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Elliptic Feynman integrals

¥ Multiple polylogarithms describe large classes of integrals.

[cf. talks by Bourjaily, Britto, Gehrmann, McLeod, Penante, Spradlin, É]

! Properties of these functions well understood.



Elliptic Feynman integrals

¥ Multiple polylogarithms describe large classes of integrals.

¥ Most prominent example: Two-loop sunrise integral.

3

in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ! 2! dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di! erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,
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and the corresponding family of Feynman integrals reads

S! 1 ! 2 ! 3 (S, m2
1, m2

2, m2
3) =

!
Ddk1 Ddk2

(k2
1 ! m2

1)! 1 (k2
2 ! m2

2)! 2 ((k1 ! k2 + p)2 ! m2
3)! 3

, (II.1)

where the integration measure is defined as
!

Ddk " e" E #
!

ddk
i " d/ 2

, (II.2)

#E = ! ! !(1) is the Euler-Mascheroni constant and $i # Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ! 2! dimensions, where d0 is even. We define S = ! s = ! p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.

¥ By now we know many other examples.

[cf. talks by Bourjaily, Britto, Gehrmann, McLeod, Penante, Spradlin, É]

! Properties of these functions well understood.

¥ Not every Feynman integral can be expressed in terms of MPLs!



Integrals beyond MPLs
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The elliptic sunrise

¥ How do we know that the sunrise cannot be expressed in terms 
of polylogarithms?

! Look at maximal cut (in D=2):

3

in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ! 2! dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di! erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,

m1

m2

m3

p

and the corresponding family of Feynman integrals reads

S! 1 ! 2 ! 3 (S, m2
1, m2

2, m2
3) =

!
Ddk1 Ddk2

(k2
1 ! m2

1)! 1 (k2
2 ! m2

2)! 2 ((k1 ! k2 + p)2 ! m2
3)! 3

, (II.1)

where the integration measure is defined as
!

Ddk " e" E #
!

ddk
i " d/ 2

, (II.2)

#E = ! ! !(1) is the Euler-Mascheroni constant and $i # Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ! 2! dimensions, where d0 is even. We define S = ! s = ! p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.

=
! (

!
s" m 1 )2

(m 2 + m 3 )2

dx
"

R2(x, m2
2, m2

3)R2(s, x, m2
1)
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g. Relationship to the eMPLs by Brown & Levin: Finally, our eMPLs are closely related to multiple
elliptic polylogarithms that appear in pure mathematics and string theory [35, 36, 42]. In particular, in
ref. [39] we show that every E4 function can be written as a linear combination of the elliptic polyloga-
rithms of ref. [35, 36, 42], and vice-versa (Up to a technical distinction which is irrelevant in the context
of this paper; see ref. [39] for details). In other words, the functions deÞned in eq. (III.13 ) are simply an
alternative basis for the eMPLs in ref. [35, 36, 42]. As such, our functions deserve indeed to be called
elliptic polylogarithms.

VI. SEVERAL APPLICATIONS

In this section we present additional applications of our elliptic polylogarithms to integrals from the
sunrise topology. While in previous sections we have focused on the equal-mass case, from now on we
consider the generic case with three di! erent non-zero masses. Using IBP identities, one Þnds four master
integrals with three propagators for the sunrise topology, which we may choose as

S111 , S211 , S121 and S112 . (VI.1)

The three master integrals with an additional power on one of the propagators are obviously related by
a simple permutation of the massesmi . It will therefore be su" cient to discuss the integralsS111 and
S211, and the remaining integrals can be obtained by symmetry. For this reason, we will again refer to
S111 and S211 as the Þrst and secondmaster integrals of the sunrise topology.

Analytic results for the Þrst master integral S111 with three di ! erent masses can be found in ref. [25, 26],
while one of the main results of this paper is to present an analytic expression forS211 with di ! erent
masses for the Þrst time. In order to calculate this result, we take an approach that is complementary
to the Feynman parameters used in the equal-mass case: we compute analytic expressions forS111 and
S211 from dispersion relations. In this way we demonstrate the ßexibility of our language of elliptic
polylogarithms, and at the same time we obtain more compact representations for the sunrise integrals
in the case of three di! erent masses [43].

To compute the sunrise integrals in the dispersive approach, we begin by Þrst computing the imaginary
part of the master integrals. The imaginary part can be computed using the optical theorem by replacing
all propagators of the sunrise diagram by on-shell! functions, and we discuss in detail the computation
of the maximal cut of S111 in terms of eMPLs. Once the imaginary part is obtained, we can recover the
master integrals S111 and S211 by performing a dispersion integral.

A. The maximal cut of the Þrst master integral

In this section we discuss the computation of the maximal cut ofS111. In ref. [28] it was shown that
the imaginary part of S111 can be written as follows

Im S111(s, m2
1, m2

2, m2
3) = S!

! (
!

s" m 1 )2

(m 2 + m 3 )2
dx

"
R 2 (x,m 2

2 ,m 2
3 )R 2 (s,x,m 2

1 )
sx

#(d" 2) / 2

$
R2(x, m2

2, m2
3)R2(s, x, m2

1)
, (VI.2)

with s = ! S = p2 and where we deÞned

S! =
2d" 3/ 2

! (3 ! d
2 )! ( d" 1

2 )
with lim

d# 2
S! " 4" , (VI.3)

and the KŠllen function is

R2(x, y, z) = x2 + y2 + z2 ! 2xy ! 2xz ! 2yz. (VI.4)

Since the KŠllen function is a polynomial of degree two, we can immediately recognize the square root
of a quartic polynomial in the denominator of eq. (VI.2). The quartic polynomial is given by

y2 # R2(x, m2
2, m2

3)R2(s, x, m2
1) = ( x ! b1)(x ! b2)(x ! b3)(x ! b4), (VI.5)

where the roots are given by

b1 = ( m2 ! m3)2, b2 = ( m2 + m3)2, b3 = ( m1 !
$

s)2 and b4 = ( m1 +
$

s)2. (VI.6)

! Evaluates to a (complete) elliptic integral of the 1st kind:

K( ! ) =
! 1

0

dx
"

(1 ! x2)(1 ! ! x2)
<latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit><latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit><latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit><latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit>

[Laporta, Remiddi]



The elliptic sunrise

¥ Uncut integral can be reconstructed from dispersion relation:

3

in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ! 2! dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di! erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,

m1

m2

m3

p

and the corresponding family of Feynman integrals reads

S! 1 ! 2 ! 3 (S, m2
1, m2

2, m2
3) =

!
Ddk1 Ddk2

(k2
1 ! m2

1)! 1 (k2
2 ! m2

2)! 2 ((k1 ! k2 + p)2 ! m2
3)! 3

, (II.1)

where the integration measure is defined as
!

Ddk " e" E #
!

ddk
i " d/ 2

, (II.2)

#E = ! ! !(1) is the Euler-Mascheroni constant and $i # Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ! 2! dimensions, where d0 is even. We define S = ! s = ! p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.

= 2
! !

(m 2 + m 3 )2

dx
"

R2(x, m2
2, m2

3)R2(s, x, m2
1)
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The elliptic sunrise

¥ Uncut integral can be reconstructed from dispersion relation:

3

in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ! 2! dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di! erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,

m1

m2

m3

p

and the corresponding family of Feynman integrals reads

S! 1 ! 2 ! 3 (S, m2
1, m2

2, m2
3) =

!
Ddk1 Ddk2

(k2
1 ! m2

1)! 1 (k2
2 ! m2

2)! 2 ((k1 ! k2 + p)2 ! m2
3)! 3

, (II.1)

where the integration measure is defined as
!

Ddk " e" E #
!

ddk
i " d/ 2

, (II.2)

#E = ! ! !(1) is the Euler-Mascheroni constant and $i # Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ! 2! dimensions, where d0 is even. We define S = ! s = ! p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.

= 2
! !

(m 2 + m 3 )2

dx
"

R2(x, m2
2, m2

3)R2(s, x, m2
1)
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⇥ log

!
x + m2

1 � s+
"

R2(s, x, m2
1)

x + m2
1 � s�

"
R2(s, x, m2

1)

#
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¥ Bloch & Vanhove: Sunrise integral can be expressed in terms of 
an elliptic dilogarithm.

¥ Many other representations are known:

[Adams, Bogner, Weinzierl]! ELi functions.

! Iterated integrals of complete elliptic integrals.

! Iterated integrals of modular forms.

[Remiddi, Tancredi]

[Adams, Weinzierl]



Various guises of eMPLs
! 1

0

dx
"

x(x ! 1)(x ! a)
log

#
1 !

x
a

$
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Elliptic polylogarithms

Iterated integrals of 
modular forms

Iterated integrals of 
complete elliptic integrals

[Brown, Levin]

[Manin; Brown; Adams, Weinzierl][Broadhurst; Tancredi, Remiddi]
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Various guises of eMPLs
! 1

0

dx
"

x(x ! 1)(x ! a)
log

#
1 !

x
a

$
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Elliptic polylogarithms

Iterated integrals of 
modular forms

Iterated integrals of 
complete elliptic integrals

[Brown, Levin]

[Manin; Brown; Adams, Weinzierl][Broadhurst; Tancredi, Remiddi]

?

??

¥ How are these different representations related?

¥ What are their properties?

¥ Can we work out relations among these functions?

¥ Can we deÞne an ÔinvariantÕ like the symbol that 
relates all of them?



Outline

! DeÞne a class of elliptic generalisations of polylogarithms.
¥ Aim of this talk:

¥ Outline:

! Analyse the different ways these functions can present 
themselves.

! Elliptic polylogarithms É or how to integrate on an elliptic 
curve.

! Integrals of modular forms É and how they are related 
to eMPLs.

! Further applications É or what happens after the sunset.

! Use sunset integral as a guideline.



Elliptic polylogarithms 

É or how to integrate on 
an elliptic curve



Elliptic polylogarithms 

¥ First goal: generalise notion of polylogarithms to elliptic curves.

! MPLs = iterated integrals with logarithmic singularities.

¥ DeÞnition:

G(a1, . . . , an ; z) =
! z

0

dt
t ! a1

G(a2, . . . , an ; t) ai ! C
<latexit sha1_base64="QfdtAfx0lgZFr6+1QtuHERPOaQs=">AAACDnicbVDLSsNAFL3xWesr6tJNsAiuSiKCupFCNy4rGFtoQphMJ+3QySTMTAol5CPcu9VfcCVu/QX/wM9w0mZhWw8MHM65d+7hhCmjUtn2t7G2vrG5tV3bqe/u7R8cmkfHTzLJBCYuTlgieiGShFFOXEUVI71UEBSHjHTDcbv0uxMiJE34o5qmxI/RkNOIYqS0FJgmCqhHuRcjNQrDvF0EZsNu2jNYq8SpSAMqdALzxxskOIsJV5ghKfuOnSo/R0JRzEhR9zJJUoTHaEj6mnIUE+nns+SFda6VgRUlQj+urJn6dyNHsZTTONSTZUK57JXif14/U9GNn1OeZopwPD8UZcxSiVXWYA2oIFixqSYIC6qzWniEBMJKl7VwpfxbyEgWdV2Ns1zEKnEvm7dN5+Gq0bqrOqrBKZzBBThwDS24hw64gGECL/AKb8az8W58GJ/z0TWj2jmBBRhfvyyVnN8=</latexit><latexit sha1_base64="QfdtAfx0lgZFr6+1QtuHERPOaQs=">AAACDnicbVDLSsNAFL3xWesr6tJNsAiuSiKCupFCNy4rGFtoQphMJ+3QySTMTAol5CPcu9VfcCVu/QX/wM9w0mZhWw8MHM65d+7hhCmjUtn2t7G2vrG5tV3bqe/u7R8cmkfHTzLJBCYuTlgieiGShFFOXEUVI71UEBSHjHTDcbv0uxMiJE34o5qmxI/RkNOIYqS0FJgmCqhHuRcjNQrDvF0EZsNu2jNYq8SpSAMqdALzxxskOIsJV5ghKfuOnSo/R0JRzEhR9zJJUoTHaEj6mnIUE+nns+SFda6VgRUlQj+urJn6dyNHsZTTONSTZUK57JXif14/U9GNn1OeZopwPD8UZcxSiVXWYA2oIFixqSYIC6qzWniEBMJKl7VwpfxbyEgWdV2Ns1zEKnEvm7dN5+Gq0bqrOqrBKZzBBThwDS24hw64gGECL/AKb8az8W58GJ/z0TWj2jmBBRhfvyyVnN8=</latexit><latexit sha1_base64="QfdtAfx0lgZFr6+1QtuHERPOaQs=">AAACDnicbVDLSsNAFL3xWesr6tJNsAiuSiKCupFCNy4rGFtoQphMJ+3QySTMTAol5CPcu9VfcCVu/QX/wM9w0mZhWw8MHM65d+7hhCmjUtn2t7G2vrG5tV3bqe/u7R8cmkfHTzLJBCYuTlgieiGShFFOXEUVI71UEBSHjHTDcbv0uxMiJE34o5qmxI/RkNOIYqS0FJgmCqhHuRcjNQrDvF0EZsNu2jNYq8SpSAMqdALzxxskOIsJV5ghKfuOnSo/R0JRzEhR9zJJUoTHaEj6mnIUE+nns+SFda6VgRUlQj+urJn6dyNHsZTTONSTZUK57JXif14/U9GNn1OeZopwPD8UZcxSiVXWYA2oIFixqSYIC6qzWniEBMJKl7VwpfxbyEgWdV2Ns1zEKnEvm7dN5+Gq0bqrOqrBKZzBBThwDS24hw64gGECL/AKb8az8W58GJ/z0TWj2jmBBRhfvyyVnN8=</latexit><latexit sha1_base64="QfdtAfx0lgZFr6+1QtuHERPOaQs=">AAACDnicbVDLSsNAFL3xWesr6tJNsAiuSiKCupFCNy4rGFtoQphMJ+3QySTMTAol5CPcu9VfcCVu/QX/wM9w0mZhWw8MHM65d+7hhCmjUtn2t7G2vrG5tV3bqe/u7R8cmkfHTzLJBCYuTlgieiGShFFOXEUVI71UEBSHjHTDcbv0uxMiJE34o5qmxI/RkNOIYqS0FJgmCqhHuRcjNQrDvF0EZsNu2jNYq8SpSAMqdALzxxskOIsJV5ghKfuOnSo/R0JRzEhR9zJJUoTHaEj6mnIUE+nns+SFda6VgRUlQj+urJn6dyNHsZTTONSTZUK57JXif14/U9GNn1OeZopwPD8UZcxSiVXWYA2oIFixqSYIC6qzWniEBMJKl7VwpfxbyEgWdV2Ns1zEKnEvm7dN5+Gq0bqrOqrBKZzBBThwDS24hw64gGECL/AKb8az8W58GJ/z0TWj2jmBBRhfvyyVnN8=</latexit>

Genus 0:



Elliptic polylogarithms 

¥ First goal: generalise notion of polylogarithms to elliptic curves.

! MPLs = iterated integrals with logarithmic singularities.

¥ DeÞnition:

3.1 Elliptic multiple polylogarithms

The goal of this section is to give a short review of how to deÞne the incarnation of
elliptic multiple polylogarithms that we will consider throughout this paper. The functions
that we deÞne are closely related to the multiple elliptic polylogarithms studied in the
mathematics [68, 78] and string theory literature [ 69Ð71]. However, as we will see below,
we prefer to work with functions that are manifestly holomorphic and do not depend on the
complex conjugated variables. This choice is motivated (among other things) by the fact
that Feynman integrals give rise to holomorphic quantities, and we prefer not to introduce
any explicit dependence on antiholomorphic variables.

We start by deÞning elliptic curves. We only introduce the bare minimum of mathemat-
ical background on elliptic curves to understand the deÞnition of elliptic polylogarithms,
and we refer to the literature for a detailed discussion, e.g., ref. [79] (see also ref. [47]).
Loosely speaking, an elliptic curve can be deÞned as the zero set of a polynomial equation
of the form y2 = P(x), where P is a polynomial of degree three or four (with distinct
roots). Every elliptic curve deÞnes a (compact) Riemann surface of genus one, and so it
is equivalent to a complex one-dimensional torusC/ ! , where ! = Z! 1 + Z! 2 is a lattice
and ! i are complex numbers that are linearly independent overR, called the periods of
the elliptic curve. We can perform a rescaling and assume without loss of generality that
! 1 = 1. In other words, every elliptic curve is isomorphic to an elliptic curve of the form
C/ ! ! , with ! ! = Z + Z" , with Im " > 0. Unless stated otherwise, we will always assume
that the periods are (! 1, ! 2) = (1 , " ). Di " erent values of" may still correspond to the same
elliptic curve. More precisely, " and " ! deÞne the same elliptic curve if and only if they
are related by anSL(2, Z) transformation, where SL(2, Z) acts on the upper half-plane via
Moebius transformations, calledmodular transformations,

" !" # á" =
a" + b
c" + d

, # =
!

a b
c d

"
# SL(2, Z) . (3.1) { eq:modular_trafo}{ eq:modular_trafo}

We now deÞne a class of iterated integrals with at most logarithmic singularities.
Inspired by ref. [68, 69, 78], we deÞneelliptic multiple polylogarithms (eMPLs) as

##( n1 ... n k
z1 ... zk ; z, " ) =

$ z

0
dz! g(n1) (z! $ z1, " ) ##

! n2 ... n k
z2 ... zk ; z!, "

"
, (3.2) { eq:gamt_def}{ eq:gamt_def}

where zi are complex numbers andni # N are positive integers. The integersk and
%

i ni

are called the length and the weight of the eMPL. Just like ordinary MPLs, eMPLs form
a shu$ e algebra,

##(A1, . . . , Ak; z, " ) ##(Ak+1 , . . . , Ak+ l ; z, " ) =
&

" " ! (k,l )

##(A" (1) , . . . , A" (k+ l ) ; z, " ) , (3.3)

where we introduced the notationAi = ( ni
zi ). The shu$ e product preserves both the weight

and the length of eMPLs.
In the case where (nk, zk) = (1 , 0), the integral in eq. (3.2) is divergent and requires

regularisation. Here we follow closely ref. [69] for the choice of the regularisation scheme.

Ð 9 Ð

ni ! N
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¥ Eisenstein-Kronecker series:

We can always use the shu! e algebra to write every eMPL as a linear combination of
products where the only divergent quantities are

!"
"

1 ... 1
0 ... 0# $%&

n times

; z, !
'

=
1
n!

!" ( 1
0 ; z, ! )n , (3.4)

with
!" ( 1

0 ; z, ! ) = log
"
1� e2⇡iz '

� 2" iz +
( z

0
dz!

)
g(1) (z!, ! ) �

2" i
e2⇡iz � 1

*
. (3.5) {eq:Gamma_reg}{eq:Gamma_reg}

The reason for this rather complicated-looking formula lies in the fact that we want eMPLs
to have a niceq-expansion (see Appendix??), and at the same time we want to preserve
the shu! e algebra structure.

The integration kernels in eq. (3.2) are deÞned through a generating series known as
the Eisenstein-Kronecker series,

F (z,#, ! ) =
1
#

+

n" 0

g(n) (z, ! ) #n =
$!

1(0, ! ) $1(z + #, ! )
$1(z, ! ) $1(#, ! )

, (3.6) {eq:Eisenstein-Kronecker}{eq:Eisenstein-Kronecker}

where $1 is the odd Jacobi theta function, and $!
1 is its derivative with respect to its

Þrst argument. The functions g(n) appearing in eq. (3.6) have various nice properties, cf.
ref. [68, 69, 78]. In particular, they have deÞnite parity

g(n) (�z, ! ) = ( �1)n g(n) (z, ! ) , (3.7)

and satisfy the Fay identity [ 68],

g(m) (z1, ! ) g(n) (z2, ! ) = �(�1)n g(m+ n) (z1 � z2, ! )

+
n+

r =0

)
m + r � 1

m � 1

*
g(n# r ) (z2 � z1, ! ) g(m+ r ) (z1, ! )

+
m+

r =0

)
n + r � 1

n � 1

*
g(m# r ) (z1 � z2, ! ) g(n+ r ) (z2, ! ) .

(3.8) {eq:Fay}{eq:Fay}

Seen as a function ofz, the function g(1) (z, ! ) has a simple pole with unit residue at every
point of the lattice # ⌧ . For n > 1, g(n) (z, ! ) has a simple pole only at those lattice points
that do not lie on the real axis. As a consequence, the iterated integrals in eq. (3.2)
have at most logarithmic singularities, and therefore deÞne generalisations of multiple
polylogarithms to elliptic curves.

At this point we have to make a comment about the integration kernels g(n) , and
the ensuing iterated integrals !" . Every well-deÞned function on the torusC/ # ⌧ must be
invariant under translations by elements of the lattice # ⌧ . It turns out that the integration
kernels deÞned by the Eisenstein-Kronecker series in eq. (3.6) are not invariant under
translations by ! . For example, we have

g(1) (z + 1 , ! ) = g(1) (z, ! ) and g(1) (z + ! , ! ) = g(1) (z, ! ) � 2" i . (3.9) {eq:g1_periodicity}{eq:g1_periodicity}
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! Each        has (at most) simple poles at                    ,                . g(n )
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z = m + n!
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G(a1, . . . , an ; z) =
! z

0

dt
t ! a1

G(a2, . . . , an ; t) ai ! C
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Genus 0:

Genus 1:

[~ Brown, Levin; Bršdel, Mafra, Matthes, Schlotterer; see talk by Schlotterer]
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3.1 Elliptic multiple polylogarithms

The goal of this section is to give a short review of how to deÞne the incarnation of
elliptic multiple polylogarithms that we will consider throughout this paper. The functions
that we deÞne are closely related to the multiple elliptic polylogarithms studied in the
mathematics [68, 78] and string theory literature [ 69Ð71]. However, as we will see below,
we prefer to work with functions that are manifestly holomorphic and do not depend on the
complex conjugated variables. This choice is motivated (among other things) by the fact
that Feynman integrals give rise to holomorphic quantities, and we prefer not to introduce
any explicit dependence on antiholomorphic variables.

We start by deÞning elliptic curves. We only introduce the bare minimum of mathemat-
ical background on elliptic curves to understand the deÞnition of elliptic polylogarithms,
and we refer to the literature for a detailed discussion, e.g., ref. [79] (see also ref. [47]).
Loosely speaking, an elliptic curve can be deÞned as the zero set of a polynomial equation
of the form y2 = P(x), where P is a polynomial of degree three or four (with distinct
roots). Every elliptic curve deÞnes a (compact) Riemann surface of genus one, and so it
is equivalent to a complex one-dimensional torusC/ ! , where ! = Z! 1 + Z! 2 is a lattice
and ! i are complex numbers that are linearly independent overR, called the periods of
the elliptic curve. We can perform a rescaling and assume without loss of generality that
! 1 = 1. In other words, every elliptic curve is isomorphic to an elliptic curve of the form
C/ ! ! , with ! ! = Z + Z" , with Im " > 0. Unless stated otherwise, we will always assume
that the periods are (! 1, ! 2) = (1 , " ). Di " erent values of" may still correspond to the same
elliptic curve. More precisely, " and " ! deÞne the same elliptic curve if and only if they
are related by anSL(2, Z) transformation, where SL(2, Z) acts on the upper half-plane via
Moebius transformations, calledmodular transformations,

" !" # á" =
a" + b
c" + d

, # =
!

a b
c d

"
# SL(2, Z) . (3.1) { eq:modular_trafo}{ eq:modular_trafo}

We now deÞne a class of iterated integrals with at most logarithmic singularities.
Inspired by ref. [68, 69, 78], we deÞneelliptic multiple polylogarithms (eMPLs) as

##( n1 ... n k
z1 ... zk ; z, " ) =

$ z

0
dz! g(n1) (z! $ z1, " ) ##

! n2 ... n k
z2 ... zk ; z!, "

"
, (3.2) { eq:gamt_def}{ eq:gamt_def}

where zi are complex numbers andni # N are positive integers. The integersk and
%

i ni

are called the length and the weight of the eMPL. Just like ordinary MPLs, eMPLs form
a shu$ e algebra,

##(A1, . . . , Ak; z, " ) ##(Ak+1 , . . . , Ak+ l ; z, " ) =
&

" " ! (k,l )

##(A" (1) , . . . , A" (k+ l ) ; z, " ) , (3.3)

where we introduced the notationAi = ( ni
zi ). The shu$ e product preserves both the weight

and the length of eMPLs.
In the case where (nk, zk) = (1 , 0), the integral in eq. (3.2) is divergent and requires

regularisation. Here we follow closely ref. [69] for the choice of the regularisation scheme.
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Elliptic polylogarithms 
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<latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit>

0
<latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit>

!
<latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit>

(x, y)
<latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit>

y2 = 1 ! x2
<latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit>

with
<latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit>



The circle

¥ How to describe a circle?

2!
<latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit>

0
<latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit>

!
<latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit>

(x, y)
<latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit>

y2 = 1 ! x2
<latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit>

with
<latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit>

! Trigonometric function: cos ✓
<latexit sha1_base64="1bsdfL0BeFYd1eoMh4t/37GbPdA=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjMiqBspuHFZwbHFzlAyaaYNzSRDckcopR/g3q3+gitx62/4B36GmXYWtvVA4HDOfeVEqeAGXPfbKa2srq1vlDcrW9s7u3vV/YMHozJNmU+VULodEcMEl8wHDoK1U81IEgnWioY3ud96YtpwJe9hlLIwIX3JY04JWOkxoMoEMGBAutWaW3enwMvEK0gNFWh2qz9BT9EsYRKoIMZ0PDeFcEw0cCrYpBJkhqWEDkmfdSyVJGEmHE8vnuATq/RwrLR9EvBU/dsxJokxoySylQmBgVn0cvE/r5NBfBmOuUwzYJLOFsWZwKBw/n3c45pRECNLCNXc3orpgGhCwYY0tyWfrU1sJhUbjbcYxDLxz+pXde/uvNa4LjIqoyN0jE6Rhy5QA92iJvIRRRK9oFf05jw7786H8zkrLTlFzyGag/P1CwfHmiQ=</latexit><latexit sha1_base64="1bsdfL0BeFYd1eoMh4t/37GbPdA=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjMiqBspuHFZwbHFzlAyaaYNzSRDckcopR/g3q3+gitx62/4B36GmXYWtvVA4HDOfeVEqeAGXPfbKa2srq1vlDcrW9s7u3vV/YMHozJNmU+VULodEcMEl8wHDoK1U81IEgnWioY3ud96YtpwJe9hlLIwIX3JY04JWOkxoMoEMGBAutWaW3enwMvEK0gNFWh2qz9BT9EsYRKoIMZ0PDeFcEw0cCrYpBJkhqWEDkmfdSyVJGEmHE8vnuATq/RwrLR9EvBU/dsxJokxoySylQmBgVn0cvE/r5NBfBmOuUwzYJLOFsWZwKBw/n3c45pRECNLCNXc3orpgGhCwYY0tyWfrU1sJhUbjbcYxDLxz+pXde/uvNa4LjIqoyN0jE6Rhy5QA92iJvIRRRK9oFf05jw7786H8zkrLTlFzyGag/P1CwfHmiQ=</latexit><latexit sha1_base64="1bsdfL0BeFYd1eoMh4t/37GbPdA=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjMiqBspuHFZwbHFzlAyaaYNzSRDckcopR/g3q3+gitx62/4B36GmXYWtvVA4HDOfeVEqeAGXPfbKa2srq1vlDcrW9s7u3vV/YMHozJNmU+VULodEcMEl8wHDoK1U81IEgnWioY3ud96YtpwJe9hlLIwIX3JY04JWOkxoMoEMGBAutWaW3enwMvEK0gNFWh2qz9BT9EsYRKoIMZ0PDeFcEw0cCrYpBJkhqWEDkmfdSyVJGEmHE8vnuATq/RwrLR9EvBU/dsxJokxoySylQmBgVn0cvE/r5NBfBmOuUwzYJLOFsWZwKBw/n3c45pRECNLCNXc3orpgGhCwYY0tyWfrU1sJhUbjbcYxDLxz+pXde/uvNa4LjIqoyN0jE6Rhy5QA92iJvIRRRK9oFf05jw7786H8zkrLTlFzyGag/P1CwfHmiQ=</latexit><latexit sha1_base64="1bsdfL0BeFYd1eoMh4t/37GbPdA=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjMiqBspuHFZwbHFzlAyaaYNzSRDckcopR/g3q3+gitx62/4B36GmXYWtvVA4HDOfeVEqeAGXPfbKa2srq1vlDcrW9s7u3vV/YMHozJNmU+VULodEcMEl8wHDoK1U81IEgnWioY3ud96YtpwJe9hlLIwIX3JY04JWOkxoMoEMGBAutWaW3enwMvEK0gNFWh2qz9BT9EsYRKoIMZ0PDeFcEw0cCrYpBJkhqWEDkmfdSyVJGEmHE8vnuATq/RwrLR9EvBU/dsxJokxoySylQmBgVn0cvE/r5NBfBmOuUwzYJLOFsWZwKBw/n3c45pRECNLCNXc3orpgGhCwYY0tyWfrU1sJhUbjbcYxDLxz+pXde/uvNa4LjIqoyN0jE6Rhy5QA92iJvIRRRK9oFf05jw7786H8zkrLTlFzyGag/P1CwfHmiQ=</latexit>

(cos0 ! )2 = 1 � (cos! )2
<latexit sha1_base64="VpZtux3yiUlhdoEY6AUKnMag1uU=">AAACIHicbZDLSgMxFIYz9VbrbdSlm9Ai1oVlpgjqQim4cVnB2kKnlkyaaUMzF5IzQind+x7u3eoruBKX+gQ+hpnpILZ6IPDz/efkJL8bCa7Asj6M3MLi0vJKfrWwtr6xuWVu79yqMJaUNWgoQtlyiWKCB6wBHARrRZIR3xWs6Q4vE795z6TiYXADo4h1fNIPuMcpAY26ZrHs0FAdODBgQA7vqvgc20cp+0Fds2RVrLTwX2FnooSyqnfNL6cX0thnAVBBlGrbVgSdMZHAqWCTghMrFhE6JH3W1jIgPlOdcfqXCd7XpIe9UOoTAE7p74kx8ZUa+a7u9AkM1LyXwP+8dgzeaWfMgygGFtDpIi8WGEKcBIN7XDIKYqQFoZLrt2I6IJJQ0PHNbEnulspTk4KOxp4P4q9oVCtnFfv6uFS7yDLKoz1URGVkoxNUQ1eojhqIogf0hJ7Ri/FovBpvxvu0NWdkM7topozPb4+yohw=</latexit><latexit sha1_base64="VpZtux3yiUlhdoEY6AUKnMag1uU=">AAACIHicbZDLSgMxFIYz9VbrbdSlm9Ai1oVlpgjqQim4cVnB2kKnlkyaaUMzF5IzQind+x7u3eoruBKX+gQ+hpnpILZ6IPDz/efkJL8bCa7Asj6M3MLi0vJKfrWwtr6xuWVu79yqMJaUNWgoQtlyiWKCB6wBHARrRZIR3xWs6Q4vE795z6TiYXADo4h1fNIPuMcpAY26ZrHs0FAdODBgQA7vqvgc20cp+0Fds2RVrLTwX2FnooSyqnfNL6cX0thnAVBBlGrbVgSdMZHAqWCTghMrFhE6JH3W1jIgPlOdcfqXCd7XpIe9UOoTAE7p74kx8ZUa+a7u9AkM1LyXwP+8dgzeaWfMgygGFtDpIi8WGEKcBIN7XDIKYqQFoZLrt2I6IJJQ0PHNbEnulspTk4KOxp4P4q9oVCtnFfv6uFS7yDLKoz1URGVkoxNUQ1eojhqIogf0hJ7Ri/FovBpvxvu0NWdkM7topozPb4+yohw=</latexit><latexit sha1_base64="VpZtux3yiUlhdoEY6AUKnMag1uU=">AAACIHicbZDLSgMxFIYz9VbrbdSlm9Ai1oVlpgjqQim4cVnB2kKnlkyaaUMzF5IzQind+x7u3eoruBKX+gQ+hpnpILZ6IPDz/efkJL8bCa7Asj6M3MLi0vJKfrWwtr6xuWVu79yqMJaUNWgoQtlyiWKCB6wBHARrRZIR3xWs6Q4vE795z6TiYXADo4h1fNIPuMcpAY26ZrHs0FAdODBgQA7vqvgc20cp+0Fds2RVrLTwX2FnooSyqnfNL6cX0thnAVBBlGrbVgSdMZHAqWCTghMrFhE6JH3W1jIgPlOdcfqXCd7XpIe9UOoTAE7p74kx8ZUa+a7u9AkM1LyXwP+8dgzeaWfMgygGFtDpIi8WGEKcBIN7XDIKYqQFoZLrt2I6IJJQ0PHNbEnulspTk4KOxp4P4q9oVCtnFfv6uFS7yDLKoz1URGVkoxNUQ1eojhqIogf0hJ7Ri/FovBpvxvu0NWdkM7topozPb4+yohw=</latexit><latexit sha1_base64="VpZtux3yiUlhdoEY6AUKnMag1uU=">AAACIHicbZDLSgMxFIYz9VbrbdSlm9Ai1oVlpgjqQim4cVnB2kKnlkyaaUMzF5IzQind+x7u3eoruBKX+gQ+hpnpILZ6IPDz/efkJL8bCa7Asj6M3MLi0vJKfrWwtr6xuWVu79yqMJaUNWgoQtlyiWKCB6wBHARrRZIR3xWs6Q4vE795z6TiYXADo4h1fNIPuMcpAY26ZrHs0FAdODBgQA7vqvgc20cp+0Fds2RVrLTwX2FnooSyqnfNL6cX0thnAVBBlGrbVgSdMZHAqWCTghMrFhE6JH3W1jIgPlOdcfqXCd7XpIe9UOoTAE7p74kx8ZUa+a7u9AkM1LyXwP+8dgzeaWfMgygGFtDpIi8WGEKcBIN7XDIKYqQFoZLrt2I6IJJQ0PHNbEnulspTk4KOxp4P4q9oVCtnFfv6uFS7yDLKoz1URGVkoxNUQ1eojhqIogf0hJ7Ri/FovBpvxvu0NWdkM7topozPb4+yohw=</latexit>

cos(! + 2 " ) = cos !
<latexit sha1_base64="CeEQAlPwcL9/3w+WftWbnvPYpYw=">AAACHHicbZDLSgMxFIYz9VbrbdSlIMEiVIQyUwR1oRTcuKzg2EJnKJk004ZmLiRnhFK68z3cu9VXcCVuBd/AxzDTzsK2Hgj8fP85OcnvJ4IrsKxvo7C0vLK6VlwvbWxube+Yu3sPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gJvObj0wqHkf3MEyYF5JexANOCWjUMQ9dGquKC30G5LTmJvwEX+GMTVHHLFtVa1J4Udi5KKO8Gh3zx+3GNA1ZBFQQpdq2lYA3IhI4FWxcclPFEkIHpMfaWkYkZMobTf4xxseadHEQS30iwBP6d2JEQqWGoa87QwJ9Ne9l8D+vnUJw4Y14lKTAIjpdFKQCQ4yzUHCXS0ZBDLUgVHL9Vkz7RBIKOrqZLdndUgVqXNLR2PNBLAqnVr2s2ndn5fp1nlERHaAjVEE2Okd1dIsayEEUPaEX9IrejGfj3fgwPqetBSOf2UczZXz9Aj2qoZA=</latexit><latexit sha1_base64="CeEQAlPwcL9/3w+WftWbnvPYpYw=">AAACHHicbZDLSgMxFIYz9VbrbdSlIMEiVIQyUwR1oRTcuKzg2EJnKJk004ZmLiRnhFK68z3cu9VXcCVuBd/AxzDTzsK2Hgj8fP85OcnvJ4IrsKxvo7C0vLK6VlwvbWxube+Yu3sPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gJvObj0wqHkf3MEyYF5JexANOCWjUMQ9dGquKC30G5LTmJvwEX+GMTVHHLFtVa1J4Udi5KKO8Gh3zx+3GNA1ZBFQQpdq2lYA3IhI4FWxcclPFEkIHpMfaWkYkZMobTf4xxseadHEQS30iwBP6d2JEQqWGoa87QwJ9Ne9l8D+vnUJw4Y14lKTAIjpdFKQCQ4yzUHCXS0ZBDLUgVHL9Vkz7RBIKOrqZLdndUgVqXNLR2PNBLAqnVr2s2ndn5fp1nlERHaAjVEE2Okd1dIsayEEUPaEX9IrejGfj3fgwPqetBSOf2UczZXz9Aj2qoZA=</latexit><latexit sha1_base64="CeEQAlPwcL9/3w+WftWbnvPYpYw=">AAACHHicbZDLSgMxFIYz9VbrbdSlIMEiVIQyUwR1oRTcuKzg2EJnKJk004ZmLiRnhFK68z3cu9VXcCVuBd/AxzDTzsK2Hgj8fP85OcnvJ4IrsKxvo7C0vLK6VlwvbWxube+Yu3sPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gJvObj0wqHkf3MEyYF5JexANOCWjUMQ9dGquKC30G5LTmJvwEX+GMTVHHLFtVa1J4Udi5KKO8Gh3zx+3GNA1ZBFQQpdq2lYA3IhI4FWxcclPFEkIHpMfaWkYkZMobTf4xxseadHEQS30iwBP6d2JEQqWGoa87QwJ9Ne9l8D+vnUJw4Y14lKTAIjpdFKQCQ4yzUHCXS0ZBDLUgVHL9Vkz7RBIKOrqZLdndUgVqXNLR2PNBLAqnVr2s2ndn5fp1nlERHaAjVEE2Okd1dIsayEEUPaEX9IrejGfj3fgwPqetBSOf2UczZXz9Aj2qoZA=</latexit><latexit sha1_base64="CeEQAlPwcL9/3w+WftWbnvPYpYw=">AAACHHicbZDLSgMxFIYz9VbrbdSlIMEiVIQyUwR1oRTcuKzg2EJnKJk004ZmLiRnhFK68z3cu9VXcCVuBd/AxzDTzsK2Hgj8fP85OcnvJ4IrsKxvo7C0vLK6VlwvbWxube+Yu3sPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gJvObj0wqHkf3MEyYF5JexANOCWjUMQ9dGquKC30G5LTmJvwEX+GMTVHHLFtVa1J4Udi5KKO8Gh3zx+3GNA1ZBFQQpdq2lYA3IhI4FWxcclPFEkIHpMfaWkYkZMobTf4xxseadHEQS30iwBP6d2JEQqWGoa87QwJ9Ne9l8D+vnUJw4Y14lKTAIjpdFKQCQ4yzUHCXS0ZBDLUgVHL9Vkz7RBIKOrqZLdndUgVqXNLR2PNBLAqnVr2s2ndn5fp1nlERHaAjVEE2Okd1dIsayEEUPaEX9IrejGfj3fgwPqetBSOf2UczZXz9Aj2qoZA=</latexit>

! Inverse map: ! = !
! x

0

dx!
"

1 ! x!2
<latexit sha1_base64="2UlEftbPVjK/Pc7GWYxZFZOmrWA="></latexit><latexit sha1_base64="2UlEftbPVjK/Pc7GWYxZFZOmrWA="></latexit><latexit sha1_base64="2UlEftbPVjK/Pc7GWYxZFZOmrWA="></latexit><latexit sha1_base64="2UlEftbPVjK/Pc7GWYxZFZOmrWA="></latexit>

! Can rescale ÔcircumferenceÕ to 1.



