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Double beta decay

1. Introduction 2. Deformation 3. Pairing (nn, pp, pn) 4. Other nuclear structure effects 5. Summary

Process mediated by the weak interaction which occurs in those even-even nuclei
where the single beta decay is energetically forbidden.
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Process mediated by the weak interaction which occurs in those even-even nuclei
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Double beta decay

1. Introduction 2. Deformation 3. Pairing (nn, pp, pn) 4. Other nuclear structure effects 5. Summary
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XN — ZJfQ‘YN—z + 2e”
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Neutrinoless double beta decay

1. Introduction 2. Deformation 3. Pairing (nn, pp, pn) 4. Other nuclear structure effects 5. Summary

XN — ZJleYN—z + 2e”

* \iolates the leptonic number conservation

* Neutrinos are massive Majorana particles

* Mass hierarchy of neutrinos

» Experimentally not observed (T12>1025 y)

» Beyond the Standard Model

* Most plausible mechanism: exchange of light
Majorana neutrinos ®
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XN — ZJfQ‘YN—z + 2e”

* \iolates the leptonic number conservation

* Neutrinos are massive Majorana particles

* Mass hierarchy of neutrinos

» Experimentally not observed (T12>1025 y)

» Beyond the Standard Model

* Most plausible mechanism: exchange of light
Majorana neutrinos ®

Phys. Rev. C 85, 034316 (2012).
Phys. Rev. C 88, 037303 (2013). Phase space factor
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XN — ZJfQ‘YN—z + 2e”

* \iolates the leptonic number conservation

* Neutrinos are massive Majorana particles

* Mass hierarchy of neutrinos

» Experimentally not observed (T12>1025 y)

» Beyond the Standard Model

* Most plausible mechanism: exchange of light
Majorana neutrinos ®

Nuclear Matrix Element
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1. Introduction 2. Deformation 3. Pairing (nn, pp, pn) 4. Other nuclear structure effects 5. Summary

» Leading lepton number violating process contributing to Ovp decay
= Exchange of light Majorana neutrino.

 Transition operator connecting initial and final states
- Relativistic/Non-relativistic.
- Nucleon size effects.
- Two-body weak currents.
- Short-range correlations.
- Closure approximation.

* Nuclear structure method (fully consistent or not with the operator) for calculating
these NME.

— Correlations.
- Symmetry conservation.
- Valence space.
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ovBs _ gv (0)
M <9A(0)

e Each term can be written as the expectation value of a transition operator
acting on the initial al final states:

2
> MOVEB 4 MOvBB _ 0B

Mgl/ﬁﬁ <O+ |001/55 \O+>

e Nuclear structure methods for calculating these NME deal with:

- Finding the best initial and final ground states.

- Handling the transition operator (inclusion of most relevant terms,
corrections, approximations, etc.).
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Method Some recent (and key) references

- Phys. Rev. Lett. 100, 052503 (2008).

- Nucl. Phys. A 818, 139 (2009).
Interacting Shell Model (ISM) - Phys. Rev. C 87, 014320 (2013).

- Phys. Rev. Lett. 113, 262501 (2014).
- Phys. Rev. Lett. 116, 112502 (2016).
- Phys. Rev. C 77, 045503 (2008).
pnQRPA - Phys Rev. C 87, 045501 (2013).

- J. Phys. G 39, 124005 (2012).

- Phys. Rev. C 79, 044301 (2009).
Interacting Boson Model (IBM) - Phys Rev. C 87, 014315 (2013).

- Phys. Rev. C 96, 064305 (2017).
- Phys. Rev. Lett. 105, 252503 (2010).

- Phys. Rev. Lett 111, 142501 (2013).
- Phys. Rev. C 90, 031031(R) (2014).
- Phys. Rev. C 90, 054309 (2014).
- Phys. Rev. C 91, 024316 (2015).
- Phys. Rev. C 96, 054310 (2017).

Generator Coordinate Method (GCM-EDF)

- arXiv:1709.05313
- arXiv:1807.11053
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Current theoretical status

1. Introduction 2. Deformation 3. Pairing (nn, pp, pn) 4. Other nuclear structure effects 5. Summary
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NME: Nuclear structure aspects

1. Introduction 2. Deformation 3. Pairing (nn, pp, pn) 4. Other nuclear structure effects 5. Summary

We want to study the role of

- Deformation and shape mixing.
- Pairing pp/nn/pn correlations.
- Shell effects.

