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Energy-Momentum Tensor

One of the most fundamental quantities in physics




Energy-Momentum Tensor
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All components are important physical observables!



:l ] - nontrivial observable
Ly on the lattice

@ Definition of the operator is nontrivial

because of the explicit breaking of Lorentz symmetry

1
exi Ty = FypFup = 70 FF

F;_u/ h

Its measurement is extremely noisy
due to high dimensionality and etc.



Thermodynamics Fluctuations and
direct measurement of correlatlons

expectation Va|u_e.§ e viscosity, specific heat, ...

= (T12;T12)

_‘;/

> vacuum configuration
» mixed state on 1% transition

Vacuum Structure
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EMT on the Lattice: Conventional

Lattice EMT Operator c...iolo+ 1090
T = ZeT\S + ZsT + 2 (T — (T0))
T = (1 - 6,,)Fo,Fe, T =3, (F Fo — —F“ F) T = 5, F% F2

pptvp

O Fit to thermodynamics: Z,, Z,

O Shifted-boundary method: Z, Z, Giusti, Meyer, 2011; 2013;
Glustl Pepe, 2014~; Borsanyi+, 2018

Multi-level algorithm

[ effective in reducing statistical Meyer, 2007;

error of correlator Borsanpe015;
Astrakhantsev+, 2018



Yang-Mills Gradient Flow
Luscher 2010
0 OSyM B

gr b r) = =754
L4

ot

t: “flow time” -
dim:[length?] €ading

OA, = D,G,, =0,0,A, + -

AH(O, CU) — Au(aj)

O diffusion equation in 4-dim space ~=~~~ |
O diffusion distance d ~ /8t

O “continuous” cooling/smearing
0 No UV divergence at t>0




Yang-Mills Gradient Flow

Luscher 2010

Narayanan, Neuberger, 2006
e, é)f;\{hﬂj Luscher, Weiss, 2011
_AM (tv .CC) —

Ot 0A,

t: “flow time” oad
dim:[length?] cading

oA, =D,G, =0,0,4,+ -

Au(0,7) = Ay ()

Applications

scale setting / topological charge / running coupling
noise reduction / defining operators / ...



Small Flow-Time Expansion

Luescher, Weisz, 2011
Suzuki, 2013

P~

Ot,z) — ci(t)Of(a:)

t— 0

an operator at t>0 remormalized operators
of original theory

TN
T
.
e D t=20 limit
T

original 4-dim theory



Constructing EMT 1 s.u 2013

Oft.x) — 3 (1O @)

LTI

-

_ llllIln'tg““m ~ >
7: JLLLLLIRE O(t’ x) t
. . ] . )
O Gauge-invariant dimension 4 operators
B 1
) 1
y,




Constructing EMT 2 s, 20

______________________________

_________

_________

OdU(t) — g2 [1 = 2608192 + 0(94)}
Suzuki coeffs. 1 ) - =9(1/V8)
agp(t) = T 11+ 2b0s29° +O(9%)] s, =0.03296 ...
55 = 0.19783...
a )

Remormalized EMT

1 0
T (z) = li m
[J,I/('r) tgr(l) [OéU(t) U/JJI/(tax) _|_ 4OéE(t)E(t)x)Subt. )




Gradient Flow Method

p i 4 gd
e theory

Smeared
world

gradient flow

by gradient flow

——————————

Measure on
the lattice

Take Extrapolation (t,a)=>(0,0)

_______

- a
<TLW (t)>latt B <T;u/ (t)>phys + Cuyt _HD}M/— :—|— e

______

O(t) terms in SFTE lattice discretization
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Budapest-Wuppertal
Bielefeld

t, d Dependence $  3=6.719,64% x 12
$ (3=6.941,96% x 16
B=7.117,1283 x 20

Budapest-Wuppertal Budapest-Wuppertal

Bielefeld Bielefeld
G—6.7 3.1 ' A=6.719,6

clover+plag

.05 49 .
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.000 0.005 0.010 0.0]5 0.020 0.025 0.030
tT? tT?