Elliptic curves 
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y2 = 4x3 ! g2x ! g2
<latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit><latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit><latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit><latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit>
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¥ Elliptic curves are the same as tori! 
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Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z !1 + Z !2 = { m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram { r !1 + s !2 : 0  r, s < 1} .

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i , i.e., it must be a periodic

function, f(z+!i ) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,

}(z; !1, !2) =
1

z2
+

X

(m,n ) 6=(0,0)

✓
1

(z + m !1 + n !2)2
�

1

(m !1 + n !2)2

◆
. (4.2)
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z
<latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit> with

<latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit>

¥ Elliptic curves are the same as tori! 
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Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z !1 + Z !2 = { m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram { r !1 + s !2 : 0  r, s < 1} .

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i , i.e., it must be a periodic

function, f(z+!i ) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,

}(z; !1, !2) =
1

z2
+

X

(m,n ) 6=(0,0)

✓
1

(z + m !1 + n !2)2
�

1

(m !1 + n !2)2

◆
. (4.2)
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y2 = 4x3 ! g2x ! g2
<latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit><latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit><latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit><latexit sha1_base64="+pG5vnsHksWHl+IdXWHP1GrXwGU=">AAACEHicbZBPS8MwGMZT/875r86jl+AQvDjaOVAPwsCLxwnWDbaupFm6haVpSVJZKQO/g3ev+hU8iVe/gd/Aj2G67eA2X0h4eJ43eV9+fsyoVJb1baysrq1vbBa2its7u3v75kHpQUaJwMTBEYtEy0eSMMqJo6hipBULgkKfkaY/vMnz5iMRkkb8XqUxcUPU5zSgGClteWYp7VavYW3UPT/re9VRfnlm2apYk4LLwp6JMphVwzN/Or0IJyHhCjMkZdu2YuVmSCiKGRkXO4kkMcJD1CdtLTkKiXSzye5jeKKdHgwioQ9XcOL+fZGhUMo09HVniNRALma5+V/WTlRw6WaUx4kiHE8HBQmDKoI5CNijgmDFUi0QFlTvCvEACYSVxjU3Jf9byECOixqNvQhiWTjVylXFvquV6/WnKaMCOALH4BTY4ALUwS1oAAdgMAIv4BW8Gc/Gu/FhfE5bV4wZ10MwV8bXLwmInHk=</latexit>

[x, y, 1]
<latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit><latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit><latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit><latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit>

z
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0

! 2 ! 3 = ! 1 + ! 2

! 1

1

Figure 1: The lattice ! spanned by the two periods! 1 and ! 2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand
how the iterated integrals E3 deÞned in the previous section are connected to the elliptic
polylogarithms that appear in the mathematics literature [39, 42]. The material in this
section is not new and is in principle well known. We include it nonetheless because we
feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers! 1 and ! 2 that are linearly independent over the real
numbers. For concreteness, we will assume that! 1 is real and positive while ! 2 is purely
imaginary with a positive imaginary part. We can deÞne alattice (see Þg.1)

! = Z ! 1 + Z ! 2 = { m ! 1 + n ! 2 : m, n ! Z} " C . (4.1)

Such a lattice is a discrete additive subgroup ofC. The torus associated to the lattice! is
deÞned as the quotientC/ ! of C by the lattice. In other words, we identify two complex
numbers whenever they di" er by an element from the lattice. The torus is then obtained
by identifying opposite sites of the fundamental parallelgram { r ! 1 + s ! 2 : 0 # r, s < 1} .

We now study functions on the torusC/ ! . In order to be well-deÞned, any function on
the torus must be invariant under translations by the periods ! i , i.e., it must be a periodic
function, f (z+ ! i ) = f (z), i = 1 , 2. An elliptic function is a meromorphic periodic function.
The singularity structure of an elliptic function is very constrained. In particular, every
non-constant elliptic function must have at least two poles on the torus (counted with
multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal
the number of poles (again, counted with multiplicities). The prototypical example of an
elliptic function is the Weierstrass " function,

" (z; ! 1, ! 2) =
1
z2 +

!

(m,n )!=(0 ,0)

"
1

(z + m ! 1 + n ! 2)2 $
1

(m ! 1 + n ! 2)2

#
. (4.2)
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with
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! Weierstrass    -function:!
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We will always keep implicit the dependence of the Weierstrass! function on the periods.
The Weierstrass ! function is by construction periodic, and it has a double pole at every
lattice point z ! ! . In addition, it is an even function, ! (" z) = ! (z).

The derivative of a periodic function is still periodic, and so the derivative of an elliptic
function is itself elliptic. Since ! is even and has a double pole, its derivative must deÞne an
odd function with a triple pole (all deÞnitions are understood modulo translations by the
lattice). Hence, ! ! must have three zeros, and these are located precisely at thehalf-periods
" i / 2, i ! { 1, 2, 3} , with " 3/ 2 # " 1/ 2 + " 2/ 2. Indeed, invariance under translations by!
gives

" ! !(" i / 2) = ! !(" " i / 2) = ! !(" i / 2 " " i ) = ! !(" i / 2) , (4.3)

and so! !(" i / 2) = 0.
The Weierstrass! function and its derivative are not only the prototypical examples of

functions that are both meromorphic and periodic, but they play a fundamental role in the
theory of elliptic functions. In fact, they are su" cient to recoverall elliptic functions. More
precisely, one can show that every elliptic function can be written as a rational function in
! and ! !. Note that the set of all elliptic functions forms a Þeld, and so we can identify
the Þeld of elliptic functions with the Þeld of rational functions in (! , ! !).

Finally, let us note that the Weierstrass ! function and its derivative are not indepen-
dent, but they are coupled via a non-linear di#erential equation

! !2 = 4 ! 3 " g2 ! " g3 = 4( ! " e1)( ! " e2)( ! " e3) , (4.4)

wheregi and ei are constants that depend on the two periods" 1 and " 2. By di#erentiation
we see that all the higher derivatives of! are polynomials in (! , ! !), in agreement with the
fact that every elliptic function is a rational function in ( ! , ! !). For example, we have

! !!(z) =
1
6

! (z)2 "
1
2

g2 . (4.5)

4.2 From the torus to the elliptic curve: the Weierstrass model

In section 3 we have considered elliptic curves given by a cubic equation of the form (3.2).
In general, there can be several cubic polynomials that deÞne the same elliptic curveE. In
particular, it can be shown that via a judicious change of variables every elliptic curve can
be represented as the solution set of a cubic equation of the form

y2 = 4x3 " g2x " g3 = 4( x " e1)(x " e2)(x " e3) , with e1 + e2 + e3 = 0 . (4.6)

An equation of this form is called a Weierstrass equation of the elliptic curve. We see
that, upon identifying ( ! , ! !) with ( x, y), eq. (4.4) has precisely the form of the Weierstrass
equation, and so there is a strong connection between the Weierstrass! function and
elliptic curves. The purpose of this section is to show that the torus and the Weierstrass
! function provide a natural parametrisation of any elliptic curve E.

Consider an elliptic curve E with periods " 1 and " 2 given by the Weierstrass equa-
tion ( 4.6). Comparing eq. (4.6) to the di #erential equation (4.4) satisÞed by the Weierstrass
! function, we see that for every pointz on the torus C/ ! , the point [ ! (z), ! !(z), 1] lies on
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}(z + !i;!1,!2) = }(z;!1,!2)
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! Inverse map: z =
! x

!

dx"
"

4x"3 ! g2x" ! g3
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¥ Elliptic curves are the same as tori! 

! Can always rescale one ÔradiusÕ  to 1:⌧ = !2/!1
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Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z !1 + Z !2 = { m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram { r !1 + s !2 : 0  r, s < 1} .

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i , i.e., it must be a periodic

function, f(z+!i ) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,
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Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z !1 + Z !2 = { m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram { r !1 + s !2 : 0  r, s < 1} .

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i , i.e., it must be a periodic

function, f(z+!i ) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,
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constant. The constant is easily determined by using the fact that! (z) vanishes forz = 0,
and we Þnd

dx " ! 1(c, x) =
yc dx

y (x ! c)
= dz

!
g(1) (z ! zc) ! g(1) (z + zc) + 2 g(1) (zc)

"
. (5.7)

We see that on the torus the di! erential form dx " ! 1(c, x) corresponds to a linear combi-
nation with constant complex coe" cients of the holomorphic di! erential dz and the forms
dz g(1) (z ± zc).

We can apply exactly the same reasoning to the di! erential form

dx " 1(c, x) =
dx

x ! c
= dz

µ"(z)
µ(z) ! µ(zc)

" dz #(z) . (5.8)

The only di! erence with respect to the previous case is that the residues atz = ± zc are
both +1, and there is also a simple pole atz = 0 with residue ! 2, corresponding to the
pole at inÞnity of dx/ (x ! c). We subtract the poles, and by exactly the same reasoning
as before we conclude that the di! erence

#(z) !
!
g(1) (z ! zc) + g(1) (z + zc) ! 2g(1) (z)

"
(5.9)

must be constant. In order to determine this constant, we observe that both# and eq. (5.9)
deÞne an odd function, and so they must vanish at the origin. We then have

dx " 1(c, x) =
dx

x ! c
= dz

!
g(1) (z ! zc) + g(1) (z + zc) ! 2g(1) (z)

"
. (5.10)

Let us now turn to dx " 1(# , x). If x0 = $(z0), eq. (3.23) gives
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c3 y
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! 1 / 2
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= 4 g(1) (z0) .

(5.11)

Hence, we immediately Þnd

dx " 1(# , x) =
c3 dx

y
Z3(x) = 4 dz g(1) (z) . (5.12)

To summarise, the one-formsdx " ± 1 are linear combinations of the holomorphic di! er-
ential and the one-formsdz g(1) . To complete the proof, we need to analyse what happens
for n > 1. In section 3 we have not given the complete deÞnition of the polynomialsZn

for n > 1, but we have already noted the similarity for n = 2 , 3 between the polynomials
Zn in eq. (3.28) and Gn in eq. (4.21). In general, we deÞne
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, n $ 1. (5.13)
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! There is a 1-to-1 map between linearly independent 1-forms 
in          -space and   -space.  z
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Elliptic polylogarithms 

¥ Important property: Space of eMPLs and rational functions on 
an elliptic curve is closed under taking primitives.     

! Every ordinary MPL is also an eMPL.

! Every ordinary MPL with arguments of the form            can 
be written as eMPLs.

R(x, y)
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! Rational function on elliptic curve:

¥ Consequences:
R(x, y) = R1(x) +

1
y

R2(x)
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! All classical elliptic integrals are part of eMPLs, e.g.,

K( ! ) =
! 1

0

dx
"

(1 ! x2)(1 ! ! x2)
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[Brown, Levin (implicitly) ; Bršdel, CD, Dulat, Tancredi]

! Can use a construction due to Brown to deÞne symbols, 
coaction, etc.



Various guises of eMPLs

! 1

0

dx
"

x(x ! 1)(x ! a)
log

#
1 !

x
a

$
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Elliptic polylogarithms

Iterated integrals of 
modular forms

Iterated integrals of 
complete elliptic integrals

[Brown, Levin]

[Manin; Brown; Adams, Weinzierl][Broadhurst; Tancredi, Remiddi]



Various guises of eMPLs
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Elliptic polylogarithms

Iterated integrals of 
modular forms

Iterated integrals of 
complete elliptic integrals

[Brown, Levin]

[Manin; Brown; Adams, Weinzierl][Broadhurst; Tancredi, Remiddi]
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Elliptic polylogarithms 
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¥ Sunrise integral can be computed in a similar way:

3

in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ! 2! dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di! erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,

m1

m2

m3

p

and the corresponding family of Feynman integrals reads

S! 1 ! 2 ! 3 (S, m2
1, m2

2, m2
3) =

!
Ddk1 Ddk2

(k2
1 ! m2

1)! 1 (k2
2 ! m2

2)! 2 ((k1 ! k2 + p)2 ! m2
3)! 3

, (II.1)

where the integration measure is defined as
!

Ddk " e" E #
!

ddk
i " d/ 2

, (II.2)

#E = ! ! !(1) is the Euler-Mascheroni constant and $i # Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ! 2! dimensions, where d0 is even. We define S = ! s = ! p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.

= 2
! !

(m 2 + m 3 )2

dx
"

R2(x, m2
2, m2

3)R2(s, x, m2
1)
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From dynamics to geometry

¥ The zeroes of the root determine the periods, and thus the shape 
of the elliptic curve/torus.
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From dynamics to geometry

¥ The zeroes of the root determine the periods, and thus the shape 
of the elliptic curve/torus.
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3

in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ! 2! dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di! erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,

m1

m2

m3

p

and the corresponding family of Feynman integrals reads
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where the integration measure is defined as
!

Ddk " e" E #
!

ddk
i " d/ 2

, (II.2)

#E = ! ! !(1) is the Euler-Mascheroni constant and $i # Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ! 2! dimensions, where d0 is even. We define S = ! s = ! p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.
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¥ For the sunrise: zeroes determined by kinematic data:
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¥ For Feynman integrals:      becomes a dynamical variable.!
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in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ! 2! dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di! erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,
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where the integration measure is defined as
!

Ddk " e" E #
!

ddk
i " d/ 2

, (II.2)

#E = ! ! !(1) is the Euler-Mascheroni constant and $i # Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ! 2! dimensions, where d0 is even. We define S = ! s = ! p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.
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¥ Novel feature beyond genus 0: The moduli space of curves of 
genus g>0 is non trivial.

! There is only one Riemann sphere (up to rescaling).

! There are tori of Ôdifferent shapesÕ.

¥ The shape of the torus becomes a kinematic variable!

! Need to consider iterated integrals on Ôthe space of all toriÕ.

From dynamics to geometry



The moduli space

¥ Moduli space of tori = Ôspace of all geometrically-distinct toriÕ.

! Question: how to classify tori?



The moduli space

¥ A torus is deÞned by              .(! 2, ! 1)T
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¥ Moduli space of tori = Ôspace of all geometrically-distinct toriÕ.

! Question: how to classify tori?



The moduli space

¥ A torus is deÞned by              .

! Rescale to                                 ,    in upper half-plane    .!
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<latexit sha1_base64="rqMtnhwo42lRbXcYBPwBxy5g2Tc=">AAACInicbZDLSsNAFIYnXmu9RV26GaxCBalJEdSFUHDjskJjC00Mk+mkHTq5MDMRSii49j3cu9VXcCWuBB/Ax3CSZmFbDwz8/P+Zc2Y+L2ZUSMP40hYWl5ZXVktr5fWNza1tfWf3TkQJx8TCEYt4x0OCMBoSS1LJSCfmBAUeI21veJ3l7QfCBY3ClhzFxAlQP6Q+xUgqy9UPq7ZEyYl5fN+CV7BqRwHpI7d+WggzT1y9YtSMvOC8MAtRAUU1Xf3H7kU4CUgoMUNCdE0jlk6KuKSYkXHZTgSJER6iPukqGaKACCfNfzOGR8rpQT/i6oQS5u7fGykKhBgFnuoMkByI2Swz/8u6ifQvnJSGcSJJiCeL/IRBGcEMDexRTrBkIyUQ5lS9FeIB4ghLBXBqSzabC1+MywqNOQtiXlj12mXNvD2rNBqPE0YlsA8OQBWY4Bw0wA1oAgtg8ARewCt40561d+1D+5y0LmgF1z0wVdr3LyocosU=</latexit><latexit sha1_base64="rqMtnhwo42lRbXcYBPwBxy5g2Tc=">AAACInicbZDLSsNAFIYnXmu9RV26GaxCBalJEdSFUHDjskJjC00Mk+mkHTq5MDMRSii49j3cu9VXcCWuBB/Ax3CSZmFbDwz8/P+Zc2Y+L2ZUSMP40hYWl5ZXVktr5fWNza1tfWf3TkQJx8TCEYt4x0OCMBoSS1LJSCfmBAUeI21veJ3l7QfCBY3ClhzFxAlQP6Q+xUgqy9UPq7ZEyYl5fN+CV7BqRwHpI7d+WggzT1y9YtSMvOC8MAtRAUU1Xf3H7kU4CUgoMUNCdE0jlk6KuKSYkXHZTgSJER6iPukqGaKACCfNfzOGR8rpQT/i6oQS5u7fGykKhBgFnuoMkByI2Swz/8u6ifQvnJSGcSJJiCeL/IRBGcEMDexRTrBkIyUQ5lS9FeIB4ghLBXBqSzabC1+MywqNOQtiXlj12mXNvD2rNBqPE0YlsA8OQBWY4Bw0wA1oAgtg8ARewCt40561d+1D+5y0LmgF1z0wVdr3LyocosU=</latexit><latexit sha1_base64="rqMtnhwo42lRbXcYBPwBxy5g2Tc=">AAACInicbZDLSsNAFIYnXmu9RV26GaxCBalJEdSFUHDjskJjC00Mk+mkHTq5MDMRSii49j3cu9VXcCWuBB/Ax3CSZmFbDwz8/P+Zc2Y+L2ZUSMP40hYWl5ZXVktr5fWNza1tfWf3TkQJx8TCEYt4x0OCMBoSS1LJSCfmBAUeI21veJ3l7QfCBY3ClhzFxAlQP6Q+xUgqy9UPq7ZEyYl5fN+CV7BqRwHpI7d+WggzT1y9YtSMvOC8MAtRAUU1Xf3H7kU4CUgoMUNCdE0jlk6KuKSYkXHZTgSJER6iPukqGaKACCfNfzOGR8rpQT/i6oQS5u7fGykKhBgFnuoMkByI2Swz/8u6ifQvnJSGcSJJiCeL/IRBGcEMDexRTrBkIyUQ5lS9FeIB4ghLBXBqSzabC1+MywqNOQtiXlj12mXNvD2rNBqPE0YlsA8OQBWY4Bw0wA1oAgtg8ARewCt40561d+1D+5y0LmgF1z0wVdr3LyocosU=</latexit><latexit sha1_base64="rqMtnhwo42lRbXcYBPwBxy5g2Tc=">AAACInicbZDLSsNAFIYnXmu9RV26GaxCBalJEdSFUHDjskJjC00Mk+mkHTq5MDMRSii49j3cu9VXcCWuBB/Ax3CSZmFbDwz8/P+Zc2Y+L2ZUSMP40hYWl5ZXVktr5fWNza1tfWf3TkQJx8TCEYt4x0OCMBoSS1LJSCfmBAUeI21veJ3l7QfCBY3ClhzFxAlQP6Q+xUgqy9UPq7ZEyYl5fN+CV7BqRwHpI7d+WggzT1y9YtSMvOC8MAtRAUU1Xf3H7kU4CUgoMUNCdE0jlk6KuKSYkXHZTgSJER6iPukqGaKACCfNfzOGR8rpQT/i6oQS5u7fGykKhBgFnuoMkByI2Swz/8u6ifQvnJSGcSJJiCeL/IRBGcEMDexRTrBkIyUQ5lS9FeIB4ghLBXBqSzabC1+MywqNOQtiXlj12mXNvD2rNBqPE0YlsA8OQBWY4Bw0wA1oAgtg8ARewCt40561d+1D+5y0LmgF1z0wVdr3LyocosU=</latexit>

¥ Moduli space of tori = Ôspace of all geometrically-distinct toriÕ.

! Question: how to classify tori?



The moduli space

¥ A torus is deÞned by              .

! Rescale to                                 ,    in upper half-plane    .!
<latexit sha1_base64="5UN+4wGeSvadNM/OtoONo70db6w=">AAACAHicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYwttKJvtpl262YTdiVBCQfDuVf+CJ/HqP/Ef+DPctD3Y1gcDj/dmdmZfmEph0HW/nZXVtfWNzdJWeXtnd2+/cnD4YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHN4XffOTaiETd4yjlQUz7SkSCUSykDtKsW6m6NXcCsky8GanCDI1u5afTS1gWc4VMUmPanptikFONgkk+Lncyw1PKhrTP25YqGnMT5JNbx+TUKj0SJdqWQjJR/07kNDZmFIe2M6Y4MIteIf7ntTOMroJcqDRDrth0UZRJggkpPk56QnOGcmQJZVrYWwkbUE0Z2njmthRvaxOZcdlG4y0GsUz889p1zbu7qNbrT9OMSnAMJ3AGHlxCHW6hAT4wGMALvMKb8+y8Ox/O57R1xZnlegRzcL5+AWAVl/0=</latexit><latexit sha1_base64="5UN+4wGeSvadNM/OtoONo70db6w=">AAACAHicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYwttKJvtpl262YTdiVBCQfDuVf+CJ/HqP/Ef+DPctD3Y1gcDj/dmdmZfmEph0HW/nZXVtfWNzdJWeXtnd2+/cnD4YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHN4XffOTaiETd4yjlQUz7SkSCUSykDtKsW6m6NXcCsky8GanCDI1u5afTS1gWc4VMUmPanptikFONgkk+Lncyw1PKhrTP25YqGnMT5JNbx+TUKj0SJdqWQjJR/07kNDZmFIe2M6Y4MIteIf7ntTOMroJcqDRDrth0UZRJggkpPk56QnOGcmQJZVrYWwkbUE0Z2njmthRvaxOZcdlG4y0GsUz889p1zbu7qNbrT9OMSnAMJ3AGHlxCHW6hAT4wGMALvMKb8+y8Ox/O57R1xZnlegRzcL5+AWAVl/0=</latexit><latexit sha1_base64="5UN+4wGeSvadNM/OtoONo70db6w=">AAACAHicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYwttKJvtpl262YTdiVBCQfDuVf+CJ/HqP/Ef+DPctD3Y1gcDj/dmdmZfmEph0HW/nZXVtfWNzdJWeXtnd2+/cnD4YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHN4XffOTaiETd4yjlQUz7SkSCUSykDtKsW6m6NXcCsky8GanCDI1u5afTS1gWc4VMUmPanptikFONgkk+Lncyw1PKhrTP25YqGnMT5JNbx+TUKj0SJdqWQjJR/07kNDZmFIe2M6Y4MIteIf7ntTOMroJcqDRDrth0UZRJggkpPk56QnOGcmQJZVrYWwkbUE0Z2njmthRvaxOZcdlG4y0GsUz889p1zbu7qNbrT9OMSnAMJ3AGHlxCHW6hAT4wGMALvMKb8+y8Ox/O57R1xZnlegRzcL5+AWAVl/0=</latexit><latexit sha1_base64="5UN+4wGeSvadNM/OtoONo70db6w=">AAACAHicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYwttKJvtpl262YTdiVBCQfDuVf+CJ/HqP/Ef+DPctD3Y1gcDj/dmdmZfmEph0HW/nZXVtfWNzdJWeXtnd2+/cnD4YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHN4XffOTaiETd4yjlQUz7SkSCUSykDtKsW6m6NXcCsky8GanCDI1u5afTS1gWc4VMUmPanptikFONgkk+Lncyw1PKhrTP25YqGnMT5JNbx+TUKj0SJdqWQjJR/07kNDZmFIe2M6Y4MIteIf7ntTOMroJcqDRDrth0UZRJggkpPk56QnOGcmQJZVrYWwkbUE0Z2njmthRvaxOZcdlG4y0GsUz889p1zbu7qNbrT9OMSnAMJ3AGHlxCHW6hAT4wGMALvMKb8+y8Ox/O57R1xZnlegRzcL5+AWAVl/0=</latexit>

H
<latexit sha1_base64="sFf4d8aw4jBTKafXy7nxldRSmVM=">AAACBnicbVDNSgMxGPzW31r/qh69BIvgqeyKoN4KXnqs4Npiu5Qkzbah2eySZIWyLHj17lVfwZN49TV8Ax/DbNuDbR0IDDNf8k2GJIJr47rfzsrq2vrGZmmrvL2zu7dfOTi813GqKPNpLGLVJlgzwSXzDTeCtRPFcEQEa5HRTeG3HpnSPJZ3ZpywIMIDyUNOsbHSQzfCZkhI1sh7lapbcydAy8SbkSrM0OxVfrr9mKYRk4YKrHXHcxMTZFgZTgXLy91UswTTER6wjqUSR0wH2SRxjk6t0kdhrOyRBk3UvzcyHGk9joidLBLqRa8Q//M6qQmvgozLJDVM0umiMBXIxKj4PupzxagRY0swVdxmRXSIFabGljS3pXhb6VDnZVuNt1jEMvHPa9c17/aiWq8/TTsqwTGcwBl4cAl1aEATfKAg4QVe4c15dt6dD+dzOrrizHo9gjk4X78f1pqd</latexit><latexit sha1_base64="sFf4d8aw4jBTKafXy7nxldRSmVM=">AAACBnicbVDNSgMxGPzW31r/qh69BIvgqeyKoN4KXnqs4Npiu5Qkzbah2eySZIWyLHj17lVfwZN49TV8Ax/DbNuDbR0IDDNf8k2GJIJr47rfzsrq2vrGZmmrvL2zu7dfOTi813GqKPNpLGLVJlgzwSXzDTeCtRPFcEQEa5HRTeG3HpnSPJZ3ZpywIMIDyUNOsbHSQzfCZkhI1sh7lapbcydAy8SbkSrM0OxVfrr9mKYRk4YKrHXHcxMTZFgZTgXLy91UswTTER6wjqUSR0wH2SRxjk6t0kdhrOyRBk3UvzcyHGk9joidLBLqRa8Q//M6qQmvgozLJDVM0umiMBXIxKj4PupzxagRY0swVdxmRXSIFabGljS3pXhb6VDnZVuNt1jEMvHPa9c17/aiWq8/TTsqwTGcwBl4cAl1aEATfKAg4QVe4c15dt6dD+dzOrrizHo9gjk4X78f1pqd</latexit><latexit sha1_base64="sFf4d8aw4jBTKafXy7nxldRSmVM=">AAACBnicbVDNSgMxGPzW31r/qh69BIvgqeyKoN4KXnqs4Npiu5Qkzbah2eySZIWyLHj17lVfwZN49TV8Ax/DbNuDbR0IDDNf8k2GJIJr47rfzsrq2vrGZmmrvL2zu7dfOTi813GqKPNpLGLVJlgzwSXzDTeCtRPFcEQEa5HRTeG3HpnSPJZ3ZpywIMIDyUNOsbHSQzfCZkhI1sh7lapbcydAy8SbkSrM0OxVfrr9mKYRk4YKrHXHcxMTZFgZTgXLy91UswTTER6wjqUSR0wH2SRxjk6t0kdhrOyRBk3UvzcyHGk9joidLBLqRa8Q//M6qQmvgozLJDVM0umiMBXIxKj4PupzxagRY0swVdxmRXSIFabGljS3pXhb6VDnZVuNt1jEMvHPa9c17/aiWq8/TTsqwTGcwBl4cAl1aEATfKAg4QVe4c15dt6dD+dzOrrizHo9gjk4X78f1pqd</latexit><latexit sha1_base64="sFf4d8aw4jBTKafXy7nxldRSmVM=">AAACBnicbVDNSgMxGPzW31r/qh69BIvgqeyKoN4KXnqs4Npiu5Qkzbah2eySZIWyLHj17lVfwZN49TV8Ax/DbNuDbR0IDDNf8k2GJIJr47rfzsrq2vrGZmmrvL2zu7dfOTi813GqKPNpLGLVJlgzwSXzDTeCtRPFcEQEa5HRTeG3HpnSPJZ3ZpywIMIDyUNOsbHSQzfCZkhI1sh7lapbcydAy8SbkSrM0OxVfrr9mKYRk4YKrHXHcxMTZFgZTgXLy91UswTTER6wjqUSR0wH2SRxjk6t0kdhrOyRBk3UvzcyHGk9joidLBLqRa8Q//M6qQmvgozLJDVM0umiMBXIxKj4PupzxagRY0swVdxmRXSIFabGljS3pXhb6VDnZVuNt1jEMvHPa9c17/aiWq8/TTsqwTGcwBl4cAl1aEATfKAg4QVe4c15dt6dD+dzOrrizHo9gjk4X78f1pqd</latexit>

! Rotation of the basis deÞnes same torus:

(! 2, ! 1)T
<latexit sha1_base64="i/exgxJ1GvcCRQu0wVnzfUWwk58=">AAACE3icbZDLSsNAFIYn9VbrLSqu3ASLUEFKUgR1V3DjskJjC20Mk+mkHTqXMDMRSij4FO7d6iu4Erc+gG/gYzhpu7CtPwx8/OfMOYc/SihR2nW/rcLK6tr6RnGztLW9s7tn7x/cK5FKhH0kqJDtCCpMCce+JpridiIxZBHFrWh4k9dbj1gqInhTjxIcMNjnJCYIamOF9lGlKxjuw7B2PgPv7KEZ2mW36k7kLIM3gzKYqRHaP92eQCnDXCMKlep4bqKDDEpNEMXjUjdVOIFoCPu4Y5BDhlWQTc4fO6fG6TmxkOZx7Uzcvz8yyJQasch0MqgHarGWm//VOqmOr4KM8CTVmKPpojiljhZOnoXTIxIjTUcGIJLE3OqgAZQQaZPY3JZ8tlSxGpdMNN5iEMvg16rXVe/uolyvP00zKoJjcAIqwAOXoA5uQQP4AIEMvIBX8GY9W+/Wh/U5bS1Ys1wPwZysr19OJp5M</latexit><latexit sha1_base64="i/exgxJ1GvcCRQu0wVnzfUWwk58=">AAACE3icbZDLSsNAFIYn9VbrLSqu3ASLUEFKUgR1V3DjskJjC20Mk+mkHTqXMDMRSij4FO7d6iu4Erc+gG/gYzhpu7CtPwx8/OfMOYc/SihR2nW/rcLK6tr6RnGztLW9s7tn7x/cK5FKhH0kqJDtCCpMCce+JpridiIxZBHFrWh4k9dbj1gqInhTjxIcMNjnJCYIamOF9lGlKxjuw7B2PgPv7KEZ2mW36k7kLIM3gzKYqRHaP92eQCnDXCMKlep4bqKDDEpNEMXjUjdVOIFoCPu4Y5BDhlWQTc4fO6fG6TmxkOZx7Uzcvz8yyJQasch0MqgHarGWm//VOqmOr4KM8CTVmKPpojiljhZOnoXTIxIjTUcGIJLE3OqgAZQQaZPY3JZ8tlSxGpdMNN5iEMvg16rXVe/uolyvP00zKoJjcAIqwAOXoA5uQQP4AIEMvIBX8GY9W+/Wh/U5bS1Ys1wPwZysr19OJp5M</latexit><latexit sha1_base64="i/exgxJ1GvcCRQu0wVnzfUWwk58=">AAACE3icbZDLSsNAFIYn9VbrLSqu3ASLUEFKUgR1V3DjskJjC20Mk+mkHTqXMDMRSij4FO7d6iu4Erc+gG/gYzhpu7CtPwx8/OfMOYc/SihR2nW/rcLK6tr6RnGztLW9s7tn7x/cK5FKhH0kqJDtCCpMCce+JpridiIxZBHFrWh4k9dbj1gqInhTjxIcMNjnJCYIamOF9lGlKxjuw7B2PgPv7KEZ2mW36k7kLIM3gzKYqRHaP92eQCnDXCMKlep4bqKDDEpNEMXjUjdVOIFoCPu4Y5BDhlWQTc4fO6fG6TmxkOZx7Uzcvz8yyJQasch0MqgHarGWm//VOqmOr4KM8CTVmKPpojiljhZOnoXTIxIjTUcGIJLE3OqgAZQQaZPY3JZ8tlSxGpdMNN5iEMvg16rXVe/uolyvP00zKoJjcAIqwAOXoA5uQQP4AIEMvIBX8GY9W+/Wh/U5bS1Ys1wPwZysr19OJp5M</latexit><latexit sha1_base64="i/exgxJ1GvcCRQu0wVnzfUWwk58=">AAACE3icbZDLSsNAFIYn9VbrLSqu3ASLUEFKUgR1V3DjskJjC20Mk+mkHTqXMDMRSij4FO7d6iu4Erc+gG/gYzhpu7CtPwx8/OfMOYc/SihR2nW/rcLK6tr6RnGztLW9s7tn7x/cK5FKhH0kqJDtCCpMCce+JpridiIxZBHFrWh4k9dbj1gqInhTjxIcMNjnJCYIamOF9lGlKxjuw7B2PgPv7KEZ2mW36k7kLIM3gzKYqRHaP92eQCnDXCMKlep4bqKDDEpNEMXjUjdVOIFoCPu4Y5BDhlWQTc4fO6fG6TmxkOZx7Uzcvz8yyJQasch0MqgHarGWm//VOqmOr4KM8CTVmKPpojiljhZOnoXTIxIjTUcGIJLE3OqgAZQQaZPY3JZ8tlSxGpdMNN5iEMvg16rXVe/uolyvP00zKoJjcAIqwAOXoA5uQQP4AIEMvIBX8GY9W+/Wh/U5bS1Ys1wPwZysr19OJp5M</latexit>

(! , 1)T = ( " 2/ " 1, 1)T
<latexit sha1_base64="rqMtnhwo42lRbXcYBPwBxy5g2Tc=">AAACInicbZDLSsNAFIYnXmu9RV26GaxCBalJEdSFUHDjskJjC00Mk+mkHTq5MDMRSii49j3cu9VXcCWuBB/Ax3CSZmFbDwz8/P+Zc2Y+L2ZUSMP40hYWl5ZXVktr5fWNza1tfWf3TkQJx8TCEYt4x0OCMBoSS1LJSCfmBAUeI21veJ3l7QfCBY3ClhzFxAlQP6Q+xUgqy9UPq7ZEyYl5fN+CV7BqRwHpI7d+WggzT1y9YtSMvOC8MAtRAUU1Xf3H7kU4CUgoMUNCdE0jlk6KuKSYkXHZTgSJER6iPukqGaKACCfNfzOGR8rpQT/i6oQS5u7fGykKhBgFnuoMkByI2Swz/8u6ifQvnJSGcSJJiCeL/IRBGcEMDexRTrBkIyUQ5lS9FeIB4ghLBXBqSzabC1+MywqNOQtiXlj12mXNvD2rNBqPE0YlsA8OQBWY4Bw0wA1oAgtg8ARewCt40561d+1D+5y0LmgF1z0wVdr3LyocosU=</latexit><latexit sha1_base64="rqMtnhwo42lRbXcYBPwBxy5g2Tc=">AAACInicbZDLSsNAFIYnXmu9RV26GaxCBalJEdSFUHDjskJjC00Mk+mkHTq5MDMRSii49j3cu9VXcCWuBB/Ax3CSZmFbDwz8/P+Zc2Y+L2ZUSMP40hYWl5ZXVktr5fWNza1tfWf3TkQJx8TCEYt4x0OCMBoSS1LJSCfmBAUeI21veJ3l7QfCBY3ClhzFxAlQP6Q+xUgqy9UPq7ZEyYl5fN+CV7BqRwHpI7d+WggzT1y9YtSMvOC8MAtRAUU1Xf3H7kU4CUgoMUNCdE0jlk6KuKSYkXHZTgSJER6iPukqGaKACCfNfzOGR8rpQT/i6oQS5u7fGykKhBgFnuoMkByI2Swz/8u6ifQvnJSGcSJJiCeL/IRBGcEMDexRTrBkIyUQ5lS9FeIB4ghLBXBqSzabC1+MywqNOQtiXlj12mXNvD2rNBqPE0YlsA8OQBWY4Bw0wA1oAgtg8ARewCt40561d+1D+5y0LmgF1z0wVdr3LyocosU=</latexit><latexit sha1_base64="rqMtnhwo42lRbXcYBPwBxy5g2Tc=">AAACInicbZDLSsNAFIYnXmu9RV26GaxCBalJEdSFUHDjskJjC00Mk+mkHTq5MDMRSii49j3cu9VXcCWuBB/Ax3CSZmFbDwz8/P+Zc2Y+L2ZUSMP40hYWl5ZXVktr5fWNza1tfWf3TkQJx8TCEYt4x0OCMBoSS1LJSCfmBAUeI21veJ3l7QfCBY3ClhzFxAlQP6Q+xUgqy9UPq7ZEyYl5fN+CV7BqRwHpI7d+WggzT1y9YtSMvOC8MAtRAUU1Xf3H7kU4CUgoMUNCdE0jlk6KuKSYkXHZTgSJER6iPukqGaKACCfNfzOGR8rpQT/i6oQS5u7fGykKhBgFnuoMkByI2Swz/8u6ifQvnJSGcSJJiCeL/IRBGcEMDexRTrBkIyUQ5lS9FeIB4ghLBXBqSzabC1+MywqNOQtiXlj12mXNvD2rNBqPE0YlsA8OQBWY4Bw0wA1oAgtg8ARewCt40561d+1D+5y0LmgF1z0wVdr3LyocosU=</latexit><latexit sha1_base64="rqMtnhwo42lRbXcYBPwBxy5g2Tc=">AAACInicbZDLSsNAFIYnXmu9RV26GaxCBalJEdSFUHDjskJjC00Mk+mkHTq5MDMRSii49j3cu9VXcCWuBB/Ax3CSZmFbDwz8/P+Zc2Y+L2ZUSMP40hYWl5ZXVktr5fWNza1tfWf3TkQJx8TCEYt4x0OCMBoSS1LJSCfmBAUeI21veJ3l7QfCBY3ClhzFxAlQP6Q+xUgqy9UPq7ZEyYl5fN+CV7BqRwHpI7d+WggzT1y9YtSMvOC8MAtRAUU1Xf3H7kU4CUgoMUNCdE0jlk6KuKSYkXHZTgSJER6iPukqGaKACCfNfzOGR8rpQT/i6oQS5u7fGykKhBgFnuoMkByI2Swz/8u6ifQvnJSGcSJJiCeL/IRBGcEMDexRTrBkIyUQ5lS9FeIB4ghLBXBqSzabC1+MywqNOQtiXlj12mXNvD2rNBqPE0YlsA8OQBWY4Bw0wA1oAgtg8ARewCt40561d+1D+5y0LmgF1z0wVdr3LyocosU=</latexit>

( ! 2
! 1 ) !

