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(& Elliptic Feynman integrals [}

¥ Multiple polylogarithms describe large classes of integre

I Properties of these functions well understood.

[cf. talks by Bourjaily, Britto, Gehrmann, McLeod, Penante, Spradlin, E]



(& Elliptic Feynman integrals [@]

¥ Multiple polylogarithms describe large classes of integre

I Properties of these functions well understood.

[cf. talks by Bourjaily, Britto, Gehrmann, McLeod, Penante, Spradlin, E]

¥ Not every Feynman integral can be expressed in terms of MP

¥ Most prominent example: Two-loop sunrise integre

¥ By now we know many other example:
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Integrals beyond MPLs  [@]]

2005 2010 2015

Sabry (1962)
Broadhurst (1990)

Bauberger, Berends, Bohm, Buza (1995)
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@ The elliptic sunrise  [B]

¥ How do we know that the sunrise cannot be expressed in ter
of polylogarithms?

I Look at maximal cut (in D=2): [Laporta, Remiddi]

: ( s" m1)2 . dX

(m2+m3)2 RZ(X,m%,m%)RZ(S,X,m%)

b

Ro(X,y,2) = X2+ y2+ 221 2xy ! 2xz ! 2yz
I Evaluates to a (complete) elliptic integral of the 1st kind:

()= ox
o (! x9)A! 'x2)




@ The elliptic sunrise  [B]

¥ Uncut integral can be reconstructed from dispersion relatic

:2" dx

m1
> m (mo+ma)2  Ra(X,m3, m3)Rz(s, x,m%)
w

| X +m? —s+, Ra(s,x,m?)
X +m$—s— Ra(s,x,m%)

X log



@ The elliptic sunrise  [B]

¥ Uncut integral can be reconstructed from dispersion relatic

:2" dx

m1
> m (mo+ma)2  Ra(X,m3, m3)Rz(s, x,m%)
w

| X +m? —s+, Ra(s,x,m?)
X +m$—s— Ra(s,x,m%)

¥ Bloch & Vanhove: Sunrise integral can be expressed in term:
an elliptic dilogarithm.

X log

¥ Many other representations are knowr
| ELI functions. [Adams, Bogner, Weinzierl]

I Ilterated integrals of complete elliptic integralfRemiddi, Tancredi]

I Iterated Integrals of modular forms. [Adams, Weinzier|]



(Z Various guises of eMPLs [B]

) dx #ooox
log 1! —
o XxX(x! 1)(x! a) a

?

lterated integrals of

complete elliptic integral
[Broadhurst; Tancredi, Remiddi]

Elliptic polylogarithms

[Brown, Levin]

?

?

Iterated integrals o
modular forms

[Manin; Brown; Adams, Weinzierl]



(Z Various guises of eMPLs [B]

dx og 11 X Elliptic polylogarithms

0 " X(x! D(x! a) a

[Brown, Levin]

¥ How are these different representations related?
¥ What are their properties?

¥ Can we work out relations among these functions?

¥ can we debne an Oinvariant® like the symbol th:
relates all of them?

lterated integrals of Iterated integrals o
complete elliptic integral modular forms
[Broadhurst; Tancredi, Remiddi] [Manin; Brown; Adams, Weinzierl]
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Outline @)
¥ Aim of this talk:

I DebPne a class of elliptic generalisations of polylogarithms

I Analyse the different ways these functions can present
themselves.

I Use sunset integral as a guideline.

¥ Outline:

| Elliptic polylogarithms E or how to integrate on an elliptic
curve.

| Integrals of modular forms E and how they are related
to eMPLs.

| Further applications E or what happens after the sunset.



Elliptic polylogarithm%

E or how to integrate on
an elliptic curv




(¢ Elliptic polylogarithms  [@]

¥ First goal:generalise notion of polylogarithms to elliptic curve
I MPLs = Iterated Integrals with logarithmic singularities.

¥ Debnition:

Genus C G(ay,..., an:2Z) = G(ay, ..., an ;1) a! C



(¢ Elliptic polylogarithms  [@]

¥ First goal:generalise notion of polylogarithms to elliptic curve
I MPLs = Iterated Integrals with logarithmic singularities.

