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Motivation

Gravitational wave physics: potential and flux terms in PN EFT

> Alessandra’s talk
“ Get flux terms by comparing predictions for fast scattering

Goldberger & Ridgway: LO step using double copy-like rule
* At higher order, probably need a more systematic double copy

So want to understand classical limit of momentum flux in QFT
Donoghue, Holstein, ...

# This limit is intricate Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove

Make contact with Abraham-ILorentz-Dirac radiation reaction



Talk outline

1. Radiated momentum in field theory
2. Classical limits
3. Momentum deflection

4 . Radiation reaction and the Abraham-Lorentz-Dirac force



Radiated Momentum



Incoming state

+ For simplicity, scatter different distinguishable, stable, scalar
particles

* In the far past, prepare two well-separated localised states as usual:

W — /Dpl Dps €2 ¢1(p1)d2(p2)|p1, P2)in
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Incoming state

For simplicity, scatter different distinguishable, stable, scalar
particles

In the far past, prepare two well-separated localised states as usual:

%) in = / pz P 1@1 (P1)P2(p2)|P1, P2)in
%

Waveftunctions: peaked at

- & 2 2 incoming momenta mu*.
Dpl — (27_‘_)4 (27’(’)5(]?1 = ml)

Integral over massive
on-shell phase space

Particles displaced
by impact parameter, b



Radiatuon

+ Always assume particles 1 and 2 present in final state

» Expectation of radiated momentum is

(5) =Y | DorDpaDk K | (p1p2b X]S]4)
e



» Expectation of radiated momentum is

Radiatuon

+ Always assume particles 1 and 2 present in final state

Time evolution

/ operator
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» Expectation of radiated momentum is

Radiauon

+ Always assume particles 1 and 2 present in final state

Time evolution

/ operator

(k") —[Z/Dpll)pﬂ%k“ {(p1p2k X [S)9)|?

Sum over states /

Since (p1p2kX|Y) = 0,
canreplace 5 —+ T

* An on-shell observable, in both classical and quantum theories



Radiatuon

(k') = /Dplesz k" |(p1p2k X |S|¢) |2

» Insert the initial state |¢);y, / Dp1 Dps €°P2 1 (p1)dp2(p2) |1, P2)in

° 2 2
- Find:

(ki = > / D0 DDk




Classical Limit



Classical Limit

+ If momentum transferred is very long wavelength compared to

modes in wavefunctions, point particle approximation should be
valid

* Then result should equal classical value, plus quantum corrections
1. Take mass m very large: point particle EFT

2. Take h to zero

* Also helpful to think about wavefunction



Classical Limit

* When & goes to zero, want particle’s position and momentum to be

sharply defined

@—@1

*  Appropriate wavefunction looks like ¥ (p) ~ N exp [ 22

2
» Encounter integrals like / Dp Y™ (p + @)y (p) = exp [ 42 2]
o

# So exponentially suppressed unless shift ¢ ~ O(h)

* Write q = hq, then ¢ ~ O(1) is a wavenumber



Classical Limit

* (Classical limit of radiated momentum (only photons for simplicity)
2

D1 k D2
<k“> = /Dple2Dk fett /Dp'leé eib.pfl 54(219)
¢(p1) o(ph)

— /Dk kM R? /d4671d4525(2m1u1 - qh + RG2)6(2maus - Go + hG2) e T
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Classical Limit

* (Classical limit of radiated momentum (only photons for simplicity)
2

D1 k D2
<k“> = /Dple2Dk fett /Dp'leé eib.pfl 54(Zp)
?(p1) o(ph)

— /Dk ]%“ /d461d46725(2m1u1 - qh + RG2)6(2maus - Go + hG2) e T
Quite a lot :

of A's X /_1@1,(?2) 54(@1 e ]%)




Classical Limit

Classical limit of radiated momentum (only photons for simplicity)
2

P1 k D2
s — /Dplesz kM /Dpllef2 etb-P] 54(217)
Will see these
o(p}) B (ph) may be relevant

