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Beyond QCD: Macroscopic manifestations of quantum anomalies and topology!
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Beyond QCD: Macroscopic manifestations of quantum anomalies and topology!

Pavan Hosur

• Cosmology  
Electroweak Baryogenesis, …

• Condensed Matter  
Weyl semimetals, high Tc superconductors, graphene…

• Astrophysics  
Neutron stars and supernovea, chiral instabilities, kicks etc.

• ….

Probing very profound and truly “quantum” aspects of nature
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Anomalous Hydrodynamics
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• How do chirality and anomalies arise in effective descriptions?

The need for a Chiral Kinetic Theory

• What do we learn of real time dynamics  
and topological structure of QCD?
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Will discuss a novel approach here,  
based on world-line formulation of QCD
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• One-loop effective action

• Integral representation of log (heat-kernel)

Polyakov 80’s, Strassler 1992, D’Hoker & Gagne, Schubert

• Effective action: QM path integral of particle on circle

no approximations!
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• Effective action for fermions (D’Hoker and Gagne) 

1. World-line approach to QFT

• Real and imaginary part 

• dimensional extension

• 1st Ingredient: integral rep of logarithm
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• Working it out yields …

(seen before) SUSY QM & spinning particles: 
 Berezin & Marinov, Barducci, Balachandran, Casalbuoni, Brink, Howe, DiVecchia (70s-80s)

• world line action
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• World-line instanton (saddle point), EOM for semi-classical particle

Dunne & Schubert, 2005; 
Affleck et al 1982
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2. Towards chiral kinetic theory

• Lorentz covariant,  gauge invariant (+ world line reparametrization and SUSY)

!9

• Real-time saddle point and SK: Truncated Wigner Approximation

• Reduces to covariant generalization of Bargmann-Michel-Telegdi equation 
(and Wong’s equation for color)

• Equivalent representation in terms of Pauli-Lubanski spin vector
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2. Towards chiral kinetic theory
in preparation

• Chiral distributions are analytically known (see PRD 97 (2018), 051901, Barducci et al. 1981)

• Grassmann variables representation of Dirac algebra  
—> Integration = trace over Dirac matrix
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• Wigner distribution f, at linear order in     follows Liouville equation 

Grassmann phase space

from world-line initial density matrix,
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2. Towards chiral kinetic theory
• SK path integral specifies (quantum and statistical) ensemble, through 

 initial density matrix / Wigner distribution. Fluctuations understood naturally. 

1-particle distribution function

• Collision terms from integrating out fluctuations
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3. The origin of anomalies and Berry’s phase

D’Hoker, Gagne

!12

• heat-kernel representation exists, when giving up chiral symmetry

• (consistent) anomaly from variation

• Phase of fermion determinant well known to be origin of anomaly 

• World-line representation ?

Fujikawa 1979, Alvarez-Gaume & Witten, Polyakov 80s

Berry’s phase conjectured to be the origin of the chiral anomaly
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• real part of world-line effective action contains a Berry phase

• In non-relativistic, adiabatic limit
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• while the anomaly is due to the imaginary part…

Berry’s phase as the origin of the chiral anomaly 
in Chiral Kinetic Theory (8+ PRLs and many more papers)  

is misconception!

see also K. Fujikawa Phys.Rev. D97 (2018) no.1, 016018
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Chiral Transport as probe of topological structure of QCD 

• Real-time dynamics for topological transitions, via stochastic 
Boltzmann-Vlasov equations Arnold, Son, Yaffe; Bodecker

• Without fermions, derived from world-lines (Jalilian-Marian, Jeon, 
Venugopalan, Wirstam) —> generalize to out-of-equilibrium



Summary

• Effective descriptions of ‘quantum’ phenomena, such as chiral anomalies, 
   topological transitions and spin transport challenging

• Possible ab-initio approach: World-line representation of QFT

• Origin of anomaly clear in world-line framework: clarification of role of 
Berry’s phase

• Saddle-Point limit (real-time SK!): generalized Grassmann extended semi-
classical phase space

• Lorentz-covariant, Gauge covariant

• Fluctuations from initial density matrix, naturally understood
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More details on Schwinger Keldysh formulation of World-lines

• Important work by S. Mathur 1993: SK world-line representation for scalar 
propagator in thermal equilibrium 

• Generalization:

in preparation

Backup



Chiral Phase Space
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Backup



Non-relativistic limit
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Backup

Large fermion mass or chemical potential

Well know Weyl Hamiltonian is recovered.



Son, Yamamto; Stephanov, Yin: Berry phase

Adiabatic limit, large chemical potential has a Berry phase

What happens away from that limit?!19

Backup
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Backup



Color
Jalilian-Marian, Jeon, Venugopalan, Wirstam, Phys.Rev. D62 (2000) 045020 

See also Litim and Manuel: Bodeker’s effective theory is recovered!

Phase space and color: Wong’s equations from world-lines

Backup
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