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new precision frontier:'2 3 scattering
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key example: 3j/2j ratio at the LHC can probe of the
running of | sin a new energy regime

C e.0. CMS @ 7 TeM,(m%) = 0.1148+ 0.0014(exp.)+ 0.0018(PDF




new precision frontier:'2 3 scattering

> amplitudes knownEextremely
. complex phase-space



complexity for 2 3 processes

(planar gluon scattering)

2 — 2 2— 3
N=4 QCD N =4 QCD
one loop | integrand basis 1 65 5 175
master integrals 1 2 1 ( 2
two loops | integrand basis 2 15360 15 55580
master integrals 1 7 3 61
~~— —_—7

N T nlitlid e s very important in the development of on-shell
e P methods such as unitarity, leading singularities, etc.

might not be so impressive
these days in SUSY theoriesk Bern, Rozowsky, Yan, Czakon, Dixon, Kosower,
Cachazo, Spradlin,Volovich...



(amplitude) = Z(Colour)c(ordered amplitude),

C
l strip colour factors

(ordered amplitude) = Z(kinematic)i(integral)i

/ special basis of

rational function functions
of kinematics



summary of state-of-the-art

prst results for planar 23
parton scattering amplitude

| .
2! 3 master integrals a prst look at two-loop Pve-glupn

Papadopoulggommasini, Wever arXiv:1511.094p4] amplitudes in QCD

‘GehrmanniHenn Lo Presti arXiv:1511.054009] [SB, Br¢, nnum-Hansen, Hartanjo,

Peraro arXiv:1712.02229]

(Chicherin, Henn, Mitev arXiv:1712.09610]

EfPcient integrand reduction fq

Planar two-loop Pve-gluon particles with spin

amplitudes from numerical unitarit [Boels, Jin, Luo arXiv:1802.067p1]

[Abreu, Febres-Cordero, Ita,

Page, Zeng arXiv:1712.03946] Two-loop Pve-point massless QCD
amplitudes within the IBP approach

[Chawdhry, Lim, Mitov arXiv:1805.0918p]




an on-shell toolbox for
multi-loop integrands

momentum twistor
[Hodges (2009)]

six-dimensional
spinor-helicity
[Cheung, OOConnell (2009

\ =

! i(k’ p)
(propagators)  “~_

iIntegrand reduction
[Ossola, Papadopoulos, Pittau,

Mastrolia, SB, Frellesvig, Zhang,
Peraro, Mirabella, E(2005-)

Pnite beld reconstructio

[von Manteuffel, Schabinger (2014
[Peraro (2016)]

[Bern, Rozowsky, Yan, Dixon,
Kosower, de Freitas,

WongE(1997-)]

colour/kinematics relation

[Bern, Carrasco, Johansson (2008



previouslyEall-plus test cases

o [SB, Frellesvig, Zhang (2013)]
I+ T+ B+ D 'SB, Mogull, 0&Connell, Ochirov (2015)]
[SB, Mogull, Peraro (2016)]
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amplitudes and integrands

i (K, p)
(propagators)

how can we parameterise the irreducible numerator’



constructing the integrand bas

[c.f. van Neerven,Vermaseren (1982

MR ks = K 4k

kll, [4]
i
UL M
kil Gi=14i Y
- / ( . . )
(linear system\) guadratic relations amongst the
ISP%k.p (and numerator ISPs remain
ropagators 4] | [4
_Propagators), Mo = ki 1Ky akg st KK

\_

J

[—2!]
1.

