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» QCD phase diagram (standard picture):
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» assumption: (qq), (qq) constant in space

» How about non-uniform phases ?
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NJL model, homogeneous phases only
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» 1st-order phase boundary
completely covered by the
inhomogeneous phase!

» Critical point — Lifshitz point
[D. Nickel, PRL (2009)]
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» 1st-order phase boundary
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» Critical point — Lifshitz point
[D. Nickel, PRL (2009)]

» Inhomogeneous phase rather
robust under model extensions
and variations
[MB, S. Carignano, PPNP (2015)]
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1st-order phase boundary
completely covered by the
inhomogeneous phase!

Critical point — Lifshitz point
[D. Nickel, PRL (2009)]

Inhomogeneous phase rather
robust under model extensions
and variations

[MB, S. Carignano, PPNP (2015)]

This talk:
Influence of strange quarks
(and bare quark masses)
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» Particular 1D modulation (most favored solution known so far):
VVAsiIn(Az) for v—0

(Gq)(2) oc yvhsnizly) = { Atanh(Az) for v—1

=345 MeV 320 MeV 308 MeV 307.5 MeV

condensate: - WUU

zzzzz

,,,,,

» |f it was 3D (but it isn’t yet):
Smooth transition from uniform quark matter to localized “baryons”!
» Reuvisit chiral solitons !  [Alkofer, Reinhardt, Weigel; Goeke et al.; Ripka; ... ]
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» 2-flavor NJL: CP — LP
» |Is this also true in QCD?

» No proof yet, but similar picture
from QCD Dyson-Schwinger studies
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2-flavor NJL: CP — LP

Is this also true in QCD?

v
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No proof yet, but similar picture
from QCD Dyson-Schwinger studies
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If true, would it still hold for 3 flavors?
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» 2-flavor NJL: CP — LP N;=2 Pure
o Gauge
i i ”? 2nd order
» |s this also true in QCD? L o3 %orde\.
» No proof yet, but similar picture
from QCD Dyson-Schwinger studies ) Ni=3
phys. Ne=1
» If true, would it still hold for 3 flavors? A ING
2nd order
» 3-flavor QCD with very small quark masses: e
» CP reaches T-axis 0
0 my, My °

é LP reaches T-axis
» chance to be studied on the lattice!

[from de Forcrand et al., POSLAT 2007]
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i i ”? 2nd order
» |s this also true in QCD? L o3 g?;)orde\.
» No proof yet, but similar picture e
from QCD Dyson-Schwinger studies ) Ni=3
phys. Ne=1
» If true, would it still hold for 3 flavors? A ING
2nd order
» 3-flavor QCD with very small quark masses: e
» CP reaches T-axis 0

0 my, My e

é LP reaches T-axis

K . [from de Forcrand et al., POSLAT 2007]
» chance to be studied on the lattice!

» Here: Ginzburg-Landau study of CP and LP for 3-flavor NJL
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» Expansion of the thermodynamic potential:

Q[A] = Q[0] + lv / d®x {ag|A()?)\2 + a52(R)|A|* + as | VAR + ... }

%
» A(X): order parameter function, a, = an(T, u): GL parameters
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» Expansion of the thermodynamic potential:

1 - " =
Q[A] = Q[0 + / d®x {a2|A(x)\2 +a4,a(X)|A|* + agp| VAR + ... }
%
» A(X): order parameter function, a, = an(T, u): GL parameters

> case1: asa asp >0 \ 1/ | / “ “
Vol \ \ f
» 2nd-order p.t. at @ = 0 \\\ / \ |/ \ I\
> case2: as,<0,ap>0 \‘ | B
\ | | | \ |
> 1st-order phase trans. at a, > 0 o /,‘ \ ’ /
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= ftricritical point (CP): ax=as,=0
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» Expansion of the thermodynamic potential:

1 R o =
Q[A] = Q[0 + / d®x {a2|A(x)\2 +a4,a(X)|A|* + agp| VAR + ... }
%
» A(X): order parameter function, a, = an(T, u): GL parameters
> case 1: asga, asp >0

» 2nd-order p.t. ata, =0
= ftricritical point (CP): ax=a4,=0
> case2: as,<0,ap>0

» 1st-order phase trans. at a, > 0
> case3: asp <0 Lifshitz point (CP): ax=a4p=0
» inhomogeneous phase possible

> 2-flavor NJL:  asg=asp = CP=LP! [Nickel, PRL (2009)]
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» Lagrangian: L = (i@ — M)y + L4 + L