- Isospin conservation.

- Pair breaking (seniority).

- Occupation numbers.

- Size of the valence space.

In the nuclear matrix elements using a standard prescription for the
transition operator.
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1. Introduction 2. Deformation 3. Pairing (nn, pp, pn) 4. Other nuclear structure effects 5. Summary

SELF-CONSISTENT MEAN-FIELD AND LARGE SCALE SHELL MODEL
BEYOND-MEAN-FIELD

* Variational approach with simple trial wave » Exact diagonalizations within a valence space.
functions (HFB) using ‘universal’ functionals. e Effective interactions adapted to the valence

* Parameters of the functional fitted to bulk space and adjusted to reproduce the evolution of
properties and masses and radii of finite nuclei. single particle energies (monopoles).

* Applicable to the whole nuclear chart * Very precise description of spectroscopy and
(OvBp, r-process nucleosynthesis, ...). transitions of nuclei.

A CRAEIECRCET el el RO Re[(elV RS CICNOleLRIEEY o | imited by the combinatorial increase of the

and collective phenomena. number of configurations.

e Spectroscopy and nuclear response with beyond
mean-field techniques (GCM, QRPA, ..))
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SELF-CONSISTENT MEAN-FIELD AND
BEYOND-MEAN-FIELD

 Variational approach with simple trial wave
functions (HFB) using ‘universal’ functionals.

e Parameters of the functional fitted to bulk
properties and masses and radii of finite nuclei.

e Applicable to the whole nuclear chart

(OvB, r-process nucleosynthesis, ...).

e \Very precise description of ground state properties
and collective phenomena.

e Spectroscopy and nuclear response with beyond
mean-field techniques (GCM, QRPA, ...)

LARGE SCALE SHELL MODEL

e Exact diagonalizations within a valence sp~~
* Effective interactions adapted to " \k O(\
space and adjusted to re-
| \QO
single partlclp p \
o \/o- ?‘(\\ \p 563@ _.opy and
S
s© T
~umbinatorial increase of the

n. o of configurations.
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Generator Coordinate Method (GCM)

1. Introduction

2. Deformation 3. Pairing (nn, pp, pn) 4. Other nuclear structure effects 5. Summary
Determination of initial and final states (I)
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Determination of initial and final states (& )
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1. Angular momentum [ = () 0; N: Z;;0) = ZG?\;NiZi;a|AQ;NiZi>
2. Axial quadrupole deformations ¢ = G20 ' z

A
3. Axial+triaxial quadrupole deformations ¢ = (920, G22) 0N+ Zeio  0:NeZ
3. Quadrupole and pairing pp/nn correlations ¢ = (CJ20, 5) 0;NyZy;0) = ZGAf T Af )
4. Quadrupole and pn correlations ¢ = (g20, po) A

5. Quadrupole and octupole deformations g = (920, g30)
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- O;NiZi; O,ANrIZz
1. An_gular momentum [ = O B 0; N;Zi;0) = ZGAi 7|\ >
2. Axial quadrupole deformations ¢ = G20 A

2

3. Axial+triaxial quadrupole deformations 4 = (C_Z20, CI22)

O;N¢Zsso A O;N¢ Z
3. Quadrupole and pairing pp/nn correlations ¢ = (CJ20,5) 0;NyZy;0) = ZGAf T Af )
4. Quadrupole and pn correlations ¢ = (g20, po) A
5. Quadrupole and octupole deformations g = (920, g30)
Ov AOv AOv
TRANSITIONS: M = (0F10PP101) = (0; Ny Z4|0"PP10; N Z;) =
O;N¢Zs\™ /A OiN¢Zs | A0V 0;N; Zi\ ~O;N; Z;
> (GR) Ao A G = Y
Aghi sy
WOV Zr \ . N2,
, O;NrZ ANOv O;N; Z; LY
L (GAf ! f) <O§NfoQQf|O§ ﬁﬁ\O;NiZz';QQ (GAi ) =

[, Qi N Z 0;N; Z;
Ay \V A,
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1. An_gular momentum [ = O B 0; N;Zi;0) = ZGAi 7|\ >
2. Axial quadrupole deformations ¢ = G20 A