( spurious ISHew ]

[any Integrand Is a function &f:p; , ki - wj and u@-j]




constructing the integrand bas

A(ki &p; ki aw;, i )=  (coeficients)(monomial)

¥ updated algorithm no longer requires polynomial division
¥ Integrand contains spurious terms /ki aw; =0
k

¥ Integrand basis depends on the
ordering of the possible ISP monomials

¥ pbeyond one-loop the integrals can be further ! vu(k,p)
reduced using integration-by-parts identities: ! ku (propagators)

many new ideas for efpbcient solutions of IBP systems: sec calksiby FoET
Kosower, Kajda, Gluza, Schabinger, von Manteuffel, Ita, Larsen, Z 4l i Lar);en Zeng]
Bshm, Georgoudis, SchSnemann, Abreu, Page, Febres-Cordero, Zeng i



two-loop Pve-gluon scatteringlaob
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a prst look at two-loop Pve-g
scattering in QCD

luon

SB, Br¢ nnum-Hansen, Hartanto Peraro
Phys.Rev.Lett. 120 (2018) no.9, 092001

/ N\

reconstruction fronfinite- 3 k;

(analytic) integrand \E {}

9

j;;g field evaluations of unitarity
LR cuts In siX dimensions

3R8.

L

.

numerical reduction to

o

using LiteRe

A _ - _ /
Omaster integralsO* with FIRE/Reduzijz

-

Peraro [1608.0192]

fapplication to scattering (by-passing original sector §> <I><
amplitudes: decomposition, SecDec/FIESTA) j

* Gehrmann, Henn, Lo Presti (2015), Papadopoulos, Tommasini, Wever (2



two-loop Pve-gluon scatteringaabp

helicity Ravour non-zero non-spurious contributions
codficients coeficients @ O(€°)
(ds! 2)° 50 50 0
dgdtt (ds! 2)* 175 165 50
(ds ! 2)? 320 90 60
(ds! 2)° 1153 761 405
| 4444 (ds! 2)* 8745 4020 3436
(ds! 2)? 1037 100 68
(ds ! 2)° 2234 1267 976
o444 (ds! 2)! 11844 5342 4659
(ds ! 2)? 1641 71 48
(ds! 2)° 3137 1732 1335
L4144 (ds! 2)! 15282 6654 5734
(ds! 2)? 3639 47 32
TABLE |. The number of non-zero coe flicients found at
the integrand level both before (Onon-zeroO) and after (Ono
spuriousO) removing monomials which integrate to zero. Last
column (Ocontributions @O (°)O) gives the number of cofi-
cients contributing to the bnite part. Each helicity amplitude
Is split into the components of ds! 2.

SB, Br¢ nnum-Hansen, Hartanto Peraro
Phys.Rev.Lett. 120 (2018) no.9, 092001

AD(1,2,3,4,5) =nbgd 3 tr(T%0 .. T20)
0'685/25

x AT ("(1),"(2)," (3)," (4)," (5)) (1)

A® (1,2,3,4,5) = /[dkl][dkz] > : h({ k) ’[{)p})
T a" T Ha




numerical evaluation in the Euclidean region

T =—1, @To= B T3 = E Ty = g Ty = ﬁ
1 — ’ 2_907 3_617 4_787 5_102
oo 4 ..o 3T 20238 8 193672
BT BTy T 1049977 TP T 1027 T T 606645
!! 4 !! 3 !! 2 !! 1 !0
WO 125 | 277526 | -23.7728 | -168.1162 | -175.2103
UnlverS’dﬂ pO|€Sl PO 1125 | 27.7526 | -23.7728 | -168.1163 —
AP0 1125 | 277526 | 25028 | -35.8084 | 69.6695
(2),[0] —
P(2) _ I(Q)A(O) . I(I)A(l) Py | 125 27.7526 2.5028 -35.8086
] 1! 4 !! 3 !! 2 !! 1 10
[Catani] [Becher,Neubert] e
: : : 0 0 2.5 -6.4324 | -5.3107
[Gnendigebigner, Stockinger] e
P 0 0 2.5 -6.4324 —
2.0
Ao 0 2.5 S12.7492 | -22.0981
(2),[1]
M0 0 2.5 -12.7492 —
),[1]
P o -0.625 -1.8175 | -0.4869 | 3.1270
(2),[1]
0 -0.625 -1.8175 | -0.4869 —
@).[1]
A0 -0.625 -2.7759 -5.0018 0.1807
(2),[1
pM .| 0 -0.625 27759 | -5.0018 —
@), )12 2).[2] 2).[2]
A+++++ Al ++++ Ay +++ Al + o+
10 3.6255 -0.0664 0.2056 0.0269




