 sin � and 8 cos � terms), which adds up to 18. So not only do our expressions for the
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Summary:

• DMP (1604.08167) gives us a SYSTEMATIC EXPANSION for the oscillation
probabilities in matter

• 0th order is VERY SIMPLE and SUFFICIENT for most accelerator experiments

• the expansion parameter is SMALL: sin(

e✓
13

� ✓
13

) s
12

c
12

✓
�m2

21

�m2

ee

◆
⇠ 0.0004 for

E = 2 GeV and ⇢ = 3 g.cm�3 and proportional to ⇢E

• by construction:

• the 0th order REPRODUCES vacuum oscillation probabilities exactly
• at 1st order ONLY the mixing matrix is modified, implying that at 0th order the
neutrino masses in matter are very accurate

• at high orders, BOTH neutrino masses in matter and mixing matrix in matter are
modified

• this DMP perturbative expansion gives an ENHANCED understanding of oscillation
probabilities in matter
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4. Perturbative Approximation to the Neutrino Oscillation

Probabilites in Matter

In this section, a simple and accurate way to evaluate oscillation probabilities, re-
cently shown Denton, Minakata and Parke5, is given. Details as to the why’s and
how’s of this method are contained in these papers.

The mixing angles in matter, which we denote by a e✓13 and e✓12 here, can also
be calculated in the following way, using �m2

ee ⌘ cos2 ✓12�m2
31 + sin2 ✓12�m2

32, as
follows, see Addendum5:

cos 2e✓13 =
(cos 2✓13 � a/�m2

ee)q
(cos 2✓13 � a/�m2

ee)
2 + sin2 2✓13

, (6)

where a ⌘ 2
p

2GF NeE⌫ is the standard matter potential, and

cos 2e✓12 =
(cos 2✓12 � a 0/�m2

21)q
(cos 2✓12 � a 0/�m2

21)
2 + sin2 2✓12 cos2(e✓13 � ✓13)

, (7)

where a 0 ⌘ a cos2 e✓13 + �m2
ee sin2(e✓13 � ✓13) is the ✓13-modified matter poten-

tial for the 1-2 sector. In these two flavor rotations, both e✓13 and e✓12 are in range
[0, ⇡/2].

✓23 and � are unchanged in matter for this approximation.

From the neutrino mass squared eigenvalues in matter, given by

fm2
3 = �m2

31 + ( a � a 0 ),

fm2
2 =

1

2
(�m2

21 + �fm2
21 + a 0 ), (8)

fm2
1 =

1

2
(�m2

21 � �fm2
21 + a 0 ),

it is simple to obtain the neutrino mass squared di↵erences in matter, i.e. the �m2
jk

in matter, which we denote by � fm2
jk, which are given by

� fm2
21 = �m2

21

q
(cos 2✓12 � a 0/�m2

21)
2 + sin2 2✓12 cos2(e✓13 � ✓13) ,

� fm2
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31 + ( a � 3

2
a 0 ) +

1

2

⇣
�fm2

21 � �m2
21

⌘
, (9)

� fm2
32 = � fm2

31 � � fm2
21.

To see these expressions have the correct asymptotic forms, use the fact that
(� fm2

21 � �m2
21) = |a 0| + O(�m2

21), for |a| � �m2
21. Plots of the matter mixing

angles and mass squared di↵erences are given in Fig. 11.
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Fig. 11. In the normal ordering (NO): Top left, the matter potentials, a and a 0, top right, sine
squared of mixing angles in matter, sin2 e✓

jk

, bottom left, the mass squared eigenvalues in matter,
fm2

j

, and bottom right, the mass squared di↵erences in matter, � fm2
jk

. E
⌫

� 0 (E
⌫

 0) is for
neutrinos (anti-neutrinos). E

⌫

= 0 is the vacuum values for both neutrinos and anti-neutrinos.

To calculate the oscillation probabilities, to 0th order, use the above � fm2
jk

instead of �m2
jk and replace the vacuum MNS matrix as follows

U0
MNS ⌘ U23(✓23) U13(✓13, �) U12(✓12) ) UM

MNS ⌘ U23(✓23) U13( e✓13, �) U12(e✓12).

That is, replace

�m2
jk ! � fm2

jk

✓13 ! e✓13

✓12 ! e✓12, (10)

✓23 and � remain unchanged, it is that simple. We call this the 0th order DMP
approximation.
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DMP Summary:


