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Abstract
We perform a comparison between 1604.08167 and the recent paper 1801.10488. We show that

the logic, methods and results are identical, apart from trivial convention and notation differences.

PACS numbers:

∗Electronic address: peterbd1@gmail.com, hisakazu.minakata@gmail.com, parke@fnal.gov

Typeset by REVTEX 1

mailto:peterbd1@gmail.com, hisakazu.minakata@gmail.com, parke@fnal.gov


The two papers 1604.08167 (DMP), [1] , and 1801.10488 (IP), [2] give highly accurate
methods for calculating the neutrino oscillation probabilities in uniform matter, perturba-
tively. Here we compare the logic, methods and results of these two papers, emphasizing
the differences.

These two papers use different conventions for the vacuum MNS mixing matrix which
are related as follows:

Uip = U δUdmp = UpdgU
δ using U δ ≡ diag(0, 0, eiδ) (1)

where Uip, Udmp and Updg are mixing matrices in [1] (eqn 2.1.4) , [2] (eqn 12) and [3] (eqn
14.6), respectively. Since all three matrices have equal Jarlskog invariants, these three mixing
matrices give identical physics.

Both papers perform three rotations; first in (23) subspace, second in (13) subspace1 and
third in (12) subspace. The combined rotations, denoted by Um

dmp and Um
ip , are

Um
dmp = U23(θ23, δ)U13(φ)U12(ψ) and Um

ip = U δ U23(θ23, δ)U13(θ
m
13)U12(θ

m
12). (2)

These are eqn 2.5.2 of [1] and eqn 24 of [2] , with U23(θ23, δ) ≡ (U δ)∗O23(θ23)U
δ, etc . Simple

algebra, see Appendix2, gives that the variables of [2] for these rotations, θm13 and θm12, are
exactly identical to φ and ψ of [1] , respectively, i.e.

θm13 = φ and θm12 = ψ, and therefore Um
ip = U δ Um

dmp. (3)

Um
dmp and Um

ip are the mixing matrices in matter, and are identical apart from the U δ, which
is just a reflection of the different MNS phase convention, as eq. (1) and (3), must agree in
vacuum.

After these three identical rotations, the Hamiltonian in the matter basis is identical in
both papers, given by

U†12(ψ)U†13(φ)

U13(θ13)U12(θ12)

 0

∆m2
21

∆m2
31

 U†12(θ12)U†13(θ13) +

 a

0

0


 U13(φ)U12(ψ), (4)

with a = 2
√

2GFNeE. Again, it is simple algebra to show that difference of the diagonal
elements of this Hamiltonian, ∆λjk in [1] and 2E(Hj −Hk) in [2] are identical 2,

2E (H2 −H1) = ∆λ21 and 2E (H3 −H1) = ∆λ31. (5)

Since at zeroth order in this approximation, all that one needs to calculate the oscillation
probabilities in matter are φ = θm13, ψ = θm12, ∆λ21 = 2E(H2−H1) and ∆λ31 = 2E(H3−H1),
as well as θ23 and δ, the zeroth order oscillation probabilities are also identical.

The off-diagonal elements of the above Hamiltonian are identical. Therefore, all higher
orders in the perturbative expansions are identical. Only zeroth is given completely in

1 Paper [2] performs two rotations in the (13) space, a θ0 and then immediately follows with θm−θ0 rotation.

We combine these rotations here, as in [2] , eqn. 24.
2 Eqn 26, 27, 21 & 23 of [2] (v2) are identical to eqn. 2.3.5, 2.4.9, 2.4.7 & 2.4.7 of [1] , respectively.
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[2] with a sketch of first order, whereas zeroth, first and second order are given in explicit
detail in ref. [1] .