— /Dk LH B /d4qld4q25(2m1u1 -1 -|—)5(2m2u2 0 + ib-@

2

x A(q1,3@2) (@1 + @2 — k)




Classical Limit

Classical limit of radiated momentum (only photons for simplicity)
2

D1 k D2
(k) = / D00 Db b / Dp, Dp), 7 (X p)
d(ph) P (ph)

2 / el / A4 Gud* @0(2myus - G + hgd)d(2maus - G2 + h3) €

2

X@(Gﬁa 02) )04 (q1 + G2 — k)
Mass expanded 5 point amplitude




Classical Limit

* Leading order in mass expansion:

p2—qy P1— 01

ool ok A oK e



Classical Limit

7/

* Leading order in mass expansion:

PL—q k P2 — Q2 PL— q D2 — Q2 PL— q1 p2—q2 P1— @ k P2 — @2 P1—q1 P2 — @

Paved

P1 D2 P1 k k P2

e Sm%mgul c U9 €+ U

d A :2m1u1-kq§



Classical Limit

7/

* Leading order in mass expansion:
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Classical Limit

7/

* Leading order in mass expansion:

p2—q2 P1 — 1 k D2 — q2 P1— q1 P2 — @2

N . & plw >wv;<

P1 D2 P1 k k P2

>

Nee—a —np— 0

ng = Sm%mgul - U9 € - U

dp = —2mq uq - kq%
e Sm%mgul c U9 €+ U

d A :2m1u1~kq§



Classical Limit

7/

* Leading order in mass expansion:

P1L— Q1 ke P2 — @2 PG Ps =z n-aq p2—¢q P10 k P2~ P14 p2 @

K

A
P1 D2 p1 i
N =NapgA —Np = 0
& 2
np = 8Mimo Ui - U2 € - Uy
dp = —2mq uq - kq%
nA:8m%m2u1-u26-u1 E 2 2

T n
S oade aa e de i ey
da = 2miu - kg2 O e



Classical Limit

7/

* Leading order in mass expansion:

P1L— Q1 k P2 — @2 P P2—q  P1—q p2—q2 P11 k P2~ 2 p1-q P2~ @

K

nC:nA—nB:O

>

P1 D2 P1 k

ng = Sm%mzul - U9 € - U

dg = —2myu1 - k g5
2
na = 8Mmimsouy - U € - Uy = n’ n?
> Mpo=-2+-2+4+--=0
da = 2miu - kg2 e Tl

“ 50 need to go to next order in mass expansion



Classical Limit

This is good: Mo otherwise has wrong power of A

i — Sm%mgul ‘Ug€-u;  RY

da =2miu1 - kg5 ;3
327G\ ?

3 e

= ( h ) 2

Radiation has two powers of amplitude, so this is two too many #'s

Next to leading order: correct scaling

* Quantum corrections in delta functions become important



Classical Limit

This is good: Mo otherwise has wrong power of A

i — Sm%mgul ‘Ug€-u;  RY

da =2miu1 - kg5 ;3
327G\ ?

3 e

= ( h ) 2

Radiation has two powers of amplitude, so this is two too many #'s

Next to leading order: correct scaling - Happens frequently

* Quantum corrections in delta functions become important



Classical Limit



Classical Limit

Double copy leads to
e PPy : :
M =16m2m3 €€, [4L212 9 2P g Pl Luna, Nicholson, White,
4192 Q1 QQ DlC

Q12 12 P{LQP{/Q
+(u1 - up)” ( 47 g5 a2 u2>2)] |



Classical Limit

Po=k uru, —k vy u;

2 2
o 7 q q
Double copy leads to b= (- @) - - -1ul o+ 2 .21&2 !
5 Pl Uy - U : .
M =16m2m3 €€, [45—(]%12 + 2% (O P O P Luna, Nicholson, White,
DOC

9 v P,LL Py
+u-u2( 1ot 124712 )]
) o



Classical Limit

Po=k uru, —k vy u;

