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Exact Analytic Solution Issue:

e Solve Cubic Characteristic Eqn.

- (a+ Am3s, + Am%l) )\
+[Am3,Am3, +a { (1o + 5T2513)Am3; + C13Am31} A
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Exact Analytic Solution Issue:

e Solve Cubic Characteristic Eqn.

- (a+ Am3s, + Am%l) )\

+HAm3Am3, + a { (1o + 819573)Amay + C13Am31} A

2 _
— Ciacizalms; Ams, =0

o a =20

o or Am3, =0
e or sinflio =0
® Or Siﬂ(glgzo

THEN characteristic Egn
FACTORIZES |
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Exact Analytic Solution Issue:

e Solve Cubic Characteristic Eqn.

A\ —

(a+ Am3s, + Am%l) )\

+HAm3Am3, + a { (1o + 819573)Amay + C13Am31}

o BUT

or Am5; =0
e or sinflio =0
e or sinfli3 =10

THEN characteristic Egn
FACTORIZES |

2
— 012013aAm21Am31

=0

See Zaglauer & Schwarzer, Z. Phys. C 1988

A= %s—l\/s —3tfu++3(1—u?)],

1

2

A= %s—l\/s —3tfu—+3(1—u?)],

A= §s+ gu\/sz—Bt,

S=A21+A31+a,

t=AyAy+a[Ay(1—shely) +Ay(1—-53)],

u=cos|:—

1
3

here A;; = Am,

cos 1(

253 —9st+27al, A5 cc%
2(s2—31)%?

)
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Exact Analytic Solution Issue:

e Solve Cubic Characteristic Eqn.

- (a+ Am3s, + Am%l) )\
+[Am3,Am3; + a {(6%2 + 579873) Amay + C%3Am§1}] A

2 2 2 2 _
— C12C1306Amy Am, =0

IF See Zaglauer & Schwarzer, Z. Phys. C 1988

11
N=gs— 3Vs*=3ut3(1-u?)],

e a=20
o or Am3, =0 e e

s=A+Aq+a,

® Or SlIl 912 — O t=0A5A5+a[Ay(1—stc) + Ay (1—533)],

1 _1( 253 —9st+27al, A5 cc%
U=Ccos| > cos .
3 2(s*—31)*"?

here A;; = Am,

THEN characteristic Eqn DOES NOT
FACTORIZES ! TRIVIALLY SIMPLIFY !

I |
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Exact Analytic Solution Issue:

e Solve Cubic Characteristic Eqn.

- (a+ Am3s, + Am%l) )\
+[Am3,Am3; + a {(6%2 + 579873) Amay + C%3Am§1}] A

2 2 2 2 _
— C12C1306Amy Am, =0

IF See Zaglauer & Schwarzer, Z. Phys. C 1988

11
N=gs— 3Vs*=3ut3(1-u?)],

e a=20
o or Am3, =0 e e

s=A+Aq+a,

® Or Sln 912 — O t=0A5A5+a[Ay(1—stc) + Ay (1—533)],

1 _1( 253 —9st+27al, A5 cc%
U=Ccos| > cos ]
3 2(s*—31)*"?

here A;; = Ams,

THEN characteristic Eqn DOES NOT
FACTORIZES ! TRIVIALLY SIMPLIFY !
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2 flavor mixing in matter
ar’+bx+c=0

simple, intuitive, useful
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2 flavor mixing in matter
ar’+bx+c=0

simple, intuitive, useful

3 flavor mixing in matter
axr® +bx®*+cx+d=0

complicated, counter intuitive, ...
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(QE) H = UPMNS

Stephen Parke, Fermilab

i%u — Hv
0 0
0 Am3,
0 0

with

0
0

2
Ams3,

Neutrino Evolution in Matter:

V@
v=| v,
Vr

T
Upning T

S|

-

o O O
o O O

a =2vV2GrN,.E
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o Neutrino Evolution in Matter:
Ve
i%V:HV with v = vy,
Vr
0 0 0 | a 0 0]
_ 2 ]
(QE)H—UPMNS 0 Am21 0 UPMNS_I_ O 0 O
I 0 0 Am%l ) I 0O 0 O ]
a=2vV2GrN.E
Upvns = Uasz(023,0) Uis(013, —0) Ui2(012,0) :=: Uas(0a23,0) U13(613,0) Ui2(012,0)

:=: means equal after multiplying by a diagonal phase matrix on the left and/or right hand side.