2

3. Axial+triaxial quadrupole deformations 4 = (C_Z20, CI22)

O;N¢Zsso A O;NeZ
3. Quadrupole and pairing pp/nn correlations ¢ = (CJ20, 5) 0;NyZy;0) = ZGAf T Af )
4. Quadrupole and pn correlations ¢ = (g20, po) A
5. Quadrupole and octupole deformations g = (920, g30)
Ov AOv AOv
TRANSITIONS: M = (0F10PP101) = (0; Ny Z4|0"PP10; N Z;) =
O;N¢Zs\™ /A OiN¢Zs | A0V 0;N; Zi\ ~O;N; Z;
> (GR) Ao A G = Y
Aghi sy
O7N/{Zf i 2 0N Zi
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\

'

Matrix elements of the double beta
transition operators between
particle number and angular
momentum projected states
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(0: N 2y 510%710: NiZi: ) A _ .1 50 T.R.R., Martinez-Pinedo, PRL 105, 252503 (2010)
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- GT strength greater than Fermi.
- Similar deformation between mother and granddaughter is favored by the transition operators
- Maxima are found close to sphericity although some other local maxima are found

Xllith Quark Confinement and the Hadron Spectrum 2018 | Nuclear structure aspects of nuclear matrix elements in neutrinoless double-beta decay | Tomas R. Rodriguez



Axial quadrupole deformation and mixing % Jaa

1. Introduction 2. Deformation 3. Pairing (nn, pp, pn) 4. Other nuclear structure effects 5. Summary
(0: N} Zp 050010, NiZis o) A _ .1 50 T.R.R., Martinez-Pinedo, PRL 105, 252503 (2010)
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- Similar de '05 O 05
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- Final result depends on the distribution of probabillty of the corresponding initial and final collective states within
this plot
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- GT strength greater than Fermi.
- Similar deformation between mother and granddaughter is favored by the transition operators
- Maxima are found close to sphericity although some other local maxima are found

- Final result depends on the distribution of probability of the corresponding initial and final collective states within
this plot
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- Maxima are found close to sphericity although some other local maxima are found

- Final result depends on the distribution of probability of the corresponding initial and final collective states within
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J. M. Yao and J. Engel, PRC 94, 014306 (2016)
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1

FIG. 5: (Color online) The final matrix element M from
the GCM calculation with and without [46] octupole shape
fluctuations (REDF) and those of the QRPA (“QRPA_F” [66],
“QRPA_M” [45], “QRPA_T” [47]), the IMB-2 [67], and the
non-relativistic GCM, based on the Gogny D1S interaction,
with [68] and without [44] pairing fluctuations.
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"*Ge GCN2850/ %
-64.0
65.0 GCN2850 JUN45
=\ 0 Axial GCM 2.93 3.51
-67.0 Triaxial GCM 2.56 3.16

-68.0

-69.0

(a)

-82.0
-83.0
-84.0
-85.0
-86.0

-87.0

(b)

e Slight reduction of the NMEs in 76Ge decay.
e |t could depend on the interaction.
® [t will depend on the decaying isotope

= a more systematic study is still needed.

C. F. Jiao, J. Engel, J. D. Holt, PRC 96, 054310 (2017)
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Dependence on deformation

-0.4 0 0.4 0.8 1 2 3 4 ) 6
[32 (136Xe) S (136Xe)

N. Lépez-Vaquero, T.R.R., J.L. Egido, PRL 111, 142501 (2013)
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tsotope | AQ(52) [ AQ(Bz, 8) | MO (52) | MO (82,8) |Var (%) | 4225
*®Ca | 0.265 0.131 |2.3705 955 | 2.2295 737 | -6 1.13
©Ge | 0.271 0.190 |4.6013°%52| 5.5515 649 21 0.69
52Se | -0.366 | -0.246 |4.218335%| 4.6745' 553 11 0.81
%7r | 2.580 2.628 |5.6507' 935 6.498°-5595 15 0.76
100Mo | 1.879 1.757 |5.0847 552 | 6.588%:551 | 30 0.60
116Cd | 1.365 1.337  |4.7955 30, | 5.3485 072 12 0.80
1248n | -0.830 | -0.687 [4.8083:3%2| 57871980 | 20 0.69
128Te | -0.564 | -0.594 |(4.1073-972| 5.6873753 38 0.52
130Te | -0.348 | -0.628 |5.1305 g | 6.405°°35) 25 0.64
136Xe | -1.027 | -0.787 |4.199:373| 4.7735 279 14 0.77
1°ONd | -0.380 | -0.282 [1.70753551 2.1905°237 | 29 0.61