¥ Debnition:

S dt
Genus C G(ay,..., an;Z) = G(ap,..., an; 1) a ! C
0 tl 8.1
D, | " ni ! N
Genus 1 #(zi:%:z") = dZg™(Z$z,")# ooz zi! C

0
[~ Brown, Levin; Brsdel, Mafra, Matthes, Schlotterer; see talk by Schlottere

¥ Eisenstein-Kronecker series

1 +
F(z,#,!) = m
n" O

$:(0,!)$1(z+ #,!)

(n) n —
N A TCAD

| Eachg'™ hagatmosy simple polesat= m+ n! m,nc7Z



(¢ Elliptic polylogarithms  [@]

b dx #oooxd
log 1! —
o X(x! 1)(x! a) a
VS.
P, | |
Manzszn) =  ded™WEsa ) Bk

What Is the relation..?



& The circle @)

¥ How to describe a circle

0 2 R
! 1/

(X,y) with y?=11 x2




& The circle @)

¥ How to describe a circle

0 2 R »
! 1/

(X,y) with y?=11 x2

| Can rescale OcircumferenceO to
I Trigonometric function: cos @
(cos1)? =1 — (cos!)? cos( +2") =cos!

-t dx

I Inverse map: | =1
0 1! x'2




& Elliptic curves

¥ Elliptic curves are the same as to
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¥ Elliptic curves are the same as to




& Elliptic curves [@]

¥ Elliptic curves are the same as to

z Xy, 1] with ¢ =421 gz! g
| Can always rescale one OradiusO tt=w2/wi Im! > Q

Il Welerstrass -function;
1 ! 1 1

(Vo)== 5+
( ) z? (M.} .0) (z+m!i+nly)?%2 " (Mm!i+n!y)?

H

122413" g1 " g (2 + wi;wi, wa) = p(2; W1, w2)

I Inverse map: z= - = Id); T g
. I ZEAN &




(%  Elliptic polylogarithms

¥ Relation to integrals like ax |09F1! x* ?
o X(x! 1)(x! a) a

I They are the same thingsrsdel, cD, bulat, Tancredi]




&

¥ Relation to integrals like ax |09F1! x* ?
o X(x! 1)(x! a) a

I They are the same thingsrsdel, cD, bulat, Tancredi]

Elliptic polylogarithms

= dz gV (z! z)! gP(z+ zo)+ 29D (zo)

I There is a 1-to-1 map between linearly independent 1-forr
INn (x,y) -space and -space.



(¢ Elliptic polylogarithms  [@]

¥ Important property: Space of eMPLs and rational functions c
an elliptic curve Is closed under taking primitives.

[Brown, Levin (implicitly) ; BrSdel, CD, Dulat, Tancredi]

I Rational function on elliptic curveR(x,y) = Ri(x) + ERz(x)

y
¥ Consequence:

I Every ordinary MPL is also an eMPL.

' Every ordinary MPL with arguments of the fornR(x,y) can
be written as eMPLSs.

I All classical elliptic integrals are part of eMPLs, e.qg.,

-1
K(1y=  ° 0
o (1! x2)(1! I'x2)
I Can use a construction due to Brown to dePne symbols,
coaction, etc.




(Z Various guises of eMPLs [B]

Elliptic polylogarithms

[Brown, Levin]

L dx #oooxd

- log 1! —

o XxX(x! 1)(x! a) a
lterated integrals of Iterated integrals o
complete elliptic integral modular forms

[Broadhurst; Tancredi, Remiddi] [Manin; Brown; Adams, Weinzierl]



- dx if
0 X(x! 1)(x! a)

lterated integrals of

complete elliptic integral
[Broadhurst; Tancredi, Remiddi]

\: o
log 1! X 8K{/a)

(Z Various guises of eMPLs [B]

Elliptic polylogarithms
[Brown, Levin]

o 1 .1, .y o
01/2+1/2 5 0!

- -

1 .
[ 2

NI

Iterated integrals o
modular forms

[Manin; Brown; Adams, Weinzierl]
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: 1" dX H N) SK(lla) -il .- . . 1- l.,, ) il .