!
a b
c d

"
( ! 2

! 1 )
<latexit sha1_base64="W/VftGWQo4T33vlfxQOK+iC4rP4="></latexit><latexit sha1_base64="W/VftGWQo4T33vlfxQOK+iC4rP4="></latexit><latexit sha1_base64="W/VftGWQo4T33vlfxQOK+iC4rP4="></latexit><latexit sha1_base64="W/VftGWQo4T33vlfxQOK+iC4rP4="></latexit>

�
a b
c d

�
2 SL(2,Z)

<latexit sha1_base64="cxKUlrhWBNRPmAmNKdXdFVibOzw="></latexit><latexit sha1_base64="cxKUlrhWBNRPmAmNKdXdFVibOzw="></latexit><latexit sha1_base64="cxKUlrhWBNRPmAmNKdXdFVibOzw="></latexit><latexit sha1_base64="cxKUlrhWBNRPmAmNKdXdFVibOzw="></latexit>

!                acts on    via Moebius transformations:SL(2, Z)
<latexit sha1_base64="k/njlg38YtKm9n1SQ8TUuMSFhfs=">AAACDnicbVDLSsNAFL3xWesr6tLNYBEqSEmKoO4Kbly4qGhssQ1lMp20QycPZiaFEgL+gnu3+guuxK2/4B/4GU7aLmzrgYHDOXfuPRwv5kwqy/o2lpZXVtfWCxvFza3tnV1zb/9BRokg1CERj0TTw5JyFlJHMcVpMxYUBx6nDW9wlfuNIRWSReG9GsXUDXAvZD4jWGmpY5p3N+XqaTvAqu956WN20jFLVsUaAy0Se0pKMEW9Y/60uxFJAhoqwrGULduKlZtioRjhNCu2E0ljTAa4R1uahjig0k3HyTN0rJUu8iOhX6jQWP37I8WBlKPA05N5RDnv5eJ/XitR/oWbsjBOFA3J5JCfcKQilNeAukxQovhIE0wE01kR6WOBidJlzVzJdwvpy6yoq7Hni1gkTrVyWbFvz0q12tOkowIcwhGUwYZzqME11MEBAkN4gVd4M56Nd+PD+JyMLhnTXg9gBsbXL76ZnGo=</latexit><latexit sha1_base64="k/njlg38YtKm9n1SQ8TUuMSFhfs=">AAACDnicbVDLSsNAFL3xWesr6tLNYBEqSEmKoO4Kbly4qGhssQ1lMp20QycPZiaFEgL+gnu3+guuxK2/4B/4GU7aLmzrgYHDOXfuPRwv5kwqy/o2lpZXVtfWCxvFza3tnV1zb/9BRokg1CERj0TTw5JyFlJHMcVpMxYUBx6nDW9wlfuNIRWSReG9GsXUDXAvZD4jWGmpY5p3N+XqaTvAqu956WN20jFLVsUaAy0Se0pKMEW9Y/60uxFJAhoqwrGULduKlZtioRjhNCu2E0ljTAa4R1uahjig0k3HyTN0rJUu8iOhX6jQWP37I8WBlKPA05N5RDnv5eJ/XitR/oWbsjBOFA3J5JCfcKQilNeAukxQovhIE0wE01kR6WOBidJlzVzJdwvpy6yoq7Hni1gkTrVyWbFvz0q12tOkowIcwhGUwYZzqME11MEBAkN4gVd4M56Nd+PD+JyMLhnTXg9gBsbXL76ZnGo=</latexit><latexit sha1_base64="k/njlg38YtKm9n1SQ8TUuMSFhfs=">AAACDnicbVDLSsNAFL3xWesr6tLNYBEqSEmKoO4Kbly4qGhssQ1lMp20QycPZiaFEgL+gnu3+guuxK2/4B/4GU7aLmzrgYHDOXfuPRwv5kwqy/o2lpZXVtfWCxvFza3tnV1zb/9BRokg1CERj0TTw5JyFlJHMcVpMxYUBx6nDW9wlfuNIRWSReG9GsXUDXAvZD4jWGmpY5p3N+XqaTvAqu956WN20jFLVsUaAy0Se0pKMEW9Y/60uxFJAhoqwrGULduKlZtioRjhNCu2E0ljTAa4R1uahjig0k3HyTN0rJUu8iOhX6jQWP37I8WBlKPA05N5RDnv5eJ/XitR/oWbsjBOFA3J5JCfcKQilNeAukxQovhIE0wE01kR6WOBidJlzVzJdwvpy6yoq7Hni1gkTrVyWbFvz0q12tOkowIcwhGUwYZzqME11MEBAkN4gVd4M56Nd+PD+JyMLhnTXg9gBsbXL76ZnGo=</latexit><latexit sha1_base64="k/njlg38YtKm9n1SQ8TUuMSFhfs=">AAACDnicbVDLSsNAFL3xWesr6tLNYBEqSEmKoO4Kbly4qGhssQ1lMp20QycPZiaFEgL+gnu3+guuxK2/4B/4GU7aLmzrgYHDOXfuPRwv5kwqy/o2lpZXVtfWCxvFza3tnV1zb/9BRokg1CERj0TTw5JyFlJHMcVpMxYUBx6nDW9wlfuNIRWSReG9GsXUDXAvZD4jWGmpY5p3N+XqaTvAqu956WN20jFLVsUaAy0Se0pKMEW9Y/60uxFJAhoqwrGULduKlZtioRjhNCu2E0ljTAa4R1uahjig0k3HyTN0rJUu8iOhX6jQWP37I8WBlKPA05N5RDnv5eJ/XitR/oWbsjBOFA3J5JCfcKQilNeAukxQovhIE0wE01kR6WOBidJlzVzJdwvpy6yoq7Hni1gkTrVyWbFvz0q12tOkowIcwhGUwYZzqME11MEBAkN4gVd4M56Nd+PD+JyMLhnTXg9gBsbXL76ZnGo=</latexit>

!
<latexit sha1_base64="5UN+4wGeSvadNM/OtoONo70db6w=">AAACAHicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYwttKJvtpl262YTdiVBCQfDuVf+CJ/HqP/Ef+DPctD3Y1gcDj/dmdmZfmEph0HW/nZXVtfWNzdJWeXtnd2+/cnD4YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHN4XffOTaiETd4yjlQUz7SkSCUSykDtKsW6m6NXcCsky8GanCDI1u5afTS1gWc4VMUmPanptikFONgkk+Lncyw1PKhrTP25YqGnMT5JNbx+TUKj0SJdqWQjJR/07kNDZmFIe2M6Y4MIteIf7ntTOMroJcqDRDrth0UZRJggkpPk56QnOGcmQJZVrYWwkbUE0Z2njmthRvaxOZcdlG4y0GsUz889p1zbu7qNbrT9OMSnAMJ3AGHlxCHW6hAT4wGMALvMKb8+y8Ox/O57R1xZnlegRzcL5+AWAVl/0=</latexit><latexit sha1_base64="5UN+4wGeSvadNM/OtoONo70db6w=">AAACAHicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYwttKJvtpl262YTdiVBCQfDuVf+CJ/HqP/Ef+DPctD3Y1gcDj/dmdmZfmEph0HW/nZXVtfWNzdJWeXtnd2+/cnD4YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHN4XffOTaiETd4yjlQUz7SkSCUSykDtKsW6m6NXcCsky8GanCDI1u5afTS1gWc4VMUmPanptikFONgkk+Lncyw1PKhrTP25YqGnMT5JNbx+TUKj0SJdqWQjJR/07kNDZmFIe2M6Y4MIteIf7ntTOMroJcqDRDrth0UZRJggkpPk56QnOGcmQJZVrYWwkbUE0Z2njmthRvaxOZcdlG4y0GsUz889p1zbu7qNbrT9OMSnAMJ3AGHlxCHW6hAT4wGMALvMKb8+y8Ox/O57R1xZnlegRzcL5+AWAVl/0=</latexit><latexit sha1_base64="5UN+4wGeSvadNM/OtoONo70db6w=">AAACAHicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYwttKJvtpl262YTdiVBCQfDuVf+CJ/HqP/Ef+DPctD3Y1gcDj/dmdmZfmEph0HW/nZXVtfWNzdJWeXtnd2+/cnD4YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHN4XffOTaiETd4yjlQUz7SkSCUSykDtKsW6m6NXcCsky8GanCDI1u5afTS1gWc4VMUmPanptikFONgkk+Lncyw1PKhrTP25YqGnMT5JNbx+TUKj0SJdqWQjJR/07kNDZmFIe2M6Y4MIteIf7ntTOMroJcqDRDrth0UZRJggkpPk56QnOGcmQJZVrYWwkbUE0Z2njmthRvaxOZcdlG4y0GsUz889p1zbu7qNbrT9OMSnAMJ3AGHlxCHW6hAT4wGMALvMKb8+y8Ox/O57R1xZnlegRzcL5+AWAVl/0=</latexit><latexit sha1_base64="5UN+4wGeSvadNM/OtoONo70db6w=">AAACAHicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYwttKJvtpl262YTdiVBCQfDuVf+CJ/HqP/Ef+DPctD3Y1gcDj/dmdmZfmEph0HW/nZXVtfWNzdJWeXtnd2+/cnD4YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyHN4XffOTaiETd4yjlQUz7SkSCUSykDtKsW6m6NXcCsky8GanCDI1u5afTS1gWc4VMUmPanptikFONgkk+Lncyw1PKhrTP25YqGnMT5JNbx+TUKj0SJdqWQjJR/07kNDZmFIe2M6Y4MIteIf7ntTOMroJcqDRDrth0UZRJggkpPk56QnOGcmQJZVrYWwkbUE0Z2njmthRvaxOZcdlG4y0GsUz889p1zbu7qNbrT9OMSnAMJ3AGHlxCHW6hAT4wGMALvMKb8+y8Ox/O57R1xZnlegRzcL5+AWAVl/0=</latexit>

! !
a! + b
c! + d

<latexit sha1_base64="OAlPZYoejViqQe+kKK0+dAwz9Xw=">AAACH3icbZBPS8MwGMbT+W/Of1WPXqJDEITRiqDeBl48TrBusJaRZukWlqQlSYVRCt78Ht696lfwJF73DfwYpt0ObvOFwMPzvHnf5BcmjCrtOBOrsrK6tr5R3axtbe/s7tn7B48qTiUmHo5ZLDshUoRRQTxNNSOdRBLEQ0ba4ei2yNtPRCoaiwc9TkjA0UDQiGKkjdWzj32NUugryqEfSYQzVBjnYZ7hUvTznl13Gk5ZcFm4M1EHs2r17B+/H+OUE6ExQ0p1XSfRQYakppiRvOaniiQIj9CAdI0UiBMVZOVXcnhqnD6MYmmO0LB0/97IEFdqzEPTyZEeqsWsMP/LuqmOroOMiiTVRODpoihlUMew4AL7VBKs2dgIhCU1b4V4iAwRbejNbSlmSxWpvGbQuIsgloV30bhpuPeX9WbzecqoCo7ACTgDLrgCTXAHWsADGLyAN/AOPqxX69P6sr6nrRVrxvUQzJU1+QVeJKRJ</latexit><latexit sha1_base64="OAlPZYoejViqQe+kKK0+dAwz9Xw=">AAACH3icbZBPS8MwGMbT+W/Of1WPXqJDEITRiqDeBl48TrBusJaRZukWlqQlSYVRCt78Ht696lfwJF73DfwYpt0ObvOFwMPzvHnf5BcmjCrtOBOrsrK6tr5R3axtbe/s7tn7B48qTiUmHo5ZLDshUoRRQTxNNSOdRBLEQ0ba4ei2yNtPRCoaiwc9TkjA0UDQiGKkjdWzj32NUugryqEfSYQzVBjnYZ7hUvTznl13Gk5ZcFm4M1EHs2r17B+/H+OUE6ExQ0p1XSfRQYakppiRvOaniiQIj9CAdI0UiBMVZOVXcnhqnD6MYmmO0LB0/97IEFdqzEPTyZEeqsWsMP/LuqmOroOMiiTVRODpoihlUMew4AL7VBKs2dgIhCU1b4V4iAwRbejNbSlmSxWpvGbQuIsgloV30bhpuPeX9WbzecqoCo7ACTgDLrgCTXAHWsADGLyAN/AOPqxX69P6sr6nrRVrxvUQzJU1+QVeJKRJ</latexit><latexit sha1_base64="OAlPZYoejViqQe+kKK0+dAwz9Xw=">AAACH3icbZBPS8MwGMbT+W/Of1WPXqJDEITRiqDeBl48TrBusJaRZukWlqQlSYVRCt78Ht696lfwJF73DfwYpt0ObvOFwMPzvHnf5BcmjCrtOBOrsrK6tr5R3axtbe/s7tn7B48qTiUmHo5ZLDshUoRRQTxNNSOdRBLEQ0ba4ei2yNtPRCoaiwc9TkjA0UDQiGKkjdWzj32NUugryqEfSYQzVBjnYZ7hUvTznl13Gk5ZcFm4M1EHs2r17B+/H+OUE6ExQ0p1XSfRQYakppiRvOaniiQIj9CAdI0UiBMVZOVXcnhqnD6MYmmO0LB0/97IEFdqzEPTyZEeqsWsMP/LuqmOroOMiiTVRODpoihlUMew4AL7VBKs2dgIhCU1b4V4iAwRbejNbSlmSxWpvGbQuIsgloV30bhpuPeX9WbzecqoCo7ACTgDLrgCTXAHWsADGLyAN/AOPqxX69P6sr6nrRVrxvUQzJU1+QVeJKRJ</latexit><latexit sha1_base64="OAlPZYoejViqQe+kKK0+dAwz9Xw=">AAACH3icbZBPS8MwGMbT+W/Of1WPXqJDEITRiqDeBl48TrBusJaRZukWlqQlSYVRCt78Ht696lfwJF73DfwYpt0ObvOFwMPzvHnf5BcmjCrtOBOrsrK6tr5R3axtbe/s7tn7B48qTiUmHo5ZLDshUoRRQTxNNSOdRBLEQ0ba4ei2yNtPRCoaiwc9TkjA0UDQiGKkjdWzj32NUugryqEfSYQzVBjnYZ7hUvTznl13Gk5ZcFm4M1EHs2r17B+/H+OUE6ExQ0p1XSfRQYakppiRvOaniiQIj9CAdI0UiBMVZOVXcnhqnD6MYmmO0LB0/97IEFdqzEPTyZEeqsWsMP/LuqmOroOMiiTVRODpoihlUMew4AL7VBKs2dgIhCU1b4V4iAwRbejNbSlmSxWpvGbQuIsgloV30bhpuPeX9WbzecqoCo7ACTgDLrgCTXAHWsADGLyAN/AOPqxX69P6sr6nrRVrxvUQzJU1+QVeJKRJ</latexit>

¥ Moduli space of tori = Upper half plane modulo Moebius 
transformations.

¥ Moduli space of tori = Ôspace of all geometrically-distinct toriÕ.

! Question: how to classify tori?



Iterated int. of modular forms

¥ DeÞnition: Iterated integral of modular forms. 

f i a = modular forms
<latexit sha1_base64="if1hYotaW8WgbCc8U/iliYY0L6A=">AAACCHicbVA9SwNBEN2LXzF+RS1tFoNgFe5EUAshYGMZwTOB5Dj29vaSJbt7x+6cGI60Nv4VGwsVW3+Cnf/GzUehiQ8GHu/NMDMvygQ34LrfTmlpeWV1rbxe2djc2t6p7u7dmTTXlPk0FaluR8QwwRXzgYNg7UwzIiPBWtHgauy37pk2PFW3MMxYIElP8YRTAlYKqzgJCx6SEb7EXWAPoGUh0zgXROMk1dKMwmrNrbsT4EXizUgNzdAMq1/dOKW5ZAqoIMZ0PDeDoCAaOBVsVOnmhmWEDkiPdSxVRDITFJNPRvjIKvF4sy0FeKL+niiINGYoI9spCfTNvDcW//M6OSTnQcFVlgNTdLooyQWGFI9jwTHXjIIYWkKo5vZWTPtEEwo2vIoNwZt/eZH4J/WLundzWms0ZmmU0QE6RMfIQ2eoga5RE/mIokf0jF7Rm/PkvDjvzse0teTMZvbRHzifP1jnmlM=</latexit><latexit sha1_base64="if1hYotaW8WgbCc8U/iliYY0L6A=">AAACCHicbVA9SwNBEN2LXzF+RS1tFoNgFe5EUAshYGMZwTOB5Dj29vaSJbt7x+6cGI60Nv4VGwsVW3+Cnf/GzUehiQ8GHu/NMDMvygQ34LrfTmlpeWV1rbxe2djc2t6p7u7dmTTXlPk0FaluR8QwwRXzgYNg7UwzIiPBWtHgauy37pk2PFW3MMxYIElP8YRTAlYKqzgJCx6SEb7EXWAPoGUh0zgXROMk1dKMwmrNrbsT4EXizUgNzdAMq1/dOKW5ZAqoIMZ0PDeDoCAaOBVsVOnmhmWEDkiPdSxVRDITFJNPRvjIKvF4sy0FeKL+niiINGYoI9spCfTNvDcW//M6OSTnQcFVlgNTdLooyQWGFI9jwTHXjIIYWkKo5vZWTPtEEwo2vIoNwZt/eZH4J/WLundzWms0ZmmU0QE6RMfIQ2eoga5RE/mIokf0jF7Rm/PkvDjvzse0teTMZvbRHzifP1jnmlM=</latexit><latexit sha1_base64="if1hYotaW8WgbCc8U/iliYY0L6A=">AAACCHicbVA9SwNBEN2LXzF+RS1tFoNgFe5EUAshYGMZwTOB5Dj29vaSJbt7x+6cGI60Nv4VGwsVW3+Cnf/GzUehiQ8GHu/NMDMvygQ34LrfTmlpeWV1rbxe2djc2t6p7u7dmTTXlPk0FaluR8QwwRXzgYNg7UwzIiPBWtHgauy37pk2PFW3MMxYIElP8YRTAlYKqzgJCx6SEb7EXWAPoGUh0zgXROMk1dKMwmrNrbsT4EXizUgNzdAMq1/dOKW5ZAqoIMZ0PDeDoCAaOBVsVOnmhmWEDkiPdSxVRDITFJNPRvjIKvF4sy0FeKL+niiINGYoI9spCfTNvDcW//M6OSTnQcFVlgNTdLooyQWGFI9jwTHXjIIYWkKo5vZWTPtEEwo2vIoNwZt/eZH4J/WLundzWms0ZmmU0QE6RMfIQ2eoga5RE/mIokf0jF7Rm/PkvDjvzse0teTMZvbRHzifP1jnmlM=</latexit><latexit sha1_base64="if1hYotaW8WgbCc8U/iliYY0L6A=">AAACCHicbVA9SwNBEN2LXzF+RS1tFoNgFe5EUAshYGMZwTOB5Dj29vaSJbt7x+6cGI60Nv4VGwsVW3+Cnf/GzUehiQ8GHu/NMDMvygQ34LrfTmlpeWV1rbxe2djc2t6p7u7dmTTXlPk0FaluR8QwwRXzgYNg7UwzIiPBWtHgauy37pk2PFW3MMxYIElP8YRTAlYKqzgJCx6SEb7EXWAPoGUh0zgXROMk1dKMwmrNrbsT4EXizUgNzdAMq1/dOKW5ZAqoIMZ0PDeDoCAaOBVsVOnmhmWEDkiPdSxVRDITFJNPRvjIKvF4sy0FeKL+niiINGYoI9spCfTNvDcW//M6OSTnQcFVlgNTdLooyQWGFI9jwTHXjIIYWkKo5vZWTPtEEwo2vIoNwZt/eZH4J/WLundzWms0ZmmU0QE6RMfIQ2eoga5RE/mIokf0jF7Rm/PkvDjvzse0teTMZvbRHzifP1jnmlM=</latexit>

I (f i 1 , . . . , f i k ; ! ) =
! !

i !
d! " f i 1 (! ") I (f i 2 , . . . , f i k ; ! ")

<latexit sha1_base64="cwk6c+pS15UV38yWp9UGDmC/cII="></latexit><latexit sha1_base64="cwk6c+pS15UV38yWp9UGDmC/cII="></latexit><latexit sha1_base64="cwk6c+pS15UV38yWp9UGDmC/cII="></latexit><latexit sha1_base64="cwk6c+pS15UV38yWp9UGDmC/cII="></latexit>

¥ Looks very different from eMPLsÉ.

! What is the connection to eMPLsÉ?

¥ Modular form = holomorphic function with nice transformation 
properties:

with

A = �12!(0, 0, 2;⌧ ) � 6!(0, 2, 0;⌧ ) , (6.11)

B = 4!(0, 3, 3;⌧ ) � 30!(0, 0, 6;⌧ ) � 6!(0, 2, 4;⌧ ) � 12!(0, 4, 2;⌧ ) � 4!(3, 0, 3;⌧ ) �
2⇡6

189
.

The structure of �(f ) implies that both A and B must be constant. Indeed, ifA and B

were not constant, they would have a nontrivial image under�, which, by coassociativity,
would imply terms in �(f ) with symbols of length two in the second factor. Since the
latter are absent, we conclude thatA and B must be constant, and equal to their value at
⌧ = i1. We Þnd

�(f ) = f ⌦ 1 + ⇡2
⌦


d⌧

2⇡i
G4(⌧ )

�
�

⇡6

45
⌦


d⌧

2⇡i

�
. (6.12)

From this we conclude that f must have the form

f = f0 + ⇡2f1 , (6.13)

wheref1 is an eMZV of weight three (the total weight is Þve), andf0 is such that �(f0) =
f0 ⌦ 1, which implies that f0 must be constant. After some experimentation, we Þnd,

f0 = 0 and f1 = �
1
3
!(0, 3;⌧ ) , (6.14)

in agreement with ref. [69].

7 Symbols and iterated integrals of modular forms

{ sec:modular_forms}
So far we have used the construction of Section4 to deÞne symbols and a coaction on
both ordinary and elliptic MPLs. The advantage of the construction in Section 4 is that
it is not restricted to polylogarithmic functions, but it applies more generally to arbitrary
unipotent periods. In this section we apply the same construction to iterated integrals of
modular forms [73, 74]. In the next section, we show that these integrals arise naturally
when evaluating eMPLs at certain special points.

7.1 Modular forms

We start by giving a lightning review of modular forms. We limit ourselves to the strict
minimal mathematical background, and we refer to Appendix E and the literature for a
more detailed and more rigorous discussion (cf., e.g., ref. [84]).

In Section 3 we have seen that to every⌧ in the upper half-plane H we can associate
a torus C/⇤⌧ , and two points in H deÞne the same torus if and only if they are related
by a modular transformation, cf. eq. (3.1). Very loosely speaking, but su�cient for our
purposes, amodular form of weightn is a holomorphic function f from the extended upper
half-plane H ⌘ H [Q [ { i1} into the complex numbersC which transforms nicely under
modular transformations,

f

✓
a⌧ + b

c⌧ + d

◆
= ( c⌧ + d)n f (⌧ ) . (7.1) { eq:weakly_modular}{ eq:weakly_modular}

Ð 27 Ð



The differential of eMPLs

¥ To study relations among MPLs, we used the symbol, which is 
based on the total differential:

Ôsymbol of a transcendental functionFw of weight wÕ as follows: assume that the total
di! erential of Fw can be written in the form

dFw =
!

i

Fw! 1,i d logRi , (2.9) { eq:MPL_d_F}{ eq:MPL_d_F}

where the Fw! 1,i are transcendental functions of weightw ! 1 and the Ri are algebraic
functions. We deÞne the symbol ofFw by the recursion

S(Fw) =
!

i

S(Fw! 1,i ) " Ri , (2.10) { eq:SF_rec}{ eq:SF_rec}

and the recursion stops atS(F0) = F0. Let us make an obvious observation at this point:
the recursive deÞnition of the symbol only makes sense if the di! erential equation (2.9)
does not have a homogeneous term, because otherwise the recursion does not close. Said
in di ! erent words, not every function admits a symbol, and we can only deÞne symbols for
functions that satisfy a di! erential equation with trivial homogeneous part.

It turns out that the total di ! erential of MPLs indeed takes the form of eq. (2.9). More
precisely, we have [4]

dG(a1, . . . , an ; z) =
n!

i =1

G(a1, . . . , öai , . . . , an ; z) d log
ai ! 1 ! ai

ai +1 ! ai

=
n!

i =1

G(a1, . . . , öai , . . . , an ; z) [dG(ai ! 1; ai ) ! dG(ai +1 ; ai )] ,

(2.11) { eq:MPL_tot_diff }{ eq:MPL_tot_diff }

where the hat indicates that the corresponding argument is absent, and we seta0 = z and
an+1 = 0. Combining eq. (2.10) and (2.11) we can easily see that the symbol of an MPL
satisÞes the recursion

S(G(a1, . . . , an ; z)) =
n!

i =1

S(G(a1, . . . , öai , . . . , an ; z)) "
ai ! 1 ! ai

ai +1 ! ai
, (2.12) { eq:recursive_MPL_symbol }{ eq:recursive_MPL_symbol }

and the recursion stops atS(G(; z)) = S(1) = 1. The symbol map has various well-known
algebraic properties. In particular, it is linear and it maps any product of MPLs to the
shu" e product of their symbols,

S(a áb) = S(a) ## S(b) . (2.13) { eq:symbol_shuffle }{ eq:symbol_shuffle }

Finally, the recursive deÞnition shows that the symbol map sends constants to zero, because
the di! erential of a constant vanishes.

The symbol is in fact closely connected to the coaction# MPL . Indeed, we can apply
the coaction to either of the two factors in the tensor product in eq. (2.6), and coasso-
ciativity implies that di ! erent ways of doing so lead to the same result. We can iterate
this construction, and again coassociativity ensures that the result is unique. The itera-
tion stops once we have decomposed an MPL of weightw into a w-fold tensor product of
logarithms. From eq. (2.8) it is easy to see that this tensor satisÞes the same recursion as
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Symbol alphabet



The differential of eMPLs

¥ Total differential of eMPLs:

More generally, at the level of the generating function, we have

F (z + 1,↵, ⌧) = F (z,↵, ⌧) and F (z + ⌧,↵, ⌧) = e�2⇡i↵ F (z,↵, ⌧) . (3.10)

Hence, strictly speaking, the g(n) are not well-defined functions on the torus. One can show

that it is not possible to find a set of independent integration kernels that are at the same

time holomorphic, periodic and have at most simple poles at the lattice points. Instead,

one has to give up either holomorphicity or periodicity in order to define generalisations of

MPLs to elliptic curves. While in our applications the holomorphic, but non-periodic, ver-

sion of eMPLs defined in eq. (3.2) is most appropriate, we mention that in the mathematics

and string theory literature it is customary to consider iterated integrals defined through

integration kernels that are periodic, at the expense of giving up holomorphicity [68, 69, 78],

�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0 f (n1)(z0 � z1, ⌧)�

� n2 ... nk
z2 ... zk ; z

0, ⌧
�
, (3.11) {eq:periodic_eMPLs}{eq:periodic_eMPLs}

where the functions f (n) are defined by the generating series

⌦(z,↵, ⌧) =
1

↵

X

n�0

f (n)(z, ⌧)↵n = exp


2⇡i↵

Im z

Im ⌧

�
F (z,↵, ⌧) . (3.12) {eq:Omega_def}{eq:Omega_def}

The functions f (n)(z, ⌧) are periodic with respect to translations in both the real and

⌧ directions, but they depend explicitly on the antiholomorphic variable z̄ through the

exponential factor in the right-hand side of eq. (3.12).

3.2 The total di↵erential and the symbol of eMPLs

In this section we propose a generalisation of the notion of symbols from ordinary MPLs to

eMPLs. Our starting point is the recursive definition of the symbol in eq. (2.9) and (2.10).

In order to apply this formula, we need a closed form for the total di↵erential of eMPLs,

similar to eq. (2.11). We also need to modify the recursive definition slightly, because in

the case of eMPLs not all the basic integration kernels have logarithmic divergences, but

most of the kernels are regular everywhere. In the next subsection we give the general

formula for the total di↵erential and the resulting symbol map, and we discuss some of its

basic properties.

If we introduce the following shorthand for the arguments of eMPLs

A[r]
i ⌘

�
ni+r
zi

�
and Ai ⌘ A[0]

i , (3.13)

the total di↵erential of an eMPL takes the form

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!
(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p+1

#
,

(3.14) {eq:gamma_differential}{eq:gamma_differential}
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¥ To study relations among MPLs, we used the symbol, which is 
based on the total differential:

More generally, at the level of the generating function, we have

F (z + 1 , ! , " ) = F (z, ! , " ) and F (z + " , ! , " ) = e! 2! i " F (z, ! , " ) . (3.10)

Hence, strictly speaking, theg(n) are not well-deÞned functions on the torus. One can show
that it is not possible to Þnd a set of independent integration kernels that are at the same
time holomorphic, periodic and have at most simple poles at the lattice points. Instead,
one has to give up either holomorphicity or periodicity in order to deÞne generalisations of
MPLs to elliptic curves. While in our applications the holomorphic, but non-periodic, ver-
sion of eMPLs deÞned in eq. (3.2) is most appropriate, we mention that in the mathematics
and string theory literature it is customary to consider iterated integrals deÞned through
integration kernels that are periodic, at the expense of giving up holomorphicity [68, 69, 78],

! ( n1 ... n k
z1 ... zk ; z, " ) =

! z

0
dz" f (n1) (z" ! z1, " ) !

" n2 ... n k
z2 ... zk ; z", "

#
, (3.11) { eq:periodic_eMPLs }{ eq:periodic_eMPLs }

where the functions f (n) are deÞned by the generating series

" (z, ! , " ) =
1
!

$

n# 0

f (n) (z, " ) ! n = exp
%
2#i !

Im z
Im "

&
F (z, ! , " ) . (3.12) { eq:Omega_def}{ eq:Omega_def}

The functions f (n) (z, " ) are periodic with respect to translations in both the real and
" directions, but they depend explicitly on the antiholomorphic variable øz through the
exponential factor in the right-hand side of eq. (3.12).

3.2 The total di ! erential and the symbol of eMPLs

In this section we propose a generalisation of the notion of symbols from ordinary MPLs to
eMPLs. Our starting point is the recursive deÞnition of the symbol in eq. (2.9) and (2.10).
In order to apply this formula, we need a closed form for the total di#erential of eMPLs,
similar to eq. (2.11). We also need to modify the recursive deÞnition slightly, because in
the case of eMPLs not all the basic integration kernels have logarithmic divergences, but
most of the kernels are regular everywhere. In the next subsection we give the general
formula for the total di #erential and the resulting symbol map, and we discuss some of its
basic properties.

If we introduce the following shorthand for the arguments of eMPLs

A[r ]
i "

"
ni + r

zi

#
and Ai " A[0]

i , (3.13)

the total di #erential of an eMPL takes the form

d'! (A1 á á áAk; z, " ) =
k! 1$

p=1

(! 1)np+1 '!
"
A1 á á áAp! 1

0
0 Ap+2 á á áAk; z, "

#
$(np + np+1 )

p,p+1

+
k$

p=1

np +1$

r =0

( )
np! 1 + r ! 1

np! 1 ! 1

*
'!

+
A1 á á áA[r ]

p! 1
öAp Ap+1 á á áAk; z, "

,
$ (np ! r )

p,p! 1

!
)

np+1 + r ! 1
np+1 ! 1

*
'!

+
A1 á á áAp! 1 öAp A[r ]

p+1 á á áAk; z, "
,

$ (np ! r )
p,p+1

-

,

(3.14) { eq:gamma_differential }{ eq:gamma_differential }

Ð 11 Ð

Ôsymbol of a transcendental functionFw of weight wÕ as follows: assume that the total
di! erential of Fw can be written in the form

dFw =
!

i

Fw! 1,i d logRi , (2.9) { eq:MPL_d_F}{ eq:MPL_d_F}

where the Fw! 1,i are transcendental functions of weightw ! 1 and the Ri are algebraic
functions. We deÞne the symbol ofFw by the recursion

S(Fw) =
!

i

S(Fw! 1,i ) " Ri , (2.10) { eq:SF_rec}{ eq:SF_rec}

and the recursion stops atS(F0) = F0. Let us make an obvious observation at this point:
the recursive deÞnition of the symbol only makes sense if the di! erential equation (2.9)
does not have a homogeneous term, because otherwise the recursion does not close. Said
in di ! erent words, not every function admits a symbol, and we can only deÞne symbols for
functions that satisfy a di! erential equation with trivial homogeneous part.

It turns out that the total di ! erential of MPLs indeed takes the form of eq. (2.9). More
precisely, we have [4]

dG(a1, . . . , an ; z) =
n!

i =1

G(a1, . . . , öai , . . . , an ; z) d log
ai ! 1 ! ai

ai +1 ! ai

=
n!

i =1

G(a1, . . . , öai , . . . , an ; z) [dG(ai ! 1; ai ) ! dG(ai +1 ; ai )] ,

(2.11) { eq:MPL_tot_diff }{ eq:MPL_tot_diff }

where the hat indicates that the corresponding argument is absent, and we seta0 = z and
an+1 = 0. Combining eq. (2.10) and (2.11) we can easily see that the symbol of an MPL
satisÞes the recursion

S(G(a1, . . . , an ; z)) =
n!

i =1

S(G(a1, . . . , öai , . . . , an ; z)) "
ai ! 1 ! ai

ai +1 ! ai
, (2.12) { eq:recursive_MPL_symbol }{ eq:recursive_MPL_symbol }

and the recursion stops atS(G(; z)) = S(1) = 1. The symbol map has various well-known
algebraic properties. In particular, it is linear and it maps any product of MPLs to the
shu" e product of their symbols,

S(a áb) = S(a) ## S(b) . (2.13) { eq:symbol_shuffle }{ eq:symbol_shuffle }

Finally, the recursive deÞnition shows that the symbol map sends constants to zero, because
the di! erential of a constant vanishes.

The symbol is in fact closely connected to the coaction# MPL . Indeed, we can apply
the coaction to either of the two factors in the tensor product in eq. (2.6), and coasso-
ciativity implies that di ! erent ways of doing so lead to the same result. We can iterate
this construction, and again coassociativity ensures that the result is unique. The itera-
tion stops once we have decomposed an MPL of weightw into a w-fold tensor product of
logarithms. From eq. (2.8) it is easy to see that this tensor satisÞes the same recursion as
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where similarly to the case of MPLs, the hat indicates that the corresponding argument is
absent. In the previous equation, we let (z0, zk+1 ) = ( z,0) and (n0, nk+1 ) = (0 , 0), and we
use the convention that the binomial number

! ! 1
! 1

"
is 1. The di! erential one-forms in this

formula are, for n ! 0,

! (n)
ij = d#" ( n

zi ; zj , " ) " (" 1)n d#" ( n
0 ; zi , " ) "

n d"
2#i

Gn+1 (" )

= ( dzj " dzi ) g(n) (zj " zi , " ) +
n d"
2#i

g(n+1) (zj " zi , " ) ,
(3.15) { eq:empl_letter }{ eq:empl_letter }

where G2m+1 (" ) = 0 and G2m (" ) are the Eisenstein series3

G2m (" ) =
$

(! ," )" Z2

(! ," )#=(0 ,0)

1
($ + %")2m . (3.16) { eq:Eisenstein_series }{ eq:Eisenstein_series }

For n = " 1, we deÞne

! (! 1)
ij = "

d"
2#i

. (3.17) { eq:empl_letter_m1 }{ eq:empl_letter_m1 }

The proof of eq. (3.14) is given in Appendix C. The structure of the total di ! erential is
very similar to the total di ! erential for ordinary MPLs in eq. (2.11). There are two main
di! erences between eq. (2.11) and (3.14). First, the terms involving #" ( ... 0 ...