evaluation in the physical region

reduction to MI of Gehrmann,
Henn, Lo Presti (or alternatively
Papadopoulos, Tommasini, Wever)

ds=2 fully analytic
full d dep. partially numerical

o_us 2 i1 i - _ 1351150 91971
YT7 T 9 190 P77 5 tT 13847751 0T 566867
__ 113 152679950  _ 1023105842  _ 10392723 8362
277 U7 796934257 °'T 138882415 0 3968069° '’ 32585
1! 4 13 !! 2 !! 1 !O
AP 125 | 2917716 + 47.12389 0 | -107.40046 - 25.96698 i | 17.24014 - 221.41370 i | 388.44694 - 167.45494 i
L1 125 | -9.17716 + 47.12389 0 | -107.40046 - 25.96698 i | 17.24013 - 221.41373 i —
AL 1 125 | 917716 + 47.12389 0 | -111.02853 - 12.85282 ¢ | -39.80016 - 216.36601 i | 342.75366 - 309.25531 i
PO 1 12,5 | -9.17716 + 47.12389 0 | -111.02853 - 12.85282 7 | -39.80018 - 216.36604 i —
1! 4 !! 3 !! 2 !! 1 !O
A@ML o 0 2.5 0.60532 - 12.48936 i | 35.03354 + 9.27449 i
(2),[1] :
P o 0 2.5 0.60532 - 12.48936 i —
A2 o 0 2.5 -7.59409 - 2.99885 i | -0.44360 - 20.85875 i
P o 0 2.5 7.59408 - 2.99885 i —
AU o -0.625 -0.65676 - 0.42849 i | -1.02853 + 0.30760 | -0.55509 - 6.22641 i
TR 10.625 L0.65676 - 0.42849 i | -1.02853 | 0.30760 i —
AP0 -0.625 -0.45984 - 0.97559 i 1.44962 + 0.539174 | -0.62978 + 2.07080 i
pM . 1 o -0.625 -0.45984 - 0.97559 i 1.44962 + 0.53917 ¢ —
@).2) @).2] 2).[2] @).2]
A A A AT
10 0.60217 - 0.01985 i -0.10910 - 0.01807 i -0.06306 - 0.01305 i -0.03481 - 0.00699 i




fermion channels

Leading-colour amplitude:

checks against
poles in CDR

preliminary!
L B 16 L 83
rr = —1, 372—%, x3_aa 3:4_7_87 x5_m-
B 1 2023381 83 193672
si2=—L 823 = T 31049977 7Y T 71020 Y T T 606645

AP (14,24,34,44,59) =n"gd >~ (T%<2>T%<3>T%<4>)iff> AP (1,,0(2),0(3),0(4),54)

n =meN.ag/(4),

1(2)

o€S;3

s = gg/(47r)7

me = i(4m)ce” TE

AR (121,222 3% 4ra 525)

MAedadids T 40) (1)1 202 3R 40 529

|
N

-3

—1

0

€ € € € €

AP 0 0 -4 -13.5322768031 |  6.048656403
P 0 0 -4 -13.5322768028 —
AP 8 | 7.9682909085 | -52.3927085027 | -140.1563714534 | 47.5687220127
P, 8 | 7.9682909085 | -52.3927085034 | -140.1563714829 —
AP, 8 | 7.9682909085 | -32.2213536407 | -47.9234973502 | 145.9720111187
P 8 | 7.9682009085 | -32.2213536403 | -47.9234973889 —

AY L 8 | 7.9682909084 | -40.8851109385 | -87.0299398048 | 101.2329971544
PP, 8 | 7.9682909085 | -40.8851109386 | -87.0299398374 -




ermion channels

preliminary!