Stephen Parke, Fermilab

CERN NuPlatform

1/31/2018

4




het

Neutrino Evolution in Matter:

V@
i%V:HV with v = vy,
Vr
0 0 0 a 0 0
2E)H =Upyns | 0 Am3, 0 | UL,ne+ |0 0 0
0 0 Am%l ] 0 0 0
a =2v2GrN.E
Uppyns = Uss(023,0) Uis(613,—0) Uia(012,0) :=: Uasg(023,0) Uy3(613,0) U2(612,0)

:=: means equal after multiplying by a diagonal phase matrix on the left and/or right hand side.

Z% V/ — U2T3((923,5) HU23(923,5) V/

Stephen Parke, Fermilab

VEZ
. ;) —‘-
VT
|
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Neutrino Evolution in Matter (conti):

U§3(923, 0) HUy3(023,0) = Hp + Hop

D=diagonal OD-= off-diagonal
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Neutrino Evolution in Matter (conti): ¢
U§3(923, 0) H Uz3(623,0) = Hp + Hop
D=diagonal OD-= off-diagonal
1
a4+ 89, Am?, ] 3
(2F) Hp = (C%z — 3%2)Am%1 2
I clSAm ] o

Am?, = cos? 013Am32, + sin® 61,Am2,

T |
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(2E) Hp =

Neutrino Evolution in Matter (conti):

U3 (023, 8) H Ung(6a3, 6)

a + s Am?,

(2E) Hop/Am?, =

Stephen Parke, Fermilab

513C13

D=diagonal OD-= off-diagonal

(

= Hp + Hop

1
3
2 2 2
Cio — 312)Am21 2
2 Am
Am?, = cos? 013Am32, + sin® 61,Am2,
1
1 —
_ . _
Am%l
+ c13 S12C12 N 1 0
mee O
. _
Amgl
— 813 S12C12 N 1
mee 1 1
|
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(2E) Hp =

(2E) Hop/Am?,

Neutrino Evolution in Matter (conti):

U§3(923, 0) HUy3(023,0) = Hp + Hop

D=diagonal OD-= off-diagonal

2 2
a + s73Amz,

/

0.15

513C13

(

2
Ci9

2 2
— 312)Am21

Am?
21

+ C13 S12C12 >
Amee

2 2
ClSAmee

N

>a

Am?, = cos? 013Am32, + sin® 61,Am2,

Stephen Parke, Fermilab

/
0.015

Amgl 0
— 813 S12C12 5 0 1
/ Amz2, 1
0.002
|
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b Rotation by Uy3( 613)
a — 2\/§GFN€E
N . 2
cos 2813 _ (COS 2813 a/Amee)

\/(COS 2015 — a/Am2,)2 + sin® 2015
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b Rotation by Uy3( 613)
a — 2\/§GFN€E
N . 2
cos201s — (cos 2013 — a/Amg,)

\/(cos 2015 — a/Am2,)2 + sin® 2015

cos 201, =

Stephen Parke, Fermilab

then Ulg(glg)

a' = a cos® 3+ Amge Siﬂ2(913 — 013)

(cos 2015 —a'/Am3,)

\/(COS 2(912 — a//Am%1>2 + SiIl2 2612 COS2(513 — 913)
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Rotation by U13(§13) ~
then Uj2(6:12)

a =2vV2GrN.E
2 ~ ~
~ cos 2013 — a/Am , . 9
C082(913 = ( / ee) a = a COS2 913 +Amge S111 (913 — 913)
\/(COS 2015 — a/Am2,)2 + sin® 2015
2
~ cos 2012 —a’'/Am
C082612 = ( / 21)
2 -2 n
\/(COSQ@lg—a//Am21)2 -+ Sin 2&120082(913—913)
NO: Matter Potentials

0006_ rTrrrrryrrrrrrrrryrrrrrTrTT T rTTT T T T T I T T T T To AT
- | | | | ]
: a
0.004 — —
— E cos2913Am§e g
w - T T T T T T T T T =]
> 0.002 — a —
O z 5
© : -
- 0.000 — —
® : E
g a :
—0.002 — —
- A ]
_0.004: llllllIIlllllllllIlllllllllIlllllllllIlllllll :
—-20 -10 0 10 20 30