... 0 ... ; z, " ) in the
Þrst line are absent in the case of ordinary MPLs, because there are no non-trivial abelian
di! erentials of the Þrst kind on curves of genus zero. Second, the terms proportional to
non-trivial binomial coe# cients are absent in eq. (2.11). These arise from the application
of the Fay identity in eq. ( 3.8), which generalises partial fractioning to curves of genus
one. A very similar formula for the di! erential of (twisted) elliptic multi-zeta values was
obtained in ref. [70, 71, 80]. Note that the right-hand side of eq. (3.14) only involves eMPLs
of length k " 1. In other words, the action of the di! erential lowers the length of an eMPL,
i.e., the number of integrations, by one unit. The weight, however, is not preserved, and
the right-hand side involves eMPLs of di! erent weights. Finally, we stress that we can only
prove this formula for the holomorphic, non-periodic version of eMPLs in eq. (3.11). The
proof relies on the relations [68],

&zi g
(n) (z$" zi , " ) = " &z! g(n) (z$" zi , " ) ,

2#i &#g(n) (z$" zi , " ) = n &z! g(n+1) (z$" zi , " ) .
(3.18) { eq:proof_elements }{ eq:proof_elements }

They can be used to turn all partial derivatives into derivatives in the integration variable
z$. The derivatives with respect to z$ can be integrated away using integration by parts.
This last step fails, at least naively, in the case of non-holomorphic functions, preventing
us from extending the proof to the non-holomorphic eMPLs of eq. (3.11).

Since the length of an eMPL is strictly lowered by the di! erential, we see that eMPLs
satisfy a di! erential equation without homogeneous part. We can then immediately write

3We assume the standard regularisation for the casem = 1.
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where similarly to the case of MPLs, the hat indicates that the corresponding argument is
absent. In the previous equation, we let (z0, zk+1 ) = ( z,0) and (n0, nk+1 ) = (0 , 0), and we
use the convention that the binomial number

! ! 1
! 1

"
is 1. The di! erential one-forms in this

formula are, for n ! 0,

! (n)
ij = d#" ( n

zi ; zj , " ) " (" 1)n d#" ( n
0 ; zi , " ) "

n d"
2#i

Gn+1 (" )

= ( dzj " dzi ) g(n) (zj " zi , " ) +
n d"
2#i

g(n+1) (zj " zi , " ) ,
(3.15) { eq:empl_letter }{ eq:empl_letter }

where G2m+1 (" ) = 0 and G2m (" ) are the Eisenstein series3

G2m (" ) =
$

(! ," )" Z2

(! ," )#=(0 ,0)

1
($ + %")2m . (3.16) { eq:Eisenstein_series }{ eq:Eisenstein_series }

For n = " 1, we deÞne

! (! 1)
ij = "

d"
2#i

. (3.17) { eq:empl_letter_m1 }{ eq:empl_letter_m1 }

The proof of eq. (3.14) is given in Appendix C. The structure of the total di ! erential is
very similar to the total di ! erential for ordinary MPLs in eq. (2.11). There are two main
di! erences between eq. (2.11) and (3.14). First, the terms involving #" ( ... 0 ...

... 0 ... ; z, " ) in the
Þrst line are absent in the case of ordinary MPLs, because there are no non-trivial abelian
di! erentials of the Þrst kind on curves of genus zero. Second, the terms proportional to
non-trivial binomial coe# cients are absent in eq. (2.11). These arise from the application
of the Fay identity in eq. ( 3.8), which generalises partial fractioning to curves of genus
one. A very similar formula for the di! erential of (twisted) elliptic multi-zeta values was
obtained in ref. [70, 71, 80]. Note that the right-hand side of eq. (3.14) only involves eMPLs
of length k " 1. In other words, the action of the di! erential lowers the length of an eMPL,
i.e., the number of integrations, by one unit. The weight, however, is not preserved, and
the right-hand side involves eMPLs of di! erent weights. Finally, we stress that we can only
prove this formula for the holomorphic, non-periodic version of eMPLs in eq. (3.11). The
proof relies on the relations [68],

&zi g
(n) (z$" zi , " ) = " &z! g(n) (z$" zi , " ) ,

2#i &#g(n) (z$" zi , " ) = n &z! g(n+1) (z$" zi , " ) .
(3.18) { eq:proof_elements }{ eq:proof_elements }

They can be used to turn all partial derivatives into derivatives in the integration variable
z$. The derivatives with respect to z$ can be integrated away using integration by parts.
This last step fails, at least naively, in the case of non-holomorphic functions, preventing
us from extending the proof to the non-holomorphic eMPLs of eq. (3.11).

Since the length of an eMPL is strictly lowered by the di! erential, we see that eMPLs
satisfy a di! erential equation without homogeneous part. We can then immediately write

3We assume the standard regularisation for the casem = 1.
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Symbol alphabet

[Bršdel, CD, Dulat, 
Penante, Tancredi]



The differential of eMPLs

¥ Total differential of eMPLs:

More generally, at the level of the generating function, we have

F (z + 1,↵, ⌧) = F (z,↵, ⌧) and F (z + ⌧,↵, ⌧) = e�2⇡i↵ F (z,↵, ⌧) . (3.10)

Hence, strictly speaking, the g(n) are not well-defined functions on the torus. One can show

that it is not possible to find a set of independent integration kernels that are at the same

time holomorphic, periodic and have at most simple poles at the lattice points. Instead,

one has to give up either holomorphicity or periodicity in order to define generalisations of

MPLs to elliptic curves. While in our applications the holomorphic, but non-periodic, ver-

sion of eMPLs defined in eq. (3.2) is most appropriate, we mention that in the mathematics

and string theory literature it is customary to consider iterated integrals defined through

integration kernels that are periodic, at the expense of giving up holomorphicity [68, 69, 78],

�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0 f (n1)(z0 � z1, ⌧)�

� n2 ... nk
z2 ... zk ; z

0, ⌧
�
, (3.11) {eq:periodic_eMPLs}{eq:periodic_eMPLs}

where the functions f (n) are defined by the generating series

⌦(z,↵, ⌧) =
1

↵

X

n�0

f (n)(z, ⌧)↵n = exp


2⇡i↵

Im z

Im ⌧

�
F (z,↵, ⌧) . (3.12) {eq:Omega_def}{eq:Omega_def}

The functions f (n)(z, ⌧) are periodic with respect to translations in both the real and

⌧ directions, but they depend explicitly on the antiholomorphic variable z̄ through the

exponential factor in the right-hand side of eq. (3.12).

3.2 The total di↵erential and the symbol of eMPLs

In this section we propose a generalisation of the notion of symbols from ordinary MPLs to

eMPLs. Our starting point is the recursive definition of the symbol in eq. (2.9) and (2.10).

In order to apply this formula, we need a closed form for the total di↵erential of eMPLs,

similar to eq. (2.11). We also need to modify the recursive definition slightly, because in

the case of eMPLs not all the basic integration kernels have logarithmic divergences, but

most of the kernels are regular everywhere. In the next subsection we give the general

formula for the total di↵erential and the resulting symbol map, and we discuss some of its

basic properties.

If we introduce the following shorthand for the arguments of eMPLs

A[r]
i ⌘

�
ni+r
zi

�
and Ai ⌘ A[0]

i , (3.13)

the total di↵erential of an eMPL takes the form

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!
(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p+1

#
,

(3.14) {eq:gamma_differential}{eq:gamma_differential}
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¥ To study relations among MPLs, we used the symbol, which is 
based on the total differential:

More generally, at the level of the generating function, we have

F (z + 1 , ! , " ) = F (z, ! , " ) and F (z + " , ! , " ) = e! 2! i " F (z, ! , " ) . (3.10)

Hence, strictly speaking, theg(n) are not well-deÞned functions on the torus. One can show
that it is not possible to Þnd a set of independent integration kernels that are at the same
time holomorphic, periodic and have at most simple poles at the lattice points. Instead,
one has to give up either holomorphicity or periodicity in order to deÞne generalisations of
MPLs to elliptic curves. While in our applications the holomorphic, but non-periodic, ver-
sion of eMPLs deÞned in eq. (3.2) is most appropriate, we mention that in the mathematics
and string theory literature it is customary to consider iterated integrals deÞned through
integration kernels that are periodic, at the expense of giving up holomorphicity [68, 69, 78],

! ( n1 ... n k
z1 ... zk ; z, " ) =

! z

0
dz" f (n1) (z" ! z1, " ) !

" n2 ... n k
z2 ... zk ; z", "

#
, (3.11) { eq:periodic_eMPLs }{ eq:periodic_eMPLs }

where the functions f (n) are deÞned by the generating series

" (z, ! , " ) =
1
!

$

n# 0

f (n) (z, " ) ! n = exp
%
2#i !

Im z
Im "

&
F (z, ! , " ) . (3.12) { eq:Omega_def}{ eq:Omega_def}

The functions f (n) (z, " ) are periodic with respect to translations in both the real and
" directions, but they depend explicitly on the antiholomorphic variable øz through the
exponential factor in the right-hand side of eq. (3.12).

3.2 The total di ! erential and the symbol of eMPLs

In this section we propose a generalisation of the notion of symbols from ordinary MPLs to
eMPLs. Our starting point is the recursive deÞnition of the symbol in eq. (2.9) and (2.10).
In order to apply this formula, we need a closed form for the total di#erential of eMPLs,
similar to eq. (2.11). We also need to modify the recursive deÞnition slightly, because in
the case of eMPLs not all the basic integration kernels have logarithmic divergences, but
most of the kernels are regular everywhere. In the next subsection we give the general
formula for the total di #erential and the resulting symbol map, and we discuss some of its
basic properties.

If we introduce the following shorthand for the arguments of eMPLs

A[r ]
i "

"
ni + r

zi

#
and Ai " A[0]

i , (3.13)

the total di #erential of an eMPL takes the form

d'! (A1 á á áAk; z, " ) =
k! 1$

p=1

(! 1)np+1 '!
"
A1 á á áAp! 1

0
0 Ap+2 á á áAk; z, "

#
$(np + np+1 )

p,p+1

+
k$

p=1

np +1$

r =0

( )
np! 1 + r ! 1

np! 1 ! 1

*
'!

+
A1 á á áA[r ]

p! 1
öAp Ap+1 á á áAk; z, "

,
$ (np ! r )

p,p! 1

!
)

np+1 + r ! 1
np+1 ! 1

*
'!

+
A1 á á áAp! 1 öAp A[r ]

p+1 á á áAk; z, "
,

$ (np ! r )
p,p+1

-

,

(3.14) { eq:gamma_differential }{ eq:gamma_differential }
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Ôsymbol of a transcendental functionFw of weight wÕ as follows: assume that the total
di! erential of Fw can be written in the form

dFw =
!

i

Fw! 1,i d logRi , (2.9) { eq:MPL_d_F}{ eq:MPL_d_F}

where the Fw! 1,i are transcendental functions of weightw ! 1 and the Ri are algebraic
functions. We deÞne the symbol ofFw by the recursion

S(Fw) =
!

i

S(Fw! 1,i ) " Ri , (2.10) { eq:SF_rec}{ eq:SF_rec}

and the recursion stops atS(F0) = F0. Let us make an obvious observation at this point:
the recursive deÞnition of the symbol only makes sense if the di! erential equation (2.9)
does not have a homogeneous term, because otherwise the recursion does not close. Said
in di ! erent words, not every function admits a symbol, and we can only deÞne symbols for
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where similarly to the case of MPLs, the hat indicates that the corresponding argument is
absent. In the previous equation, we let (z0, zk+1 ) = ( z,0) and (n0, nk+1 ) = (0 , 0), and we
use the convention that the binomial number
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The proof of eq. (3.14) is given in Appendix C. The structure of the total di ! erential is
very similar to the total di ! erential for ordinary MPLs in eq. (2.11). There are two main
di! erences between eq. (2.11) and (3.14). First, the terms involving #" ( ... 0 ...

... 0 ... ; z, " ) in the
Þrst line are absent in the case of ordinary MPLs, because there are no non-trivial abelian
di! erentials of the Þrst kind on curves of genus zero. Second, the terms proportional to
non-trivial binomial coe# cients are absent in eq. (2.11). These arise from the application
of the Fay identity in eq. ( 3.8), which generalises partial fractioning to curves of genus
one. A very similar formula for the di! erential of (twisted) elliptic multi-zeta values was
obtained in ref. [70, 71, 80]. Note that the right-hand side of eq. (3.14) only involves eMPLs
of length k " 1. In other words, the action of the di! erential lowers the length of an eMPL,
i.e., the number of integrations, by one unit. The weight, however, is not preserved, and
the right-hand side involves eMPLs of di! erent weights. Finally, we stress that we can only
prove this formula for the holomorphic, non-periodic version of eMPLs in eq. (3.11). The
proof relies on the relations [68],

&zi g
(n) (z$" zi , " ) = " &z! g(n) (z$" zi , " ) ,
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(3.18) { eq:proof_elements }{ eq:proof_elements }

They can be used to turn all partial derivatives into derivatives in the integration variable
z$. The derivatives with respect to z$ can be integrated away using integration by parts.
This last step fails, at least naively, in the case of non-holomorphic functions, preventing
us from extending the proof to the non-holomorphic eMPLs of eq. (3.11).

Since the length of an eMPL is strictly lowered by the di! erential, we see that eMPLs
satisfy a di! erential equation without homogeneous part. We can then immediately write

3We assume the standard regularisation for the casem = 1.
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zi =
r i

N
+

si

N
!

<latexit sha1_base64="sUqEvu9shhH9fZYUmYRWFnX+Qlo=">AAACI3icbZDPS8MwFMdTf875q+rRS3AMBGG0IqgHYeDFk0ywbrCWkmbpFpamJUmFWQre/T+8e9V/wZN48eDdP8N03cFtPgh83/e9l5d8goRRqSzry1hYXFpeWa2sVdc3Nre2zZ3dOxmnAhMHxywWnQBJwignjqKKkU4iCIoCRtrB8LKot++JkDTmt2qUEC9CfU5DipHSlm/WH3wKL6AbCoQz4dM8u86PykyWmatQ6ps1q2GNA84LeyJqYBIt3/xxezFOI8IVZkjKrm0lysuQUBQzklfdVJIE4SHqk66WHEVEetn4Ozmsa6cHw1jowxUcu38nMhRJOYoC3RkhNZCztcL8r9ZNVXjmZZQnqSIcl4vClEEVw4IN7FFBsGIjLRAWVL8V4gHSLJQmOLWluFvIUOZVjcaeBTEvnOPGecO+Oak1m48lowrYBwfgENjgFDTBFWgBB2DwBF7AK3gzno1348P4LFsXjAnXPTAVxvcvDfamQw==</latexit><latexit sha1_base64="sUqEvu9shhH9fZYUmYRWFnX+Qlo=">AAACI3icbZDPS8MwFMdTf875q+rRS3AMBGG0IqgHYeDFk0ywbrCWkmbpFpamJUmFWQre/T+8e9V/wZN48eDdP8N03cFtPgh83/e9l5d8goRRqSzry1hYXFpeWa2sVdc3Nre2zZ3dOxmnAhMHxywWnQBJwignjqKKkU4iCIoCRtrB8LKot++JkDTmt2qUEC9CfU5DipHSlm/WH3wKL6AbCoQz4dM8u86PykyWmatQ6ps1q2GNA84LeyJqYBIt3/xxezFOI8IVZkjKrm0lysuQUBQzklfdVJIE4SHqk66WHEVEetn4Ozmsa6cHw1jowxUcu38nMhRJOYoC3RkhNZCztcL8r9ZNVXjmZZQnqSIcl4vClEEVw4IN7FFBsGIjLRAWVL8V4gHSLJQmOLWluFvIUOZVjcaeBTEvnOPGecO+Oak1m48lowrYBwfgENjgFDTBFWgBB2DwBF7AK3gzno1348P4LFsXjAnXPTAVxvcvDfamQw==</latexit><latexit sha1_base64="sUqEvu9shhH9fZYUmYRWFnX+Qlo=">AAACI3icbZDPS8MwFMdTf875q+rRS3AMBGG0IqgHYeDFk0ywbrCWkmbpFpamJUmFWQre/T+8e9V/wZN48eDdP8N03cFtPgh83/e9l5d8goRRqSzry1hYXFpeWa2sVdc3Nre2zZ3dOxmnAhMHxywWnQBJwignjqKKkU4iCIoCRtrB8LKot++JkDTmt2qUEC9CfU5DipHSlm/WH3wKL6AbCoQz4dM8u86PykyWmatQ6ps1q2GNA84LeyJqYBIt3/xxezFOI8IVZkjKrm0lysuQUBQzklfdVJIE4SHqk66WHEVEetn4Ozmsa6cHw1jowxUcu38nMhRJOYoC3RkhNZCztcL8r9ZNVXjmZZQnqSIcl4vClEEVw4IN7FFBsGIjLRAWVL8V4gHSLJQmOLWluFvIUOZVjcaeBTEvnOPGecO+Oak1m48lowrYBwfgENjgFDTBFWgBB2DwBF7AK3gzno1348P4LFsXjAnXPTAVxvcvDfamQw==</latexit><latexit sha1_base64="sUqEvu9shhH9fZYUmYRWFnX+Qlo=">AAACI3icbZDPS8MwFMdTf875q+rRS3AMBGG0IqgHYeDFk0ywbrCWkmbpFpamJUmFWQre/T+8e9V/wZN48eDdP8N03cFtPgh83/e9l5d8goRRqSzry1hYXFpeWa2sVdc3Nre2zZ3dOxmnAhMHxywWnQBJwignjqKKkU4iCIoCRtrB8LKot++JkDTmt2qUEC9CfU5DipHSlm/WH3wKL6AbCoQz4dM8u86PykyWmatQ6ps1q2GNA84LeyJqYBIt3/xxezFOI8IVZkjKrm0lysuQUBQzklfdVJIE4SHqk66WHEVEetn4Ozmsa6cHw1jowxUcu38nMhRJOYoC3RkhNZCztcL8r9ZNVXjmZZQnqSIcl4vClEEVw4IN7FFBsGIjLRAWVL8V4gHSLJQmOLWluFvIUOZVjcaeBTEvnOPGecO+Oak1m48lowrYBwfgENjgFDTBFWgBB2DwBF7AK3gzno1348P4LFsXjAnXPTAVxvcvDfamQw==</latexit>

r i , si , N integer
<latexit sha1_base64="GdiQb4NZEcg4+qCOGHBerxP6XZY=">AAACGXicbZDLSgMxFIYz9Vbrreqym2ARXEiZEUHdFdy4kgrWFtpSMumZNjSTGZIzYhkK+h7u3eoruBK3rnwDH8P0srCtBw78/P9JTvL5sRQGXffbySwtr6yuZddzG5tb2zv53b07EyWaQ5VHMtJ1nxmQQkEVBUqoxxpY6Euo+f3LUV67B21EpG5xEEMrZF0lAsEZWqudL+i2ODa2r2kT4QF1mFKhELqgh+180S2546KLwpuKIplWpZ3/aXYinoSgkEtmTMNzY2ylTKPgEoa5ZmIgZrzPutCwUrEQTCsdf2JID63ToUGkbSukY/fviZSFxgxC306GDHtmPhuZ/2WNBIPzVipUnCAoPlkUJJJiREdEaEdo4CgHVjCuhX0r5T2mGUfLbWbL6G5tAjPMWTTePIhFUT0pXZS8m9Niufw4YZQlBXJAjohHzkiZXJEKqRJOnsgLeSVvzrPz7nw4n5PRjDPluk9myvn6BW45oa8=</latexit><latexit sha1_base64="GdiQb4NZEcg4+qCOGHBerxP6XZY=">AAACGXicbZDLSgMxFIYz9Vbrreqym2ARXEiZEUHdFdy4kgrWFtpSMumZNjSTGZIzYhkK+h7u3eoruBK3rnwDH8P0srCtBw78/P9JTvL5sRQGXffbySwtr6yuZddzG5tb2zv53b07EyWaQ5VHMtJ1nxmQQkEVBUqoxxpY6Euo+f3LUV67B21EpG5xEEMrZF0lAsEZWqudL+i2ODa2r2kT4QF1mFKhELqgh+180S2546KLwpuKIplWpZ3/aXYinoSgkEtmTMNzY2ylTKPgEoa5ZmIgZrzPutCwUrEQTCsdf2JID63ToUGkbSukY/fviZSFxgxC306GDHtmPhuZ/2WNBIPzVipUnCAoPlkUJJJiREdEaEdo4CgHVjCuhX0r5T2mGUfLbWbL6G5tAjPMWTTePIhFUT0pXZS8m9Niufw4YZQlBXJAjohHzkiZXJEKqRJOnsgLeSVvzrPz7nw4n5PRjDPluk9myvn6BW45oa8=</latexit><latexit sha1_base64="GdiQb4NZEcg4+qCOGHBerxP6XZY=">AAACGXicbZDLSgMxFIYz9Vbrreqym2ARXEiZEUHdFdy4kgrWFtpSMumZNjSTGZIzYhkK+h7u3eoruBK3rnwDH8P0srCtBw78/P9JTvL5sRQGXffbySwtr6yuZddzG5tb2zv53b07EyWaQ5VHMtJ1nxmQQkEVBUqoxxpY6Euo+f3LUV67B21EpG5xEEMrZF0lAsEZWqudL+i2ODa2r2kT4QF1mFKhELqgh+180S2546KLwpuKIplWpZ3/aXYinoSgkEtmTMNzY2ylTKPgEoa5ZmIgZrzPutCwUrEQTCsdf2JID63ToUGkbSukY/fviZSFxgxC306GDHtmPhuZ/2WNBIPzVipUnCAoPlkUJJJiREdEaEdo4CgHVjCuhX0r5T2mGUfLbWbL6G5tAjPMWTTePIhFUT0pXZS8m9Niufw4YZQlBXJAjohHzkiZXJEKqRJOnsgLeSVvzrPz7nw4n5PRjDPluk9myvn6BW45oa8=</latexit><latexit sha1_base64="GdiQb4NZEcg4+qCOGHBerxP6XZY=">AAACGXicbZDLSgMxFIYz9Vbrreqym2ARXEiZEUHdFdy4kgrWFtpSMumZNjSTGZIzYhkK+h7u3eoruBK3rnwDH8P0srCtBw78/P9JTvL5sRQGXffbySwtr6yuZddzG5tb2zv53b07EyWaQ5VHMtJ1nxmQQkEVBUqoxxpY6Euo+f3LUV67B21EpG5xEEMrZF0lAsEZWqudL+i2ODa2r2kT4QF1mFKhELqgh+180S2546KLwpuKIplWpZ3/aXYinoSgkEtmTMNzY2ylTKPgEoa5ZmIgZrzPutCwUrEQTCsdf2JID63ToUGkbSukY/fviZSFxgxC306GDHtmPhuZ/2WNBIPzVipUnCAoPlkUJJJiREdEaEdo4CgHVjCuhX0r5T2mGUfLbWbL6G5tAjPMWTTePIhFUT0pXZS8m9Niufw4YZQlBXJAjohHzkiZXJEKqRJOnsgLeSVvzrPz7nw4n5PRjDPluk9myvn6BW45oa8=</latexit>

h(n )
N,r,s (! ) = g(n )

! r
N

+
s
N

! , !
"

<latexit sha1_base64="uwHnDvw/udP3FE30r94wQYgFBtg="></latexit><latexit sha1_base64="uwHnDvw/udP3FE30r94wQYgFBtg="></latexit><latexit sha1_base64="uwHnDvw/udP3FE30r94wQYgFBtg="></latexit><latexit sha1_base64="uwHnDvw/udP3FE30r94wQYgFBtg="></latexit>

!                           is always a combination of modular forms.

g(n)
⇣ r

N
+

s

N
⌧, ⌧

⌘
=

nX

k=0

(�2⇡is)k

k!
h(n)
N,r,s(⌧)

<latexit sha1_base64="IDyplblnU2dlHEtKOoySfqnT12M="></latexit><latexit sha1_base64="IDyplblnU2dlHEtKOoySfqnT12M="></latexit><latexit sha1_base64="IDyplblnU2dlHEtKOoySfqnT12M="></latexit><latexit sha1_base64="IDyplblnU2dlHEtKOoySfqnT12M="></latexit>

! More technically:           are Eisenstein series of weight     
for          . ! (N )

<latexit sha1_base64="5PkesI0y5bedg0fVyTOf9afEFyg=">AAACBXicbVDLSgMxFM3UV62vqks3wSLUTZkRQd0VXOhKKji20g7lTpppQ5PMkGSEUgou3bvVX3Albv0O/8DPMNN2YVsPXDicc2/uzQkTzrRx3W8nt7S8srqWXy9sbG5t7xR39+51nCpCfRLzWDVC0JQzSX3DDKeNRFEQIaf1sH+Z+fVHqjSL5Z0ZJDQQ0JUsYgSMlR5aVyAElG+O28WSW3HHwIvEm5ISmqLWLv60OjFJBZWGcNC66bmJCYagDCOcjgqtVNMESB+6tGmpBEF1MBwfPMJHVungKFa2pMFj9e/EEITWAxHaTgGmp+e9TPzPa6YmOg+GTCapoZJMFkUpxybG2e9xhylKDB9YAkQxeysmPVBAjM1oZkv2ttKRHhVsNN58EIvEP6lcVLzb01K1+jTJKI8O0CEqIw+doSq6RjXkI4IEekGv6M15dt6dD+dz0ppzprnuoxk4X78WGZln</latexit><latexit sha1_base64="5PkesI0y5bedg0fVyTOf9afEFyg=">AAACBXicbVDLSgMxFM3UV62vqks3wSLUTZkRQd0VXOhKKji20g7lTpppQ5PMkGSEUgou3bvVX3Albv0O/8DPMNN2YVsPXDicc2/uzQkTzrRx3W8nt7S8srqWXy9sbG5t7xR39+51nCpCfRLzWDVC0JQzSX3DDKeNRFEQIaf1sH+Z+fVHqjSL5Z0ZJDQQ0JUsYgSMlR5aVyAElG+O28WSW3HHwIvEm5ISmqLWLv60OjFJBZWGcNC66bmJCYagDCOcjgqtVNMESB+6tGmpBEF1MBwfPMJHVungKFa2pMFj9e/EEITWAxHaTgGmp+e9TPzPa6YmOg+GTCapoZJMFkUpxybG2e9xhylKDB9YAkQxeysmPVBAjM1oZkv2ttKRHhVsNN58EIvEP6lcVLzb01K1+jTJKI8O0CEqIw+doSq6RjXkI4IEekGv6M15dt6dD+dz0ppzprnuoxk4X78WGZln</latexit><latexit sha1_base64="5PkesI0y5bedg0fVyTOf9afEFyg=">AAACBXicbVDLSgMxFM3UV62vqks3wSLUTZkRQd0VXOhKKji20g7lTpppQ5PMkGSEUgou3bvVX3Albv0O/8DPMNN2YVsPXDicc2/uzQkTzrRx3W8nt7S8srqWXy9sbG5t7xR39+51nCpCfRLzWDVC0JQzSX3DDKeNRFEQIaf1sH+Z+fVHqjSL5Z0ZJDQQ0JUsYgSMlR5aVyAElG+O28WSW3HHwIvEm5ISmqLWLv60OjFJBZWGcNC66bmJCYagDCOcjgqtVNMESB+6tGmpBEF1MBwfPMJHVungKFa2pMFj9e/EEITWAxHaTgGmp+e9TPzPa6YmOg+GTCapoZJMFkUpxybG2e9xhylKDB9YAkQxeysmPVBAjM1oZkv2ttKRHhVsNN58EIvEP6lcVLzb01K1+jTJKI8O0CEqIw+doSq6RjXkI4IEekGv6M15dt6dD+dz0ppzprnuoxk4X78WGZln</latexit><latexit sha1_base64="5PkesI0y5bedg0fVyTOf9afEFyg=">AAACBXicbVDLSgMxFM3UV62vqks3wSLUTZkRQd0VXOhKKji20g7lTpppQ5PMkGSEUgou3bvVX3Albv0O/8DPMNN2YVsPXDicc2/uzQkTzrRx3W8nt7S8srqWXy9sbG5t7xR39+51nCpCfRLzWDVC0JQzSX3DDKeNRFEQIaf1sH+Z+fVHqjSL5Z0ZJDQQ0JUsYgSMlR5aVyAElG+O28WSW3HHwIvEm5ISmqLWLv60OjFJBZWGcNC66bmJCYagDCOcjgqtVNMESB+6tGmpBEF1MBwfPMJHVungKFa2pMFj9e/EEITWAxHaTgGmp+e9TPzPa6YmOg+GTCapoZJMFkUpxybG2e9xhylKDB9YAkQxeysmPVBAjM1oZkv2ttKRHhVsNN58EIvEP6lcVLzb01K1+jTJKI8O0CEqIw+doSq6RjXkI4IEekGv6M15dt6dD+dz0ppzprnuoxk4X78WGZln</latexit>

n
<latexit sha1_base64="9MMwGYdi//8qu+8mhbd8UDy5i4Y=">AAAB/XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvHhswbWFdinZdLYNzWaXJCuUUujdq/4FT+LV3+I/8GeYbXuwrQ8GHu/NZCYvTAXXxnW/ncLG5tb2TnG3tLd/cHhUPj550kmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8z/3mMyrNE/loRikGMe1LHnFGjZUasluuuFV3BrJOvAWpwAL1bvmn00tYFqM0TFCt256bmmBMleFM4KTUyTSmlA1pH9uWShqjDsazQyfkwio9EiXKljRkpv6dGNNY61Ec2s6YmoFe9XLxP6+dmeg2GHOZZgYlmy+KMkFMQvJfkx5XyIwYWUKZ4vZWwgZUUWZsNktb8reVjvSkZKPxVoNYJ/5V9a7qNa4rtdp0nlERzuAcLsGDG6jBA9TBBwYIL/AKb87UeXc+nM95a8FZ5HoKS3C+fgH8Ipan</latexit><latexit sha1_base64="9MMwGYdi//8qu+8mhbd8UDy5i4Y=">AAAB/XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvHhswbWFdinZdLYNzWaXJCuUUujdq/4FT+LV3+I/8GeYbXuwrQ8GHu/NZCYvTAXXxnW/ncLG5tb2TnG3tLd/cHhUPj550kmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8z/3mMyrNE/loRikGMe1LHnFGjZUasluuuFV3BrJOvAWpwAL1bvmn00tYFqM0TFCt256bmmBMleFM4KTUyTSmlA1pH9uWShqjDsazQyfkwio9EiXKljRkpv6dGNNY61Ec2s6YmoFe9XLxP6+dmeg2GHOZZgYlmy+KMkFMQvJfkx5XyIwYWUKZ4vZWwgZUUWZsNktb8reVjvSkZKPxVoNYJ/5V9a7qNa4rtdp0nlERzuAcLsGDG6jBA9TBBwYIL/AKb87UeXc+nM95a8FZ5HoKS3C+fgH8Ipan</latexit><latexit sha1_base64="9MMwGYdi//8qu+8mhbd8UDy5i4Y=">AAAB/XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvHhswbWFdinZdLYNzWaXJCuUUujdq/4FT+LV3+I/8GeYbXuwrQ8GHu/NZCYvTAXXxnW/ncLG5tb2TnG3tLd/cHhUPj550kmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8z/3mMyrNE/loRikGMe1LHnFGjZUasluuuFV3BrJOvAWpwAL1bvmn00tYFqM0TFCt256bmmBMleFM4KTUyTSmlA1pH9uWShqjDsazQyfkwio9EiXKljRkpv6dGNNY61Ec2s6YmoFe9XLxP6+dmeg2GHOZZgYlmy+KMkFMQvJfkx5XyIwYWUKZ4vZWwgZUUWZsNktb8reVjvSkZKPxVoNYJ/5V9a7qNa4rtdp0nlERzuAcLsGDG6jBA9TBBwYIL/AKb87UeXc+nM95a8FZ5HoKS3C+fgH8Ipan</latexit><latexit sha1_base64="9MMwGYdi//8qu+8mhbd8UDy5i4Y=">AAAB/XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvHhswbWFdinZdLYNzWaXJCuUUujdq/4FT+LV3+I/8GeYbXuwrQ8GHu/NZCYvTAXXxnW/ncLG5tb2TnG3tLd/cHhUPj550kmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8z/3mMyrNE/loRikGMe1LHnFGjZUasluuuFV3BrJOvAWpwAL1bvmn00tYFqM0TFCt256bmmBMleFM4KTUyTSmlA1pH9uWShqjDsazQyfkwio9EiXKljRkpv6dGNNY61Ec2s6YmoFe9XLxP6+dmeg2GHOZZgYlmy+KMkFMQvJfkx5XyIwYWUKZ4vZWwgZUUWZsNktb8reVjvSkZKPxVoNYJ/5V9a7qNa4rtdp0nlERzuAcLsGDG6jBA9TBBwYIL/AKb87UeXc+nM95a8FZ5HoKS3C+fgH8Ipan</latexit>h(n )

N,r,s
<latexit sha1_base64="OkkJ1ii2gvuxKdPawcaw1qLYv/w=">AAACDXicbZDNSsNAFIVv6l+tP426dBMsQoVSEhHUXcGNK6lgbKGNZTKdtEMnkzAzEUoI+Aju3eoruBK3PoNv4GM4abuwrQcGDufeuffy+TGjUtn2t1FYWV1b3yhulra2d3bL5t7+vYwSgYmLIxaJto8kYZQTV1HFSDsWBIU+Iy1/dJXXW49ESBrxOzWOiReiAacBxUjpqGeWh730piZqMntIq/wk65kVu25PZC0bZ2YqMFOzZ/50+xFOQsIVZkjKjmPHykuRUBQzkpW6iSQxwiM0IB1tOQqJ9NLJ4Zl1rJO+FURCP66sSfr3R4pCKcehrztDpIZysZaH/9U6iQouvJTyOFGE4+miIGGWiqycgtWngmDFxtogLKi+1cJDJBBWmtXclny2kIHMShqNswhi2bin9cu6c3tWaTSepoyKcAhHUAUHzqEB19AEFzAk8AKv8GY8G+/Gh/E5bS0YM64HMCfj6xeIcZxV</latexit><latexit sha1_base64="OkkJ1ii2gvuxKdPawcaw1qLYv/w=">AAACDXicbZDNSsNAFIVv6l+tP426dBMsQoVSEhHUXcGNK6lgbKGNZTKdtEMnkzAzEUoI+Aju3eoruBK3PoNv4GM4abuwrQcGDufeuffy+TGjUtn2t1FYWV1b3yhulra2d3bL5t7+vYwSgYmLIxaJto8kYZQTV1HFSDsWBIU+Iy1/dJXXW49ESBrxOzWOiReiAacBxUjpqGeWh730piZqMntIq/wk65kVu25PZC0bZ2YqMFOzZ/50+xFOQsIVZkjKjmPHykuRUBQzkpW6iSQxwiM0IB1tOQqJ9NLJ4Zl1rJO+FURCP66sSfr3R4pCKcehrztDpIZysZaH/9U6iQouvJTyOFGE4+miIGGWiqycgtWngmDFxtogLKi+1cJDJBBWmtXclny2kIHMShqNswhi2bin9cu6c3tWaTSepoyKcAhHUAUHzqEB19AEFzAk8AKv8GY8G+/Gh/E5bS0YM64HMCfj6xeIcZxV</latexit><latexit sha1_base64="OkkJ1ii2gvuxKdPawcaw1qLYv/w=">AAACDXicbZDNSsNAFIVv6l+tP426dBMsQoVSEhHUXcGNK6lgbKGNZTKdtEMnkzAzEUoI+Aju3eoruBK3PoNv4GM4abuwrQcGDufeuffy+TGjUtn2t1FYWV1b3yhulra2d3bL5t7+vYwSgYmLIxaJto8kYZQTV1HFSDsWBIU+Iy1/dJXXW49ESBrxOzWOiReiAacBxUjpqGeWh730piZqMntIq/wk65kVu25PZC0bZ2YqMFOzZ/50+xFOQsIVZkjKjmPHykuRUBQzkpW6iSQxwiM0IB1tOQqJ9NLJ4Zl1rJO+FURCP66sSfr3R4pCKcehrztDpIZysZaH/9U6iQouvJTyOFGE4+miIGGWiqycgtWngmDFxtogLKi+1cJDJBBWmtXclny2kIHMShqNswhi2bin9cu6c3tWaTSepoyKcAhHUAUHzqEB19AEFzAk8AKv8GY8G+/Gh/E5bS0YM64HMCfj6xeIcZxV</latexit><latexit sha1_base64="OkkJ1ii2gvuxKdPawcaw1qLYv/w=">AAACDXicbZDNSsNAFIVv6l+tP426dBMsQoVSEhHUXcGNK6lgbKGNZTKdtEMnkzAzEUoI+Aju3eoruBK3PoNv4GM4abuwrQcGDufeuffy+TGjUtn2t1FYWV1b3yhulra2d3bL5t7+vYwSgYmLIxaJto8kYZQTV1HFSDsWBIU+Iy1/dJXXW49ESBrxOzWOiReiAacBxUjpqGeWh730piZqMntIq/wk65kVu25PZC0bZ2YqMFOzZ/50+xFOQsIVZkjKjmPHykuRUBQzkpW6iSQxwiM0IB1tOQqJ9NLJ4Zl1rJO+FURCP66sSfr3R4pCKcehrztDpIZysZaH/9U6iQouvJTyOFGE4+miIGGWiqycgtWngmDFxtogLKi+1cJDJBBWmtXclny2kIHMShqNswhi2bin9cu6c3tWaTSepoyKcAhHUAUHzqEB19AEFzAk8AKv8GY8G+/Gh/E5bS0YM64HMCfj6xeIcZxV</latexit>
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! the eMPL can be written in terms of iterated integrals of 
modular form.
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3.1 Elliptic multiple polylogarithms

The goal of this section is to give a short review of how to deÞne the incarnation of
elliptic multiple polylogarithms that we will consider throughout this paper. The functions
that we deÞne are closely related to the multiple elliptic polylogarithms studied in the
mathematics [68, 78] and string theory literature [ 69Ð71]. However, as we will see below,
we prefer to work with functions that are manifestly holomorphic and do not depend on the
complex conjugated variables. This choice is motivated (among other things) by the fact
that Feynman integrals give rise to holomorphic quantities, and we prefer not to introduce
any explicit dependence on antiholomorphic variables.