N. Lépez-Vaquero, T.R.R., J.L. Egido, PRL 111, 142501 (2013)
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v=—1 w,v=—1
8 B
where hg contains spherical single particle energies, (2 6 i
are the components of a quadrupole operator defined in OF
Ref. [15], and 4
2
— T T 001 T T 010
;];_\/’Zlclcl 00p » ,u \/’Zlclcl 0p0 s 0 ) ok
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3

DO | =

S oty =3 el (3) ¥ (¢r)]? o
) l
FIG. 3. (Color  online.) Bottom right:
N, Nopp (0| PrMo,Pr|¢r)  for projected quasiparticle
Ap + vacua with different values of the initial and final isoscalar
H' =H-AzNz—ANNn~— )‘QQ20_7 (PO + PO) , (6) pairing amplitudes ¢; and ¢, from the SkO’-based interac-
tion (see text). Top and bottom left: Square of collective
wave functions in "°Ge and "®Se.

N. Hinohara and J. Engel, PRC 031031(R) (2014)
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1 1 12 ——— —t 10
_ gT:O Z PJPI/ l
v=-—1 5
where hg contains spherical 0
are the components of a q 1| 5
Ref. [15], and |
1 t ot di1-10
> 001
SLZEZZ[CZCZ]OO/L7 : ' 15
| ! , . 4 6 8 10 12
. 2
By =2 ol = PICEAE (3) W(¢r)| ¢r
/ l
Z FIG. 3. (Color  online.) Bottom right:

N, Nopp (0| PrMo,Pr|¢r)  for projected quasiparticle
, Ap + vacua with different values of the initial and final isoscalar
H = H_)‘ZNZ_)‘NNN_)‘QQQO_T (PO + PO) , (6) pairing amplitudes ¢; and ¢, from the SkO’-based interac-
tion (see text). Top and bottom left: Square of collective

wave functions in “°Ge and "®Se.

N. Hinohara and J. Engel, PRC 031031(R) (2014)
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J. Menéndez, et al., PRC 93, 014305 (2016).

1 1
HCOIIZHM+gT:1 Z S;iSn_i_gT:O Z PnTsz
n=—1 m=—1 - Increase of the NME when isoscalar
pairing is removed.

- Further increase when spin-isospin is
also removed
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2 F .
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ST Cr — Fe il
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Shell Model (SM) calculations Shell Model and GCM calculations
6 | | | | | |
3t : |
i - m SM
. 48Cg - °F'| ¢ GCM ]
w 2+ . 4r JUN45 GCN2850 ]
s | i . B GCN2850 pfsdg
3t o -
Z B 7 E I <.> ]
! - - o
1| I . 2 - KB3G .
| === i SDPFMU-DB
I | 11 g 1%} i
0 : 0 4s(|: 48(I: 76é 7eé 828I 76é
SM SM a a e e e e
(pf)  (sdpf) C. F. Jiao, J. Engel, J. D. Holt, PRC 96, 054310 (2017)

Y. Iwata et al., PRL 116, 112502 (2016)

e Small influence by increasing the valence space.
e | arger (than two-shell) valence spaces and more systematic
calculations are still needed.
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Where do the differences between GCM and Interacting Shell Model come from?

NMEs without correlations NMEs with correlations
T T T T 4 I I I I
6 | ° I|EDFsph (D|18) - I '\ e EDF,:,',,,(D1S) | | |
- m SM,,,_, (KB3G) . « " SMy,; (KB3G)

5 F & SM,,,.o (GXPF1A) 3 \Urg, & SMyy (GXPFIA) — @----0 T
= 0 /l’ \ //. y >(|~5 I \\\\ e ’ |
ol pn Lo N e

/ N\ /] - o -

3 ¢ e ma B s~ 2

i o \\\ / ,"/ 1 1 \%\\*’ ;‘.\_* _ -./\ -
oL (@) Ca—Ti  ‘gog—e - (a) Ca—Ti ek B
| | | | ¥/ | \’ | O ! I L | I I 1 |
20 24 28 32 36 20 24 28 32 | ”36
Number of Neutrons (initial) Number of Neutrons (initial)
- Same pattern in spherical EDF, - GCM results are systematically
seniority 0 Shell Model, and larger

Generalized Seniority model
(overall scale?)