] 79 16 . 37 . 83
—_— — == — €T = — - — = —.
o 2T 90 BT e Ty T 102
1 37 2023381 83 . 193672
e [ — = — S = — — = — .
T12E L ST TR T TRI049070 YT 1020 T T 606645
Leading-colour amplitude: | . $

o #
A (14,24, 34,40,5q) =n"gs (T%),2 6 °A)(1q,2q,39,40.50) + 144,245

. n = m NCOAS/(47T), s = gg/(47r), my = i(47T)! o e
checks against

POIeS in CDR ) A(2)(1?;17222,333’44&6475%5)

PRt A0 (18, 28,350, 4% 5

6! 4 6! 3 6! 2 6! 1 60
Y G 45 | 22831548748 | -32.0984879203 | -41.3935016796 | 149.3305056672
Py 45 | 22831548747 | -32.0984879200 | -41.3935017002 —
g 45 | 22831548747 | -4.6165799244 | -6.3236903564 | -32.0327897453
P 45 | 2.2831548747 | -4.6165799294 | -6.3236903481 —
A% ., | 45 | 22831548747 | -38.204786128 | -43.5232972386 | -56.7196838792
PY ., | 45 | 22831548747 | -38.294786128 | -43.5232972694 —
A9, . | 45 | 22831548747 | -26.7131604905 | -69.7580529817 | 22.2365337061
PG . | 45 | 22831548747 | -26.7131604895 | -69.758052969 —




can we use this for phenomenology? 2Re(A® AO))

colour ,helicity

(the analytic integrands amylargelé)

this was a good option at NLC
(BLACKHAT, NET, GOAM,
OPEN.OOPSE)

also works at two loops

rproceed numerica@?

D

@e talk from Febres-Cordey

related questions:

(quasi) Pnite integrals

¥ universal IR and UV poles not manifest
¥ large cancellations between topologies

¥ high rank tensor integrals lead to extremely
difbcult IBP systems (IBPs are d-dim.)

¥ need to understand analytic structure better:
what is a OgoodO basis?

[von Mantueffel, Schabinger, Panzer]

local integrals, pure functionsg [Arkani-Hamed, Bourjaily, Cachazo, Trnkal]



back to one-loop

Ay = SRTERTA y | _
! - d-dimensional basis
><{1, Mz} + :I>{1, Mg} + (EGKM, OPP etc.)
/
5
| >O<{ 1, U11} + spurious
expansion around d=4 E !5\‘ E
. A = {1} + {1} + {1}+
rational terms come from
UV poles =

>(O<{1} + R +spurious + O(!)

/
)Y,



back to one-loop

local numerators regulate IR
[Arkani-Hamed, Bourjaily, Cachazo, Trnka (201

i ) @NE | {(k! Kp), (k! Kky)}+

" (K2(K! piie)?
| ><>< L (k+ prir 1)%(K+ paj1 1! p1,2)2}+

. T ><:>< {11} + spurious + O(!)

\ UV counter-terms to

push all rational terms into
bubble numerator

universal IR poles

[still not quite as good as BDK O93Eadditional spurious pc
cancellations between rational term and bubble coefbcient



an attempt at 2-loops

the pentagon-box sector of our planar integrand has the most complicated integrals

standard gauge theory power counting: 76 integrand coefPcients

old version

{k1.p1, ko.p2, k2.p3, H11, K12, Ho2}

54 non-zero integrand coeffs.

28 non-zero coeffs. aft(!)

WOrSt case.

new version

local numerators

{ki.n1, k1.7, Ki.no, Ko.n5, Mag, Ha2, K22}

(K2.p2)*H11
(rank 4, 1 dot)

1 2"
3!
5+ 4+

king ! (ki ng)? # try (p2Ke(ke " p2s)pa)

(over complete set)

55 non-zero integrand coeffs.
4 non-zero coeffs. &(!)

WOrSt case.