X
o x(x! 1)(x! a) " a a0 V25

Elliptic polylogarithms  [@]

0O 1 .
0!/ -

2

NI =

=",/ = i K(L! Va)/K(1l/a)



&

1 dx o x¥  8K(l/a) v 1 ’
: og 11 X = SR o vl e
o X(x! 1)(x! a) a a 2

Elliptic polylogarithms  [@]

- .. - -

~pF

oo
N
NI =

=",/ = i K(L! Va)/K(1l/a)

¥ Sunrise integral can be computed in a similar we

(mo+mz)2  Ra(X,m3, m3)Rx(S, X, M%)

mi
\ime/

x+m2—s+, Rao(s,x,m2)

X log

X +m?—s— Ry(s,Xx,m?)



(7 From dynamics to geometry@

¥ The zeroes of the root determine the periods, and thus the sh
of the elliptic curve/torus.

e - -

:1 # ¢ - .. ..
- ax log 1! X :8Iﬂ.(1_/a) | 8401 =R 10

1.
o X(x! 1)(x! a) a 3 01/2+1/21 5 p

2

NI

=",/ = i K(L! Va)/K(1/a)

| The information on the OshapeO is encoded in the variable



(7 From dynamics to geometry@

¥ The zeroes of the root determine the periods, and thus the sh
of the elliptic curve/torus.

1 dx Foox¥ _8Kl/a) + o 4 1 7
" log 1! = = 2227 | Loz
o x(x! 1)(x! a) ) a a 01/2+1i2> 5

oo
—~

N
NI

=",/ = i K(L! Va)/K(1/a)

| The information on the OshapeO is encoded in the variable

¥ For the sunrisezeroes determined by kinematic datz

m1

dx
(mo+mz)2  Ra(X,m3, m3)R,(s, X, M%)

N/

| X+m$—s+, RQ(s,x,m%)“
X+m?—s— Ry(s,Xx,m%)

X log



Integrals of modul
form

E and what they have t
do with eMPLs




(7 From dynamics to geometry@

¥ For Feynman integrals:: becomes a dynamical variable.

2
pm 1 dynamical variable: Moy

o/ >

¥ Novel feature beyond genus @he moduli space of curves o
genus g>0 is non trivial.

I There Is only one Riemann sphe{@ to rescaling)
| There are tori of Odifferent shapesC

¥ The shape of the torus becomes a kinematic varial

I Need to consider iterated integrals on Othe space of all tor



& The moduli space  [@]

¥ Moduli space of tori= Ospace of all geometrically-distinct to

I Question:how to classify tori?
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& The moduli space  [@]

¥ Moduli space of tori= Ospace of all geometrically-distinct to
I Question:how to classify tori?

¥ A torus is debned by! 5,! 1)
| Rescaletd!,1) =("2/"1,1) « , in upper half-plane



& The moduli space  [@]

¥ Moduli space of tori= Ospace of all geometrically-distinct to
I Question:how to classify tori?

¥ A torus is debned by! 5,! 1)
| Rescaletd!,1) =("2/"1,1) + , inupper half-plene
I Rotation of the basis debPnes same torus:

(iz)r ah (17) (%) esLz)

a + Db
cl +d

I SL(2,Z) actsomn via Moebius transformatiohg:

¥ Moduli space of tori= Upper half plane modulo Moebiu
transformations.



(@ Iterated int. of modular forms$@j

¥ Modular form = holomorphic function with nice transformatiot
properties:

at + b
F(E) = (e s

ct + d

¥ Debnition: Iterated integral of modular forms.

| (fi,,..., fi ;1) = - al fi, (') I1(fi,,..., fi. ;1)

fi. = modular forms

¥ Looks very different from eMPLSE.

| What is the connection to eMPLSE?