J. Menéndez, T. R. R., A. Poves, G. Martinez-Pinedo, PRC 90, 024311 (2014).
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J. Menéndez, T. R. R., A. Poves, G. Martinez-Pinedo, PRC 90, 024311 (2014).
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J. Menéndez, T. R. R., A. Poves, G. Martinez-Pinedo, PRC 90, 024311 (2014).
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Xllith Quark Confinement and the Hadron Spectrum 2018 | Nuclear structure aspects of nuclear matrix elements in neutrinoless double-beta decay | Tomas R. Rodriguez



Cincuenta
P Aniversario
2018 »

UAM. 5w

1. Introduction 2. Deformation 3. Pairing (nn, pp, pn) 4. Other nuclear structure effects 5. Summary

@ NMEs differ a factor of three between the different methods but we
need to understand which are the pros/cons of each method to
provide reliable numbers (precision vs. accuracy).

® Nuclear physics aspects like deformation, pairing, shell effects, etc.,
are understood similarly within different approaches.

@ Systematic comparisons between ISM/GCM methods have been
performed and they tend to agree when appropriate deformation and
pairing correlations are taken into account in GCM approaches.

@ Other effects like using consistent operators and/or two-body
currents (“ga quenching”) are important (A. Nicholson’s talk)

@ We hope that more constrained and reliable NMEs will be provided in
the near future.

Xllith Quark Confinement and the Hadron Spectrum 2018 | Nuclear structure aspects of nuclear matrix elements in neutrinoless double-beta decay | Tomas R. Rodriguez



Transition operator

U \M de \]“"“‘,“‘:I‘“‘

1. Introduction 2. Deformation 3. Pairing (nn, pp, pn) 4. Other nuclear structure effects 5. Summary

e Relativistic form

Hweak () = GFC;;HC “(z) T (x) + hee., oW — ZO?“, (1=VV,AA AP, PP, M M)
Nov @ 3 5 d3q eiq-(ml—wg) ; ;
() = @)y (1 = 75 )ve ). O = T [P [ Gy 9
Ti@) = $(@) | gv(e* v +ign (@) 50" g3(a%) () (dyrr_) @
— a5 — 90(8) 5] T_v(), g% (@?) (Drunsm—) Y (PryasT_)
294(q%)gp(q?) (Vyysm— ) (bgrsr_p) P,
MO (0F — o) = (05O [07F) 93(a%) (a5t )" (barst—)?
I F F I/ o W)/ ow (2)
9n(q”) (szmpq T—¢> (mepqﬂ_w) :

L. S. Song et al., Phys. Rev. C 90, 054309 (2014).
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e Relativistic form

Hoens (1) = 2BV () 77(2) + hc. 0% =" 0%, (i=VV,AA AP, PP,MM)

V2

(T1—x2)

T 7ut
_|_Ed) [jlij ]

)(2)
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o O 2)
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2my 2my

L. S. Song et al., Phys. Rev. C 90, 054309 (2014).
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T . . The non-relativistic “two-current” operator [j 4 “T] 7
¢ Non_relatIVIStIC redUCthn can be decomposed, as in other non-relativistig calculfafE
tions, into the Fermi, the Gamow-Teller, and the tensor
parts:
Ov _ AOv
M (O}I’_ — O}_v) p— <O};‘_1 | O |O}|'_> , [—hF(qz) + har(q?)o1s + hT(qz)SfQ] T£1)7'£2), (34)

with the tensor operator S%, = 3(a) - q)(a® - §) — 012
and 015 = o . ¢, FEach channel (K: F, GT, T)

OOV — E OiOV7 (’L — VV7 AA) flP7 PP7 MM) of Eq. (34) can be labeled by the terms of the hadronic

current from which it originates, as

(]
hic(q®) =) hi_i(g®), (i=VV,AA AP, PP,MM)

with
R 3 iq-(x1—x2)
oo — B[ s gy, [ Ee T (71 Tmt] he-vv(@) = gt (), (352)
i 7 (27)3 qlq + Eq) "H i har-an(@®) = —gA(a), (35b)
2

hor-ar(d®) = Joa(@)arla)gh . (350

4
hor-pr(a?) = —zgha?) 1, (354)