E, (GeV)
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Rotation by U13(§13) ~
then Uj2(6:12)

a =2V2GpN.E

2 ~ -

~ (cos 2013 — a/Am:,) , 59 . 9

cos 2013 = : a’ = a cos? 013 + Am?,_sin®(613 — 013)
\/(COS 2013 — a/Am2,)? + sin” 2613
2
~ cos 2012 —a’'/Am
cos 201y — ( /Am3,)
\/(COS 2(912 — a’/Am%l)z + SiIl2 2612 COSQ<913 — 913)

X NO: Mixing Angles in Matter
0006 NO Matter POtentlalS 10 IIIIIIIII|IIIIIIIII[IIIIIIIII]IIIIIIIII]IIIIIIIII
. = IIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIII . . m : |: | 3
- a ; - f f -
0.004 F— — 0.8 | | B
- = C .2 L L2 3
N E cos?0,, Am? - - sSin”~0 5 f sSin” 05 ]
S 0.002f a' 3 s 061 —
) C . a C ]
g - ] & - ]
© - . n - 7
. 0.000 — 0.4 2, 3
S - 2 = S R Sin"f1z -
= a E 3 E
—0.002 — — 0'2; ]
- a' ] - =
- = - sm_61_3 ]
_0004: IIIIIII|IIIIIIII||||||||||||||||||||||||||||| - O°O lllllllll_illlllllll lllllllllIlllllllllTlllllllll
T —20 ~10 0 10 20 30 —20 —-10 0 10 20 30

E, (GeV) E, (GeV)
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Rotation by U13(§13) ~
then Uj2(6:12)

a =2V2GpN.E
2 ~ ~
~ (cos 2013 — a/Am:,) , 59 . 9
cos 2013 = : a’ = a cos? 013 + Am?,_sin®(613 — 013)
\/(COS 2013 — a/Am2,)? + sin” 2613
2
~ cos 2012 —a’'/Am
cos 201y — ( /Am3,)
\/(COS 2(912 — a’/Am%l)z + SiIl2 2612 COSQ<913 — 913)

_ NO: Mixing Angles in Matter ~> 1
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= a E 3 E
—0.002 — 0'2; ]
- a' ] - =
- = - sm_61_3 ]
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Masses Squared: m2 = L(Am2, — Am2y +a’)
- S —~ 1 —~
(2E) Hp = diag( m?1, m?2, m*3 ) ms = §(Am%1 + Am?291 +a’)

T/r\{% = Am3; + (a—a')
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Masses Squared: m? = §<Am31  Am?y +a’)
- S —~ 1 —~
(2E) Hp = diag( m?1, m?2, m*3 ) ms = §(Am%1 + Am?291 +a’)

T/r\{% = Am3; + (a—a')

—_—~—

Am2q91 = Am%l \/(COS 2019 — a,//Am,%l)2 + sin? 2019 0052(513 —013) =~ | Am%l cos 2019 — a

when |a/| > Am%l
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/




£ Masses Squared | Y
dsSSeEsS oquareqa. m? = §(Am§1 — Am2y; +a’)
. ~ 5 T —~ 1 ~
(QE) HD — dlag( Tn217 frn227 m23 ) m% _ §(Am§1 € Am221 4 CLI)

mi = Amg +(a—a')

—_—~—

Am2q91 = Am%l \/(COS 2019 — a,’/Am,%l)2 + sin? 2019 0052(513 —013) =~ | Am%l cos 2019 — a'

when |a/| > Am%l

NO: m?®’s in Matter

0.006_ IIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIII ]
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0.004 — —

- me E

S 0.002;— —;
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f)/ - -
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(aV} - mg ]
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E :

_0'004: IIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIII :
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L.

(QE) HD — dlag( T/T\L/Ql, T/T\L/QQ, 77/;/23 )

—_—~—

2
Am2q91 = Amoq \/(COS 2019 — a’/ATrL%l)2 +

0.006

0.004

& 0.002
=
o
N—"

a2

2 0.000

~0.002

~0.004

Masses Squared:
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1 —_—
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NO: m?®’s in Matter
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Am?k —
013 —
010 —
0oz —

o —

Stephen Parke, Fermilab

Y

vacuum —> matter

Am?,
513 ;JOC;C_H/ (Amgly ATTL21, 9137 9127 9237 5)
5 ma

- = P, _twﬁ(A m231,Am221,913,6’12,923,5)
023
0 Oth order !