We conclude that the logic, methods and results of 1801.10488, [2] , are identical to those
of 1604.08167, [1] , apart from a trivial phase convention difference in the MNS matrix and
minor differences in notation. An even more intuitive notation is given in an Addendum to
1604.08167, see [4], using the following variables for the mixing angles and ∆m2’s in matter:

θ̃13, θ̃12, ∆m̃2
31 and ∆m̃2

21,

as well as the unmodified variables θ23 and δ.
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I. APPENDIX: SIMPLE ALGEBRA

The key results of 1801.10488v3 , [2] are contained in equations (21), (23), (26) and (27).
Here, we show how to trivially derive these equations by using the results of 1604.08167 ,
[1], and changing the notation, i.e. we show that the key variables

θm13, θm12 , 2E(H2 −H1) and 2E(H3 −H1) of 1801.10488v3

are algebraically, and hence numerically, IDENTICAL to

φ, ψ, ∆λ21 and ∆λ31 of 1604.08167v1,

respectively, for all values of the matter potential.
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A. θm13 = φ : Start from 1604.08167/eqn 2.3.5:

cos 2φ =
(λc − λa)

∆λ+−
where ∆λ+− ≡ λ+ − λ− =

√
(λc − λa)2 + (sin 2θ13∆m2

ee)
2

λc − λa = ∆m2
ee cos 2θ13 − a = ∆m2

ee(cos 2θ13 − εa) with εa ≡ a/∆m2
ee

using λa = a+ s213∆m
2
ee + s212∆m

2
21, λc = c213∆m

2
ee + s212∆m

2
21

∆λ+− = ∆m2
ee

√
(cos 2θ13 − εa)2 + sin2 2θ13 used later in 2E (H3 −H1)

cos 2φ =
(cos 2θ13 − εa)√

(cos 2θ13 − εa)2 + sin2 2θ13
= cos 2θm13 ⇒ 1801.10488v3/eqn (26).

B. 2E (H2 −H1) = ∆λ21 then θm12 = ψ : Start from 1604.08167/eqn 2.4.5 & 2.4.9:

∆λ21 =
√

(λ0 − λ−)2 + (cos(φ− θ13) sin 2θ12∆m2
21)

2

λ0 − λ− = ∆m2
21 cos 2θ12 − (ac2φ + ∆m2

ee sin2(φ− θ13)) = ∆m2
21(cos 2θ12 − ε�)

with ε� ≡ (ac2φ + ∆m2
ee sin2(φ− θ13))/∆m2

21

using λ0 = λb = c212∆m
2
21, λ− = λac

2
φ + λcs

2
φ − 2∆m2

ee s13c13 sφcφ

= ac2φ + ∆m2
ee sin2(φ− θ13) + s212∆m

2
21

∆λ21 = ∆m2
21

√
(cos 2θ12 − ε�)2 + cos2(φ− θ13) sin2 2θ12 = 2E (H2 −H1)

⇒ 1801.10488v3/eqn (21)

cos 2ψ =
(λ0 − λ−)

∆λ21
=

(cos 2θ12 − ε�)√
(cos 2θ12 − ε�)2 + cos2(φ− θ13) sin2 2θ12

= cos 2θm12

⇒ 1801.10488v3/eqn (27)

C. 2E (H3 −H1) = ∆λ31 : Starting from 1604.08167/eqn 2.4.5:

∆λ31 = λ3 − λ1 = λ+ −
1

2
(λ0 + λ− −∆λ21) then using λ± =

1

2
(λa + λc ±∆λ+−)

=
3

4
∆λ+− +

1

4
(λa + λc − 2λ0) +

1

2
∆λ21 with ∆λ+−, ∆λ21 given above,

=
3

4
∆λ+− +

1

4
(∆m2

ee + a) +
1

2
(∆λ21 −∆m2

21 cos 2θ12) = 2E (H3 −H1)

⇒ 1801.10488v3/eqn (23)

D. Appendix A of 1801.10488

Eqn (30) of Appendix A in 1801.10488v3 is equivalent to eqn 3.2.5 of 1604.08167 .

4


	References
	Appendix: simple algebra
	red  m13 black = blue  black: Start from blue 1604.08167/eqn 2.3.5: black
	red   2E(H2-H1)   black = blue  21 black then red  m12 black = blue  black: Start from blue 1604.08167/eqn 2.4.5 & 2.4.9: black
	red  2E(H3-H1)   black = blue  31  black: Starting from blue 1604.08167/eqn 2.4.5: black
	Appendix A of 1801.10488