2
her-mm(q°) = —3912\4(‘12)4(1?7 (35€)

p
hr—ap(q@®) = har-ar(d®), (35f)
hr—pr(@®) = har-prr(d?), (35¢)
hr—mn (q°) _%hGT—MM(‘f) (35h)

F. Simkovic et. al, PRC 60, 055502 (1999) L. S. Song et al., Phys. Rev. C 90, 054309 (2014).
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 Non-relativisti¢

, and the tensor

’ T£1)7_£2)9 (34)
, (0(2) -q) — 012

(K: F, GT, T)
of the hadronic

AP, PP, MM)

(35a)
(35b)

(35¢)
(35d)

(35e)

(35f)
(35g)
(35h)

F. Simkovic et. al, PRC 60, 055502 (1999) L. S. Song et al., Phys. Rev. C 90, 054309 (2014).
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Neutrino potentials

Starting from the weak Lagrangian that describes the process some
approximations are made:

1. Non-relativistic approach in the hadronic part.

2. Closure approximation in the virtual intermediate state.
3. Nucleon form factors taken in the dipolar approximation.
4. Tensor contribution is neglected.

5. High order currents are included (HOC).

6. Short range correlations are included with an UCOM correlator.

- Find the initial and final O+ (and, in the no closure approximation, the intermediate) states
- Evaluate the transition operators between these states
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FIG. 2. (Color online) The X box to first order in Viewr. Solid
(red online) up- or down-going lines indicate neutrons and dotted
(blue online) lines indicate protons. The wavy horizontal lines, as in
Fig. 1, represent Vo, and the dashed horizontal lines represent the
OvBp-decay operator in Eq. (1).

J.D. Holt, J. Engel, Phys. Rev. C 87, 064315 (2013)
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e Two-body weak currents could play a relevant role
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FIG. 2 (color online). Nuclear matrix elements M°"2E for
OvBpB decay. At order Q°, the NMEs include only the leading
p = 0 axial and vector 15 currents. At the next order, all 0?
1b-current contributions not suppressed by parity are taken into
account. At order Q3, the thick bars are predicted from the long-
range parts of 2b currents (¢, = 0). The thin bars estimate the
theoretical uncertainty from the short-range coupling cp by
taking an extreme range for the quenching (see text). For
comparison, we show the SM results of Ref. [12] based on
phenomenological 15 currents only. The inset (representative
for 36Xe) shows that the GT part, MorPP = [dpCqr(p), is
dominated by p ~ 100 MeV.

J. Menéndez, D. Gazit, A. Schwenk,
Phys. Rev. Lett. 107, 062501 (2011)
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FIG. 1. (Color online) Nuclear matrix elements M'% for all the
nuclei considered here. The empty circles and squares represent the
results with the one-body current only, and the solid circles and
squares the average of the results with two-body currents included.
The error bars represent the dispersion in those values (see text).

J. Engel, F. Simkovic, P. Vogel, Phys.
Rev. C 89, 064308 (2014)
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account. At order Q3, the thick bars are predicted from the long-
range parts of 2b currents (¢, = 0). The thin bars estimate the
theoretical uncertainty from the short-range coupling cp by
taking an extreme range for the quenching (see text). For
comparison, we show the SM results of Ref. [12] based on
phenomenological 15 currents only. The inset (representative
for 36Xe) shows that the GT part, MorPP = [dpCqr(p), is
dominated by p ~ 100 MeV.
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FIG. 1. (Color online) Nuclear matrix elements M'% for all the

nuclei considered here. The empty circles and squares represent the

results with the one-body current only, and the solid circles and

squares the average of the results with two-body currents included.
The error bars represent the dispersion in those values (see text).

J. Engel, F. Simkovic, P. Vogel, Phys.
Rev. C 89, 064308 (2014)

w these are problems closely related to the quenching of Gamow-Teller strength
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@ Isospin mixing and restoration have to be done in the future. Why
is it so difficult (perhaps impossible) with the current Gogny
EDFs?

@ Triaxiality has to be taken into account in A=76 and A=100 decays
(at least).

@ How relevant is the proper description of the spectra in Ovf33
NMEs?

@ Occupation numbers with EDF to define physically sound
valence spaces.

@ Odd-odd nuclei is still a major challenge for GCM calculations.

@ Computational time?!?
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