V/8t < a :strong discretization effect
V8t > 1/(2T) : over smeared

a < /8t < 1/(2T): Linear t dependence



Double Extrapolation
t—20, a—2>0

—— e = = =

O(t) terms in SFTE Iattlce discretization

L ! (
H Continuum extrapolation
= (T (8))cont = (T (t))1as + O(t)a”
I I I
' stfong
| | discretization _
o 4

Small t extrapolation
a (Tu) = (T () + C't



Double Extrapolation

— continuum
Budapest-Wuppertal

—— continuum
Budapest-Wuppertal
Bielefeld

4.9 ;
0000 0005 0010 0.015 0020 0.025 0.030 0.000 0.005 0010 0015 0020 0.025 0030
t1~ tr

Black line: continuum extrapolated



Double Extrapolation

— continuum
Budapest-Wuppertal

—— continuum
Budapest-Wuppertal

Bielefeld ' Bielefeld

4.9 s
0.000 0.005 0.010 U.U‘]S 0.020 0.025 0.030 0.000 0.005 0.010 0.015 0.020 0.025 0.030
tT? tT?

Black line: continuum extrapolated

O Fitting ranges:
O range-1: 0.01 < 72 < 0.015
[ range-2: 0.005 < ¢72 < 0.015
O range-3: 0.01 < t72 < 0.02

Systematic error from the
choice of fitting range

= statistical error




Temperature Dependence

—— Bielefeld

Budapest-Wuppertal
¢ flowQCD

—— Bielefeld
—— Budapest-Wuppertal
¢ flow QCD

Srar e e O Excellent agreement with
> statistical error integral method

> choice of t range for t>0 limit 1 High accuracy on|y with

» uncertainty in aAs
~2000 confs.
total error <1.5% for T>1.1T_



Thermodynamics on the Lattice
recent progress in SU(3) YM

OIntegral method T
[0 Most conventional [ established ¥y et
O Use themodynamic relations 79W/T?) _ e—3p
Boyd+ 1995; Borsanyi, 2012 oT T4
" O Gradient-flow method e = (Too)
[0 Take expectation values of EMT
FlowQCD, 2014, 2016 { p = (Th1)

\_

O Moving-frame method
Giusti, Pepe, 2014~
0 Non-equilibrium method
[0 Use Jarzynski’s equality Caselle+, 2016;2018

O Differential method
Shirogane+(WHOT-QCD), 2016~



SU(3) YM EoS: Comparison

Jarzynski’s equality method (this work)

integral method, from JHEP 07 (2012) 056

moving-frame method, from Phys. Lett. B 769 (2017) 385
gradient-flow method, from Phys. Rev. D 94 (2016) 114512

Figure from
Caselle+,
1801.03110

[0 Measurement of thermodynamics with various methods.
O All results are in good agreement.
[0 But, non-negligible discrepancy at T/Tc=1-1.37?



Gradient Flow for Fermions

Luscher, 2013
8t¢(t, .SC‘) — DMDﬂlp(t? QZ‘) Makino, Suzuki, 2014

Taniguchi+ (WHQOT)

8,51;(75, QS‘) — ?ﬁ(t, x)bujbu 2016; 2017

D,=0,+A4,(tx)

[ Not “gradient” flow but a “diffusion” equation.

O Divergence in field renormalization of fermions.
0 All observables are finite at t>0 once Z(t) is fixed.

~

p(t, ) = Z(t)y(t, o)



2+1 QCD EoS from Gradient Flow

Taniguchi+ (WHOT-QCD), PRDg6, 014509 (2017)
Mp/My, =0.63

gradient flow —&—
T-integration —&—

gradient flow —&—
T-integration —&—

®

§ —

no linear
window

200 300 400 500 600 0 100 200 300 400 500
T (MeV) T (MeV)

O Agreement with integral method except for N,=4, 6
O No stable extrapolation for N,=4, 6
[ Statistical error is substantially suppressed!