We start by deÞning elliptic curves. We only introduce the bare minimum of mathemat-
ical background on elliptic curves to understand the deÞnition of elliptic polylogarithms,
and we refer to the literature for a detailed discussion, e.g., ref. [79] (see also ref. [47]).
Loosely speaking, an elliptic curve can be deÞned as the zero set of a polynomial equation
of the form y2 = P(x), where P is a polynomial of degree three or four (with distinct
roots). Every elliptic curve deÞnes a (compact) Riemann surface of genus one, and so it
is equivalent to a complex one-dimensional torusC/ ! , where ! = Z! 1 + Z! 2 is a lattice
and ! i are complex numbers that are linearly independent overR, called the periods of
the elliptic curve. We can perform a rescaling and assume without loss of generality that
! 1 = 1. In other words, every elliptic curve is isomorphic to an elliptic curve of the form
C/ ! ! , with ! ! = Z + Z" , with Im " > 0. Unless stated otherwise, we will always assume
that the periods are (! 1, ! 2) = (1 , " ). Di " erent values of" may still correspond to the same
elliptic curve. More precisely, " and " ! deÞne the same elliptic curve if and only if they
are related by anSL(2, Z) transformation, where SL(2, Z) acts on the upper half-plane via
Moebius transformations, calledmodular transformations,

" !" # á" =
a" + b
c" + d

, # =
!

a b
c d

"
# SL(2, Z) . (3.1) { eq:modular_trafo}{ eq:modular_trafo}

We now deÞne a class of iterated integrals with at most logarithmic singularities.
Inspired by ref. [68, 69, 78], we deÞneelliptic multiple polylogarithms (eMPLs) as

##( n1 ... n k
z1 ... zk ; z, " ) =

$ z

0
dz! g(n1) (z! $ z1, " ) ##

! n2 ... n k
z2 ... zk ; z!, "

"
, (3.2) { eq:gamt_def}{ eq:gamt_def}

where zi are complex numbers andni # N are positive integers. The integersk and
%

i ni

are called the length and the weight of the eMPL. Just like ordinary MPLs, eMPLs form
a shu$ e algebra,

##(A1, . . . , Ak; z, " ) ##(Ak+1 , . . . , Ak+ l ; z, " ) =
&

" " ! (k,l )

##(A" (1) , . . . , A" (k+ l ) ; z, " ) , (3.3)

where we introduced the notationAi = ( ni
zi ). The shu$ e product preserves both the weight

and the length of eMPLs.
In the case where (nk, zk) = (1 , 0), the integral in eq. (3.2) is divergent and requires

regularisation. Here we follow closely ref. [69] for the choice of the regularisation scheme.

Ð 9 Ð

Comparing eq. (8.7) to the transformation property of modular forms in eq. (7.1), we
see that the h(n)

N,r,s transform like modular forms of weight n for a certain subgroup ! !
SL(2, Z), provided that for every matrix

!
a b
c d

"
" ! we have

(s, r )

#
a b
c d

$

= ( s, r ) mod N . (8.8)

In the following we will not attempt to solve these constraints in full generality, but we
focus on a special class of solutions with interesting properties. If we choose! = ! (N ),
then we have

!
a b
c d

"
= ( 1 0

0 1 ) mod N (cf. eq. (7.2)), and so eq. (8.8) is trivially satisÞed.

Hence, we see that the functionsh(n)
N,r,s always transform like modular forms of weightn for

! (N ). It is possible to make this statement more precise, and onecan show that, for n > 1,
the functions h(n)

N,r,s are always Eisenstein series for! (N ), and they can be represented by
a double sum very similar to eq. (3.16) [86],

h(n)
N,r,s (! ) = #

%

(! ," )! Z2

(! ," )"=(0 ,0)

e2#i (s! # r " )/N

(" + #! )2n . (8.9)

The previous equation does not hold forn = 1. Indeed, seen as a function ofz, the function
f (1) (z, ! ) has a simple pole at every point of the lattice Z + ! Z. As a consequence, the
functions h(1)

N,r,s may have poles, in which case they do not deÞne valid modular forms.

The poles, however, always lie on the real axis, and so the functions h(1)
N,r,s deÞneweakly

holomorphic modular forms. We conclude that the symbol alphabet of eMPLs evaluated at
rational points zi = r i

N i
+ ! si

N i
are Eisenstein series of weightn > 1 and weakly holomorphic

modular forms of weight one for ! (N ), where N is the least common multiple of the Ni .
This is equivalent to saying that eMPLs evaluated at these rational points can always be
written as iterated integrals of Eisenstein series of weight n > 1 and weakly holomorphic
modular forms of weight one for ! (N ). This result generalizes and extends in a precise
and natural way the fact that eMZVs, which are eMPLs evaluated at the rational points
zi = 0 and zk+1 = 1, can always be expressed as iterated integrals of the Eisenstein series
Gn (! ) [70, 81]. We Þnd it convenient to introduce the following notation for iterated
integrals of the functions h(n)

N,r,s ,

I
!

n1 N1
r 1 s1

&
&. . .

&
&nk Nk

r k sk
; !

"
$ I (h(n1 )

N1 ,r 1,s1
, . . . , h(nk )

Nk ,r k ,sk
; ! )

=
' $

i $
d! %h(n1 )

N1,r 1,s1
(! %) I

!
n2 N2
r 2 s2

&
&. . .

&
&nk Nk

r k sk
; ! %" ,

(8.10)

By convention, we seth(0)
0,0,0(! ) $ 1.

Since our results imply that eMPLs evaluated at rational points are closely related to
iterated integrals of Eisenstein series for! (N ), it is natural to ask whether the inverse is
also true, i.e., if every iterated integral over Eisensteinseries for! (N ) can be expressed in
terms of eMPLs evaluated at some rational points. The answerto this question is negative,
already in the simplest caseN = 1 [70]. It can be shown that a necessary condition for an

Ð 34 Ð

¥ Useful notation:

! The symbol alphabet of these integrals are precisely the 
Eisenstein series.
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! 1

0

dx
"

x(x ! 1)(x ! a)
log

#
1 !

x
a

$
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=
8 K(1/a )

!
a

!
"!

#
0 1
0 1/ 2+ ! / 2 ;

1
2

, !
$

" "!
#

0 1
0 ! / 2 ;

1
2

, !
$%
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2K(1/a)

i⇡
!
a

[I ( 2 2
1 0 ; ⌧) + 2I ( 2 2

0 1 ; ⌧)]
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¥ Back to the sunrise:

3

in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ! 2! dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di! erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,

m1

m2

m3

p

and the corresponding family of Feynman integrals reads

S! 1 ! 2 ! 3 (S, m2
1, m2

2, m2
3) =

!
Ddk1 Ddk2

(k2
1 ! m2

1)! 1 (k2
2 ! m2

2)! 2 ((k1 ! k2 + p)2 ! m2
3)! 3

, (II.1)

where the integration measure is defined as
!

Ddk " e" E #
!

ddk
i " d/ 2

, (II.2)

#E = ! ! !(1) is the Euler-Mascheroni constant and $i # Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ! 2! dimensions, where d0 is even. We define S = ! s = ! p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.

=
h
elliptic polylogarithms e� with zi =

r
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Figure 2 . Images under AbelÕs map of the branch points and punctures in thefundamental domain
of the torus. Note that every point on the elliptic curve has two images on the torus; we have moved
both images of the real line into the fundamental domain using periodicity.

The variable ! is simply the ratio of the two periods,
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and we have deÞned
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Note that, if we assign to ! = !! ( 0
0 ; ! , ! ) weight zero and length one, thenJ (! ) is of uniform

length two and weight one. The pointszr,s are the images of the branch pointsai and the
points { 0, 1, " } under AbelÕs map for the elliptic curvey2 = ( x ! a1) . . . (x ! a4) (See
Þg. 2).

From eqs. (10.8) and (10.10) we see that the function J (! ) can be expressed in terms
of eMPLs evaluated at rational points. Hence, we expect thatJ (! ) can equally-well be
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in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ! 2! dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di! erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,
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and the corresponding family of Feynman integrals reads
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where the integration measure is defined as
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, (II.2)

#E = ! ! !(1) is the Euler-Mascheroni constant and $i # Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ! 2! dimensions, where d0 is even. We define S = ! s = ! p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.
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Note that the function X 2 can be identiÞed with the symbol of J (" ), and we see that
the symbol only involves Eisenstein series of weight three for ! (12). Using the reßection
and distribution identities in eqs. (8.17) and (8.18), we can write the symbol in the very
compact form involving only Eisenstein series for! (6),
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It is easy to convert the symbol into the symbol of iterated integrals of Eisenstein series,

S(J (" )) = S (I (" )) , (10.15)

with
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While the two functions have the same symbol, we cannot yet conclude that they are equal.
We Þnd

" (J (" ) ! I (" )) = ( J (" ) ! I (" )) " 1, (10.17)

and so the two functions can di#er at most by a constant. Evaluating the di #erence at
a single point, we Þnd that J (" ) = I (" ), and so we obtain the following very compact
expression for the sunrise integral with equal masses ind = 2 dimensions,

S(p2, m2) (10.18)
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We have checked that the previous expression agrees numerically with the sunrise integral
by comparing the q-expansions of the iterated integrals with a direct numerical evaluation
of the Feynman parametric form of the sunrise integral.

Let us conclude this section with a comment. We started from the representation of
the sunrise integral in terms of eMPLs given in ref. [59], which was obtained by directly
performing the Feynman parameter integral in terms of eMPLs. As a consequence, if we
combine the results of this section with ref. [59], we have shown that it is possible to
obtain a representation of the sunrise integral in terms of eMPLs and iterated integrals of
modular forms starting from the Feynman parameter integral and simply performing all
the integrations, without the need for any additional input .
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in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
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In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ! 2! dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di! erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.
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multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
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Note that the function X 2 can be identiÞed with the symbol of J (" ), and we see that
the symbol only involves Eisenstein series of weight three for ! (12). Using the reßection
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While the two functions have the same symbol, we cannot yet conclude that they are equal.
We Þnd
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and so the two functions can di#er at most by a constant. Evaluating the di #erence at
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We have checked that the previous expression agrees numerically with the sunrise integral
by comparing the q-expansions of the iterated integrals with a direct numerical evaluation
of the Feynman parametric form of the sunrise integral.

Let us conclude this section with a comment. We started from the representation of
the sunrise integral in terms of eMPLs given in ref. [59], which was obtained by directly
performing the Feynman parameter integral in terms of eMPLs. As a consequence, if we
combine the results of this section with ref. [59], we have shown that it is possible to
obtain a representation of the sunrise integral in terms of eMPLs and iterated integrals of
modular forms starting from the Feynman parameter integral and simply performing all
the integrations, without the need for any additional input .
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Integrals of elliptic integrals

¥ Sometimes also iterated integrals of complete elliptic integrals 
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�(⌧) = 16

✓
⌘(⌧/2)⌘(2⌧)2

⌘(⌧)3

◆8

<latexit sha1_base64="W3jYMl0Q3EHiHbWUXXe/Og1yYXY="></latexit><latexit sha1_base64="W3jYMl0Q3EHiHbWUXXe/Og1yYXY="></latexit><latexit sha1_base64="W3jYMl0Q3EHiHbWUXXe/Og1yYXY="></latexit><latexit sha1_base64="W3jYMl0Q3EHiHbWUXXe/Og1yYXY="></latexit>

! (" ) = Dedekind eta function
<latexit sha1_base64="GQg78/rpgCsxZpRUEhPLF5N2zk4=">AAACFHicbVC7SgNBFJ31bXxFLW0Gg6AIYVcEbYSAFpYK5gHZEGZn7yZDZmeXmbtiWAL+go2/YmOhiK2FnX/j5FGo8cCFwznnMnNPkEph0HW/nJnZufmFxaXlwsrq2vpGcXOrZpJMc6jyRCa6ETADUiiookAJjVQDiwMJ9aB3PvTrt6CNSNQN9lNoxayjRCQ4Qyu1i4c+INv3kWUH9Iz6CHeo4/wCQugJFVJr0ihTfBgetIslt+yOQKeJNyElMsFVu/jphwnPYlDIJTOm6bkptnKmUXAJg4KfGUgZ77EONC1VLAbTykdHDeieVUIaJdqOQjpSf27kLDamHwc2GTPsmr/eUPzPa2YYnbZyodIMQfHxQ1EmKSZ02BANhQaOsm8J41rYv1LeZZpxtD0WbAne35OnSe2o7Lll7/q4VKncj+tYIjtkl+wTj5yQCrkkV6RKOHkgT+SFvDqPzrPz5ryPozPOpMJt8gvOxzdgGZ7R</latexit><latexit sha1_base64="GQg78/rpgCsxZpRUEhPLF5N2zk4=">AAACFHicbVC7SgNBFJ31bXxFLW0Gg6AIYVcEbYSAFpYK5gHZEGZn7yZDZmeXmbtiWAL+go2/YmOhiK2FnX/j5FGo8cCFwznnMnNPkEph0HW/nJnZufmFxaXlwsrq2vpGcXOrZpJMc6jyRCa6ETADUiiookAJjVQDiwMJ9aB3PvTrt6CNSNQN9lNoxayjRCQ4Qyu1i4c+INv3kWUH9Iz6CHeo4/wCQugJFVJr0ihTfBgetIslt+yOQKeJNyElMsFVu/jphwnPYlDIJTOm6bkptnKmUXAJg4KfGUgZ77EONC1VLAbTykdHDeieVUIaJdqOQjpSf27kLDamHwc2GTPsmr/eUPzPa2YYnbZyodIMQfHxQ1EmKSZ02BANhQaOsm8J41rYv1LeZZpxtD0WbAne35OnSe2o7Lll7/q4VKncj+tYIjtkl+wTj5yQCrkkV6RKOHkgT+SFvDqPzrPz5ryPozPOpMJt8gvOxzdgGZ7R</latexit><latexit sha1_base64="GQg78/rpgCsxZpRUEhPLF5N2zk4=">AAACFHicbVC7SgNBFJ31bXxFLW0Gg6AIYVcEbYSAFpYK5gHZEGZn7yZDZmeXmbtiWAL+go2/YmOhiK2FnX/j5FGo8cCFwznnMnNPkEph0HW/nJnZufmFxaXlwsrq2vpGcXOrZpJMc6jyRCa6ETADUiiookAJjVQDiwMJ9aB3PvTrt6CNSNQN9lNoxayjRCQ4Qyu1i4c+INv3kWUH9Iz6CHeo4/wCQugJFVJr0ihTfBgetIslt+yOQKeJNyElMsFVu/jphwnPYlDIJTOm6bkptnKmUXAJg4KfGUgZ77EONC1VLAbTykdHDeieVUIaJdqOQjpSf27kLDamHwc2GTPsmr/eUPzPa2YYnbZyodIMQfHxQ1EmKSZ02BANhQaOsm8J41rYv1LeZZpxtD0WbAne35OnSe2o7Lll7/q4VKncj+tYIjtkl+wTj5yQCrkkV6RKOHkgT+SFvDqPzrPz5ryPozPOpMJt8gvOxzdgGZ7R</latexit><latexit sha1_base64="GQg78/rpgCsxZpRUEhPLF5N2zk4=">AAACFHicbVC7SgNBFJ31bXxFLW0Gg6AIYVcEbYSAFpYK5gHZEGZn7yZDZmeXmbtiWAL+go2/YmOhiK2FnX/j5FGo8cCFwznnMnNPkEph0HW/nJnZufmFxaXlwsrq2vpGcXOrZpJMc6jyRCa6ETADUiiookAJjVQDiwMJ9aB3PvTrt6CNSNQN9lNoxayjRCQ4Qyu1i4c+INv3kWUH9Iz6CHeo4/wCQugJFVJr0ihTfBgetIslt+yOQKeJNyElMsFVu/jphwnPYlDIJTOm6bkptnKmUXAJg4KfGUgZ77EONC1VLAbTykdHDeieVUIaJdqOQjpSf27kLDamHwc2GTPsmr/eUPzPa2YYnbZyodIMQfHxQ1EmKSZ02BANhQaOsm8J41rYv1LeZZpxtD0WbAne35OnSe2o7Lll7/q4VKncj+tYIjtkl+wTj5yQCrkkV6RKOHkgT+SFvDqPzrPz5ryPozPOpMJt8gvOxzdgGZ7R</latexit>

= Hauptmodul for level N = 4
<latexit sha1_base64="FBUbXOTcBsxtJceUKxx5Y0KUayU=">AAACDnicbVC7SgNBFJ31GeMramkzGANWYVcC2ggBGyuJYBIhCWF2cjcOzuwsM3eDYQnY2/grNhaK2Frb+TdOHoWvUx3OuZd7zwkTKSz6/qc3N7+wuLScW8mvrq1vbBa2thtWp4ZDnWupzVXILEgRQx0FSrhKDDAVSmiGN6djvzkAY4WOL3GYQEexfiwiwRk6qVsondA2wi0alZ2xNEGle6mkkTZUwgAk3T8/qeyPuoWiX/YnoH9JMCNFMkOtW/ho9zRPFcTIJbO2FfgJdjJmUHAJo3w7tZAwfsP60HI0ZgpsJ5vEGdGSU3qTHyIdI52o3zcypqwdqtBNKobX9rc3Fv/zWilGx51MxEmKEPPpocjFRU3H3dCeMMBRDh1h3Aj3K+XXzDCOrsG8KyH4HfkvaRyWA78cXFSK1erdtI4c2SV75IAE5IhUyRmpkTrh5J48kmfy4j14T96r9zYdnfNmFe6QH/DevwATq5vZ</latexit><latexit sha1_base64="FBUbXOTcBsxtJceUKxx5Y0KUayU=">AAACDnicbVC7SgNBFJ31GeMramkzGANWYVcC2ggBGyuJYBIhCWF2cjcOzuwsM3eDYQnY2/grNhaK2Frb+TdOHoWvUx3OuZd7zwkTKSz6/qc3N7+wuLScW8mvrq1vbBa2thtWp4ZDnWupzVXILEgRQx0FSrhKDDAVSmiGN6djvzkAY4WOL3GYQEexfiwiwRk6qVsondA2wi0alZ2xNEGle6mkkTZUwgAk3T8/qeyPuoWiX/YnoH9JMCNFMkOtW/ho9zRPFcTIJbO2FfgJdjJmUHAJo3w7tZAwfsP60HI0ZgpsJ5vEGdGSU3qTHyIdI52o3zcypqwdqtBNKobX9rc3Fv/zWilGx51MxEmKEPPpocjFRU3H3dCeMMBRDh1h3Aj3K+XXzDCOrsG8KyH4HfkvaRyWA78cXFSK1erdtI4c2SV75IAE5IhUyRmpkTrh5J48kmfy4j14T96r9zYdnfNmFe6QH/DevwATq5vZ</latexit><latexit sha1_base64="FBUbXOTcBsxtJceUKxx5Y0KUayU=">AAACDnicbVC7SgNBFJ31GeMramkzGANWYVcC2ggBGyuJYBIhCWF2cjcOzuwsM3eDYQnY2/grNhaK2Frb+TdOHoWvUx3OuZd7zwkTKSz6/qc3N7+wuLScW8mvrq1vbBa2thtWp4ZDnWupzVXILEgRQx0FSrhKDDAVSmiGN6djvzkAY4WOL3GYQEexfiwiwRk6qVsondA2wi0alZ2xNEGle6mkkTZUwgAk3T8/qeyPuoWiX/YnoH9JMCNFMkOtW/ho9zRPFcTIJbO2FfgJdjJmUHAJo3w7tZAwfsP60HI0ZgpsJ5vEGdGSU3qTHyIdI52o3zcypqwdqtBNKobX9rc3Fv/zWilGx51MxEmKEPPpocjFRU3H3dCeMMBRDh1h3Aj3K+XXzDCOrsG8KyH4HfkvaRyWA78cXFSK1erdtI4c2SV75IAE5IhUyRmpkTrh5J48kmfy4j14T96r9zYdnfNmFe6QH/DevwATq5vZ</latexit><latexit sha1_base64="FBUbXOTcBsxtJceUKxx5Y0KUayU=">AAACDnicbVC7SgNBFJ31GeMramkzGANWYVcC2ggBGyuJYBIhCWF2cjcOzuwsM3eDYQnY2/grNhaK2Frb+TdOHoWvUx3OuZd7zwkTKSz6/qc3N7+wuLScW8mvrq1vbBa2thtWp4ZDnWupzVXILEgRQx0FSrhKDDAVSmiGN6djvzkAY4WOL3GYQEexfiwiwRk6qVsondA2wi0alZ2xNEGle6mkkTZUwgAk3T8/qeyPuoWiX/YnoH9JMCNFMkOtW/ho9zRPFcTIJbO2FfgJdjJmUHAJo3w7tZAwfsP60HI0ZgpsJ5vEGdGSU3qTHyIdI52o3zcypqwdqtBNKobX9rc3Fv/zWilGx51MxEmKEPPpocjFRU3H3dCeMMBRDh1h3Aj3K+XXzDCOrsG8KyH4HfkvaRyWA78cXFSK1erdtI4c2SV75IAE5IhUyRmpkTrh5J48kmfy4j14T96r9zYdnfNmFe6QH/DevwATq5vZ</latexit>

(!2
1 d⌧)

h(4)
1,0,0(⌧)

!4
1

!2
1

<latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit>

(!2
1 d⌧)

h(4)
1,0,0(⌧)

!4
1

!2
1

<latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit>



Modular Invariant

Integrals of elliptic integrals

¥ Sometimes also iterated integrals of complete elliptic integrals 
show up.

¥ Example:

! "
4i !
45

!
d"

" (" " 1)
K( " )2 (" 2 " " + 1)

<latexit sha1_base64="slaJ4AH0CzdHTTUL6t1LtHDK2Xc="></latexit><latexit sha1_base64="slaJ4AH0CzdHTTUL6t1LtHDK2Xc="></latexit><latexit sha1_base64="slaJ4AH0CzdHTTUL6t1LtHDK2Xc="></latexit><latexit sha1_base64="slaJ4AH0CzdHTTUL6t1LtHDK2Xc="></latexit>

I ( 4 1
0 0 ; ! ) !

!
d! h(4)

1,0,0(! )
<latexit sha1_base64="VAcEDQ204AeF5Q7/X4ctoHqLfmc="></latexit><latexit sha1_base64="VAcEDQ204AeF5Q7/X4ctoHqLfmc="></latexit><latexit sha1_base64="VAcEDQ204AeF5Q7/X4ctoHqLfmc="></latexit><latexit sha1_base64="VAcEDQ204AeF5Q7/X4ctoHqLfmc="></latexit>

(!2
1 d⌧)

h(4)
1,0,0(⌧)

!4
1

!2
1

<latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit>

! 1 = 2 K( " (#))
<latexit sha1_base64="O9UDThMeSkQXWq+MUKFmraCi0G8=">AAACDnicbVA9SwNBEN2LXzF+RS1tDoMQQcJdELQRAjaCTQSjQi6Euc0kLtm9O3bnxHAE7G38KzYWitha2/lv3HwUfj0YeLw3M7vzwkQKQ5736eRmZufmF/KLhaXlldW14vrGhYlTzbHBYxnrqxAMShFhgwRJvEo0ggolXob945F/eYPaiDg6p0GCLQW9SHQFB7JSu7gTxAp70PaPqsFeQHhLWmWnw3Ig7Y4OlAOCdHe3XSx5FW8M9y/xp6TEpqi3ix9BJ+apwoi4BGOavpdQKwNNgkscFoLUYAK8Dz1sWhqBQtPKxucM3R2rdNxurG1F5I7V7xMZKGMGKrSdCuja/PZG4n9eM6XuYSsTUZISRnzyUDeVLsXuKBu3IzRykgNLgGth/+rya9DAySZYsCH4v0/+Sy6qFd+r+Gf7pVrtbhJHnm2xbVZmPjtgNXbC6qzBOLtnj+yZvTgPzpPz6rxNWnPONMJN9gPO+xf7NJvP</latexit><latexit sha1_base64="O9UDThMeSkQXWq+MUKFmraCi0G8=">AAACDnicbVA9SwNBEN2LXzF+RS1tDoMQQcJdELQRAjaCTQSjQi6Euc0kLtm9O3bnxHAE7G38KzYWitha2/lv3HwUfj0YeLw3M7vzwkQKQ5736eRmZufmF/KLhaXlldW14vrGhYlTzbHBYxnrqxAMShFhgwRJvEo0ggolXob945F/eYPaiDg6p0GCLQW9SHQFB7JSu7gTxAp70PaPqsFeQHhLWmWnw3Ig7Y4OlAOCdHe3XSx5FW8M9y/xp6TEpqi3ix9BJ+apwoi4BGOavpdQKwNNgkscFoLUYAK8Dz1sWhqBQtPKxucM3R2rdNxurG1F5I7V7xMZKGMGKrSdCuja/PZG4n9eM6XuYSsTUZISRnzyUDeVLsXuKBu3IzRykgNLgGth/+rya9DAySZYsCH4v0/+Sy6qFd+r+Gf7pVrtbhJHnm2xbVZmPjtgNXbC6qzBOLtnj+yZvTgPzpPz6rxNWnPONMJN9gPO+xf7NJvP</latexit><latexit sha1_base64="O9UDThMeSkQXWq+MUKFmraCi0G8=">AAACDnicbVA9SwNBEN2LXzF+RS1tDoMQQcJdELQRAjaCTQSjQi6Euc0kLtm9O3bnxHAE7G38KzYWitha2/lv3HwUfj0YeLw3M7vzwkQKQ5736eRmZufmF/KLhaXlldW14vrGhYlTzbHBYxnrqxAMShFhgwRJvEo0ggolXob945F/eYPaiDg6p0GCLQW9SHQFB7JSu7gTxAp70PaPqsFeQHhLWmWnw3Ig7Y4OlAOCdHe3XSx5FW8M9y/xp6TEpqi3ix9BJ+apwoi4BGOavpdQKwNNgkscFoLUYAK8Dz1sWhqBQtPKxucM3R2rdNxurG1F5I7V7xMZKGMGKrSdCuja/PZG4n9eM6XuYSsTUZISRnzyUDeVLsXuKBu3IzRykgNLgGth/+rya9DAySZYsCH4v0/+Sy6qFd+r+Gf7pVrtbhJHnm2xbVZmPjtgNXbC6qzBOLtnj+yZvTgPzpPz6rxNWnPONMJN9gPO+xf7NJvP</latexit><latexit sha1_base64="O9UDThMeSkQXWq+MUKFmraCi0G8=">AAACDnicbVA9SwNBEN2LXzF+RS1tDoMQQcJdELQRAjaCTQSjQi6Euc0kLtm9O3bnxHAE7G38KzYWitha2/lv3HwUfj0YeLw3M7vzwkQKQ5736eRmZufmF/KLhaXlldW14vrGhYlTzbHBYxnrqxAMShFhgwRJvEo0ggolXob945F/eYPaiDg6p0GCLQW9SHQFB7JSu7gTxAp70PaPqsFeQHhLWmWnw3Ig7Y4OlAOCdHe3XSx5FW8M9y/xp6TEpqi3ix9BJ+apwoi4BGOavpdQKwNNgkscFoLUYAK8Dz1sWhqBQtPKxucM3R2rdNxurG1F5I7V7xMZKGMGKrSdCuja/PZG4n9eM6XuYSsTUZISRnzyUDeVLsXuKBu3IzRykgNLgGth/+rya9DAySZYsCH4v0/+Sy6qFd+r+Gf7pVrtbhJHnm2xbVZmPjtgNXbC6qzBOLtnj+yZvTgPzpPz6rxNWnPONMJN9gPO+xf7NJvP</latexit>

�(⌧) = 16

✓
⌘(⌧/2)⌘(2⌧)2

⌘(⌧)3

◆8

<latexit sha1_base64="W3jYMl0Q3EHiHbWUXXe/Og1yYXY="></latexit><latexit sha1_base64="W3jYMl0Q3EHiHbWUXXe/Og1yYXY="></latexit><latexit sha1_base64="W3jYMl0Q3EHiHbWUXXe/Og1yYXY="></latexit><latexit sha1_base64="W3jYMl0Q3EHiHbWUXXe/Og1yYXY="></latexit>

! (" ) = Dedekind eta function
<latexit sha1_base64="GQg78/rpgCsxZpRUEhPLF5N2zk4=">AAACFHicbVC7SgNBFJ31bXxFLW0Gg6AIYVcEbYSAFpYK5gHZEGZn7yZDZmeXmbtiWAL+go2/YmOhiK2FnX/j5FGo8cCFwznnMnNPkEph0HW/nJnZufmFxaXlwsrq2vpGcXOrZpJMc6jyRCa6ETADUiiookAJjVQDiwMJ9aB3PvTrt6CNSNQN9lNoxayjRCQ4Qyu1i4c+INv3kWUH9Iz6CHeo4/wCQugJFVJr0ihTfBgetIslt+yOQKeJNyElMsFVu/jphwnPYlDIJTOm6bkptnKmUXAJg4KfGUgZ77EONC1VLAbTykdHDeieVUIaJdqOQjpSf27kLDamHwc2GTPsmr/eUPzPa2YYnbZyodIMQfHxQ1EmKSZ02BANhQaOsm8J41rYv1LeZZpxtD0WbAne35OnSe2o7Lll7/q4VKncj+tYIjtkl+wTj5yQCrkkV6RKOHkgT+SFvDqPzrPz5ryPozPOpMJt8gvOxzdgGZ7R</latexit><latexit sha1_base64="GQg78/rpgCsxZpRUEhPLF5N2zk4=">AAACFHicbVC7SgNBFJ31bXxFLW0Gg6AIYVcEbYSAFpYK5gHZEGZn7yZDZmeXmbtiWAL+go2/YmOhiK2FnX/j5FGo8cCFwznnMnNPkEph0HW/nJnZufmFxaXlwsrq2vpGcXOrZpJMc6jyRCa6ETADUiiookAJjVQDiwMJ9aB3PvTrt6CNSNQN9lNoxayjRCQ4Qyu1i4c+INv3kWUH9Iz6CHeo4/wCQugJFVJr0ihTfBgetIslt+yOQKeJNyElMsFVu/jphwnPYlDIJTOm6bkptnKmUXAJg4KfGUgZ77EONC1VLAbTykdHDeieVUIaJdqOQjpSf27kLDamHwc2GTPsmr/eUPzPa2YYnbZyodIMQfHxQ1EmKSZ02BANhQaOsm8J41rYv1LeZZpxtD0WbAne35OnSe2o7Lll7/q4VKncj+tYIjtkl+wTj5yQCrkkV6RKOHkgT+SFvDqPzrPz5ryPozPOpMJt8gvOxzdgGZ7R</latexit><latexit sha1_base64="GQg78/rpgCsxZpRUEhPLF5N2zk4=">AAACFHicbVC7SgNBFJ31bXxFLW0Gg6AIYVcEbYSAFpYK5gHZEGZn7yZDZmeXmbtiWAL+go2/YmOhiK2FnX/j5FGo8cCFwznnMnNPkEph0HW/nJnZufmFxaXlwsrq2vpGcXOrZpJMc6jyRCa6ETADUiiookAJjVQDiwMJ9aB3PvTrt6CNSNQN9lNoxayjRCQ4Qyu1i4c+INv3kWUH9Iz6CHeo4/wCQugJFVJr0ihTfBgetIslt+yOQKeJNyElMsFVu/jphwnPYlDIJTOm6bkptnKmUXAJg4KfGUgZ77EONC1VLAbTykdHDeieVUIaJdqOQjpSf27kLDamHwc2GTPsmr/eUPzPa2YYnbZyodIMQfHxQ1EmKSZ02BANhQaOsm8J41rYv1LeZZpxtD0WbAne35OnSe2o7Lll7/q4VKncj+tYIjtkl+wTj5yQCrkkV6RKOHkgT+SFvDqPzrPz5ryPozPOpMJt8gvOxzdgGZ7R</latexit><latexit sha1_base64="GQg78/rpgCsxZpRUEhPLF5N2zk4=">AAACFHicbVC7SgNBFJ31bXxFLW0Gg6AIYVcEbYSAFpYK5gHZEGZn7yZDZmeXmbtiWAL+go2/YmOhiK2FnX/j5FGo8cCFwznnMnNPkEph0HW/nJnZufmFxaXlwsrq2vpGcXOrZpJMc6jyRCa6ETADUiiookAJjVQDiwMJ9aB3PvTrt6CNSNQN9lNoxayjRCQ4Qyu1i4c+INv3kWUH9Iz6CHeo4/wCQugJFVJr0ihTfBgetIslt+yOQKeJNyElMsFVu/jphwnPYlDIJTOm6bkptnKmUXAJg4KfGUgZ77EONC1VLAbTykdHDeieVUIaJdqOQjpSf27kLDamHwc2GTPsmr/eUPzPa2YYnbZyodIMQfHxQ1EmKSZ02BANhQaOsm8J41rYv1LeZZpxtD0WbAne35OnSe2o7Lll7/q4VKncj+tYIjtkl+wTj5yQCrkkV6RKOHkgT+SFvDqPzrPz5ryPozPOpMJt8gvOxzdgGZ7R</latexit>

= Hauptmodul for level N = 4
<latexit sha1_base64="FBUbXOTcBsxtJceUKxx5Y0KUayU=">AAACDnicbVC7SgNBFJ31GeMramkzGANWYVcC2ggBGyuJYBIhCWF2cjcOzuwsM3eDYQnY2/grNhaK2Frb+TdOHoWvUx3OuZd7zwkTKSz6/qc3N7+wuLScW8mvrq1vbBa2thtWp4ZDnWupzVXILEgRQx0FSrhKDDAVSmiGN6djvzkAY4WOL3GYQEexfiwiwRk6qVsondA2wi0alZ2xNEGle6mkkTZUwgAk3T8/qeyPuoWiX/YnoH9JMCNFMkOtW/ho9zRPFcTIJbO2FfgJdjJmUHAJo3w7tZAwfsP60HI0ZgpsJ5vEGdGSU3qTHyIdI52o3zcypqwdqtBNKobX9rc3Fv/zWilGx51MxEmKEPPpocjFRU3H3dCeMMBRDh1h3Aj3K+XXzDCOrsG8KyH4HfkvaRyWA78cXFSK1erdtI4c2SV75IAE5IhUyRmpkTrh5J48kmfy4j14T96r9zYdnfNmFe6QH/DevwATq5vZ</latexit><latexit sha1_base64="FBUbXOTcBsxtJceUKxx5Y0KUayU=">AAACDnicbVC7SgNBFJ31GeMramkzGANWYVcC2ggBGyuJYBIhCWF2cjcOzuwsM3eDYQnY2/grNhaK2Frb+TdOHoWvUx3OuZd7zwkTKSz6/qc3N7+wuLScW8mvrq1vbBa2thtWp4ZDnWupzVXILEgRQx0FSrhKDDAVSmiGN6djvzkAY4WOL3GYQEexfiwiwRk6qVsondA2wi0alZ2xNEGle6mkkTZUwgAk3T8/qeyPuoWiX/YnoH9JMCNFMkOtW/ho9zRPFcTIJbO2FfgJdjJmUHAJo3w7tZAwfsP60HI0ZgpsJ5vEGdGSU3qTHyIdI52o3zcypqwdqtBNKobX9rc3Fv/zWilGx51MxEmKEPPpocjFRU3H3dCeMMBRDh1h3Aj3K+XXzDCOrsG8KyH4HfkvaRyWA78cXFSK1erdtI4c2SV75IAE5IhUyRmpkTrh5J48kmfy4j14T96r9zYdnfNmFe6QH/DevwATq5vZ</latexit><latexit sha1_base64="FBUbXOTcBsxtJceUKxx5Y0KUayU=">AAACDnicbVC7SgNBFJ31GeMramkzGANWYVcC2ggBGyuJYBIhCWF2cjcOzuwsM3eDYQnY2/grNhaK2Frb+TdOHoWvUx3OuZd7zwkTKSz6/qc3N7+wuLScW8mvrq1vbBa2thtWp4ZDnWupzVXILEgRQx0FSrhKDDAVSmiGN6djvzkAY4WOL3GYQEexfiwiwRk6qVsondA2wi0alZ2xNEGle6mkkTZUwgAk3T8/qeyPuoWiX/YnoH9JMCNFMkOtW/ho9zRPFcTIJbO2FfgJdjJmUHAJo3w7tZAwfsP60HI0ZgpsJ5vEGdGSU3qTHyIdI52o3zcypqwdqtBNKobX9rc3Fv/zWilGx51MxEmKEPPpocjFRU3H3dCeMMBRDh1h3Aj3K+XXzDCOrsG8KyH4HfkvaRyWA78cXFSK1erdtI4c2SV75IAE5IhUyRmpkTrh5J48kmfy4j14T96r9zYdnfNmFe6QH/DevwATq5vZ</latexit><latexit sha1_base64="FBUbXOTcBsxtJceUKxx5Y0KUayU=">AAACDnicbVC7SgNBFJ31GeMramkzGANWYVcC2ggBGyuJYBIhCWF2cjcOzuwsM3eDYQnY2/grNhaK2Frb+TdOHoWvUx3OuZd7zwkTKSz6/qc3N7+wuLScW8mvrq1vbBa2thtWp4ZDnWupzVXILEgRQx0FSrhKDDAVSmiGN6djvzkAY4WOL3GYQEexfiwiwRk6qVsondA2wi0alZ2xNEGle6mkkTZUwgAk3T8/qeyPuoWiX/YnoH9JMCNFMkOtW/ho9zRPFcTIJbO2FfgJdjJmUHAJo3w7tZAwfsP60HI0ZgpsJ5vEGdGSU3qTHyIdI52o3zcypqwdqtBNKobX9rc3Fv/zWilGx51MxEmKEPPpocjFRU3H3dCeMMBRDh1h3Aj3K+XXzDCOrsG8KyH4HfkvaRyWA78cXFSK1erdtI4c2SV75IAE5IhUyRmpkTrh5J48kmfy4j14T96r9zYdnfNmFe6QH/DevwATq5vZ</latexit>
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1 d⌧)

h(4)
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!4
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1

<latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit>

(!2
1 d⌧)

h(4)
1,0,0(⌧)

!4
1

!2
1

<latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit>



Modular Invariant

Integrals of elliptic integrals

¥ Sometimes also iterated integrals of complete elliptic integrals 
show up.