(Z The differential of eMPLs [&]

¥ To study relations among MPLs, we used the symbol, whicl
based on the total differential:

| N

dG(ay,..., an,Z) = G(ay,..., a,..., an,z)dlog

Symbol alphabet



(Z The differential of eMPLs [&]

¥ To study relations among MPLs, we used the symbol, whicl
based on the total differential:

!n
dG(ay,...,an;2) = G(ai,...,6;,...,a5;2)dlog
i=1

. . ! #
¥ Total differential of eMPLs:AIT = nitr Symbol alphabet

—1
df (Al o Aps 2, 7—) — (_1)np+1 f (Al e Ap—l 8 Ap+2 o Az, 7.) CL}(",1p+'er+1)
1

E np+1 7T B )
_|_>: >: (np 1+ 1) (Al Az[gr]lAp Ap+1"'Ak§Zv7_) w}(;,qg_—lr)

Np—1 — 1
p=1 r=0 L p—1

aii 1! 4
Ai+1 ! a

-

S
|

B (an +r—1
[Brsdel, CD, Dulat, npr1 — 1
Penante, Tancredi]

| i(j”) =(dz " dz)g™(z " z,")+

nd"

1 11
Hi (n+)(ZJ Zi,")



(Z The differential of eMPLs [&]

¥ To study relations among MPLs, we used the symbol, whicl
based on the total differential:

!n
dG(ay,...,an;2) = G(ai,...,6;,...,a5;2)dlog
i=1

. . " #
¥ Total differential of eMPLs:AIM »  nitr Symbol alphabet

—1
df (Al o Aps 2, 7—) — (_1)np+1 f (Al e Ap—l 8 Ap+2 o Az, 7.) CL}(",1p+'er+1)
1

aii 1! 4
ai+1 ! a

-

S
|

E np+1 7T
_|_>: >: (np—l—i_r_l)f(Al-..A[r ApAp—‘,—l"'Ak;Z,T) w(np__’l“)

—1

p=1 r=0 L

Np+1+1 —1

[Brsdel, CD, Dulat, ( npr1 — 1
Penante, Tancredi]

p+1- p.p+1 |

i Integral on
| (n) — on _ (n)(-. n T [nd (n+1) ; t .
nij o =0dg T dz) 077 Tz ) e 9 T 4] oquli space




(Z The differential of eMPLs [&]

! (n) — (dZJ dZi) g(n)(zj " Zi, )+ [2? g(n+1) (ZJ ! Zj, )J

¥ Symbol letters involve 1-forms on moduli spac
I Iterated integrals on moduli space.
I Modular forms?



(Z The differential of eMPLs [&]

nd" + " n
1" = (dg " dz) g™ (z Zi’")+[—g(n &t )J

2#1

¥ Symbol letters involve 1-forms on moduli spac

I Iterated integrals on moduli space.
I Modular forms?

A _ r >- -
¥ Assume that;; are Orationg; = ﬁl + WI! ri,si, N integer
. S . . .
I g™ vt Nh!t  Isalways a combination of modular forms
) (T, S )_ (—2mis)™  (n)
o (5 577) = 3 S

I More technically: h{("™

nrs are Eisenstein series of weight
for ' (N) .

[Brsdel, CD, Dulat, Penante, Tancredi; Zagier]



(Z The differential of eMPLs [&]

¥ Conclusion:If all z; in #(5: = %:z,") are Orational®,
I the symbol letters are modular forms.

I the eMPL can be written in terms of iterated integrals of
modular form.

¥ Useful notation:

' N1 ng %‘I Nk ,| $ I(h(nl) (nk) |)

ra Ss3 *°- Ni,ri,817*°*? Nk Ik Sk

$
— d! O/rh(nl) (l /y| N2 Nzg %k Nk I

o N1i,r1,51 r, Sp -
|$

I The symbol alphabet of these integrals are precisely the
Eisenstein series.



- dx if
0 X(x! 1)(x! a)

lterated integrals of

complete elliptic integral
[Broadhurst; Tancredi, Remiddi]

\: o
log 1! X 8K{/a)

(Z Various guises of eMPLs [B]

Elliptic polylogarithms
[Brown, Levin]

o 1 .1, .y o
01/2+1/2 5 0!

- -

1 .
[ 2

NI

Iterated integrals o
modular forms

[Manin; Brown; Adams, Weinzierl]



: 1" dX H
0 X(x! 1)(x! a)

lterated integrals of

complete elliptic integral
[Broadhurst; Tancredi, Remiddi]

N o .
log 1! X 8KA/a) v o 1 L1y

(Z Various guises of eMPLs [B]

Elliptic polylogarithms
[Brown, Levin]

- -

1 .
] I

2

NI

0
01/2+!/2’2" - 0!