2 2

di ds

uy + il
k-ul ]C'UQ

* By investigating factorisation channels, easy to remove dilaton:
9 [4P{L2P1V2 19 u1 U9

* Double copy leads to b — (g — go)¥ —

5 5 (@B -0 Py Lunn Nicholson, Wit
419> Q1 Q2 DOC

o) - )]




Classical Limit

Po=k uru, —k vy u;
2

qs
uy + uh
k - U9

qi
k-ul

Double copy leads to b — (g — go)¥ —

By investigating factorisation channels, easy to remove dilaton:

PPy - . :
=2 2“1—2’2 (QY5Pl5 + QY5 Pfs)  Luna, Nicholson, White,

4195 4195 DOC

1 M v P’u PV
Pt 1o 124712
: (““ ) 2) ( o <k-u1>2<k-u2>2>] ‘

Mar =16mim3 € ¢, [4

Insert into radiation formula; matches direct GR calculation

Expression with dilaton leads to Goldberger & Ridgway’s result






Momentum Deflection

* Classical limit intricate: investigate other on-shell observables

» Expectation of incoming/outgoing momentum of eg particle 1:

(Pt} = (Y|P [9) (") = (W|STP'S|y)

- Operator P!': momentum operator of quantum field of particle 1

* Change in momentum is

(ApYY = Wi[PE, T\ + ($|TT [P, T|y)

* Other approaches: review Bjerrum-Bohr, Holstein, Donoghue,
Planté & Vanhove (+ recent paper with Damgaard, Festuccia)



Momentum Deflection

(ApY) = (WLl TIlp) + (| TT [P, T]|v)

“ Two types ot deflection:

* momentum exchange (classically due to interaction force)

+ momentum radiated (radiation reaction)

(ApY) = @II[PY, TIIW) + ) (WIT Ip1p2 X) (p1p2 X [P, T)[9)



Momentum Deflection

(ApY) = (WLl TIlp) + (| TT [P, T]|v)

» Two types ot deflection:

* momentum exchange (classically due to interaction force)

+ momentum radiated (radiation reaction)

(Apy) = <¢\73[15;@W> + D (W p1p2 X) (o2 X |[PY, T |4)

Momentum delta function:
initial & final momenta equal



Momentum Deflection

(ApY) = (WLl TIlp) + (| TT [P, T]|v)

» Two types ot deflection:

* momentum exchange (classically due to interaction force)

+ momentum radiated (radiation reaction)

(ApY) = (Wli[PL (D)) +Z (Y| T [p1p2X) (102 X)|[PF, T )

/ Intermediate states carrying
momentum: radiation reaction

Momentum delta function:
initial & final momenta equal



Momentum Deflection

+ Complete momentum exchanged:
¢* (p1+4q) ¢* (p2—q)

K t —1b-
<Ap1 >exchange = / €l q”
on-shell

¢(p1) ¢(p2) GG ¢* (p2—q)

S

— e_ib.q d’( PHx | p1+e p2—¢
hell i 1 I
on sne

S

¢(p1) ¢(p2)




Momentum Deflection

7/

* Complete momentum exchanged:
¢* (p1+4q) ¢* (p2—q)

K t —1b-
<Ap1 >exchange = / €l q”
on-shell

¢(p1) ¢(p2) GG ¢* (p2—q)

S

-t eid d"¢ daed S p2—£
hell i 1 I
on sne

Integrate over undetermined / 2 N

¢(p1) ¢(p2)

cut momentum



/
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Momentum Deflection

Complete momentum exchanged:

<Aplf > exchange

¢* (p1+4q) ¢* (p2—q)

— / e_ib’q q/ll
on-shell

¢(p1) ¢(p2) i)

Explicit factor of
cut loop momentum\ \W

. 4
+ el _3__2_4 Pt Tps !
on bl 2o




Momentum Deflection

» Take classical limit as before

* One loop agrees with direct NLO calculation using Lorentz force

+ Cancellations between box, cross-box and cut term necessary to get
correct power of h