Ko.NoKq.Ng

(rank 2)



summary

¥ two-loop amplitudes from on-shell building blocks:
¥ generalised unitarity cuts and integrand reduction in d-dimensions
¥ reconstruction of rational functions over pnite bpelds

¥ prst results for realistic processes. Lots more to do for NNLO

a local integranishsis?
[Oprescriptive unitarityO Bourjaily, Herrmann, Trnka (2017)]

non-planar?

[Arkani-Hamed Bourjaily, Cachazo, Postnikov, Trnka (2015)]
[Bern, Herrmann, Litsey, Stankowicz, Trnka (2016)]
[Bern, Enciso, Ita, Zeng (2017)]







one-loop box example

p4 k pl
Stu, X11, X12, X13%# —>

propagators P = !X14 ! i1

N

scalar product

irreducible == + 2
—— CiX14 + C + C Xqa+ C
o 4= QG 1X14 T G171 T C3H11X14 + G4y, 05 o
tree-level “data”
+ | o
L = S gy S g e |
on-she 41412|1] 411|2|4] k) = d
solution t ¢ -
S " S n 2 ' x % ' *
X14 = 5 M1 = 4_u(1 1) 1#5 0 0 0 G do
0 t #3 % 0 F{at f[di
0 0 st #3St Sg + C2+ — d2+
y st%u lZJszt2 + * i
[ 27 gl 27 00 0 T #5% . & ds:
ki akj = &Uij 0 0 0 0 Saia Cs dy

continue reduction (K1 12) = N(K( 1. 15). Py, Do pa, pa) " ——aCK(e.2)

with subtractions (K('12,12) + pa)?



numerator construction

FDH scheme at two-loops [Bern, De Freitas, Dixon, Wong (2002)]

N
::ijgzﬁ Eﬁs gy = s
“5%9999“ T,

% : (%Q ‘6666 % ‘6666 c.f. Feynman rules + Feynman
| & gauge and ghosts (scalars)
, 9999 *,

ﬁw%

000

"% 9999“
Tree-amplitudes using [Cheung, OOConnell (2009)]
six-dimensional helicity method [Bern, Carrasco, Dennen, Huang, Ita (2011)]
need to capturelis, tao, Hio [Davies (2012)]

usemomentum twistors to deal with the

complicated kinematics dt 3 (Hodges (2009)]



momentum twistors

[Hodges (2009)]
recall: spinor-helicity SU)xSURPE! ("1, 1)

Zin = (11 (i), 19(0))

kinematic variables with manifest momentum conservation

or
a rational phase space generator

"ABCD 71 y8Zic Z+yp |, Fiye= A8 Lop'(i + 1)+ # +1i $ 10/ + #i + 1% $ 1)

A _ : =07y —
W = (4 (i), (1)) = S 1%k + 1% AS L% +1%

Iln

L (i)Fa(i) = 04 g



manifest UV and IR poles at the
Integrand level

local numerators manage IR divergences

| = (k! kD)2 [Arkani-Hamed, Bourjaily, Cachazo, Trnka (2012)]
R = (k! k*@)2
: : ugp + L Hia+ X XHur! X | Mz = O(!)
remove d-dimensional u *
' ' 3 1 %
integrals with UV counter 2t - [l = o0)
terms >

| {(k! kM2 (k1 Kk )2} + spurious + O(!)




manifest UV and IR poles at the
Integrand level

also bnd counter-terms for the triangle topologies

N P345 1
><H11+ e Hi1 = O(!)
y 3S12

P45 . # %

P3M>““+ 3(Sp3! Sus) j>“11! j>H11 = O(!)
t P

| ]>< {1} + spurious + O(!).




manifest UV and IR poles at the
Integrand level

¥ UV counter-terms for both 4d e SO<! : - 010
and 6d bubbles ! ! ~O<= 00

¥ Use p2 bubble - p.1 cuts SOt 22 S(0< = o)
become subtractions for the | PR
P12 Cut

: . " K)*(k ! pii+1)® .
SO O ey s g U O0)

. ><>< {1, u11} + spurious + O(!).
I