Physical mass: Kanaya+ (WHOT-QCD), 1710.10015
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EMT Correlator: Motivation

O Transport Coefficient Karsch, Wyld, 1987
_ _ Nakamura, Sakai, 2005

00 1/T
= /(; th dr / dSCE'(TlQ(ZU, —’iT)Tlg(O, t)) Borsanyi+, 5018
Astrakhantsev+, 2018

\_

O Energy/Momentum Conservation A
(To,(T)T)5(0)) :t-independent constant
O Fluctuation-Response Relations
(0E) (T1) _ (T11Too)
= E — —
ORI LI T




A EMT Euclidean Correlator

tT% =0.0035

tT? = 0. 0052
1 = 0.0069 FlowQCD, PR D96, 111502 (2017)

[ t-independent plateau in all channels =» conservation law
[0 Confirmation of fluctuation-response relations
O New method to measure ¢,

O Similar result for (41;41) channel: Borsanyi+, 2018
[0 Perturbative analysis: Eller, Moore, 2018
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Stress = Force per Unit Area



Stress = Force per Unit Area

Pressure




Stress = Force per Unit Area

Pressure

In thermal medium

Tij — P(SZJ

Generally, F and n are not parallel

>
5
@]
e)
O
)
wn
)
Qv

Stress Tensor

0ij = =135 | Landau
\_ ) Lifshitz




Force

Action-at-a-distance

mi, q1 ma, 42
Newton ) <
£ 1687
! 1
, P _Gml?z?’bz P _ 4192
r deg 12

Local interaction K( 2 E )
Faraday |
45 1839 ::;: ——
‘ N




Maxwell Stress
(in Maxwell Theory)

I % - S Y S N
7ij = 0 BiB; + - BiB; — 58 (0B + B )
E = (E,0,0
(£,0,0) Maxwell
(—-E> 0 O TYYYYLY
_ > :
Ty = 0 E< O pulling
\ 0 0 FE? %
» Parallel to field: Pulling I _
> Vertical to field: pushing



Maxwell Stress
(in Maxwell Theory)

(b) Maxwell -

T0l® = /\kv(k)

1

(k=1,2,3)

length: v/ | x|

pulling  pushing

Definite physical meaning

[ Distortion of field, line of the force
O Propagation of the force as local interaction



Stress Tensor in QQ System

(@) SUQ3) Yang-Mills © - * = + + + - - Yanagihara+, 1803.05656

- - <o - - . . - o o -

JApuFAERl IEuEyEEnS M L[attice simulation
| SU(3) Yang-Mills
a=0.029 fm
R=0.69 fm
t/a%=2.0

° o o o g

i i
t }
t }
¢ §
: :

pulling  pushing

Definite physical meaning

[ Distortion of field, line of the force

O Propagation of the force as local interaction
O Manifestly gauge invariant




Lattice Setup

[ SU(3) Yang-Mills (Quenched) G a[fm] Ni. Neowt|  Rja___|
- ¥ 6.304 0.058 48&° 1401 8 12 16

L0 Wilson gauge action 6.465 0.046 48*  440| 10 - 20

O Clover operator 6.513 0.043 48* 600| — 16 -

6.600 0.038 48" 1,500| 12 18 24
6.819 0.029 64* 1,000 16 24 32

0 APE smearing / multi-hit R [fm] |0.46 0.69 0.92

O fine lattices (a=0.029-0.06 fm)

: , 7

O continuum extrap lation/,

""f,/ 77 A AW

: 7/ f’f A /f} _},f

: : /’ffffffff

O Simulationsbluegene/Qg
%

f'f
4
A )

/

R=0.46 fm |
Yanagihara+, 1803.05656 / 5l | Cornelltype

data




Continuum Extrapolation
at mid-point

I
I

I I

1 stfong
I

I

I

[0 a—>0 extrapolation with fixed t

di#cretization
effect

| a2




t—>0 Extrapolation

at mid-point

a=0.029fm m— continuum
a=0.038 fm B Rangel
a=0.046 fm B Range-2
a=0.0568m 4 Range-3

O a—>0 extrapolation with fixed t i i stong
O Then, t->0 with three ranges | S}EE“ZH'(}:
| 2

a



Stress Distribution on Mid-Plane

From rotational symm. & parity

EMT is diagonalized

in Cylindrical Coordinates

(T,

)

Degeneracy
in Maxwell theory

Trr — TOQ — _Tzz — _T44



)00 [GeV /fm?)
)0 [GeV /fm?]