¥ Example:

! "
4i !
45

!
d"

" (" " 1)
K( " )2 (" 2 " " + 1)

<latexit sha1_base64="slaJ4AH0CzdHTTUL6t1LtHDK2Xc="></latexit><latexit sha1_base64="slaJ4AH0CzdHTTUL6t1LtHDK2Xc="></latexit><latexit sha1_base64="slaJ4AH0CzdHTTUL6t1LtHDK2Xc="></latexit><latexit sha1_base64="slaJ4AH0CzdHTTUL6t1LtHDK2Xc="></latexit>

I ( 4 1
0 0 ; ! ) !

!
d! h(4)

1,0,0(! )
<latexit sha1_base64="VAcEDQ204AeF5Q7/X4ctoHqLfmc="></latexit><latexit sha1_base64="VAcEDQ204AeF5Q7/X4ctoHqLfmc="></latexit><latexit sha1_base64="VAcEDQ204AeF5Q7/X4ctoHqLfmc="></latexit><latexit sha1_base64="VAcEDQ204AeF5Q7/X4ctoHqLfmc="></latexit>

(!2
1 d⌧)

h(4)
1,0,0(⌧)

!4
1

!2
1

<latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit>

! 1 = 2 K( " (#))
<latexit sha1_base64="O9UDThMeSkQXWq+MUKFmraCi0G8=">AAACDnicbVA9SwNBEN2LXzF+RS1tDoMQQcJdELQRAjaCTQSjQi6Euc0kLtm9O3bnxHAE7G38KzYWitha2/lv3HwUfj0YeLw3M7vzwkQKQ5736eRmZufmF/KLhaXlldW14vrGhYlTzbHBYxnrqxAMShFhgwRJvEo0ggolXob945F/eYPaiDg6p0GCLQW9SHQFB7JSu7gTxAp70PaPqsFeQHhLWmWnw3Ig7Y4OlAOCdHe3XSx5FW8M9y/xp6TEpqi3ix9BJ+apwoi4BGOavpdQKwNNgkscFoLUYAK8Dz1sWhqBQtPKxucM3R2rdNxurG1F5I7V7xMZKGMGKrSdCuja/PZG4n9eM6XuYSsTUZISRnzyUDeVLsXuKBu3IzRykgNLgGth/+rya9DAySZYsCH4v0/+Sy6qFd+r+Gf7pVrtbhJHnm2xbVZmPjtgNXbC6qzBOLtnj+yZvTgPzpPz6rxNWnPONMJN9gPO+xf7NJvP</latexit><latexit sha1_base64="O9UDThMeSkQXWq+MUKFmraCi0G8=">AAACDnicbVA9SwNBEN2LXzF+RS1tDoMQQcJdELQRAjaCTQSjQi6Euc0kLtm9O3bnxHAE7G38KzYWitha2/lv3HwUfj0YeLw3M7vzwkQKQ5736eRmZufmF/KLhaXlldW14vrGhYlTzbHBYxnrqxAMShFhgwRJvEo0ggolXob945F/eYPaiDg6p0GCLQW9SHQFB7JSu7gTxAp70PaPqsFeQHhLWmWnw3Ig7Y4OlAOCdHe3XSx5FW8M9y/xp6TEpqi3ix9BJ+apwoi4BGOavpdQKwNNgkscFoLUYAK8Dz1sWhqBQtPKxucM3R2rdNxurG1F5I7V7xMZKGMGKrSdCuja/PZG4n9eM6XuYSsTUZISRnzyUDeVLsXuKBu3IzRykgNLgGth/+rya9DAySZYsCH4v0/+Sy6qFd+r+Gf7pVrtbhJHnm2xbVZmPjtgNXbC6qzBOLtnj+yZvTgPzpPz6rxNWnPONMJN9gPO+xf7NJvP</latexit><latexit sha1_base64="O9UDThMeSkQXWq+MUKFmraCi0G8=">AAACDnicbVA9SwNBEN2LXzF+RS1tDoMQQcJdELQRAjaCTQSjQi6Euc0kLtm9O3bnxHAE7G38KzYWitha2/lv3HwUfj0YeLw3M7vzwkQKQ5736eRmZufmF/KLhaXlldW14vrGhYlTzbHBYxnrqxAMShFhgwRJvEo0ggolXob945F/eYPaiDg6p0GCLQW9SHQFB7JSu7gTxAp70PaPqsFeQHhLWmWnw3Ig7Y4OlAOCdHe3XSx5FW8M9y/xp6TEpqi3ix9BJ+apwoi4BGOavpdQKwNNgkscFoLUYAK8Dz1sWhqBQtPKxucM3R2rdNxurG1F5I7V7xMZKGMGKrSdCuja/PZG4n9eM6XuYSsTUZISRnzyUDeVLsXuKBu3IzRykgNLgGth/+rya9DAySZYsCH4v0/+Sy6qFd+r+Gf7pVrtbhJHnm2xbVZmPjtgNXbC6qzBOLtnj+yZvTgPzpPz6rxNWnPONMJN9gPO+xf7NJvP</latexit><latexit sha1_base64="O9UDThMeSkQXWq+MUKFmraCi0G8=">AAACDnicbVA9SwNBEN2LXzF+RS1tDoMQQcJdELQRAjaCTQSjQi6Euc0kLtm9O3bnxHAE7G38KzYWitha2/lv3HwUfj0YeLw3M7vzwkQKQ5736eRmZufmF/KLhaXlldW14vrGhYlTzbHBYxnrqxAMShFhgwRJvEo0ggolXob945F/eYPaiDg6p0GCLQW9SHQFB7JSu7gTxAp70PaPqsFeQHhLWmWnw3Ig7Y4OlAOCdHe3XSx5FW8M9y/xp6TEpqi3ix9BJ+apwoi4BGOavpdQKwNNgkscFoLUYAK8Dz1sWhqBQtPKxucM3R2rdNxurG1F5I7V7xMZKGMGKrSdCuja/PZG4n9eM6XuYSsTUZISRnzyUDeVLsXuKBu3IzRykgNLgGth/+rya9DAySZYsCH4v0/+Sy6qFd+r+Gf7pVrtbhJHnm2xbVZmPjtgNXbC6qzBOLtnj+yZvTgPzpPz6rxNWnPONMJN9gPO+xf7NJvP</latexit>

�(⌧) = 16

✓
⌘(⌧/2)⌘(2⌧)2

⌘(⌧)3

◆8

<latexit sha1_base64="W3jYMl0Q3EHiHbWUXXe/Og1yYXY="></latexit><latexit sha1_base64="W3jYMl0Q3EHiHbWUXXe/Og1yYXY="></latexit><latexit sha1_base64="W3jYMl0Q3EHiHbWUXXe/Og1yYXY="></latexit><latexit sha1_base64="W3jYMl0Q3EHiHbWUXXe/Og1yYXY="></latexit>

! (" ) = Dedekind eta function
<latexit sha1_base64="GQg78/rpgCsxZpRUEhPLF5N2zk4=">AAACFHicbVC7SgNBFJ31bXxFLW0Gg6AIYVcEbYSAFpYK5gHZEGZn7yZDZmeXmbtiWAL+go2/YmOhiK2FnX/j5FGo8cCFwznnMnNPkEph0HW/nJnZufmFxaXlwsrq2vpGcXOrZpJMc6jyRCa6ETADUiiookAJjVQDiwMJ9aB3PvTrt6CNSNQN9lNoxayjRCQ4Qyu1i4c+INv3kWUH9Iz6CHeo4/wCQugJFVJr0ihTfBgetIslt+yOQKeJNyElMsFVu/jphwnPYlDIJTOm6bkptnKmUXAJg4KfGUgZ77EONC1VLAbTykdHDeieVUIaJdqOQjpSf27kLDamHwc2GTPsmr/eUPzPa2YYnbZyodIMQfHxQ1EmKSZ02BANhQaOsm8J41rYv1LeZZpxtD0WbAne35OnSe2o7Lll7/q4VKncj+tYIjtkl+wTj5yQCrkkV6RKOHkgT+SFvDqPzrPz5ryPozPOpMJt8gvOxzdgGZ7R</latexit><latexit sha1_base64="GQg78/rpgCsxZpRUEhPLF5N2zk4=">AAACFHicbVC7SgNBFJ31bXxFLW0Gg6AIYVcEbYSAFpYK5gHZEGZn7yZDZmeXmbtiWAL+go2/YmOhiK2FnX/j5FGo8cCFwznnMnNPkEph0HW/nJnZufmFxaXlwsrq2vpGcXOrZpJMc6jyRCa6ETADUiiookAJjVQDiwMJ9aB3PvTrt6CNSNQN9lNoxayjRCQ4Qyu1i4c+INv3kWUH9Iz6CHeo4/wCQugJFVJr0ihTfBgetIslt+yOQKeJNyElMsFVu/jphwnPYlDIJTOm6bkptnKmUXAJg4KfGUgZ77EONC1VLAbTykdHDeieVUIaJdqOQjpSf27kLDamHwc2GTPsmr/eUPzPa2YYnbZyodIMQfHxQ1EmKSZ02BANhQaOsm8J41rYv1LeZZpxtD0WbAne35OnSe2o7Lll7/q4VKncj+tYIjtkl+wTj5yQCrkkV6RKOHkgT+SFvDqPzrPz5ryPozPOpMJt8gvOxzdgGZ7R</latexit><latexit sha1_base64="GQg78/rpgCsxZpRUEhPLF5N2zk4=">AAACFHicbVC7SgNBFJ31bXxFLW0Gg6AIYVcEbYSAFpYK5gHZEGZn7yZDZmeXmbtiWAL+go2/YmOhiK2FnX/j5FGo8cCFwznnMnNPkEph0HW/nJnZufmFxaXlwsrq2vpGcXOrZpJMc6jyRCa6ETADUiiookAJjVQDiwMJ9aB3PvTrt6CNSNQN9lNoxayjRCQ4Qyu1i4c+INv3kWUH9Iz6CHeo4/wCQugJFVJr0ihTfBgetIslt+yOQKeJNyElMsFVu/jphwnPYlDIJTOm6bkptnKmUXAJg4KfGUgZ77EONC1VLAbTykdHDeieVUIaJdqOQjpSf27kLDamHwc2GTPsmr/eUPzPa2YYnbZyodIMQfHxQ1EmKSZ02BANhQaOsm8J41rYv1LeZZpxtD0WbAne35OnSe2o7Lll7/q4VKncj+tYIjtkl+wTj5yQCrkkV6RKOHkgT+SFvDqPzrPz5ryPozPOpMJt8gvOxzdgGZ7R</latexit><latexit sha1_base64="GQg78/rpgCsxZpRUEhPLF5N2zk4=">AAACFHicbVC7SgNBFJ31bXxFLW0Gg6AIYVcEbYSAFpYK5gHZEGZn7yZDZmeXmbtiWAL+go2/YmOhiK2FnX/j5FGo8cCFwznnMnNPkEph0HW/nJnZufmFxaXlwsrq2vpGcXOrZpJMc6jyRCa6ETADUiiookAJjVQDiwMJ9aB3PvTrt6CNSNQN9lNoxayjRCQ4Qyu1i4c+INv3kWUH9Iz6CHeo4/wCQugJFVJr0ihTfBgetIslt+yOQKeJNyElMsFVu/jphwnPYlDIJTOm6bkptnKmUXAJg4KfGUgZ77EONC1VLAbTykdHDeieVUIaJdqOQjpSf27kLDamHwc2GTPsmr/eUPzPa2YYnbZyodIMQfHxQ1EmKSZ02BANhQaOsm8J41rYv1LeZZpxtD0WbAne35OnSe2o7Lll7/q4VKncj+tYIjtkl+wTj5yQCrkkV6RKOHkgT+SFvDqPzrPz5ryPozPOpMJt8gvOxzdgGZ7R</latexit>

= Hauptmodul for level N = 4
<latexit sha1_base64="FBUbXOTcBsxtJceUKxx5Y0KUayU=">AAACDnicbVC7SgNBFJ31GeMramkzGANWYVcC2ggBGyuJYBIhCWF2cjcOzuwsM3eDYQnY2/grNhaK2Frb+TdOHoWvUx3OuZd7zwkTKSz6/qc3N7+wuLScW8mvrq1vbBa2thtWp4ZDnWupzVXILEgRQx0FSrhKDDAVSmiGN6djvzkAY4WOL3GYQEexfiwiwRk6qVsondA2wi0alZ2xNEGle6mkkTZUwgAk3T8/qeyPuoWiX/YnoH9JMCNFMkOtW/ho9zRPFcTIJbO2FfgJdjJmUHAJo3w7tZAwfsP60HI0ZgpsJ5vEGdGSU3qTHyIdI52o3zcypqwdqtBNKobX9rc3Fv/zWilGx51MxEmKEPPpocjFRU3H3dCeMMBRDh1h3Aj3K+XXzDCOrsG8KyH4HfkvaRyWA78cXFSK1erdtI4c2SV75IAE5IhUyRmpkTrh5J48kmfy4j14T96r9zYdnfNmFe6QH/DevwATq5vZ</latexit><latexit sha1_base64="FBUbXOTcBsxtJceUKxx5Y0KUayU=">AAACDnicbVC7SgNBFJ31GeMramkzGANWYVcC2ggBGyuJYBIhCWF2cjcOzuwsM3eDYQnY2/grNhaK2Frb+TdOHoWvUx3OuZd7zwkTKSz6/qc3N7+wuLScW8mvrq1vbBa2thtWp4ZDnWupzVXILEgRQx0FSrhKDDAVSmiGN6djvzkAY4WOL3GYQEexfiwiwRk6qVsondA2wi0alZ2xNEGle6mkkTZUwgAk3T8/qeyPuoWiX/YnoH9JMCNFMkOtW/ho9zRPFcTIJbO2FfgJdjJmUHAJo3w7tZAwfsP60HI0ZgpsJ5vEGdGSU3qTHyIdI52o3zcypqwdqtBNKobX9rc3Fv/zWilGx51MxEmKEPPpocjFRU3H3dCeMMBRDh1h3Aj3K+XXzDCOrsG8KyH4HfkvaRyWA78cXFSK1erdtI4c2SV75IAE5IhUyRmpkTrh5J48kmfy4j14T96r9zYdnfNmFe6QH/DevwATq5vZ</latexit><latexit sha1_base64="FBUbXOTcBsxtJceUKxx5Y0KUayU=">AAACDnicbVC7SgNBFJ31GeMramkzGANWYVcC2ggBGyuJYBIhCWF2cjcOzuwsM3eDYQnY2/grNhaK2Frb+TdOHoWvUx3OuZd7zwkTKSz6/qc3N7+wuLScW8mvrq1vbBa2thtWp4ZDnWupzVXILEgRQx0FSrhKDDAVSmiGN6djvzkAY4WOL3GYQEexfiwiwRk6qVsondA2wi0alZ2xNEGle6mkkTZUwgAk3T8/qeyPuoWiX/YnoH9JMCNFMkOtW/ho9zRPFcTIJbO2FfgJdjJmUHAJo3w7tZAwfsP60HI0ZgpsJ5vEGdGSU3qTHyIdI52o3zcypqwdqtBNKobX9rc3Fv/zWilGx51MxEmKEPPpocjFRU3H3dCeMMBRDh1h3Aj3K+XXzDCOrsG8KyH4HfkvaRyWA78cXFSK1erdtI4c2SV75IAE5IhUyRmpkTrh5J48kmfy4j14T96r9zYdnfNmFe6QH/DevwATq5vZ</latexit><latexit sha1_base64="FBUbXOTcBsxtJceUKxx5Y0KUayU=">AAACDnicbVC7SgNBFJ31GeMramkzGANWYVcC2ggBGyuJYBIhCWF2cjcOzuwsM3eDYQnY2/grNhaK2Frb+TdOHoWvUx3OuZd7zwkTKSz6/qc3N7+wuLScW8mvrq1vbBa2thtWp4ZDnWupzVXILEgRQx0FSrhKDDAVSmiGN6djvzkAY4WOL3GYQEexfiwiwRk6qVsondA2wi0alZ2xNEGle6mkkTZUwgAk3T8/qeyPuoWiX/YnoH9JMCNFMkOtW/ho9zRPFcTIJbO2FfgJdjJmUHAJo3w7tZAwfsP60HI0ZgpsJ5vEGdGSU3qTHyIdI52o3zcypqwdqtBNKobX9rc3Fv/zWilGx51MxEmKEPPpocjFRU3H3dCeMMBRDh1h3Aj3K+XXzDCOrsG8KyH4HfkvaRyWA78cXFSK1erdtI4c2SV75IAE5IhUyRmpkTrh5J48kmfy4j14T96r9zYdnfNmFe6QH/DevwATq5vZ</latexit>

(!2
1 d⌧)

h(4)
1,0,0(⌧)

!4
1

!2
1

<latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit>

i ! d"
" (" ! 1)

<latexit sha1_base64="WYW3PB5krd6PNQZ1ijUuhyaNzww=">AAACEnicbZDLSsNAFIZP6q3WW9Slm8EitKAlEUGXBTcuK9gLNKFMJpN26OTCzEQoIeAbuPFV3LhQxK0rd76N0zYLbT0wzMf/n8PM+b2EM6ks69sorayurW+UNytb2zu7e+b+QUfGqSC0TWIei56HJeUsom3FFKe9RFAcepx2vfH11O/eUyFZHN2pSULdEA8jFjCClZYGZt0JBCYZcxLmnPoO15M+zrMCasV9ZtfzgVm1Gtas0DLYBVShqNbA/HL8mKQhjRThWMq+bSXKzbBQjHCaV5xU0gSTMR7SvsYIh1S62WylHJ1oxUdBLPSJFJqpvycyHEo5CT3dGWI1koveVPzP66cquHIzFiWpohGZPxSkHKkYTfNBPhOUKD7RgIlg+q+IjLDOSOkUKzoEe3HlZeicN2yrYd9eVJvNh3kcZTiCY6iBDZfQhBtoQRsIPMIzvMKb8WS8GO/Gx7y1ZBQRHsKfMj5/ABv5nhs=</latexit><latexit sha1_base64="WYW3PB5krd6PNQZ1ijUuhyaNzww=">AAACEnicbZDLSsNAFIZP6q3WW9Slm8EitKAlEUGXBTcuK9gLNKFMJpN26OTCzEQoIeAbuPFV3LhQxK0rd76N0zYLbT0wzMf/n8PM+b2EM6ks69sorayurW+UNytb2zu7e+b+QUfGqSC0TWIei56HJeUsom3FFKe9RFAcepx2vfH11O/eUyFZHN2pSULdEA8jFjCClZYGZt0JBCYZcxLmnPoO15M+zrMCasV9ZtfzgVm1Gtas0DLYBVShqNbA/HL8mKQhjRThWMq+bSXKzbBQjHCaV5xU0gSTMR7SvsYIh1S62WylHJ1oxUdBLPSJFJqpvycyHEo5CT3dGWI1koveVPzP66cquHIzFiWpohGZPxSkHKkYTfNBPhOUKD7RgIlg+q+IjLDOSOkUKzoEe3HlZeicN2yrYd9eVJvNh3kcZTiCY6iBDZfQhBtoQRsIPMIzvMKb8WS8GO/Gx7y1ZBQRHsKfMj5/ABv5nhs=</latexit><latexit sha1_base64="WYW3PB5krd6PNQZ1ijUuhyaNzww=">AAACEnicbZDLSsNAFIZP6q3WW9Slm8EitKAlEUGXBTcuK9gLNKFMJpN26OTCzEQoIeAbuPFV3LhQxK0rd76N0zYLbT0wzMf/n8PM+b2EM6ks69sorayurW+UNytb2zu7e+b+QUfGqSC0TWIei56HJeUsom3FFKe9RFAcepx2vfH11O/eUyFZHN2pSULdEA8jFjCClZYGZt0JBCYZcxLmnPoO15M+zrMCasV9ZtfzgVm1Gtas0DLYBVShqNbA/HL8mKQhjRThWMq+bSXKzbBQjHCaV5xU0gSTMR7SvsYIh1S62WylHJ1oxUdBLPSJFJqpvycyHEo5CT3dGWI1koveVPzP66cquHIzFiWpohGZPxSkHKkYTfNBPhOUKD7RgIlg+q+IjLDOSOkUKzoEe3HlZeicN2yrYd9eVJvNh3kcZTiCY6iBDZfQhBtoQRsIPMIzvMKb8WS8GO/Gx7y1ZBQRHsKfMj5/ABv5nhs=</latexit><latexit sha1_base64="WYW3PB5krd6PNQZ1ijUuhyaNzww=">AAACEnicbZDLSsNAFIZP6q3WW9Slm8EitKAlEUGXBTcuK9gLNKFMJpN26OTCzEQoIeAbuPFV3LhQxK0rd76N0zYLbT0wzMf/n8PM+b2EM6ks69sorayurW+UNytb2zu7e+b+QUfGqSC0TWIei56HJeUsom3FFKe9RFAcepx2vfH11O/eUyFZHN2pSULdEA8jFjCClZYGZt0JBCYZcxLmnPoO15M+zrMCasV9ZtfzgVm1Gtas0DLYBVShqNbA/HL8mKQhjRThWMq+bSXKzbBQjHCaV5xU0gSTMR7SvsYIh1S62WylHJ1oxUdBLPSJFJqpvycyHEo5CT3dGWI1koveVPzP66cquHIzFiWpohGZPxSkHKkYTfNBPhOUKD7RgIlg+q+IjLDOSOkUKzoEe3HlZeicN2yrYd9eVJvNh3kcZTiCY6iBDZfQhBtoQRsIPMIzvMKb8WS8GO/Gx7y1ZBQRHsKfMj5/ABv5nhs=</latexit>

!
1
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(! 2 ! ! + 1)
<latexit sha1_base64="HtIDqIdsw+Q71QfAGrGT9JNsDqs=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEirQkpaLLghuXFewFmlgmk0k7dDIJMxOhhIBLN76KGxeKuPUF3Pk2TtsstPWHgZ//nMOZ83kxo1JZ1rexsrq2vrFZ2Cpu7+zu7ZsHhx0ZJQKTNo5YJHoekoRRTtqKKkZ6sSAo9BjpeuOrab17T4SkEb9Vk5i4IRpyGlCMlI4GZqnqBALh1M7SxnlWcZge9dFdvZq7M/t0YJatmjUTXDZ2bsogV2tgfjl+hJOQcIUZkrJvW7FyUyQUxYxkRSeRJEZ4jIakry1HIZFuOrslgyc68WEQCf24grP090SKQiknoac7Q6RGcrE2Df+r9RMVXLop5XGiCMfzRUHCoIrgFAz0qSBYsYk2CAuq/wrxCGk2SuMragj24snLplOv2VbNvmmUm82HOY4COAYlUAE2uABNcA1aoA0weATP4BW8GU/Gi/FufMxbV4wc4RH4I+PzB+eemhA=</latexit><latexit sha1_base64="HtIDqIdsw+Q71QfAGrGT9JNsDqs=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEirQkpaLLghuXFewFmlgmk0k7dDIJMxOhhIBLN76KGxeKuPUF3Pk2TtsstPWHgZ//nMOZ83kxo1JZ1rexsrq2vrFZ2Cpu7+zu7ZsHhx0ZJQKTNo5YJHoekoRRTtqKKkZ6sSAo9BjpeuOrab17T4SkEb9Vk5i4IRpyGlCMlI4GZqnqBALh1M7SxnlWcZge9dFdvZq7M/t0YJatmjUTXDZ2bsogV2tgfjl+hJOQcIUZkrJvW7FyUyQUxYxkRSeRJEZ4jIakry1HIZFuOrslgyc68WEQCf24grP090SKQiknoac7Q6RGcrE2Df+r9RMVXLop5XGiCMfzRUHCoIrgFAz0qSBYsYk2CAuq/wrxCGk2SuMragj24snLplOv2VbNvmmUm82HOY4COAYlUAE2uABNcA1aoA0weATP4BW8GU/Gi/FufMxbV4wc4RH4I+PzB+eemhA=</latexit><latexit sha1_base64="HtIDqIdsw+Q71QfAGrGT9JNsDqs=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEirQkpaLLghuXFewFmlgmk0k7dDIJMxOhhIBLN76KGxeKuPUF3Pk2TtsstPWHgZ//nMOZ83kxo1JZ1rexsrq2vrFZ2Cpu7+zu7ZsHhx0ZJQKTNo5YJHoekoRRTtqKKkZ6sSAo9BjpeuOrab17T4SkEb9Vk5i4IRpyGlCMlI4GZqnqBALh1M7SxnlWcZge9dFdvZq7M/t0YJatmjUTXDZ2bsogV2tgfjl+hJOQcIUZkrJvW7FyUyQUxYxkRSeRJEZ4jIakry1HIZFuOrslgyc68WEQCf24grP090SKQiknoac7Q6RGcrE2Df+r9RMVXLop5XGiCMfzRUHCoIrgFAz0qSBYsYk2CAuq/wrxCGk2SuMragj24snLplOv2VbNvmmUm82HOY4COAYlUAE2uABNcA1aoA0weATP4BW8GU/Gi/FufMxbV4wc4RH4I+PzB+eemhA=</latexit><latexit sha1_base64="HtIDqIdsw+Q71QfAGrGT9JNsDqs=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEirQkpaLLghuXFewFmlgmk0k7dDIJMxOhhIBLN76KGxeKuPUF3Pk2TtsstPWHgZ//nMOZ83kxo1JZ1rexsrq2vrFZ2Cpu7+zu7ZsHhx0ZJQKTNo5YJHoekoRRTtqKKkZ6sSAo9BjpeuOrab17T4SkEb9Vk5i4IRpyGlCMlI4GZqnqBALh1M7SxnlWcZge9dFdvZq7M/t0YJatmjUTXDZ2bsogV2tgfjl+hJOQcIUZkrJvW7FyUyQUxYxkRSeRJEZ4jIakry1HIZFuOrslgyc68WEQCf24grP090SKQiknoac7Q6RGcrE2Df+r9RMVXLop5XGiCMfzRUHCoIrgFAz0qSBYsYk2CAuq/wrxCGk2SuMragj24snLplOv2VbNvmmUm82HOY4COAYlUAE2uABNcA1aoA0weATP4BW8GU/Gi/FufMxbV4wc4RH4I+PzB+eemhA=</latexit>
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1 d⌧)
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1

<latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit><latexit sha1_base64="R/VWu3Jv49Iniy2nRyTTpW/bZ74="></latexit>



Further applications

É or what happens 
after the sunset?



Beyond the sunset

¥ We are currently looking for applications beyond the sunset 
graph (and the kite).

! A 4-point master integral for Bhabha scattering

! Some three-points functions for the electroweak form factor 
and t-tbar production:

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
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Elliptic 3-point function

¥ One ratio:  
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<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

¥ Can be computed by integrating out 
the Feynman parameters 1-by-1.

! Last integration involves a 
quartic root.

 !
<latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit>

⌧
<latexit sha1_base64="hDYEvz5rj8PZMqCWe/W+a4mIQwM=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI8BLx4jmAckS5idzCZDZmeXmV4hLAHBu1f9BW/i1S/xD/wMZ5McTGJBQ1HVPd1TQSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY3+Z++5FrI2L1gJOE+xEdKhEKRjGXekjTfrniVt0ZyDrxFqQCCzT65Z/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81unZILqwxIGGtbCslM/TuR0ciYSRTYzojiyKx6ufif100xvPEzoZIUuWLzRWEqCcYk/zgZCM0ZyokllGlhbyVsRDVlaONZ2pK/rU1opiUbjbcaxDppXVU9t+rdX1fq9ad5SEU4g3O4BA9qUIc7aEATGIzgBV7hzXl23p0P53PeWnAWwZ7CEpyvX/vVmCk=</latexit><latexit sha1_base64="hDYEvz5rj8PZMqCWe/W+a4mIQwM=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI8BLx4jmAckS5idzCZDZmeXmV4hLAHBu1f9BW/i1S/xD/wMZ5McTGJBQ1HVPd1TQSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY3+Z++5FrI2L1gJOE+xEdKhEKRjGXekjTfrniVt0ZyDrxFqQCCzT65Z/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81unZILqwxIGGtbCslM/TuR0ciYSRTYzojiyKx6ufif100xvPEzoZIUuWLzRWEqCcYk/zgZCM0ZyokllGlhbyVsRDVlaONZ2pK/rU1opiUbjbcaxDppXVU9t+rdX1fq9ad5SEU4g3O4BA9qUIc7aEATGIzgBV7hzXl23p0P53PeWnAWwZ7CEpyvX/vVmCk=</latexit><latexit sha1_base64="hDYEvz5rj8PZMqCWe/W+a4mIQwM=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI8BLx4jmAckS5idzCZDZmeXmV4hLAHBu1f9BW/i1S/xD/wMZ5McTGJBQ1HVPd1TQSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY3+Z++5FrI2L1gJOE+xEdKhEKRjGXekjTfrniVt0ZyDrxFqQCCzT65Z/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81unZILqwxIGGtbCslM/TuR0ciYSRTYzojiyKx6ufif100xvPEzoZIUuWLzRWEqCcYk/zgZCM0ZyokllGlhbyVsRDVlaONZ2pK/rU1opiUbjbcaxDppXVU9t+rdX1fq9ad5SEU4g3O4BA9qUIc7aEATGIzgBV7hzXl23p0P53PeWnAWwZ7CEpyvX/vVmCk=</latexit><latexit sha1_base64="hDYEvz5rj8PZMqCWe/W+a4mIQwM=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI8BLx4jmAckS5idzCZDZmeXmV4hLAHBu1f9BW/i1S/xD/wMZ5McTGJBQ1HVPd1TQSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY3+Z++5FrI2L1gJOE+xEdKhEKRjGXekjTfrniVt0ZyDrxFqQCCzT65Z/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81unZILqwxIGGtbCslM/TuR0ciYSRTYzojiyKx6ufif100xvPEzoZIUuWLzRWEqCcYk/zgZCM0ZyokllGlhbyVsRDVlaONZ2pK/rU1opiUbjbcaxDppXVU9t+rdX1fq9ad5SEU4g3O4BA9qUIc7aEATGIzgBV7hzXl23p0P53PeWnAWwZ7CEpyvX/vVmCk=</latexit>(shape of the elliptic curve)

<latexit sha1_base64="G7Pj2hGq9jYAilyZvAslpnsVfyI=">AAACJXicbZDJSgNBEIZ7XGPcoh69NAYlXsKMCHoMePEYwSyQhNDTqck06VnorgmGYcAH8D28e9VX8CaCJ68+hp3lYBILGn7+v7qK+txYCo22/WWtrK6tb2zmtvLbO7t7+4WDw7qOEsWhxiMZqabLNEgRQg0FSmjGCljgSmi4g5tx3hiC0iIK73EUQydg/VB4gjM0Vrdw1kZ4QBWkJe2zGGjkUfSBgpQiRsEpT9QQzrNuoWiX7UnRZeHMRJHMqtot/LR7EU8CCJFLpnXLsWPspEyZoRKyfDvREDM+YH1oGRmyAHQnndyT0VPj9KgXKfNCpBP374+UBVqPAtd0Bgx9vZiNzf+yVoLedScVYZwghHy6yEskxYiO4dCeUMBRjoxgXIkJAJ8pxtEgnNsynq20p7O8QeMsglgW9YuyY5edu8tipfI4hZQjx+SElIhDrkiF3JIqqRFOnsgLeSVv1rP1bn1Yn9PWFWsG9ojMlfX9C+h4pnM=</latexit><latexit sha1_base64="G7Pj2hGq9jYAilyZvAslpnsVfyI=">AAACJXicbZDJSgNBEIZ7XGPcoh69NAYlXsKMCHoMePEYwSyQhNDTqck06VnorgmGYcAH8D28e9VX8CaCJ68+hp3lYBILGn7+v7qK+txYCo22/WWtrK6tb2zmtvLbO7t7+4WDw7qOEsWhxiMZqabLNEgRQg0FSmjGCljgSmi4g5tx3hiC0iIK73EUQydg/VB4gjM0Vrdw1kZ4QBWkJe2zGGjkUfSBgpQiRsEpT9QQzrNuoWiX7UnRZeHMRJHMqtot/LR7EU8CCJFLpnXLsWPspEyZoRKyfDvREDM+YH1oGRmyAHQnndyT0VPj9KgXKfNCpBP374+UBVqPAtd0Bgx9vZiNzf+yVoLedScVYZwghHy6yEskxYiO4dCeUMBRjoxgXIkJAJ8pxtEgnNsynq20p7O8QeMsglgW9YuyY5edu8tipfI4hZQjx+SElIhDrkiF3JIqqRFOnsgLeSVv1rP1bn1Yn9PWFWsG9ojMlfX9C+h4pnM=</latexit><latexit sha1_base64="G7Pj2hGq9jYAilyZvAslpnsVfyI=">AAACJXicbZDJSgNBEIZ7XGPcoh69NAYlXsKMCHoMePEYwSyQhNDTqck06VnorgmGYcAH8D28e9VX8CaCJ68+hp3lYBILGn7+v7qK+txYCo22/WWtrK6tb2zmtvLbO7t7+4WDw7qOEsWhxiMZqabLNEgRQg0FSmjGCljgSmi4g5tx3hiC0iIK73EUQydg/VB4gjM0Vrdw1kZ4QBWkJe2zGGjkUfSBgpQiRsEpT9QQzrNuoWiX7UnRZeHMRJHMqtot/LR7EU8CCJFLpnXLsWPspEyZoRKyfDvREDM+YH1oGRmyAHQnndyT0VPj9KgXKfNCpBP374+UBVqPAtd0Bgx9vZiNzf+yVoLedScVYZwghHy6yEskxYiO4dCeUMBRjoxgXIkJAJ8pxtEgnNsynq20p7O8QeMsglgW9YuyY5edu8tipfI4hZQjx+SElIhDrkiF3JIqqRFOnsgLeSVv1rP1bn1Yn9PWFWsG9ojMlfX9C+h4pnM=</latexit><latexit sha1_base64="G7Pj2hGq9jYAilyZvAslpnsVfyI=">AAACJXicbZDJSgNBEIZ7XGPcoh69NAYlXsKMCHoMePEYwSyQhNDTqck06VnorgmGYcAH8D28e9VX8CaCJ68+hp3lYBILGn7+v7qK+txYCo22/WWtrK6tb2zmtvLbO7t7+4WDw7qOEsWhxiMZqabLNEgRQg0FSmjGCljgSmi4g5tx3hiC0iIK73EUQydg/VB4gjM0Vrdw1kZ4QBWkJe2zGGjkUfSBgpQiRsEpT9QQzrNuoWiX7UnRZeHMRJHMqtot/LR7EU8CCJFLpnXLsWPspEyZoRKyfDvREDM+YH1oGRmyAHQnndyT0VPj9KgXKfNCpBP374+UBVqPAtd0Bgx9vZiNzf+yVoLedScVYZwghHy6yEskxYiO4dCeUMBRjoxgXIkJAJ8pxtEgnNsynq20p7O8QeMsglgW9YuyY5edu8tipfI4hZQjx+SElIhDrkiF3JIqqRFOnsgLeSVv1rP1bn1Yn9PWFWsG9ojMlfX9C+h4pnM=</latexit>

 !
<latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit>x = m2/p 2

<latexit sha1_base64="E61yNd1mj7v20EVzUar90gokhW0=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgqs4UQTdCwY3LCvYh7bRk0kwbmmSGJCOWUnDp3q3+gjtx62/4B36GmbYL23rgwuGce3NvThBzpo3rfjuZldW19Y3sZm5re2d3L79/UNNRogitkohHqhFgTTmTtGqY4bQRK4pFwGk9GFynfv2BKs0ieWeGMfUF7kkWMoKNle4fr0S7dBa3S518wS26E6Bl4s1IAWaodPI/rW5EEkGlIRxr3fTc2PgjrAwjnI5zrUTTGJMB7tGmpRILqv3R5OAxOrFKF4WRsiUNmqh/J0ZYaD0Uge0U2PT1opeK/3nNxISX/ojJODFUkumiMOHIRCj9PeoyRYnhQ0swUczeikgfK0yMzWhuS/q20qEe52w03mIQy6RWKnpu0bs9L5TLT9OQsnAEx3AKHlxAGW6gAlUgIOAFXuHNeXbenQ/nc9qacWbBHsIcnK9ft5mZlg==</latexit><latexit sha1_base64="E61yNd1mj7v20EVzUar90gokhW0=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgqs4UQTdCwY3LCvYh7bRk0kwbmmSGJCOWUnDp3q3+gjtx62/4B36GmbYL23rgwuGce3NvThBzpo3rfjuZldW19Y3sZm5re2d3L79/UNNRogitkohHqhFgTTmTtGqY4bQRK4pFwGk9GFynfv2BKs0ieWeGMfUF7kkWMoKNle4fr0S7dBa3S518wS26E6Bl4s1IAWaodPI/rW5EEkGlIRxr3fTc2PgjrAwjnI5zrUTTGJMB7tGmpRILqv3R5OAxOrFKF4WRsiUNmqh/J0ZYaD0Uge0U2PT1opeK/3nNxISX/ojJODFUkumiMOHIRCj9PeoyRYnhQ0swUczeikgfK0yMzWhuS/q20qEe52w03mIQy6RWKnpu0bs9L5TLT9OQsnAEx3AKHlxAGW6gAlUgIOAFXuHNeXbenQ/nc9qacWbBHsIcnK9ft5mZlg==</latexit><latexit sha1_base64="E61yNd1mj7v20EVzUar90gokhW0=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgqs4UQTdCwY3LCvYh7bRk0kwbmmSGJCOWUnDp3q3+gjtx62/4B36GmbYL23rgwuGce3NvThBzpo3rfjuZldW19Y3sZm5re2d3L79/UNNRogitkohHqhFgTTmTtGqY4bQRK4pFwGk9GFynfv2BKs0ieWeGMfUF7kkWMoKNle4fr0S7dBa3S518wS26E6Bl4s1IAWaodPI/rW5EEkGlIRxr3fTc2PgjrAwjnI5zrUTTGJMB7tGmpRILqv3R5OAxOrFKF4WRsiUNmqh/J0ZYaD0Uge0U2PT1opeK/3nNxISX/ojJODFUkumiMOHIRCj9PeoyRYnhQ0swUczeikgfK0yMzWhuS/q20qEe52w03mIQy6RWKnpu0bs9L5TLT9OQsnAEx3AKHlxAGW6gAlUgIOAFXuHNeXbenQ/nc9qacWbBHsIcnK9ft5mZlg==</latexit><latexit sha1_base64="E61yNd1mj7v20EVzUar90gokhW0=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgqs4UQTdCwY3LCvYh7bRk0kwbmmSGJCOWUnDp3q3+gjtx62/4B36GmbYL23rgwuGce3NvThBzpo3rfjuZldW19Y3sZm5re2d3L79/UNNRogitkohHqhFgTTmTtGqY4bQRK4pFwGk9GFynfv2BKs0ieWeGMfUF7kkWMoKNle4fr0S7dBa3S518wS26E6Bl4s1IAWaodPI/rW5EEkGlIRxr3fTc2PgjrAwjnI5zrUTTGJMB7tGmpRILqv3R5OAxOrFKF4WRsiUNmqh/J0ZYaD0Uge0U2PT1opeK/3nNxISX/ojJODFUkumiMOHIRCj9PeoyRYnhQ0swUczeikgfK0yMzWhuS/q20qEe52w03mIQy6RWKnpu0bs9L5TLT9OQsnAEx3AKHlxAGW6gAlUgIOAFXuHNeXbenQ/nc9qacWbBHsIcnK9ft5mZlg==</latexit>



Elliptic 3-point function

¥ One ratio:  

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

¥ Can be computed by integrating out 
the Feynman parameters 1-by-1.