QK(!l/a) [I(28;7)+2I(5%;7)]

iT a
Iterated integrals o
modular forms

[Manin; Brown; Adams, Weinzierl]



(¢ Elliptic polylogarithms  [@]

¥ Back to the sunrise:

~ r S
_ Jelliptic polylogarithms T with z; = — 1 }
{e 1ptic polylogarithms 1 with z 5 127’

N/



(¢ Elliptic polylogarithms  [@]

¥ Back to the sunrise:

m1

> m _ |:elllptlc polylogarithms f Wlth Zi — r I S Ti|
W

12 12
2
N O
11/ 12- R! [
|
9/ 12- °
7/ 12- R ° 1
a4 az
6/12¢ 1 °
5/ 121 ° R
1 |
3/ 121 o
1 0
1/ 124 ay ° as R
A 4 | | | | | 4 | | | | ' 1
0 3/ 12 & 12 912

I The sunrise integral can be expressed in terms of iterated
Integrals of modular forms.



M1
m 24, ) S # o # g
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Elliptic polylogarithms  [@]

" 00'3
1 2(s+ m?) " araus 00 oL
[Brsdel, CD, Dulat, Penante, Tancredi]

¥ Explains observation by Adams&Weinzierl that only Eisenste
series appeat.



mi
m 24 B S § # g
- = = a1 8+ 21 " +51 39 3%
W |

Elliptic polylogarithms  [@]

[Brsdel, CD, Dulat, Penante, Tancredi]

¥ Explains observation by Adams&Weinzierl that only Eisenste
series appeat.

¥ Symbol alphabet of sunrise Eisenstein series

2&)1

w2 (s +m?)\/a12043

2(drhi) (7)) @ dr + 2dTh) 4(7)) @ dr + 5(dTh{) (7)) @ dr |

| dlogOs becomér x (Eisenstein series)



: 1" dX H
0 X(x! 1)(x! a)

lterated integrals of

complete elliptic integral
[Broadhurst; Tancredi, Remiddi]

N o .
log 1! X 8KA/a) v o 1 L1y

(Z Various guises of eMPLs [B]

Elliptic polylogarithms
[Brown, Levin]

- -

1 .
] I

2

NI

0
01/2+!/2’2" - 0!

QK(!l/a) [I(28;7)+2I(5%;7)]

iT a
Iterated integrals o
modular forms

[Manin; Brown; Adams, Weinzierl]



(Z Various guises of eMPLs [B]

Elliptic polylogarithms
[Brown, Levin]

-

: 1" dx FF X¢ SK(1/ - . ) 1 - . . 1
0 X(x! 1)(x! a) log 11 2 Iﬂ'(aa) ! 01/2+!/2;§,! "ol o!/zié,!
4 )
Symbol
\ Y,
2K
S (2307 21 (3337
lterated integrals of Iterated integrals o
complete elliptic integral modular forms

[Broadhurst; Tancredi, Remiddi] [Manin; Brown; Adams, Weinzierl]



(Z Various guises of eMPLs [B]

Elliptic polylogarithms

[Brown, Levin]

1 H N> . . . ..
" ax og 1! = 8K(/a) ¢ o 1 1, .y 011,
0 X(X! 1)(X| a) a 5 . 01/2+!1/2» 2 . O!/2» 2
4 )
2K(1/a
Symbol 252 ¢ v, o) +2 @ v ()
\_ Y,

K9) (1 (22:70) +21(3257)

1T Q

lterated integrals of Iterated integrals o
complete elliptic integral modular forms
[Broadhurst; Tancredi, Remiddi] [Manin; Brown; Adams, Weinzierl]



(Z Various guises of eMPLs [B]

Elliptic polylogarithms

[Brown, Levin]

. ax og 11 X 8K@A/A) ¢ o 1 1, 7.y o1 1,7
0 X(X! 1)(X| a) a - a . 01/2+!1/2» 2 . O!/2» 2 .
4 )
K(1l/a 2K(1/a) *
¢ diog1* a)" diogal Symbol ZTHE) a n@ o) +2 o h ()
\_ Y,