) [GeV /fmn’]
(T3§(r)) oq [GeV /fm®

)
)

—(TR(r

0.0 0.1 02 0.3 0.4 05 06 ( In Maxwell theory
T [f]’_n] T’J”"I“ — T99 — _TZZ — _T44

O Degeneracy: Tyy ~T.., T,. = Tyy
O Separation: T,, # T,,
0 Nonzero trace anomaly ZTCG #~ 0



Mid-Plane
K —{TE(r))qq[GeV /fm?

| | [()R 0 46fm] I _<7;z "‘>QQ [GreV/in3
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O Degeneracy: Tyy ~T.., T,. = Tyy
O Separation: T,, # T,,

0 Nonzero trace anomaly ZTCG #~ 0
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Force from Potential Force from Stress

dV
Fstress — dszZZ (':U)

Floop = ——
pot dR mid.



‘(a) SU(3) Yang-Mills* * = * = = ¢

Force i

P D A R

V4
//#74»4»0 4—»«»‘\\

o ol St Sy S il ) s i o
D an s oA
CBEAP M
RS R
P

P

.......

Force from Potential Force from Stress
dV
F = LR Fstress = / d2$Tzz L
pot dR ‘ mid. ( )

Newton Faraday
1687 1839



Newton
1687

..........
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Force from Potential Force from Stress

A%

F = LR Fstress = / d2$Tzz L
i dR t mid. ( )
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Abelian-Higgs Model

Yanagihara, Iritani, MK, in prep.

Abelian-Higgs Model

1

Lan =~ F, +(0, +igAu)dl* — A(#* —v?)*

4 B

GL parameter: x = V\/g
[ Otype-l: x<1/V2
< DOtype-ll: x> 1/\/5

_ O Bogomol'nyi bound:
k=1/v2

Infinitely long tube

O degeneracy
T,.(r) = Tysa(r) Luscher, 1981

[0 momentum conservation

d
% (rTfrT) — TBB



Stress Tensor in AH Model
infinitely-long flux tube

Bogomol'nyibound: x=1/v?2

de Vega, Schaposnik, PRD14, 1100 (1976).



Stress Tensor in AH Model
infinitely-long flux tube

k=30 Type:ll

O No degeneracy bw T & T _ conservation law

O T,, changes sign a4 (rTy) = The

dr




Stress Tensor in AH Model
infinitely-long flux tube

r|fm)]

Inconsistent with

O No degeneracy bw T, & T, lattice result
O T,, changes sign
T >~ The




Flux Tube with Finite Length

Finite R, weak Type-I

< 2 R =0.91fm
E4 = 0.71fm

OFinite-length effect of

the flux tube is crucial! .
00 0.1 0.2 03 04 05 06

r [fm]



Summary

O The analysis of energy-momentum tensor on the lattice is
now available, and various stuides are ongoing!
O gradient flow method
O determination of Z¢, Z,, Z, | multilevel algorithm

( ) SU(3) Yang Mills® *= = = = = = 3 T/T,=2.
. T IEnE A 177=0.0024
¥ t7°=0.0035
& 7 =0.0052

R e 3 N o AR . " @ 1 =0.0069

iEnasanuauiRE WY |- correl%tuon

’ i
resst
[ ] SRS o Sf X \s.‘“. Il =4 Q
I N 3 N ! *
‘v .
¥ MY
0.5 +




Summary

O The analysis of energy-momentum tensor on the lattice is
now available, and various stuides are ongoing!
O gradient flow method
O determination of Z¢, Z,, Z, | multilevel algorithm