! Last integration involves a 
quartic root.

! Iterated integrals of modular forms.

 !
<latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit>

⌧
<latexit sha1_base64="hDYEvz5rj8PZMqCWe/W+a4mIQwM=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI8BLx4jmAckS5idzCZDZmeXmV4hLAHBu1f9BW/i1S/xD/wMZ5McTGJBQ1HVPd1TQSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY3+Z++5FrI2L1gJOE+xEdKhEKRjGXekjTfrniVt0ZyDrxFqQCCzT65Z/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81unZILqwxIGGtbCslM/TuR0ciYSRTYzojiyKx6ufif100xvPEzoZIUuWLzRWEqCcYk/zgZCM0ZyokllGlhbyVsRDVlaONZ2pK/rU1opiUbjbcaxDppXVU9t+rdX1fq9ad5SEU4g3O4BA9qUIc7aEATGIzgBV7hzXl23p0P53PeWnAWwZ7CEpyvX/vVmCk=</latexit><latexit sha1_base64="hDYEvz5rj8PZMqCWe/W+a4mIQwM=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI8BLx4jmAckS5idzCZDZmeXmV4hLAHBu1f9BW/i1S/xD/wMZ5McTGJBQ1HVPd1TQSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY3+Z++5FrI2L1gJOE+xEdKhEKRjGXekjTfrniVt0ZyDrxFqQCCzT65Z/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81unZILqwxIGGtbCslM/TuR0ciYSRTYzojiyKx6ufif100xvPEzoZIUuWLzRWEqCcYk/zgZCM0ZyokllGlhbyVsRDVlaONZ2pK/rU1opiUbjbcaxDppXVU9t+rdX1fq9ad5SEU4g3O4BA9qUIc7aEATGIzgBV7hzXl23p0P53PeWnAWwZ7CEpyvX/vVmCk=</latexit><latexit sha1_base64="hDYEvz5rj8PZMqCWe/W+a4mIQwM=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI8BLx4jmAckS5idzCZDZmeXmV4hLAHBu1f9BW/i1S/xD/wMZ5McTGJBQ1HVPd1TQSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY3+Z++5FrI2L1gJOE+xEdKhEKRjGXekjTfrniVt0ZyDrxFqQCCzT65Z/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81unZILqwxIGGtbCslM/TuR0ciYSRTYzojiyKx6ufif100xvPEzoZIUuWLzRWEqCcYk/zgZCM0ZyokllGlhbyVsRDVlaONZ2pK/rU1opiUbjbcaxDppXVU9t+rdX1fq9ad5SEU4g3O4BA9qUIc7aEATGIzgBV7hzXl23p0P53PeWnAWwZ7CEpyvX/vVmCk=</latexit><latexit sha1_base64="hDYEvz5rj8PZMqCWe/W+a4mIQwM=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI8BLx4jmAckS5idzCZDZmeXmV4hLAHBu1f9BW/i1S/xD/wMZ5McTGJBQ1HVPd1TQSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY3+Z++5FrI2L1gJOE+xEdKhEKRjGXekjTfrniVt0ZyDrxFqQCCzT65Z/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81unZILqwxIGGtbCslM/TuR0ciYSRTYzojiyKx6ufif100xvPEzoZIUuWLzRWEqCcYk/zgZCM0ZyokllGlhbyVsRDVlaONZ2pK/rU1opiUbjbcaxDppXVU9t+rdX1fq9ad5SEU4g3O4BA9qUIc7aEATGIzgBV7hzXl23p0P53PeWnAWwZ7CEpyvX/vVmCk=</latexit>(shape of the elliptic curve)

<latexit sha1_base64="G7Pj2hGq9jYAilyZvAslpnsVfyI=">AAACJXicbZDJSgNBEIZ7XGPcoh69NAYlXsKMCHoMePEYwSyQhNDTqck06VnorgmGYcAH8D28e9VX8CaCJ68+hp3lYBILGn7+v7qK+txYCo22/WWtrK6tb2zmtvLbO7t7+4WDw7qOEsWhxiMZqabLNEgRQg0FSmjGCljgSmi4g5tx3hiC0iIK73EUQydg/VB4gjM0Vrdw1kZ4QBWkJe2zGGjkUfSBgpQiRsEpT9QQzrNuoWiX7UnRZeHMRJHMqtot/LR7EU8CCJFLpnXLsWPspEyZoRKyfDvREDM+YH1oGRmyAHQnndyT0VPj9KgXKfNCpBP374+UBVqPAtd0Bgx9vZiNzf+yVoLedScVYZwghHy6yEskxYiO4dCeUMBRjoxgXIkJAJ8pxtEgnNsynq20p7O8QeMsglgW9YuyY5edu8tipfI4hZQjx+SElIhDrkiF3JIqqRFOnsgLeSVv1rP1bn1Yn9PWFWsG9ojMlfX9C+h4pnM=</latexit><latexit sha1_base64="G7Pj2hGq9jYAilyZvAslpnsVfyI=">AAACJXicbZDJSgNBEIZ7XGPcoh69NAYlXsKMCHoMePEYwSyQhNDTqck06VnorgmGYcAH8D28e9VX8CaCJ68+hp3lYBILGn7+v7qK+txYCo22/WWtrK6tb2zmtvLbO7t7+4WDw7qOEsWhxiMZqabLNEgRQg0FSmjGCljgSmi4g5tx3hiC0iIK73EUQydg/VB4gjM0Vrdw1kZ4QBWkJe2zGGjkUfSBgpQiRsEpT9QQzrNuoWiX7UnRZeHMRJHMqtot/LR7EU8CCJFLpnXLsWPspEyZoRKyfDvREDM+YH1oGRmyAHQnndyT0VPj9KgXKfNCpBP374+UBVqPAtd0Bgx9vZiNzf+yVoLedScVYZwghHy6yEskxYiO4dCeUMBRjoxgXIkJAJ8pxtEgnNsynq20p7O8QeMsglgW9YuyY5edu8tipfI4hZQjx+SElIhDrkiF3JIqqRFOnsgLeSVv1rP1bn1Yn9PWFWsG9ojMlfX9C+h4pnM=</latexit><latexit sha1_base64="G7Pj2hGq9jYAilyZvAslpnsVfyI=">AAACJXicbZDJSgNBEIZ7XGPcoh69NAYlXsKMCHoMePEYwSyQhNDTqck06VnorgmGYcAH8D28e9VX8CaCJ68+hp3lYBILGn7+v7qK+txYCo22/WWtrK6tb2zmtvLbO7t7+4WDw7qOEsWhxiMZqabLNEgRQg0FSmjGCljgSmi4g5tx3hiC0iIK73EUQydg/VB4gjM0Vrdw1kZ4QBWkJe2zGGjkUfSBgpQiRsEpT9QQzrNuoWiX7UnRZeHMRJHMqtot/LR7EU8CCJFLpnXLsWPspEyZoRKyfDvREDM+YH1oGRmyAHQnndyT0VPj9KgXKfNCpBP374+UBVqPAtd0Bgx9vZiNzf+yVoLedScVYZwghHy6yEskxYiO4dCeUMBRjoxgXIkJAJ8pxtEgnNsynq20p7O8QeMsglgW9YuyY5edu8tipfI4hZQjx+SElIhDrkiF3JIqqRFOnsgLeSVv1rP1bn1Yn9PWFWsG9ojMlfX9C+h4pnM=</latexit><latexit sha1_base64="G7Pj2hGq9jYAilyZvAslpnsVfyI=">AAACJXicbZDJSgNBEIZ7XGPcoh69NAYlXsKMCHoMePEYwSyQhNDTqck06VnorgmGYcAH8D28e9VX8CaCJ68+hp3lYBILGn7+v7qK+txYCo22/WWtrK6tb2zmtvLbO7t7+4WDw7qOEsWhxiMZqabLNEgRQg0FSmjGCljgSmi4g5tx3hiC0iIK73EUQydg/VB4gjM0Vrdw1kZ4QBWkJe2zGGjkUfSBgpQiRsEpT9QQzrNuoWiX7UnRZeHMRJHMqtot/LR7EU8CCJFLpnXLsWPspEyZoRKyfDvREDM+YH1oGRmyAHQnndyT0VPj9KgXKfNCpBP374+UBVqPAtd0Bgx9vZiNzf+yVoLedScVYZwghHy6yEskxYiO4dCeUMBRjoxgXIkJAJ8pxtEgnNsynq20p7O8QeMsglgW9YuyY5edu8tipfI4hZQjx+SElIhDrkiF3JIqqRFOnsgLeSVv1rP1bn1Yn9PWFWsG9ojMlfX9C+h4pnM=</latexit>

 !
<latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit>

¥ Result can be expressed in terms of:

! eMPLs of the form                                 :

x = m2/p 2
<latexit sha1_base64="E61yNd1mj7v20EVzUar90gokhW0=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgqs4UQTdCwY3LCvYh7bRk0kwbmmSGJCOWUnDp3q3+gjtx62/4B36GmbYL23rgwuGce3NvThBzpo3rfjuZldW19Y3sZm5re2d3L79/UNNRogitkohHqhFgTTmTtGqY4bQRK4pFwGk9GFynfv2BKs0ieWeGMfUF7kkWMoKNle4fr0S7dBa3S518wS26E6Bl4s1IAWaodPI/rW5EEkGlIRxr3fTc2PgjrAwjnI5zrUTTGJMB7tGmpRILqv3R5OAxOrFKF4WRsiUNmqh/J0ZYaD0Uge0U2PT1opeK/3nNxISX/ojJODFUkumiMOHIRCj9PeoyRYnhQ0swUczeikgfK0yMzWhuS/q20qEe52w03mIQy6RWKnpu0bs9L5TLT9OQsnAEx3AKHlxAGW6gAlUgIOAFXuHNeXbenQ/nc9qacWbBHsIcnK9ft5mZlg==</latexit><latexit sha1_base64="E61yNd1mj7v20EVzUar90gokhW0=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgqs4UQTdCwY3LCvYh7bRk0kwbmmSGJCOWUnDp3q3+gjtx62/4B36GmbYL23rgwuGce3NvThBzpo3rfjuZldW19Y3sZm5re2d3L79/UNNRogitkohHqhFgTTmTtGqY4bQRK4pFwGk9GFynfv2BKs0ieWeGMfUF7kkWMoKNle4fr0S7dBa3S518wS26E6Bl4s1IAWaodPI/rW5EEkGlIRxr3fTc2PgjrAwjnI5zrUTTGJMB7tGmpRILqv3R5OAxOrFKF4WRsiUNmqh/J0ZYaD0Uge0U2PT1opeK/3nNxISX/ojJODFUkumiMOHIRCj9PeoyRYnhQ0swUczeikgfK0yMzWhuS/q20qEe52w03mIQy6RWKnpu0bs9L5TLT9OQsnAEx3AKHlxAGW6gAlUgIOAFXuHNeXbenQ/nc9qacWbBHsIcnK9ft5mZlg==</latexit><latexit sha1_base64="E61yNd1mj7v20EVzUar90gokhW0=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgqs4UQTdCwY3LCvYh7bRk0kwbmmSGJCOWUnDp3q3+gjtx62/4B36GmbYL23rgwuGce3NvThBzpo3rfjuZldW19Y3sZm5re2d3L79/UNNRogitkohHqhFgTTmTtGqY4bQRK4pFwGk9GFynfv2BKs0ieWeGMfUF7kkWMoKNle4fr0S7dBa3S518wS26E6Bl4s1IAWaodPI/rW5EEkGlIRxr3fTc2PgjrAwjnI5zrUTTGJMB7tGmpRILqv3R5OAxOrFKF4WRsiUNmqh/J0ZYaD0Uge0U2PT1opeK/3nNxISX/ojJODFUkumiMOHIRCj9PeoyRYnhQ0swUczeikgfK0yMzWhuS/q20qEe52w03mIQy6RWKnpu0bs9L5TLT9OQsnAEx3AKHlxAGW6gAlUgIOAFXuHNeXbenQ/nc9qacWbBHsIcnK9ft5mZlg==</latexit><latexit sha1_base64="E61yNd1mj7v20EVzUar90gokhW0=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgqs4UQTdCwY3LCvYh7bRk0kwbmmSGJCOWUnDp3q3+gjtx62/4B36GmbYL23rgwuGce3NvThBzpo3rfjuZldW19Y3sZm5re2d3L79/UNNRogitkohHqhFgTTmTtGqY4bQRK4pFwGk9GFynfv2BKs0ieWeGMfUF7kkWMoKNle4fr0S7dBa3S518wS26E6Bl4s1IAWaodPI/rW5EEkGlIRxr3fTc2PgjrAwjnI5zrUTTGJMB7tGmpRILqv3R5OAxOrFKF4WRsiUNmqh/J0ZYaD0Uge0U2PT1opeK/3nNxISX/ojJODFUkumiMOHIRCj9PeoyRYnhQ0swUczeikgfK0yMzWhuS/q20qEe52w03mIQy6RWKnpu0bs9L5TLT9OQsnAEx3AKHlxAGW6gAlUgIOAFXuHNeXbenQ/nc9qacWbBHsIcnK9ft5mZlg==</latexit>

!!
" 1 1

1/ 2 1/ 4 ; z± (! ), !
#

<latexit sha1_base64="dyH8tP+pOWO3kG0MTNnbAIRttck="></latexit><latexit sha1_base64="dyH8tP+pOWO3kG0MTNnbAIRttck="></latexit><latexit sha1_base64="dyH8tP+pOWO3kG0MTNnbAIRttck="></latexit><latexit sha1_base64="dyH8tP+pOWO3kG0MTNnbAIRttck="></latexit>

z± (! ) !
! ! ±

a1

d"
#

<latexit sha1_base64="TI8lQ2l6dHCWMtahgqnLFFxDX/w="></latexit><latexit sha1_base64="TI8lQ2l6dHCWMtahgqnLFFxDX/w="></latexit><latexit sha1_base64="TI8lQ2l6dHCWMtahgqnLFFxDX/w="></latexit><latexit sha1_base64="TI8lQ2l6dHCWMtahgqnLFFxDX/w="></latexit>

⇢± =
1

2

�
1�

p
1± 4x

�
<latexit sha1_base64="laNvGcOWs+RbTBvDTmaw6rEgRLk="></latexit><latexit sha1_base64="laNvGcOWs+RbTBvDTmaw6rEgRLk="></latexit><latexit sha1_base64="laNvGcOWs+RbTBvDTmaw6rEgRLk="></latexit><latexit sha1_base64="laNvGcOWs+RbTBvDTmaw6rEgRLk="></latexit>

! 2 = ( " ! a1) . . . (" ! a4)
<latexit sha1_base64="ioPwBS7f27EPsjZP75knKDrRD4k=">AAACH3icbZDLSgMxFIYzXmu9jbp0EyxCu7DMlIJuhIIblxXsBTpjyaSZNjRzITkjllJw5Xu4d6uv4E7c9g18DDPtLGzrgcCf/z/JST4vFlyBZU2NtfWNza3t3E5+d2//4NA8Om6qKJGUNWgkItn2iGKCh6wBHARrx5KRwBOs5Q1v0rz1yKTiUXgPo5i5AemH3OeUgLa6JnYYkIfKddF54heka5cc0YtA4WxfLXXNglW2ZoVXhZ2JAsqq3jV/nF5Ek4CFQAVRqmNbMbhjIoFTwSZ5J1EsJnRI+qyjZUgCptzx7CcTfK6dHvYjqVcIeOb+PTEmgVKjwNOdAYGBWs5S87+sk4B/5Y55GCfAQjof5CcCQ4RTLLjHJaMgRloQKrl+K6YDIgkFDW9hSnq3VL6a5DUaexnEqmhWyrZVtu+qhVrteQ4ph07RGSoiG12iGrpFddRAFL2gN/SOPoxX49P4Mr7nrWtGBvYELZQx/QUlVqIs</latexit><latexit sha1_base64="ioPwBS7f27EPsjZP75knKDrRD4k=">AAACH3icbZDLSgMxFIYzXmu9jbp0EyxCu7DMlIJuhIIblxXsBTpjyaSZNjRzITkjllJw5Xu4d6uv4E7c9g18DDPtLGzrgcCf/z/JST4vFlyBZU2NtfWNza3t3E5+d2//4NA8Om6qKJGUNWgkItn2iGKCh6wBHARrx5KRwBOs5Q1v0rz1yKTiUXgPo5i5AemH3OeUgLa6JnYYkIfKddF54heka5cc0YtA4WxfLXXNglW2ZoVXhZ2JAsqq3jV/nF5Ek4CFQAVRqmNbMbhjIoFTwSZ5J1EsJnRI+qyjZUgCptzx7CcTfK6dHvYjqVcIeOb+PTEmgVKjwNOdAYGBWs5S87+sk4B/5Y55GCfAQjof5CcCQ4RTLLjHJaMgRloQKrl+K6YDIgkFDW9hSnq3VL6a5DUaexnEqmhWyrZVtu+qhVrteQ4ph07RGSoiG12iGrpFddRAFL2gN/SOPoxX49P4Mr7nrWtGBvYELZQx/QUlVqIs</latexit><latexit sha1_base64="ioPwBS7f27EPsjZP75knKDrRD4k=">AAACH3icbZDLSgMxFIYzXmu9jbp0EyxCu7DMlIJuhIIblxXsBTpjyaSZNjRzITkjllJw5Xu4d6uv4E7c9g18DDPtLGzrgcCf/z/JST4vFlyBZU2NtfWNza3t3E5+d2//4NA8Om6qKJGUNWgkItn2iGKCh6wBHARrx5KRwBOs5Q1v0rz1yKTiUXgPo5i5AemH3OeUgLa6JnYYkIfKddF54heka5cc0YtA4WxfLXXNglW2ZoVXhZ2JAsqq3jV/nF5Ek4CFQAVRqmNbMbhjIoFTwSZ5J1EsJnRI+qyjZUgCptzx7CcTfK6dHvYjqVcIeOb+PTEmgVKjwNOdAYGBWs5S87+sk4B/5Y55GCfAQjof5CcCQ4RTLLjHJaMgRloQKrl+K6YDIgkFDW9hSnq3VL6a5DUaexnEqmhWyrZVtu+qhVrteQ4ph07RGSoiG12iGrpFddRAFL2gN/SOPoxX49P4Mr7nrWtGBvYELZQx/QUlVqIs</latexit><latexit sha1_base64="ioPwBS7f27EPsjZP75knKDrRD4k=">AAACH3icbZDLSgMxFIYzXmu9jbp0EyxCu7DMlIJuhIIblxXsBTpjyaSZNjRzITkjllJw5Xu4d6uv4E7c9g18DDPtLGzrgcCf/z/JST4vFlyBZU2NtfWNza3t3E5+d2//4NA8Om6qKJGUNWgkItn2iGKCh6wBHARrx5KRwBOs5Q1v0rz1yKTiUXgPo5i5AemH3OeUgLa6JnYYkIfKddF54heka5cc0YtA4WxfLXXNglW2ZoVXhZ2JAsqq3jV/nF5Ek4CFQAVRqmNbMbhjIoFTwSZ5J1EsJnRI+qyjZUgCptzx7CcTfK6dHvYjqVcIeOb+PTEmgVKjwNOdAYGBWs5S87+sk4B/5Y55GCfAQjof5CcCQ4RTLLjHJaMgRloQKrl+K6YDIgkFDW9hSnq3VL6a5DUaexnEqmhWyrZVtu+qhVrteQ4ph07RGSoiG12iGrpFddRAFL2gN/SOPoxX49P4Mr7nrWtGBvYELZQx/QUlVqIs</latexit>



Elliptic 3-point function

¥ One ratio:  

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

¥ Can be computed by integrating out 
the Feynman parameters 1-by-1.

! Last integration involves a 
quartic root.

! Iterated integrals of modular forms.

 !
<latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit>

⌧
<latexit sha1_base64="hDYEvz5rj8PZMqCWe/W+a4mIQwM=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI8BLx4jmAckS5idzCZDZmeXmV4hLAHBu1f9BW/i1S/xD/wMZ5McTGJBQ1HVPd1TQSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY3+Z++5FrI2L1gJOE+xEdKhEKRjGXekjTfrniVt0ZyDrxFqQCCzT65Z/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81unZILqwxIGGtbCslM/TuR0ciYSRTYzojiyKx6ufif100xvPEzoZIUuWLzRWEqCcYk/zgZCM0ZyokllGlhbyVsRDVlaONZ2pK/rU1opiUbjbcaxDppXVU9t+rdX1fq9ad5SEU4g3O4BA9qUIc7aEATGIzgBV7hzXl23p0P53PeWnAWwZ7CEpyvX/vVmCk=</latexit><latexit sha1_base64="hDYEvz5rj8PZMqCWe/W+a4mIQwM=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI8BLx4jmAckS5idzCZDZmeXmV4hLAHBu1f9BW/i1S/xD/wMZ5McTGJBQ1HVPd1TQSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY3+Z++5FrI2L1gJOE+xEdKhEKRjGXekjTfrniVt0ZyDrxFqQCCzT65Z/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81unZILqwxIGGtbCslM/TuR0ciYSRTYzojiyKx6ufif100xvPEzoZIUuWLzRWEqCcYk/zgZCM0ZyokllGlhbyVsRDVlaONZ2pK/rU1opiUbjbcaxDppXVU9t+rdX1fq9ad5SEU4g3O4BA9qUIc7aEATGIzgBV7hzXl23p0P53PeWnAWwZ7CEpyvX/vVmCk=</latexit><latexit sha1_base64="hDYEvz5rj8PZMqCWe/W+a4mIQwM=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI8BLx4jmAckS5idzCZDZmeXmV4hLAHBu1f9BW/i1S/xD/wMZ5McTGJBQ1HVPd1TQSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY3+Z++5FrI2L1gJOE+xEdKhEKRjGXekjTfrniVt0ZyDrxFqQCCzT65Z/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81unZILqwxIGGtbCslM/TuR0ciYSRTYzojiyKx6ufif100xvPEzoZIUuWLzRWEqCcYk/zgZCM0ZyokllGlhbyVsRDVlaONZ2pK/rU1opiUbjbcaxDppXVU9t+rdX1fq9ad5SEU4g3O4BA9qUIc7aEATGIzgBV7hzXl23p0P53PeWnAWwZ7CEpyvX/vVmCk=</latexit><latexit sha1_base64="hDYEvz5rj8PZMqCWe/W+a4mIQwM=">AAACAXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI8BLx4jmAckS5idzCZDZmeXmV4hLAHBu1f9BW/i1S/xD/wMZ5McTGJBQ1HVPd1TQSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY3+Z++5FrI2L1gJOE+xEdKhEKRjGXekjTfrniVt0ZyDrxFqQCCzT65Z/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81unZILqwxIGGtbCslM/TuR0ciYSRTYzojiyKx6ufif100xvPEzoZIUuWLzRWEqCcYk/zgZCM0ZyokllGlhbyVsRDVlaONZ2pK/rU1opiUbjbcaxDppXVU9t+rdX1fq9ad5SEU4g3O4BA9qUIc7aEATGIzgBV7hzXl23p0P53PeWnAWwZ7CEpyvX/vVmCk=</latexit>(shape of the elliptic curve)

<latexit sha1_base64="G7Pj2hGq9jYAilyZvAslpnsVfyI=">AAACJXicbZDJSgNBEIZ7XGPcoh69NAYlXsKMCHoMePEYwSyQhNDTqck06VnorgmGYcAH8D28e9VX8CaCJ68+hp3lYBILGn7+v7qK+txYCo22/WWtrK6tb2zmtvLbO7t7+4WDw7qOEsWhxiMZqabLNEgRQg0FSmjGCljgSmi4g5tx3hiC0iIK73EUQydg/VB4gjM0Vrdw1kZ4QBWkJe2zGGjkUfSBgpQiRsEpT9QQzrNuoWiX7UnRZeHMRJHMqtot/LR7EU8CCJFLpnXLsWPspEyZoRKyfDvREDM+YH1oGRmyAHQnndyT0VPj9KgXKfNCpBP374+UBVqPAtd0Bgx9vZiNzf+yVoLedScVYZwghHy6yEskxYiO4dCeUMBRjoxgXIkJAJ8pxtEgnNsynq20p7O8QeMsglgW9YuyY5edu8tipfI4hZQjx+SElIhDrkiF3JIqqRFOnsgLeSVv1rP1bn1Yn9PWFWsG9ojMlfX9C+h4pnM=</latexit><latexit sha1_base64="G7Pj2hGq9jYAilyZvAslpnsVfyI=">AAACJXicbZDJSgNBEIZ7XGPcoh69NAYlXsKMCHoMePEYwSyQhNDTqck06VnorgmGYcAH8D28e9VX8CaCJ68+hp3lYBILGn7+v7qK+txYCo22/WWtrK6tb2zmtvLbO7t7+4WDw7qOEsWhxiMZqabLNEgRQg0FSmjGCljgSmi4g5tx3hiC0iIK73EUQydg/VB4gjM0Vrdw1kZ4QBWkJe2zGGjkUfSBgpQiRsEpT9QQzrNuoWiX7UnRZeHMRJHMqtot/LR7EU8CCJFLpnXLsWPspEyZoRKyfDvREDM+YH1oGRmyAHQnndyT0VPj9KgXKfNCpBP374+UBVqPAtd0Bgx9vZiNzf+yVoLedScVYZwghHy6yEskxYiO4dCeUMBRjoxgXIkJAJ8pxtEgnNsynq20p7O8QeMsglgW9YuyY5edu8tipfI4hZQjx+SElIhDrkiF3JIqqRFOnsgLeSVv1rP1bn1Yn9PWFWsG9ojMlfX9C+h4pnM=</latexit><latexit sha1_base64="G7Pj2hGq9jYAilyZvAslpnsVfyI=">AAACJXicbZDJSgNBEIZ7XGPcoh69NAYlXsKMCHoMePEYwSyQhNDTqck06VnorgmGYcAH8D28e9VX8CaCJ68+hp3lYBILGn7+v7qK+txYCo22/WWtrK6tb2zmtvLbO7t7+4WDw7qOEsWhxiMZqabLNEgRQg0FSmjGCljgSmi4g5tx3hiC0iIK73EUQydg/VB4gjM0Vrdw1kZ4QBWkJe2zGGjkUfSBgpQiRsEpT9QQzrNuoWiX7UnRZeHMRJHMqtot/LR7EU8CCJFLpnXLsWPspEyZoRKyfDvREDM+YH1oGRmyAHQnndyT0VPj9KgXKfNCpBP374+UBVqPAtd0Bgx9vZiNzf+yVoLedScVYZwghHy6yEskxYiO4dCeUMBRjoxgXIkJAJ8pxtEgnNsynq20p7O8QeMsglgW9YuyY5edu8tipfI4hZQjx+SElIhDrkiF3JIqqRFOnsgLeSVv1rP1bn1Yn9PWFWsG9ojMlfX9C+h4pnM=</latexit><latexit sha1_base64="G7Pj2hGq9jYAilyZvAslpnsVfyI=">AAACJXicbZDJSgNBEIZ7XGPcoh69NAYlXsKMCHoMePEYwSyQhNDTqck06VnorgmGYcAH8D28e9VX8CaCJ68+hp3lYBILGn7+v7qK+txYCo22/WWtrK6tb2zmtvLbO7t7+4WDw7qOEsWhxiMZqabLNEgRQg0FSmjGCljgSmi4g5tx3hiC0iIK73EUQydg/VB4gjM0Vrdw1kZ4QBWkJe2zGGjkUfSBgpQiRsEpT9QQzrNuoWiX7UnRZeHMRJHMqtot/LR7EU8CCJFLpnXLsWPspEyZoRKyfDvREDM+YH1oGRmyAHQnndyT0VPj9KgXKfNCpBP374+UBVqPAtd0Bgx9vZiNzf+yVoLedScVYZwghHy6yEskxYiO4dCeUMBRjoxgXIkJAJ8pxtEgnNsynq20p7O8QeMsglgW9YuyY5edu8tipfI4hZQjx+SElIhDrkiF3JIqqRFOnsgLeSVv1rP1bn1Yn9PWFWsG9ojMlfX9C+h4pnM=</latexit>

 !
<latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit><latexit sha1_base64="LnQlYh2gs1phnH/zymCeT/TkmUc=">AAACEnicbZDLSgMxFIYzXmu9jXbpJlgEV2VGBF0W3LisYC/QlpJJM9PQTDIkZ5RhKPgQ7t3qK7gTt76Ab+BjmGm7sK0/BH7+c3LO4QsSwQ143reztr6xubVd2inv7u0fHLpHxy2jUk1ZkyqhdCcghgkuWRM4CNZJNCNxIFg7GN8U9fYD04YreQ9ZwvoxiSQPOSVgo4Fb6QklI8FC0DwaAdFaPQ7cqlfzpsKrxp+bKpqrMXB/ekNF05hJoIIY0/W9BPo50cCpYJNyLzUsIXRMIta1VpKYmX4+PX6Cz2wyxKHS9knA0/Tvj5zExmRxYDtjAiOzXCvC/2rdFMLrfs5lkgKTdLYoTAUGhQsSeMg1oyAyawjV3N6K6YhoQsHyWthSzNYmNJOyReMvg1g1rYua79X8u8tqvf40g1RCJ+gUnSMfXaE6ukUN1EQUZegFvaI359l5dz6cz1nrmjMHW0ELcr5+ARPhn0o=</latexit>

¥ Result can be expressed in terms of:

! eMPLs of the form                                 :

x = m2/p 2
<latexit sha1_base64="E61yNd1mj7v20EVzUar90gokhW0=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgqs4UQTdCwY3LCvYh7bRk0kwbmmSGJCOWUnDp3q3+gjtx62/4B36GmbYL23rgwuGce3NvThBzpo3rfjuZldW19Y3sZm5re2d3L79/UNNRogitkohHqhFgTTmTtGqY4bQRK4pFwGk9GFynfv2BKs0ieWeGMfUF7kkWMoKNle4fr0S7dBa3S518wS26E6Bl4s1IAWaodPI/rW5EEkGlIRxr3fTc2PgjrAwjnI5zrUTTGJMB7tGmpRILqv3R5OAxOrFKF4WRsiUNmqh/J0ZYaD0Uge0U2PT1opeK/3nNxISX/ojJODFUkumiMOHIRCj9PeoyRYnhQ0swUczeikgfK0yMzWhuS/q20qEe52w03mIQy6RWKnpu0bs9L5TLT9OQsnAEx3AKHlxAGW6gAlUgIOAFXuHNeXbenQ/nc9qacWbBHsIcnK9ft5mZlg==</latexit><latexit sha1_base64="E61yNd1mj7v20EVzUar90gokhW0=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgqs4UQTdCwY3LCvYh7bRk0kwbmmSGJCOWUnDp3q3+gjtx62/4B36GmbYL23rgwuGce3NvThBzpo3rfjuZldW19Y3sZm5re2d3L79/UNNRogitkohHqhFgTTmTtGqY4bQRK4pFwGk9GFynfv2BKs0ieWeGMfUF7kkWMoKNle4fr0S7dBa3S518wS26E6Bl4s1IAWaodPI/rW5EEkGlIRxr3fTc2PgjrAwjnI5zrUTTGJMB7tGmpRILqv3R5OAxOrFKF4WRsiUNmqh/J0ZYaD0Uge0U2PT1opeK/3nNxISX/ojJODFUkumiMOHIRCj9PeoyRYnhQ0swUczeikgfK0yMzWhuS/q20qEe52w03mIQy6RWKnpu0bs9L5TLT9OQsnAEx3AKHlxAGW6gAlUgIOAFXuHNeXbenQ/nc9qacWbBHsIcnK9ft5mZlg==</latexit><latexit sha1_base64="E61yNd1mj7v20EVzUar90gokhW0=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgqs4UQTdCwY3LCvYh7bRk0kwbmmSGJCOWUnDp3q3+gjtx62/4B36GmbYL23rgwuGce3NvThBzpo3rfjuZldW19Y3sZm5re2d3L79/UNNRogitkohHqhFgTTmTtGqY4bQRK4pFwGk9GFynfv2BKs0ieWeGMfUF7kkWMoKNle4fr0S7dBa3S518wS26E6Bl4s1IAWaodPI/rW5EEkGlIRxr3fTc2PgjrAwjnI5zrUTTGJMB7tGmpRILqv3R5OAxOrFKF4WRsiUNmqh/J0ZYaD0Uge0U2PT1opeK/3nNxISX/ojJODFUkumiMOHIRCj9PeoyRYnhQ0swUczeikgfK0yMzWhuS/q20qEe52w03mIQy6RWKnpu0bs9L5TLT9OQsnAEx3AKHlxAGW6gAlUgIOAFXuHNeXbenQ/nc9qacWbBHsIcnK9ft5mZlg==</latexit><latexit sha1_base64="E61yNd1mj7v20EVzUar90gokhW0=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgqs4UQTdCwY3LCvYh7bRk0kwbmmSGJCOWUnDp3q3+gjtx62/4B36GmbYL23rgwuGce3NvThBzpo3rfjuZldW19Y3sZm5re2d3L79/UNNRogitkohHqhFgTTmTtGqY4bQRK4pFwGk9GFynfv2BKs0ieWeGMfUF7kkWMoKNle4fr0S7dBa3S518wS26E6Bl4s1IAWaodPI/rW5EEkGlIRxr3fTc2PgjrAwjnI5zrUTTGJMB7tGmpRILqv3R5OAxOrFKF4WRsiUNmqh/J0ZYaD0Uge0U2PT1opeK/3nNxISX/ojJODFUkumiMOHIRCj9PeoyRYnhQ0swUczeikgfK0yMzWhuS/q20qEe52w03mIQy6RWKnpu0bs9L5TLT9OQsnAEx3AKHlxAGW6gAlUgIOAFXuHNeXbenQ/nc9qacWbBHsIcnK9ft5mZlg==</latexit>

!!
" 1 1

1/ 2 1/ 4 ; z± (! ), !
#

<latexit sha1_base64="dyH8tP+pOWO3kG0MTNnbAIRttck="></latexit><latexit sha1_base64="dyH8tP+pOWO3kG0MTNnbAIRttck="></latexit><latexit sha1_base64="dyH8tP+pOWO3kG0MTNnbAIRttck="></latexit><latexit sha1_base64="dyH8tP+pOWO3kG0MTNnbAIRttck="></latexit>

z± (! ) !
! ! ±

a1

d"
#

<latexit sha1_base64="TI8lQ2l6dHCWMtahgqnLFFxDX/w="></latexit><latexit sha1_base64="TI8lQ2l6dHCWMtahgqnLFFxDX/w="></latexit><latexit sha1_base64="TI8lQ2l6dHCWMtahgqnLFFxDX/w="></latexit><latexit sha1_base64="TI8lQ2l6dHCWMtahgqnLFFxDX/w="></latexit>

⇢± =
1

2

�
1�

p
1± 4x

�
<latexit sha1_base64="laNvGcOWs+RbTBvDTmaw6rEgRLk="></latexit><latexit sha1_base64="laNvGcOWs+RbTBvDTmaw6rEgRLk="></latexit><latexit sha1_base64="laNvGcOWs+RbTBvDTmaw6rEgRLk="></latexit><latexit sha1_base64="laNvGcOWs+RbTBvDTmaw6rEgRLk="></latexit>

Not a rational point, so cannot write these eMPLs in terms of 
Eisenstein series.