CERN NuPlatform 1/31/2018 ‘
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. vacuum =>  matter ¢
Am?k — AnAz/ij
0z — 013 ;}(jc—w (Amgl,Am21,913,912,923,5)
bz = iz = Pf@jyﬁ(A m231, A m2a1, 013, 012, Oa3, 8)
o3 — 023
o0 = 0 Oth order !

What about Hpp 7

Stephen Parke, Fermilab

CERN NuPlatform 1/31/2018 8



het

vacuum =>  matter 0
b1 — 013 ;ﬁiy (Ams,, Ams;,, 013, 012, 023, 5)
v, — 5 ma
2 - = P, _twﬁ(A m231, A m221, 013, 012, 023, 6)
Oo3 — 03
0 — 0 Oth order |
What about Hpp )
S12 = sin B9, etc
2 i _/512 |
(QE) HOD/Amze — Sin(/é/lg — 913) S12C12 (imgl) 512
m™m ~ —~
ce . —S12 C12 |

I |
Stephen Parke, Fermilab CERN NuPlatform 1/31/2018 8
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vacuum =>  matter ¢
Am5, —  Am?,
913 — 513 ;JOC;C—H/ (Am317 Ale? 9137 9127 9237 5)
0 — 5 ma
- - = P, _twﬁ(A m231, A m21, 013, 012, 023, 0)
023 — O3
0 — 0 Oth order !
What about Hpp )
S12 = sin B9, etc
N Am2 i 1512 |
(QE) HOD/Amze — sin(913 — 913) S12C192 (Amgl) C12
ce . —S12  Ci2 |
sin(13 — 013) ~ s13¢13 (A,,f,zz ) —4
ee 4 X 10 for E =2 GeV and p = 3 g.cm™3
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vacuum =>  matter ¢
Am5, —  Am?,
913 — 513 ;JOC;C—H/ (Am317 Ale) 9137 9127 9237 5)
0 — 5 ma
- - = P, _th(A m231, A m21, 013, 012, 023, 0)
023 — O3
0 — 0 Oth order !
What about Hpp )
S12 = sin B9, etc
N Am2 i 1512 |
(QE) HOD/Amze — sin(913 — 913) S12C192 (Amgl) C12
ce . —S12  Ci2 |
sin(13 — 013) ~ s13¢13 (A,,f,zz ) —4
ee 4 X 10 for E =2 GeV and p = 3 g.cm™3

Perturbation Theory !l
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1st order:

e Am?2, are unchanged since | Hop |,

0
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1st order:

o An/;éjk are unchanged since | Hop|;; =0

o Ubuns = Upng(1l+ W)

defn: U#MNS = U23(923, 5) U13(§13)U12(512)
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defn: UJMMNS = U23(923, 5) U13(§13)U12(512)

L,
. 1st ord
o An/;éjk are unchanged since | Hop|;; =0
o Utins = Upnns(1+W1)
where:
( 0 0
W1 = sin(f13 — 013) s12¢12 Am%l 0 0
\ +§12/A?77231 —'512/A”7232

—512/Am?3q \

—~—

+819/A m235

0 /

Stephen Parke, Fermilab CERN NuPlatform
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1st order:

o An/;éjk are unchanged since | Hop|;; =0

o Ubuns = Upng(1l+ W)

defn: U#MNS = U23(923, 5) U13(513)U12(512)

where:
( 0 0 ~F19/Am23 \
Wy = sin(f13 — 013) s1ac12 Amay 0 0 +¢19/A anz/ng
\ +512/A ?77231 —C12/A ?77232 0 )

0.002 < |[W;| < 0.01
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1st order:

o Aw/;/?jk are unchanged since | Hop|;; =0

o Ubuns = Upng(1l+ W)

defn: U%MNS = U23(923, 5) U13(§13)U12(512)

where:
( 0 0 ~F19/Am23 \
Wy = sin(f13 — 013) s1ac12 Amay 0 0 +¢19/A "7/:232
\ +512/A ?77231 —C12/A "77232 0 )