T/T,=2.24

. ) T K 1% 0,006
. e il . Correl%tlon
'::f”f"‘,, 1"355 i“" s I

uatlons a n

CV ~ <§T0>

= (TI2’TI2>

) 7
ress det bjtrons
Hirg '0n

L viscosity / other operators / instantons /fUlLQCD
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Numerical Simulation

] _ _ FlowQCD,
Expectation values of T 7~ 7 (| PRDgg4, 114512 (2016)
O SU(3)YM theory s — -
D Wllso . /é /¢ [¢c : ﬁ N Configurations
n gauge action 6287 64 12 2125
O Parameters:
6.349 Af
« N, =12, 16, 20-24 6.559 6 oW
.. .800 2290
* aspe ' R 875
] pect ratio 5-3<_N5/Nt<8 .f }:3“
1500~2000 configurations 382 641 2080
7117 > o
o . 2000
O Scale from gradient flow oo i
LT 12 2000
. 31 7o 200
owQCD, 1503.06516 7376 2 et

7. ‘"'r .]} lJ __ 24 1970
7 .Uh 6 iz 2 2000
?:]? ' 1560
7.500 2040




Mid-Point Correlator

(T44(Tmia)T44(0)) (T4a(Tmia)T11(0)) (Ta1(Tmia)T41(0))

T/T, =2.24 T/T, =2.24

'—— continuum '—— continuum '— continuum
Range-1 s T | e s/T8
Range-2 Range-1 Range-1

Range-2 Range-2

Range-3 Range-3

N;=24 N, =24

N, =16 N, =16

N, =12 N, =12

T/T,=2.24

-
o
N
o

Range-3
N;=24
Nt = 16

» ~ [o0] 0
Cy1;41(1/27)

w A 00 O N ©»© ©

&
<
=

A
S

Cug;11(1/27)

* (44;11), (41;41) channels : confirmation of FRR (6E?)
* (44;44) channel: new measurement of ¢, V= T2

ideal gas >4+1 QCD:

22.8(7)° Taniguchi+ (WHOT-QCD),

1711.02262




Quark—Anti-quark system

Formation of the flux tube 2 confinement

1 Potential
[0 Action density
] Color-electric field

so many studies... Cea+ (2012) Cardoso+ (2013)




SUR3) YM vs Maxwell

SU(3) Yang-Mills Maxwell

(quantum) (classical)
‘(a) SU(3) Yang-Mills*

o o o W@ S - - W v - o
¢ s e o @ e > e e - % A
/ f/la&»ﬁ*ﬂﬂ\\\

A—T%--P«»” 4—»4—»1-—»1—0—»‘7-*

i i
t t
t t
$ ¢
$ :

i
%
%
¥
0

Propagation of the force is clearly different
inYM and Maxwell theories!



Preparing Static QQ

Wilson loop

W(R,T) 0 APE smearing for spatial links
O Multi-hit for temporal links
0 No gradient flow for W(R,T)

A

’ potential

at b=6.6
(a=0.038 fm)

Cornelltype




Ground State Saturation

B=6.819 (a=0.029 fm), R=0.46 fm

Grand state saturation
under control

Appearance of plateau
fort/a%<4, T/a>15

»




Ground State Saturation

B=6.819 (a=0.029 fm), R=0.46 fm

Grand state saturation
under control

Appearance of plateau
fort/a%<4, T/a>15

»

Wilson loop
W (R, T)
1
|
/ 0 : /
R
< > |




Abelian-Higgs Model

Abelian-Higgs Model

1

Lan = —7F2, + (0 +igAu)ol = M¢? = v?)?

GL parameter: x = V' \/g
[ Otype-l: w<1/V2
4 DOtype-ll: £>1/V2

_ O Bogomol’nyi bound:
k=1/v2

Infinitely long tube

[0 degeneracy
T..(r) = T4s(r) Luscher, 1981

[ conservation law

d
% (TTT‘T') = TQE)