» fields and bare masses: ¢ = (u,d,s)’, M= diag(0, 0, ms)
» 4-point interaction: Ly = GZ [(DTap)? + (PivsTarh)’]

> 6-point ('t Hooft) interaction: Ls = —K [detsgh(1 + vs)tp + detrp(1 — vs)]
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» Lagrangian: L = (i@ — M)y + L4 + L

» fields and bare masses: ¢ = (u,d,s)’, M= diag(0, 0, ms)

» 4-point interaction: Ly = GZ [(DTap)? + (PivsTarh)’]

> 6-point ('t Hooft) interaction: Ls = —K [detsgh(1 + vs)tp + detrp(1 — vs)]
» Mean fields:

> light sector: (au) = (dd) = £, (Tivsu) = —(diysd) = £

(= (Yepe) = (0u) +(dd) = S, (YheinsTathe) = <UWsU> (dinsd) = P)
» strange sector: (5s) = S, (Sivss) =0
» no flavor-nondiagonal mean fields

» allow for inhomogeneities: S = S(X), P = P(X), Ss= Ss(X)

August 3, 2018 | Michael Buballa | 7



Mean-field Thermodynamic Potential ECHNISCHE
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> Que(T, ) = —4Tr log (i@ + py° — M) + 3 [ dPx V(X)
> dressed ‘masses” M, q4(X) = —(2G — KSs(X))(S(X) + isP(X))
Ms(X) = ms — 4GSs(X) + 1K (SP(X) + P*(X))
> “potential field”:  V(X) = G(S?(X) + P2(X) + 254(X)) — KSs(X) (S(X) + P*(¥))
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> Que(T, ) = —4Tr log (i@ + py° — M) + 3 [ dPx V(X)
> dressed ‘masses” M, q4(X) = —(2G — KSs(X))(S(X) + isP(X))
Ms(X) = ms — 4GSs(X) + 1K (SP(X) + P*(X))
> “potential field”:  V(X) = G(S?(X) + P2(X) + 254(X)) — KSs(X) (S(X) + P*(¥))
» K =0: lightand strange sectors decouple!
Mg = —2G(S +insP), Ms(X)=ms—4GSs; V= G(S?+P?) +2GSs
» Chiral density wave ansatz for the light sector:
S(X) = ¢pcos(q - X), P(X)=d¢osin(G-X), Ss=¢s=const.
= Myg=206% A= —(2G - Kos)do,
Ms = const., 'V = const.
consistent with the literature Moreira et al., PRD (2014)]
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» Difficulty at ms # 0: No SU(3), x SU(3)g restored solution

>» Mmy=myg=0
= Expand about two-flavor restored solution S = P = 0:

QuelS, P, Ss] = Quel0,0, S71 + \17 / d’x Qa[S(X), P(X), X(X)]

> strange condensate:  Ss(X) = S + X(X)
> Sg”: homogeneous solution of the gap equation for S= P =0 atgiven T and u

» Expand Qg in S, P and X, and their gradients.
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> Define: A,=-2G(S+iP), As=-4GX
[Aj] = (mass) — counting scheme: O(V) = O(A))
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» Define: Ay =—2G(S+IiP), As=—4GX
[A] = (mass) — counting scheme: (’)(ﬁ) = 0(4))
» Resulting structure:
Qar = | Arf? + an o Al* + @y p| VAP
+ b1 A+ by A2 + b AS + by LAY + by p(VAG)
+Cs| Ay PAg + 4| VAP(V A + O(AY)
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» Define: Ay, =-2G(S+IiP), Ag=—-4GX
[A] = (mass) — counting scheme: (’)(ﬁ) o))
» Resulting structure:
Qar = | Arf? + an o Al* + @y p| VAP
+ Dy A2 4 by AS 4+ by AL + by p(VA)
+Cs| Ay PAg + 4| VAP(V A + O(AY)

> Stationarity condition: &%

Ly a0=0 © by=0

. & o
= MY =m— 16N GT Y [ hs ot
n S

(= gap equation for MO = M| s-p-x-0 = ms — 4GS§°9))
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» Extremizing Que w.r.t. Ag(X)

) . Qa1 _ 9 O _
— Euler-Lagrange equation Fz: — Jiz5a- =0

S Do=—SIAR+ OB
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» Extremizing Que w.r.t. Ag(X)

— Euler-Lagrange equation %%GSL —0; §5’§ =0
& Ag= _20—32|A4|2 +O(| A%
» Insertinto Qg;:

2
QGL = 32|Ag|2+ (343— 7)‘Ag| +a4b|VAg| + O AG)

» Critical and Lifshitz pointS'
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> LP: a2=a4,b=0
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» Extremizing Que w.r.t. Ag(X)

— Euler-Lagrange equation %%GSL —0; §§§ =0
& Ag= _20—32|A4|2 +O(| A%
» Insertinto Qg;:

2
QGL = 32|Ag|2 (343— 7)‘Ag| +a4b|VAg| + O AG)

» Critical and Lifshitz pointS'
» CP: a=asa— —_O
» LP: a» = asp = 0
CP and LP don't coincide anymore!
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» Relevant GL coefficients (no guarantee yet!):
MO
a = 75(1+20) + (1 +0)? 4NC%42;2 + 50z Nev, sz 0

2+ MO 2
ua=(1+0)" 2Ne o 3 & + o Ne g 3 [,,”_T,]
a4’b = (1 +5) 2NC Va Z p4

K [ 1\ 1 PaMp*
%=@[@+(1+5)2NCWZP+NCWZW]

> abbreviations: & = — XS, =y = TZf 27r)a
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» Relevant GL coefficients (no guarantee yet!):

a2=4176(1+26) (1+(5 Zp2+262 CV4Zp2 M
+MO
as0=(1+0)* 2N, ; ,14 e NcVAZm

anp=(1+022N; LY &

K [1 1§ 1 1 prem
ot S

> abbreviations: & = — XS, nL= TZf 27r)a

» Interesting limits:
» K=0 = =0 = CP=LP
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» Relevant GL coefficients (no guarantee yet!):
a = 75(1+20) + (1 +0)? Zp2+26‘2 CV4Zp2M

4 1
asa=(1+0)"2Ne 7 > o + she Nov; Vi 2 [

P +MS

anp=(1+022N; LY &

K [1 1§ 1 1 prem
ot S

> abbreviations: & = — XS, =y = TZ] 27r)3
» Interesting limits:

» K=0 = 6=0 = CP=LP
»ms—0 = MY, S 60 = LP— LP(K=0)+#CP
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» Relevant GL coefficients (no guarantee yet!):
a = 75(1+20) + (1 +0)? Zp2+26‘2 CV4Zp2M

4 1
asa=(1+0)"2Ne 7 > o + she Nov; Vi 2 [

P +MS

dsp = (1 +5) 2NC A Z ra

05 = 5 [ + (1 +5)2NC\LZQZ+NC\}AZ[;2’2+MA”%Z:§]Z]
> abbreviations: & = — XS, nL= TZf 27r)a
» Interesting limits:
» K=0 = =0 = CP=LP
»ms—0 = MY 8P 650 = LP— LP(K=0)+#CP
» Numerical survey of the general case still to be done.
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» What is the effect of nonzero m, and my?
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» What is the effect of nonzero m, and my?
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» Can we investigate this more systematically within GL?
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» No restored phase = Expand about arbitrary homogeneous Ay:
QGL = a4 (A — Ao) + ag(A — Ao)z + ag(A — A0)3 + a4,a(A — A0)4 + a4,b(§A)2 +...
» Extremum =- gap equation: ai(T,u) =0 (partially fixes Ao(T, )
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QGL = a4 (A — Ao) + ag(A — Ao)z + ag(A — A0)3 + a4,a(A — A0)4 + a4,b(§A)2 +...
» Extremum =- gap equation: ai(T,u) =0 (partially fixes Ao(T, )

» Critical endpoint T | f |
> left spinodal: a2 =0, a3 <0 \,‘_\ /,f \ /,,7,/
» right spinodal: a =0, a3 > 0 ) }
Ay 4 Ay A

= CEP: ay=a3=0
» “Lifshitz point” = upper corner of the inhomogeneous phase?
» @ CEP: Wefindasp <0 = The CEP is inside the inhomogeneous phase.
» No point with @ = a4 =0 = No point with VA =0 atthe phase boundary
= Further investigations necessary
Ongoing work: Determine phase boundary via 1 — N, -(w = 0,§) =0
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» Ginzburg-Landau analysis of the effect of strangeness and bare quark
masses on the inhomogeneous chiral phase in NJL

» strange quarks: CP and LP no longer agree

» nonzero my g (very preliminary):

» CEP inside the inhomogeneous phase
» No LP-like point with VA =0

» Detailed numerical study to be done.
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