K9) (1 (22:70) +21(3257)

1T Q

lterated integrals of Iterated integrals o
complete elliptic integral modular forms
[Broadhurst; Tancredi, Remiddi] [Manin; Brown; Adams, Weinzierl]



© 1 7

dx

(Z Various guises of eMPLs [B]

Elliptic polylogarithms
[Brown, Levin]

- - -

x ¥ IR "
o x(xI 1)(x! a) 09 1 a Iﬂ'(éa) | 81/2+1|/2';I C 81/12'%!
( 2
3 oy @) diogal Symbol HE ¢y vz a0
) y
K(1l/a
¢ a)log(l 1/a) Wﬂ/aa 1(22.7) 1 21 (22:7)]

lterated integrals of

complete elliptic integral
[Broadhurst; Tancredi, Remiddi]

Iterated integrals o
modular forms

[Manin; Brown; Adams, Weinzierl]



(& Integrals of elliptic integrals [&]

¥ Sometimes also iterated integrals of complete elliptic integt
show up.

¥ Example:

G M) 1 e e KOP O D




(& Integrals of elliptic integrals [&]

¥ Sometimes also iterated integrals of complete elliptic integt
show up.

¥ Example:

GEn @G0 1 G5 see KO

/ WO = 2K )

“i A(r) = 16 ("(7/772();7)(327)2>

= Hauptmodul for level N =4

I (") = Dedekind eta function



(& Integrals of elliptic integrals [&]

¥ Sometimes also iterated integrals of complete elliptic integt

show up.

¥ Example:
‘ 4! d”
(41:1) (14%)003 ! ;—5 o 1)K(")Z("Z-- " +1)
[ —
1) 1= 2K(" (#))
[ == (BRe@)
| ()] | =5 o) = 1 (L2020
‘ — Yo n(7)?
i Modular Invariant ) = Hauptmodul for level N =4

I (") = Dedekind eta function



(& Integrals of elliptic integrals [&]

¥ Sometimes also iterated integrals of complete elliptic integt
show up.

¥ Example:
_ T d" . o
(550 ‘;%o(lﬂ T KO e
/\
(T ) ek
| () | =5 o) = 16 (22220
/NN n(r)?
T 1, ) = Hauptmodul for level N =4
T 1)1! A | (") = Dedekind eta function
Modular Invariant

- V,




Further application

E or what happens
after the sunset




& Beyond the sunset (@]

¥ We are currently looking for applications beyond the sun:
graph (and the kite).

I A 4-point master integral for Bhabha scattering

........... : [Henn, Smirnov, Smirnov; Brsdel, CD,
........ Dulat, Penante, Tancredi to appear]

Il Some three-points functions for the electroweak form facto
and t-tbar production:

[Aglietti, Bonciani, Grassi, Remiddi; Brsdel, [Tancredi, von Manteuffel; Brsdel, CD,
CD, Dulat, Penante, Tancredi to appear] Dulat, Penante, Tancredi to appear]



Elliptic 3-point function  [@

m the Feynman parameters 1-by-1.

X °°°°°° ¥ Can be computed by integrating out

I Last integration involves a
guartic root.

¥ One ratio: x = m?/p* <— (shape of the elliptic curve’ +— 7



Elliptic 3-point function  [@

m the Feynman parameters 1-by-1.

X °°°°°° ¥ Can be computed by integrating out

I Last integration involves a
guartic root.

¥ One ratio: x = m?/p* <— (shape of the elliptic curve’ +— 7

¥ Result can be expressed in terms o
I Iterated Integrals of modular forms.

| eMPLs of the form! %, 1,0z (1),!

(1— V1= 4x)

2(0) S gy
al # 2

12=("1 a)...("! aq)



Elliptic 3-point function  [@

me ¥ Can be computed by integrating out
............ m the Feynman parameters 1-by-1.