Bhabha scattering

¥ SatisÞes a DEQ in         -form.

! Argument of          involves a quartic 
root.

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

m
<latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit><latexit sha1_base64="mZGmCFH8tqwEbeqona7KOgzwsXU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZsLBMwH5AcYW8zl6zZ3Tt294RwBOxtLBSx9SfZ+W/cfBSa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYika3U7/1iNrwRN3bcYqhpAPFY86odVJd9kplv+LPQFZJsCBlWKDWK311+wnLJCrLBDWmE/ipDXOqLWcCJ8VuZjClbEQH2HFUUYkmzGeHTsi5U/okTrQrZclM/T2RU2nMWEauU1I7NMveVPzP62Q2vglzrtLMomLzRXEmiE3I9GvS5xqZFWNHKNPc3UrYkGrKrMum6EIIll9eJc3LSuBXgvpVuVp9msdRgFM4gwsI4BqqcAc1aAADhGd4hTfvwXvx3r2Peeuat4jwBP7A+/wB+vONbw==</latexit>

d log
<latexit sha1_base64="pMblh9vhrWwD4QGIYUgegpaTxOM=">AAACAnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFNy4rOG2hHUomk2lDM8mQZIQyFFy4d6u/4E7c+iP+gZ9hpu3Cth64cDjn3tybE6acaeO6305pY3Nre6e8W9nbPzg8qh6ftLXMFKE+kVyqbog15UxQ3zDDaTdVFCchp51wfFv4nUeqNJPiwUxSGiR4KFjMCDZW8qM+l8NBtebW3RnQOvEWpAYLtAbVn34kSZZQYQjHWvc8NzVBjpVhhNNppZ9pmmIyxkPas1TghOognx07RRdWiVAslS1h0Ez9O5HjROtJEtrOBJuRXvUK8T+vl5n4JsiZSDNDBZkvijOOjETFz1HEFCWGTyzBRDF7KyIjrDAxNp+lLcXbSsd6WrHReKtBrJP2Vd1z6979da3ZfJqHVIYzOIdL8KABTbiDFvhAgMELvMKb8+y8Ox/O57y15CyCPYUlOF+/tcqYjw==</latexit><latexit sha1_base64="pMblh9vhrWwD4QGIYUgegpaTxOM=">AAACAnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFNy4rOG2hHUomk2lDM8mQZIQyFFy4d6u/4E7c+iP+gZ9hpu3Cth64cDjn3tybE6acaeO6305pY3Nre6e8W9nbPzg8qh6ftLXMFKE+kVyqbog15UxQ3zDDaTdVFCchp51wfFv4nUeqNJPiwUxSGiR4KFjMCDZW8qM+l8NBtebW3RnQOvEWpAYLtAbVn34kSZZQYQjHWvc8NzVBjpVhhNNppZ9pmmIyxkPas1TghOognx07RRdWiVAslS1h0Ez9O5HjROtJEtrOBJuRXvUK8T+vl5n4JsiZSDNDBZkvijOOjETFz1HEFCWGTyzBRDF7KyIjrDAxNp+lLcXbSsd6WrHReKtBrJP2Vd1z6979da3ZfJqHVIYzOIdL8KABTbiDFvhAgMELvMKb8+y8Ox/O57y15CyCPYUlOF+/tcqYjw==</latexit><latexit sha1_base64="pMblh9vhrWwD4QGIYUgegpaTxOM=">AAACAnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFNy4rOG2hHUomk2lDM8mQZIQyFFy4d6u/4E7c+iP+gZ9hpu3Cth64cDjn3tybE6acaeO6305pY3Nre6e8W9nbPzg8qh6ftLXMFKE+kVyqbog15UxQ3zDDaTdVFCchp51wfFv4nUeqNJPiwUxSGiR4KFjMCDZW8qM+l8NBtebW3RnQOvEWpAYLtAbVn34kSZZQYQjHWvc8NzVBjpVhhNNppZ9pmmIyxkPas1TghOognx07RRdWiVAslS1h0Ez9O5HjROtJEtrOBJuRXvUK8T+vl5n4JsiZSDNDBZkvijOOjETFz1HEFCWGTyzBRDF7KyIjrDAxNp+lLcXbSsd6WrHReKtBrJP2Vd1z6979da3ZfJqHVIYzOIdL8KABTbiDFvhAgMELvMKb8+y8Ox/O57y15CyCPYUlOF+/tcqYjw==</latexit><latexit sha1_base64="pMblh9vhrWwD4QGIYUgegpaTxOM=">AAACAnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFNy4rOG2hHUomk2lDM8mQZIQyFFy4d6u/4E7c+iP+gZ9hpu3Cth64cDjn3tybE6acaeO6305pY3Nre6e8W9nbPzg8qh6ftLXMFKE+kVyqbog15UxQ3zDDaTdVFCchp51wfFv4nUeqNJPiwUxSGiR4KFjMCDZW8qM+l8NBtebW3RnQOvEWpAYLtAbVn34kSZZQYQjHWvc8NzVBjpVhhNNppZ9pmmIyxkPas1TghOognx07RRdWiVAslS1h0Ez9O5HjROtJEtrOBJuRXvUK8T+vl5n4JsiZSDNDBZkvijOOjETFz1HEFCWGTyzBRDF7KyIjrDAxNp+lLcXbSsd6WrHReKtBrJP2Vd1z6979da3ZfJqHVIYzOIdL8KABTbiDFvhAgMELvMKb8+y8Ox/O57y15CyCPYUlOF+/tcqYjw==</latexit>

d log
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[Henn, Smirnov, Smirnov]

¥ No solution in terms of MPLs known



Bhabha scattering

¥ SatisÞes a DEQ in         -form.

! Argument of          involves a quartic 
root.
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[Henn, Smirnov, Smirnov]

¥ No solution in terms of MPLs known

¥ Can write down solution in terms of eMPLs!

follow from simple physical considerations, such as the absence of certain branch cuts in
unphysical channels, and are straightforward to implementin this approach.

Our results show that, contrary to common belief, two-loop integrals involving masses
need not be complicated, if thought about in the right way. We present the results up to
degree four for all except one integrals in terms of a subset of Goncharov polylogarithms,
which one may call two-dimensional harmonic polylogarithms. For one integral, and more
generally for higher degree, the solution is written in terms of Chen iterated integrals.
We discuss one degree four example in detail and explain how to evaluate this integral
numerically. For the Goncharov polylogarithms, standard tools for numerical evaluation
are available [33].

This paper is organized as follows. In section2 we discuss the one-loop case in detail
within our method. The reason is that with small changes the two-loop case can be treated
in the same way. Also, this allows to expand results for one-loop integrals to any order in
! , if they are needed for future computations. We discuss in detail several di! erent analytic
representations of the answer, using Chen iterated integrals, Goncharov polylogarithms,
and multiple polylogarithms. In section 3, we apply the same technique to two loops. We
discuss the class of functions needed and give an explicit analytic solution for all integrals up
to transcendental weight four. For reasons of brevity, we only show explicitly the result for
two of the most complicated integrals, and provide the formulas for the remaining integrals
in electronic form in an ancillary Þle. In section4, we conclude and discuss future directions.
Technical details are delegated to the appendix.

2 Master integrals and di ! erential equations at one loop

Here we discuss the one-loop case as a useful pedagogical example and as a preparation for
the two-loop analysis. As we will see, most of the analysis can be directly carried over to the
two-loop case. We start by deÞning the family of one-loop integrals, as well as convenient
variables. We then discuss the choice of integral basis, theexpected analytic structure of
the integrals, and the di! erential equations they satisfy. We explain how to solve the latter
to all orders in the ! expansion and discuss various possibilities for representing the answer
in analytic form.

2.1 Definitions

We will discuss the family of one-loop integrals displayed in Fig. 1(1). In other words, we
have

Ga1,...,a4 =

∫
dDk

[−k2 +m2]a1 [−(k + p1)2]a2 [−(k + p1 + p2)2 +m2]a3 [−(k − p3)2]a4
, (2.1)

for any integer values of theai. We can always make integrals dimensionless by multiplying
them by appropriate factors. Therefore we can parametrize them by following dimensionless
variables, which we choose as

−s

m2
=

(1− x)2

x
,

−t

m2
=

(1− y)2

y
. (2.2)

Ð 4 Ð

follow from simple physical considerations, such as the absence of certain branch cuts in

unphysical channels, and are straightforward to implement in this approach.

Our results show that, contrary to common belief, two-loop integrals involving masses

need not be complicated, if thought about in the right way. We present the results up to

degree four for all except one integrals in terms of a subset of Goncharov polylogarithms,

which one may call two-dimensional harmonic polylogarithms. For one integral, and more

generally for higher degree, the solution is written in terms of Chen iterated integrals.

We discuss one degree four example in detail and explain how to evaluate this integral

numerically. For the Goncharov polylogarithms, standard tools for numerical evaluation

are available [33].

This paper is organized as follows. In section 2 we discuss the one-loop case in detail

within our method. The reason is that with small changes the two-loop case can be treated

in the same way. Also, this allows to expand results for one-loop integrals to any order in

ϵ, if they are needed for future computations. We discuss in detail several different analytic

representations of the answer, using Chen iterated integrals, Goncharov polylogarithms,

and multiple polylogarithms. In section 3, we apply the same technique to two loops. We

discuss the class of functions needed and give an explicit analytic solution for all integrals up

to transcendental weight four. For reasons of brevity, we only show explicitly the result for

two of the most complicated integrals, and provide the formulas for the remaining integrals

in electronic form in an ancillary file. In section 4, we conclude and discuss future directions.

Technical details are delegated to the appendix.

2 Master integrals and di ! erential equations at one loop

Here we discuss the one-loop case as a useful pedagogical example and as a preparation for

the two-loop analysis. As we will see, most of the analysis can be directly carried over to the

two-loop case. We start by defining the family of one-loop integrals, as well as convenient

variables. We then discuss the choice of integral basis, the expected analytic structure of

the integrals, and the differential equations they satisfy. We explain how to solve the latter

to all orders in the ϵ expansion and discuss various possibilities for representing the answer

in analytic form.

2.1 DeÞnitions

We will discuss the family of one-loop integrals displayed in Fig. 1(1). In other words, we

have

Ga1 ,...,a4 =
!

dD k
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for any integer values of the ai . We can always make integrals dimensionless by multiplying

them by appropriate factors. Therefore we can parametrize them by following dimensionless

variables, which we choose as
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Bhabha scattering

¥ SatisÞes a DEQ in         -form.

! Argument of          involves a quartic 
root.
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[Henn, Smirnov, Smirnov]

¥ No solution in terms of MPLs known

¥ Can write down solution in terms of eMPLs!

follow from simple physical considerations, such as the absence of certain branch cuts in
unphysical channels, and are straightforward to implementin this approach.

Our results show that, contrary to common belief, two-loop integrals involving masses
need not be complicated, if thought about in the right way. We present the results up to
degree four for all except one integrals in terms of a subset of Goncharov polylogarithms,
which one may call two-dimensional harmonic polylogarithms. For one integral, and more
generally for higher degree, the solution is written in terms of Chen iterated integrals.
We discuss one degree four example in detail and explain how to evaluate this integral
numerically. For the Goncharov polylogarithms, standard tools for numerical evaluation
are available [33].

This paper is organized as follows. In section2 we discuss the one-loop case in detail
within our method. The reason is that with small changes the two-loop case can be treated
in the same way. Also, this allows to expand results for one-loop integrals to any order in
! , if they are needed for future computations. We discuss in detail several di! erent analytic
representations of the answer, using Chen iterated integrals, Goncharov polylogarithms,
and multiple polylogarithms. In section 3, we apply the same technique to two loops. We
discuss the class of functions needed and give an explicit analytic solution for all integrals up
to transcendental weight four. For reasons of brevity, we only show explicitly the result for
two of the most complicated integrals, and provide the formulas for the remaining integrals
in electronic form in an ancillary Þle. In section4, we conclude and discuss future directions.
Technical details are delegated to the appendix.

2 Master integrals and di ! erential equations at one loop

Here we discuss the one-loop case as a useful pedagogical example and as a preparation for
the two-loop analysis. As we will see, most of the analysis can be directly carried over to the
two-loop case. We start by deÞning the family of one-loop integrals, as well as convenient
variables. We then discuss the choice of integral basis, theexpected analytic structure of
the integrals, and the di! erential equations they satisfy. We explain how to solve the latter
to all orders in the ! expansion and discuss various possibilities for representing the answer
in analytic form.

2.1 Definitions

We will discuss the family of one-loop integrals displayed in Fig. 1(1). In other words, we
have

Ga1,...,a4 =

∫
dDk

[−k2 +m2]a1 [−(k + p1)2]a2 [−(k + p1 + p2)2 +m2]a3 [−(k − p3)2]a4
, (2.1)

for any integer values of theai. We can always make integrals dimensionless by multiplying
them by appropriate factors. Therefore we can parametrize them by following dimensionless
variables, which we choose as

−s

m2
=

(1− x)2

x
,

−t

m2
=

(1− y)2

y
. (2.2)
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#

+ 64 !!
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1/ 2 1/ 4 ! / 2 1/ 8 ; z ! 1/ 4, !
#
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1/ 2 1/ 4 ! / 2 3/ 8 ; z ! 1/ 4, !
#
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Not a rational point, so cannot write this eMPLs in terms of 
Eisenstein series.



Conclusions

¥ We are starting to understand the simplest class of functions 
beyond MPLs!

¥ Many of the known properties survive:

! e.g. shufße algebra, symbols, coaction, closure under 
integration.

¥ Open questions: (personal selection)

! Canonical form of differential equations? [cf. Adams, Weinzierl]

! EfÞcient implementation for numerical evaluation?

! Do          -forms imply MPLs?d log
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Folklore seems to suggest yes, but is it constructiveÉ?



Conclusions

¥ These functions are not the end of the storyÉ.

! Calabi-Yau surfaces beyond two loops.
[Bloch, Kerr, Vanhove; Bourjaily, McLeod, von Hippel, Wilhelm]

! More than one elliptic curve already at two loops.
[Adams, Chaubey, Weinzierl]

2

These dual points are associated with the (Poincar«e) dual
of the Feynman graph, which we will label by

! (3)

with each ! i attached to the corresponding loop. Notice
that ( ai , ai +1 ) = ( bi , bi +1 ) = 0 for i = 1 , . . . , L" 1, corre-
sponding to the requirement that the external particles
are massless.

In terms of these dual coordinates, the Feynman inte-
gral (1) becomes

T(L ) #
!

d4L"!

" L
j =0 (aj , bj )

(! 1, a0)
#" L

j =1 (! j , ! j +1 )( ! j , aj )( ! j , bj )
$, (4)

where ! L +1 # b0 for notational compactness. The factor
in the numerator of (4) has been introduced to ensure
that the result is dual-conformally invariant (that is, con-
formally invariant in dual-momentum x-space). As such,
the integral should depend exclusively on dual-conformal
cross-ratios

(ab;cd) #
(a, b)(c, d)
(a, c)(b, d)

. (5)

Following the methods described in ref. [25], we
Feynman-parameterize the integral (4) within the em-
bedding formalism one loop at a time to obtain

T(L ) =

!!

0

%
dL"#

&
dL"$

" L
j =0 (aj , bj )

%
(R1, R1) á á á(RL , RL )

&
(RL , b0)

, (6)

where
R0 # #0(a0), Rk # (Rk" 1)+ #k (ak )+ $k (bk ), (7)

and
%
dL"#

&
represents the projective integration measure

over the L+ 1 Feynman parameters{ #0, . . . , #L } . Note
that the "$ integration is not projective here (but could
be projectivized using the Cheng-Wu theorem [26, 27]).
Rescaling these parameters,

#k $%#k
(a0, bk )
(ak , bk )

, $k $%$k
(a0, ak )
(ak , bk )

, (8)

and deÞning

f k #
1
2

(Rk , Rk )
(ak , bk )

(a0, ak )(a0, bk )
, gL #

(RL , b0)
(a0, b0)

, (9)

results in the manifestly dual-conformally invariant ex-
pression:

T(L ) =

!!

0

%
dL"#

&
dL"$

1
'
f 1 á á áf L

(
gL

, (10)

where

f k # (a0ak" 1;ak bk" 1)(ak" 1bk ;bk" 1a0)(ak bk ;ak" 1bk" 1)f k " 1

+ #0(#k + $k )+ #k $k +

k" 1)

j =1

#
#j #k (bj a0;aj ak)

+ #j $k (bj a0;aj bk)+ #k $j (a0aj ;ak bj )+ $j $k (a0aj ;bk bj )
$
,

gL # #0 +

L)

j =1

#
#j (bj a0;aj b0)+ $j (a0aj ;b0bj )

$
. (11)

For the remainder of this work, we will de-projectivize the
(otherwise projective) "# integrations by setting #0 % 1.
The form derived above can be easily seen to match the
representation of ref. [15] for L =2 exactly.

Although the collection of cross-ratios arising in (11)
are multiplicatively independent, the careful reader will
note that their number exceeds that of algebraically in-
dependent cross-ratiosÑthat is, the dimension of the
space of dual-conformal conÞgurations inx-space. In this
case, the integral T(L ) should depend on (6L" 5) dual-
conformal degrees of freedom. Eliminating these redun-
dancies can be achieved in an elegant way by going to
(lower-dimensional) conÞgurations of momentum-twistor
space as described in ref. [28].

NON-POLYLOGARITHMICITY
The fact that ( 10) has (L+ 1) factors in its denomina-

tor immediately implies that it has residues of codimen-
sion (at least) (L+ 1)Ñsignaling at least this degree of
ÔpolylogarithmicityÕ. To see that no further residues ex-
ist (without restricting kinematics), it su ! ces to take the
codimension (L+ 1) residue

Res
{ f i =0 }
gL =0

*
dL"$ d#L

(f 1 á á áf L )gL

+

=
1

,
Q(#1, . . . , #L " 1)

(12)

and observe that Q is generically an irreducible quartic
in #L " 1, and of strictly higher degree in all of the other
parameters. Transforming this quartic Q (in #L " 1) into
its Weierstra§ representation, we have

1
,

Q(#1, . . . , #L " 1)
$%

1
,

4x3" xg2("z)" g3("z)
, (13)

where "z denotes the remainingzi # #i for i =1 , . . . , L" 2.
This shows that the residue (12) results in an integral
over an elliptically Þbered algebraic variety of dimension
(L" 1),

T(L ) =
!

dx dL " 2"z
,

4x3" g2("z)x" g3("z)
G#(x, "z), (14)

where G# should be some combination of weight-(L+ 1)
hyperlogarithmsÑwhich we expect will depend in no sim-
ple way on the space parameterized byx, "z.

GEOMETRY OF THE ELLIPTIC FIBRATION
We have seen that the traintrack integral (1) generally

involves integration over a space deÞned by the Weier-
stra§ equation

y2 = 4x3" g2("z)x" g3("z), x, y &C , (15)

where the complex numbers"z can be seen as a! ne co-
ordinates on PL " 2, so that the geometry of the space
S deÞned by (15) is that of a complex algebraic variety
elliptically Þbered over PL " 2.

Let us Þrst consider the three-loop instance of (15); we
would like to show that the surface S is in fact a K3.

the same considerations apply and one Þnds that there are only two independent contours which are
equivalent to the following one dimensional real integrals

I (a1, a2) =
! a2

a1

da
"

! R(a, a1, a2, a3, a4)
=

! a4

a3

da
"

! R(a, a1, a2, a3, a4)
,

I (a2, a3) =
! a3

a2

da
"

R(a, a1, a2, a3, a4)
=

# ! a1

!"
+

! + "

a4

$
da

"
R(a, a1, a2, a3, a4)

. (2.11)

As for the explicit case of the sunrise with equal masses, we chose the sign in the root in order to
deal with real integrals everywhere.

As a last remark, the integrals in Eqs. (2.11) are nothing but complete elliptic integrals of the Þrst
kind. To see this, we perform the two standard changes of variables for the two integrals respectively

I (a1, a2) !" t2 =
(a4 ! a2)(a ! a1)
(a2 ! a1)(a4 ! a)

,

I (a2, a3) !" t2 =
(a1 ! a3)(a ! a2)
(a3 ! a2)(a1 ! a)

, (2.12)

and obtain

I (a1, a2) =
2

"
(a3 ! a1)(a4 ! a2)

K ( w1) , (2.13)

I (a2, a3) =
2

"
(a3 ! a1)(a4 ! a2)

K (1 ! w1) , (2.14)

where

K( w) =
! 1

0

dz
"

(1 ! z2)(1 ! w z2)
with # (w) < 1, (2.15)

is the elliptic integral of the Þrst kind and

w1 =
(a2 ! a1)(a4 ! a3)
(a3 ! a1)(a4 ! a2)

. (2.16)

Indeed, a standard result of the theory of the complete elliptic integrals shows thatK (w) and
K (1 ! w) satisfy the same second-order di! erential equation, of which they constitute the two
independent solutions.

The analysis carried out in this section might seem somewhat redundant, as the theory of the
elliptic integrals has been very well understood for a long time. Nevertheless, when considering the
three-loop banana graph, we will see that many of the ideas and of the results derived here can be
directly borrowed or trivially extended to more complicated cases. We believe that this will make
our analysis in this much less trivial case, much more transparent.

3 The three-loop massive banana graph

We consider the three-loop two-point integral family deÞned by

p
m

m
m
m

= I a1,a2,a3,a4,a5,a6,a7,a8,a9

%
%
%
a5,ááá,a9< 0

6
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3
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Figure 1: The planar double box. Solid lines correspond to massive propagators of mass m,
dashed lines correspond to massless propagators. All external momenta are out-going and on-
shell: p2

1 = p2
2 = 0 and p2

3 = p2
4 = m2.
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p4

1
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−p13 −p24

Figure 2: The auxiliary topology with nine propagators.

are out-going and on-shell. Thus we have

p1 + p2 + p3 + p4 = 0, p2
1 = p2

2 = 0, p2
3 = p2

4 = m2. (3)

We further set

s = ( p1 + p2)2 , t = ( p2 + p3)2 . (4)

Since there are two independent loop momenta and three independent external momenta we
have nine independent scalar products involving the loop momenta. We therefore consider an
auxiliary topology with nine propagators, shown in fig. (2). In D-dimensional Minkowski space
the integral family for this auxiliary topology is given by

Iν1ν2ν3ν4ν5ν6ν7ν8ν9

(
D,s, t,m2,µ2) = e2γE ε

(
µ2)ν−D

∫
dDk1

iπ
D
2

dDk2

iπ
D
2

9

∏
j= 1

1

P
ν j

j

, (5)
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Bhabha scattering

¥ The planar two-loop integrals considered by Henn, Smirnov.

! Kinematics parametrised by Landau variables:

follow from simple physical considerations, such as the absence of certain branch cuts in
unphysical channels, and are straightforward to implementin this approach.

Our results show that, contrary to common belief, two-loop integrals involving masses
need not be complicated, if thought about in the right way. We present the results up to
degree four for all except one integrals in terms of a subset of Goncharov polylogarithms,
which one may call two-dimensional harmonic polylogarithms. For one integral, and more
generally for higher degree, the solution is written in terms of Chen iterated integrals.
We discuss one degree four example in detail and explain how to evaluate this integral
numerically. For the Goncharov polylogarithms, standard tools for numerical evaluation
are available [33].

This paper is organized as follows. In section2 we discuss the one-loop case in detail
within our method. The reason is that with small changes the two-loop case can be treated
in the same way. Also, this allows to expand results for one-loop integrals to any order in
! , if they are needed for future computations. We discuss in detail several di! erent analytic
representations of the answer, using Chen iterated integrals, Goncharov polylogarithms,
and multiple polylogarithms. In section 3, we apply the same technique to two loops. We
discuss the class of functions needed and give an explicit analytic solution for all integrals up
to transcendental weight four. For reasons of brevity, we only show explicitly the result for
two of the most complicated integrals, and provide the formulas for the remaining integrals
in electronic form in an ancillary Þle. In section4, we conclude and discuss future directions.
Technical details are delegated to the appendix.

2 Master integrals and di ! erential equations at one loop

Here we discuss the one-loop case as a useful pedagogical example and as a preparation for
the two-loop analysis. As we will see, most of the analysis can be directly carried over to the
two-loop case. We start by deÞning the family of one-loop integrals, as well as convenient
variables. We then discuss the choice of integral basis, theexpected analytic structure of
the integrals, and the di! erential equations they satisfy. We explain how to solve the latter
to all orders in the ! expansion and discuss various possibilities for representing the answer
in analytic form.

2.1 Definitions

We will discuss the family of one-loop integrals displayed in Fig. 1(1). In other words, we
have

Ga1,...,a4 =

∫
dDk

[−k2 +m2]a1 [−(k + p1)2]a2 [−(k + p1 + p2)2 +m2]a3 [−(k − p3)2]a4
, (2.1)

for any integer values of theai. We can always make integrals dimensionless by multiplying
them by appropriate factors. Therefore we can parametrize them by following dimensionless
variables, which we choose as

−s

m2
=

(1− x)2

x
,

−t

m2
=

(1− y)2

y
. (2.2)
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follow from simple physical considerations, such as the absence of certain branch cuts in

unphysical channels, and are straightforward to implement in this approach.

Our results show that, contrary to common belief, two-loop integrals involving masses
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degree four for all except one integrals in terms of a subset of Goncharov polylogarithms,
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are available [33].
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two of the most complicated integrals, and provide the formulas for the remaining integrals

in electronic form in an ancillary file. In section 4, we conclude and discuss future directions.

Technical details are delegated to the appendix.

2 Master integrals and di ! erential equations at one loop

Here we discuss the one-loop case as a useful pedagogical example and as a preparation for

the two-loop analysis. As we will see, most of the analysis can be directly carried over to the

two-loop case. We start by defining the family of one-loop integrals, as well as convenient

variables. We then discuss the choice of integral basis, the expected analytic structure of

the integrals, and the differential equations they satisfy. We explain how to solve the latter

to all orders in the ϵ expansion and discuss various possibilities for representing the answer

in analytic form.

2.1 DeÞnitions

We will discuss the family of one-loop integrals displayed in Fig. 1(1). In other words, we

have

Ga1 ,...,a4 =
!

dD k
[! k2 + m2]a1 [! (k + p1)2]a2 [! (k + p1 + p2)2 + m2]a3 [! (k ! p3)2]a4

, (2.1)

for any integer values of the ai . We can always make integrals dimensionless by multiplying

them by appropriate factors. Therefore we can parametrize them by following dimensionless

variables, which we choose as

! s
m2 =

(1 ! x)2

x
,

! t
m2 =

(1 ! y)2

y
. (2.2)
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¥ All integrals but one are expressed in terms of polylogarithms.

! Differential equation for remaining integral:

We checked our results against various formulas available in the literature, e.g. [10].
A particularly non-trivial test the agreement with the resu lt of [8] for integral f 22, since
the di! erential equations for this integral involve most other integrals. We also performed
numerical checks in the Euclidean region by the implementation of sector decomposition
[41, 42] in FIESTA [ 43, 44], and analytic checks in asymptotic limits that were obtained
from Mellin-Barnes representations.

3.5 Explicit parametrization for Chen iterated integral

In the previous paragraph, we have written down an explicit solution for all integrals except
for f 11 up to degree four. We also explained, in section2.6, how to write the general solution
to the two-loop problem in terms of Chen iterated integrals.

Let us exemplify this using f 11. The basis integral is Þnite as! ! 0, which explains
why it Þrst appears at order ! 4 in our normalization.

Using the explicit results for all other integrals, and expanding eq. (3.24) to fourth
order in ! , we Þnd that f (4)

11 satisÞes the following di! erential equation,

d f (4)
11 = g1 d log

!
1 " Q
1 + Q

"
+ g2 d log

!
(1 + x) + (1 " x)Q
(1 + x) " (1 " x)Q

"
+ g3 d log

!
(1 + y) + (1 " y)Q
(1 + y) " (1 " y)Q

"
,

(3.29)

where the three functionsg1, g2, g3 are given explicitly by

g1 = " 16G0(y)H0,0(x) + 32G1(y)H0,0(x) + 8 G0,0,0(y) " 16G0,0,1(y) " 32H! 2,0(x)

+ 8H0,0,0(x) " 16H1,0,0(x) +
8
3

" 2G0(y) +
16
3

" 2G1(y) "
8
3

" 2H0(x) " 32#3 , (3.30)

g2 = " 16H0,0,0(x) "
8
3

" 2H0(x) , (3.31)

g3 = 8H0(x)G! 1
x ,0(y) " 16H0(x)G! 1

x ,1(y) " 8H0(x)G! x,0(y) + 16H0(x)G! x,1(y)

+ 16H! 1,0(x)G! 1
x
(y) " 16H! 1,0(x)G! x (y) " 8G0(y)H0,0(x) " 8H0,0(x)G! 1

x
(y)

+ 8H0,0(x)G! x (y) + 8 G! 1
x ,0,0(y) " 16G! 1

x ,0,1(y) + 8 G! x,0,0(y) " 16G! x,0,1(y)

" 16G! 1,0,0(y) + 32G! 1,0,1(y) " 16H! 2,0(x) + 8 H0,0,0(x) +
20
3

" 2G! 1
x
(y)

+ 4 " 2G! x (y) "
32
3

" 2G! 1(y) "
4
3

" 2H0(x) " 24#3 . (3.32)

They can also be written in terms of classical polylogarithms, in a form that is manifestly
real-valued in the region0 < x < 1, 0 < y < 1.

At x = 1 , equation (3.29) simpliÞes, and integrating back we Þnd

f (4)
11 (x = 1 , y) =

8
3

" 2H0,0(y) + 8 H0,0,0,0(y) "
16
3

" 2H2(y) + 16H4(y) +
32" 4

45
. (3.33)

Note that in particular, at y = 1 , we havef (4)
11 (x = 1 , y = 1) = 0 . We may also note that

f (4) vanishes forx = " y.
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g1, g2, g2 = ÔsimpleÕ polylogarithms
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3.2 System of differential equations

We find that the basis choice of eqs. (3.1)–(3.23) puts the differential equations into canon-

ical form, i.e.

d f = ϵ dÃ f . (3.24)

Here f contains 23 integrals, and Ã is a 23× 23 matrix. The matrix Ã can be put into the

following form,

Ã =B1 log(x) +B2 log(1 + x) +B3 log(1− x) +B4 log(y) +B5 log(1 + y)

+B6 log(1− y) +B7 log(x+ y) +B8 log(1 + xy)

+B9 log(x+ y − 4xy + x2y + xy2) +B10 log

(
1 +Q

1−Q

)

+B11 log

(
(1 + x) + (1− x)Q

(1 + x)− (1− x)Q

)

+B12 log

(
(1 + y) + (1− y)Q

(1 + y)− (1− y)Q

)

, (3.25)

Here

Q =

√

(x+ y)(1 + xy)

x+ y − 4xy + x2y + xy2
, (3.26)

and the Bi are constant matrices, see Appendix B.

It is important to note that the matrix Ã only contains logarithmic singularities, so

that we can expect the answer to be expressed in terms of iterated integrals.

We see that w.r.t. the one-loop case, the four terms in the last two lines of eq. (3.25)

are new. Analyzing the arguments of the logarithms we find that most of them only have

singularities at x = 0, y = 0, x = 1, y = 1. However, the coefficient of B9 has additional

singularities that take a more complicated form in terms of x and y. In they original

variables, they correspond to s = −t. It is worth pointing out that the matrix B9 only has

one non-zero entry, see eq. (B.9), and this symbol entry will appear first at degree five for

integral 11, and at higher degrees for other integrals.

3.3 Solution at symbol level

We find that we can determine all integration constants from physical conditions, up to

a few trivial propagator-type integrals. In particular, we find for the first order in the ϵ

expansion

f (0) = {1,−1,−1/2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,−1/2, 0, 0, 0,−1, 0, 0, 0, 0, 0} . (3.27)

This, together with the differential equation (3.24) and (3.25), completely specifies the

symbol.

Before writing down the explicit solution for the basis integrals, we find it useful to

analyze the symbols of the functions. The reason is that although one would expect that

all terms appearing in eq. (3.25) eventually enter the r.h.s. of the differential equations for

the integrals with many propagators, the matrices Bi are sparse matrices with many zero

– 14 –

g2 = �8

3
G(0, x)3 � 8⇡2

3
G(0, x)
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! Solution only known as ÔChen iterated integralsÕ (equivalent to 

symbol plus boundary condition).



Bhabha scattering

Rational function on elliptic curve DeÞnes an elliptic curve

! Differential equation can be solved in terms of eMPLs!

! N.B.: This does NOT mean that there is no way to write the 
solution in terms of ordinary polylogarithms!

! Solution is a pure function of eMPLs of uniform weight.

32!!
" 1 1 1 1

1/ 2 1/ 4 3/ 8 1/ 8 ; z ! 1/ 4, !
#

+ 32 !!
" 1 1 1 1

1/ 2 1/ 4 3/ 8 3/ 8 ; z ! 1/ 4, !
#

+ 64 !!
" 1 1 1 1

1/ 2 1/ 4 ! / 2 1/ 8 ; z ! 1/ 4, !
#

! 64!!
" 1 1 1 1

1/ 2 1/ 4 ! / 2 3/ 8 ; z ! 1/ 4, !
#
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+64 !!
" 1 1 1 1

1/ 2 1/ 4 ! / 2 1/ 8 ; z ! 1/ 4, !
#

! 64!!
" 1 1 1 1

1/ 2 1/ 4 ! / 2 3/ 8 ; z ! 1/ 4, !
#
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+[ O(700) more terms]
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! 2 = ( x + y)(x + 1 /y )
!
x2 + xy ! 4x + x/y + 1

"
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d log
!

1 ! Q
1 + Q

"
=

dx
!

!
1
x

! x
"

+
dy
!

!
1
y

! y
"

x
y
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Elliptic polylogarithms 

¥ Technical aside: Our eMPLs are not 100% the same as those 
deÞned by Brown & Levin.            

More generally, at the level of the generating function, we have

F (z + 1 , ! , " ) = F (z, ! , " ) and F (z + " , ! , " ) = e! 2! i " F (z, ! , " ) . (3.10)

Hence, strictly speaking, theg(n) are not well-deÞned functions on the torus. One can show
that it is not possible to Þnd a set of independent integration kernels that are at the same
time holomorphic, periodic and have at most simple poles at the lattice points. Instead,
one has to give up either holomorphicity or periodicity in order to deÞne generalisations of
MPLs to elliptic curves. While in our applications the holomorphic, but non-periodic, ver-
sion of eMPLs deÞned in eq. (3.2) is most appropriate, we mention that in the mathematics
and string theory literature it is customary to consider iterated integrals deÞned through
integration kernels that are periodic, at the expense of giving up holomorphicity [68, 69, 78],
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! z

0
dz" f (n1) (z" ! z1, " ) !
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where the functions f (n) are deÞned by the generating series
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The functions f (n) (z, " ) are periodic with respect to translations in both the real and
" directions, but they depend explicitly on the antiholomorphic variable øz through the
exponential factor in the right-hand side of eq. (3.12).

3.2 The total di ! erential and the symbol of eMPLs

In this section we propose a generalisation of the notion of symbols from ordinary MPLs to
eMPLs. Our starting point is the recursive deÞnition of the symbol in eq. (2.9) and (2.10).
In order to apply this formula, we need a closed form for the total di#erential of eMPLs,
similar to eq. (2.11). We also need to modify the recursive deÞnition slightly, because in
the case of eMPLs not all the basic integration kernels have logarithmic divergences, but
most of the kernels are regular everywhere. In the next subsection we give the general
formula for the total di #erential and the resulting symbol map, and we discuss some of its
basic properties.

If we introduce the following shorthand for the arguments of eMPLs

A[r ]
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"
ni + r

zi

#
and Ai " A[0]

i , (3.13)

the total di #erential of an eMPL takes the form
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(3.14) { eq:gamma_differential }{ eq:gamma_differential }
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¥ In general: cannot Þnd a function that is at the same time

! holomorphic.

! doubly-periodic.

! has at most simple poles at                    . z = m + n!
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!             are not periodic functions (                ).

! Periodicity restored by a (simple) non-holomorphic factor.

¥ Here: prefer to work with holomorphic functions.
! Feynman integrals present themselves as holomorphic objects.

! = " 2/ " 1
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