Radiauon Reaction



Radiauon Reaction

The momentum of particle 1 lost to radiation is

e / Dp1 Dp2 (| T |p1p2 X ) (prp2 X |[PL', T]|4))
X#{}

- / Dp1 Dpy Dk (3| T [pypak) (pypok|[PE, T )

/ ¢* (p1+41) ¢(p1+4q1)

Simplest case p1 |
I

on shell :

P2 i

»* (p2+4qs) ' d(p2q2)

Classically, this deflection is due to the Abraham-Lorentz-Dirac
radiation reaction



Radiauon Reaction

- The ALD force is

ACATE)

 6rm | dr2 m2 \dr dr

* Contribution to deflection is simple

(Apy)aLD = /d4q d*q e 979t 5(q - ug)d(q" - u2)d((q — ¢') - u1)

el

X

S e el



Radiauon Reaction

The ALD force is

ACATE)

 6rm | dr2 m2 \dr dr

Contribution to deflection is simple

(Apy)aLD = /d4q d*q e 979t 5(q - ug)d(q" - u2)d((q — ¢') - u1)

el

gl

G

Case where mz > m for simplicity




Radiauon Reaction

- The ALD force is

 6rm | dr2 m2 \dr dr

ACATE)

* Contribution to deflection is simple

Integral measure
(AP")aLp =U Bl A s T S Y }

el

X ((w1-@)? +q- ¢ (w1 - u2)?)

67‘(’771% g0



Radiauon Reaction

- The ALD force is

e o dp p oCdp dp
H - -

6mm | dr2

* Contribution to deflection is simple

(Apy)aLD = /d4qd4 ’6‘“‘1“”)'1’5((1 - u2)d(q" - u2)0((¢ — ¢') - u1)

ALD kernel



Radiation Reaction

The classical limit is
¢* (p1+q7) é(p1+4q1)

|
|
|
b |
<Ap1>rad1at10n:/ e’ - ql) ,u |
on shell :
P2 |

¢ (p2+q5) d(p2+q2)

o [tadtd (g un)ota’ w2 (g~ o) )= 00
1

9 / Dk 6 ((k — q) - u1) (¥ — ¢*)A(q, )A*(¢', k)

(4m1 m2)2



Radiauon Reaction

The classical limit is o o

p1 |

|

b- ko

<Ap1>rad1atlon:/ e’ it ql) ,u :
on shell ,

b2 |

¢ (p2+q5) d(p2+q2)

ALD measure

%(/délqdélql 5(q - u2)8(q - u2)d ((q — q') - ug) e (a=9) }

1

9 / Dk 6 ((k — q) - u1) (¥ — ¢*)A(q, )A*(¢', k)

(4m1 m2)2



Radiation Reaction

* The mass-expanded amplitude isn’t quite as simple as the ALD
kernel

= e Ui - UG- k-quy -uoui-€ us-kuy-e
A:—2m2< 1 -U2(g quy - U2 Uy 2 1 —u2-5>—|—--~

q ok (uq - k)2 £ uy - k

* But photon phase space integral simplifies matters

Al? 1

%) / 2
(4m1m2)2 nglz [(ul Q) e (] Q(ul UQ)}

/ Dk(k* — ¢*)8((k — ¢) - u1)



Radiauon Reaction

* The mass-expanded amplitude isn’t quite as simple as the ALD
kernel

= e Ui - UG- k-quy -uoui-€ us-kuy-e
A:—2m2< e o0 quy - U2 Uy 2 1 —u2-5>+---

q ok (uq - k)2 £ uy - k

* But photon phase space integral simplifies matters

[ DR = 950k = ) ) ”[ s [0+ - - “2)29

(4mims)?  |q

ALD kernel



Conclusions

Can access many interesting classical observables with amplitudes

« Gravitational radiation reaction, higher order momentum flux
via double copy / any method of constructing GR amplitudes

The classical limit is intricate: cancellations among various terms

Further simplifications occur in practise