I Last integration involves a
""" quartic root.
¥ One ratio: x = m?/p? «— (shape of the elliptic curve +— 7
¥ Result can be expressed in terms o
I Iterated Integrals of modular forms.

| eMPLs of the form! .}, }4;z. (1),!

g .
1) | _ — . 1
z: (1) ! O pr =5 (1= V1+dz)
Not a rational point, so cannot write these eMPLs in terms of

Eisensteln series.
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—_— — ¥ Satisbes a DEQ irdlog -form.
........... % I Argument ofdlog Involves a quartic
m root. [Henn, Smirnov, Smirnov]j

¥ No solution in terms of MPLs known
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—_— — ¥ Satisbes a DEQ irdlog -form.
............. E I Argument ofdlog Involves a quartic
m root. [Henn, Smirnov, Smirnov]j

¥ No solution in terms of MPLs known
¥ Can write down solution in terms of eMPLs!

| Sample function:! 15 1fasts1is;2! 141
. 1! x dl N
z ! - =) )\ = 102
ai K(") 13024
—s (1 —x)° @t y)?

It
m?2

m? X m y
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—_— — ¥ Satisbes a DEQ irdlog -form.
............. E I Argument ofdlog Involves a quartic
m root. [Henn, Smirnov, Smirnov]j

¥ No solution in terms of MPLs known
¥ Can write down solution in terms of eMPLs!

| Sample function:! 15 1fasts1is;2! 141
. 1! x d' N
z ! R =) )\ = 102
al K(") a130924
-5 (1—x)° 1t (1! y)?
m? T m2 y

Not a rational point, so cannot write this eMPLs In terms of
Eisenstein series.



& Conclusions @)

¥ We are starting to understand the simplest class of functi
beyond MPLS!

¥ Many of the known properties survive

I e.g. shuff3e algebra, symbols, coaction, closure unde
Integration.

¥ Open guestionS{personal selection

I Canonical form of differential equationscf. Adams, Weinzierl]

| Efbcient implementation for numerical evaluation?
' Do dlog -forms imply MPLs?

Folklore seems to suggest yes, but Is It constructive



& Conclusions @)

¥ These functions are not the end of the story

I Calabi-Yau surfaces beyond two loops.
[Bloch, Kerr, Vanhove; Bourjaily, McLeod, von Hippel, Wilhelm]

I More than one elliptic curve already at two loops.




The map of the zoo  [@]







@ Bhabha scattering  [B]]

¥ The planar two-loop integrals considered by Henn, Smirrt

I Kinematics parametrised by Landau variables:

-5 (1—x)? Lt (1! y)?
m2  x m2 y

¥ All integrals but one are expressed in terms of polylogarithi
I Differential equation for remaining integral:

@+ X))+ X)Q @+ y)+@A " y)Q

-
4t = grdlog =2 + godlog

+ gzd lo
1+Q L+x)" 1" 0Q BT @THy)T @7 y)Q
01, 92, &2 = OsimpleO polylogarithr 0= (z +y)(1 + zy)
{72 x + vy — 4oy + vy + xy?

__8 3
g2 = SG(O,ZC) 2 G(0, x)

| Solution only known as OChen iterated integralg®alent to
symbol plus boundary condition)
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&

1 Q  _|dx 1 dy 1 X| o _ -
dlog 1+0 |1 ;! X +!— yly v l“=(x+y)(x+1lly) x*+xy! 4x+ xly +1
Rational function on elliptic curve Debnes an elliptic curve

I Differential equation can be solved in terms of eMPLS!

' N.B.: This does NOT mean that there is no way to write the
solution In terms of ordinary polylogarithms!

I Solution Is a pure function of eMPLs of uniform weight.
32V jaifasissiz! U4V +320 1)) 7450847852 14,

11 1 1. L 11 1 1. g
+641 1 iaiTa0ei !t VAL L 64l 1174170508520 14!

+[ O(700) more terms



(¢ Elliptic polylogarithms  [@]

¥ Technical asideOur eMPLs are not 100% the same as tho
debned by Brown & Levin.

I g™ (z) are not periodic functiond (= "2/"1 ).
F(z+1,!,")= F(z,!,") F(z+",!,")Y= € 2" F(z,1,")
I Periodicity restored by asimple) non-holomorphic factor.
¥ In general:cannot bPnd a function that is at the same tir

I holomorphic.
I doubly-periodic.
I has at most simple poles at= m + n!

¥ Here: prefer to work with holomorphic functions
' Feynman integrals present themselves as holomorphic obje