0.002 < |[Wy| < 0.01
2nd order: see paper
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* NO: v, Appearance (295 km) NO: v, Appearance (810 km)
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* NO: v, Appearance (295 km) NO: v, Appearance (810 km)
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Summary:

DMP (1604.08167) gives us a SYSTEMATIC EXPANSION for the oscillation
probabilities in matter

Oth order is VERY SIMPLE and SUFFICIENT for most accelerator experiments

2
Am%e

the expansion parameter is SMALL: sin(glg — 013) S12C12 < ) ~ 0.0004 for

E = 2 GeV and p = 3 g.cm™* and proportional to pE

by construction:

e the Oth order REPRODUCES vacuum oscillation probabilities exactly
e at 1st order ONLY the mixing matrix is modified, implying that at Oth order the
neutrino masses in matter are very accurate

at high orders, BOTH neutrino masses in matter and mixing matrix in matter are
modified

this DMP perturbative expansion gives an ENHANCED understanding of oscillation
probabilities in matter

13
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13 sector:

Ae — Ag(a = 0)
Ao — Ag(a = 0)
Ae — g

Ay — A

eq:(2.3.5) = cos2¢

~——

2 ..
m=;.

Ae 4+ A = Ay £ A,
Ao+ A= Ag+ A

Ao — A
A1
A2
A3 = Ay

I
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Translator:

2
= Am_cos20;3
= a

2
= Am_ cos20i3 — a

= COS 2513 = ¢ = 513

12 sector:

)\0 — )\_(a = 0)
A_
A —A_(a=0)

Ao — A_
Ao — A\
p 2 p
Am3y + a+ s7oAma, cos 24
Am3, +a’
Am221
5 LA ~ /
m?2q :§(Am21—Am o1+ a )

—_—~—

1 —~ /

—~—

m23 = Am3, + (a —a’ )

Amie \/(cos 2013 — a/Am2,)2 + sin® 203

1604.08167 to Addendum 0

Amgl COS 2912
)\@ci5 — 2s¢c¢812012Am26 + /\cszS
a,c(2ZS + Amie Sin2(qb — 013) = a’

2 /
Ams, cos 2012 — a

Amgl\/(cos 2012 — a’/Am2,)2 + sin® 2015 cos?(¢ — 613)

—_—

Am221

cos201; = 1P =0 eq:(2.4.9)
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NO: Matter Potentials

o DMP Summary: T
The mixing angles in matter, which we denote by a 913 and 012 here can also T E

be calculated in the following way, using Am?, = cos? 015Am3, + sin® 1,Am32,, as L oo ;’Co’sgmﬂj ********* o

follows, see Addendum®: -

~ 082015 — (cos 2013 — a/Am?2,) | (6) 70.002; : 7
913 \/(cos 2015 — a/Am?2,)? 4 sin® 20,3 700042 7 IIIIIIIII " o L

where| a = 2v2GrN.E, | is the standard matter potential, and By (GeV)

(cos 26012 —a’/Am3,)

cos 2015 = : (7)
9 1 2 \/(cos 2012 —a’/Am3,)2 + sin® 205 cos?(613 — 613)
IS
. . E
where is the 613-modified matter poten- Z
tial fo ions, both 613 and 615 are in range
0, 7/2].
053 and 6 are unchanged in matter for this approximation. E, (GeV)
0006 proerrroeT ||I\{(|)l.| T ll;rlll T ISII llfll lllﬂllaltltlelrl TT | |||||| 4
From the neutrino mass squared eigenvalues in matter, given by - i
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/\-é . 2 / E % =
m3_Am31+(a_a )7 & 0002 ~2
=~ E 2 7
i 1 2 s / = - o
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o~ 1 o~ E B
2 2 / -0.002 — —
ms = §(Am21—Am221+a ), e E
~0.004 Elusins TSP L, Lo L, ’
. . . . . . . . 2 —-20 -10 0 10 20 30
it is simple to obtain the neutrino mass squared differences in matter, i.e. the Am3, E. (GeV)
. . oy . . NO: Am?®'s in Matter
in matter, which we denote by A m2jk’ which are given by 0.006 g T T |5? ....... e ]
s 0.005; —
2 . 92 ~ E : ‘ E
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