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Most hadrons appear as resonances in scattering of 
lighter hadrons. 
 

All but the simplest couple to final states (or intermediate 
states) containing hadrons with non-zero spin. 
 

This talk: first-principles lattice QCD calculations of 
•   ρ isospin-2 scattering 
•   exotic-flavour charm channels (tetraquarks) 
 

[For other recent Hadron Spectrum Collaboration work 
see talks by Jo Dudek and Raúl Briceño on Friday.] 
 

Excited spectroscopy 



Finite-volume energy eigenstates from: 
 
 
 
 
 Use many different interpolating operators 
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Excited lattice QCD spectroscopy 
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Excited lattice QCD spectroscopy 

Lüscher method (and extensions): relate finite-volume energy levels to 
infinite-volume scattering t-matrix (any number of 2-hadron channels). 
 

Elastic scattering: 1-to-1 correspondence (ignoring partial-wave mixing). 
But in general under-constrained problem (determinant equ. at each Ecm) 
  parameterize Ecm dependence of t-matrix and fit {Elat} to {Eparam} 
Consider many different parameterizations (e.g. K-matrix, eff. range, B.W.) 

Talk by Max Hansen this morning (includes progress for > 2 hadrons) 
 

Recent review: Briceño, Dudek, Young [arXiv:1706.06223] 



ρπ isospin-2 scattering 
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Different partial waves with same JP can mix dynamically 
E.g.  JP = 1+ (3S1, 3D1), JP = 2- (3P2, 3F2) 
 
 
 
 
 
                            
                                 
                    
 
 
 

[Woss, CT, Dudek, Edwards, 
Wilson, JHEP 1807, 043 (2018)] 
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Different partial waves with same JP can mix dynamically 
E.g.  JP = 1+ (3S1, 3D1), JP = 2- (3P2, 3F2) 
 
 
 
 
 
Finite-volume lattice QCD  
calculations: reduced symmetry  
additional ‘mixing’ 
 
 
 

[Woss, CT, Dudek, Edwards, 
Wilson, JHEP 1807, 043 (2018)] 

[0,0,0]  



Calc. at SU(3)F symmetric point (mu=md=ms) 
 mπ ≈ 700 MeV  
 mρ ≈ 1020 MeV (stable) 
 

Large bases of ρπ SU(3)F  ‘meson-meson’ operators:   
 
 
 

 

‘optimised’ ρ and π ops 
 

ρπ isospin-2 scattering 
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[JHEP 1807, 043 (2018)] 
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[JHEP 1807, 043 (2018)] 

One lattice spacing 
 

2 volumes (≈ 2, 3 fm) 



ρπ isospin-2 scattering – spectra 
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ops 

[000] T1
+ (1+, 3+, ... ) 

[JHEP 1807, 043 (2018)] 
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Used 141 energy levels 
for ℓ = 0, 1, 2 

ρπ isospin-2 scattering – spectra [JHEP 1807, 043 (2018)] 

+ others 



ρπ isospin-2 scattering – amplitudes 
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[JHEP 1807, 043 (2018)] 
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ρπ isospin-2 scattering – amplitudes [JHEP 1807, 043 (2018)] 



Charm tetraquarks 
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Cheung, CT, Dudek, Edwards  
(HadSpec) [JHEP 1711, 033 (2017)] 

Use a range of ‘meson-meson’ operators, 
and ‘tetraquark’ (diquark-antidiquark) operators, 
 
 
 

 
1 volume (≈ 2 fm), m ≈ 391 MeV 

Compute spectra in some exotic-flavour charm channels 
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Cheung, CT, Dudek, Edwards  
(HadSpec) [JHEP 1711, 033 (2017)] 

Use a range of ‘meson-meson’ operators, 
and ‘tetraquark’ (diquark-antidiquark) operators, 
 
 
 

 
1 volume (≈ 2 fm), m ≈ 391 MeV 

Compute spectra in some exotic-flavour charm channels 

Previous LQCD work on charm tetraquarks or relevant channels: 
• Ikeda et al [PL B729, 85 (2014); PRL 117, 242001 (2016)] 
• Prelovsek et al [PR D91, 014504 (2015)] 
• Guerrieri et al [PoS (LATTICE2014) 106] 
• Padmanath et al [PR D92, 034501 (2015)] 
• Chen et al [PR D89, 094506 (2014); PR D92, 054507 (2015)] 



Hidden-charm I=1 (         ) 
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[JHEP 1711, 033 (2017)] 
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[JHEP 1711, 033 (2017)] 
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Hidden-charm I=1 (         ) 
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[JHEP 1711, 033 (2017)] 
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Doubly-charmed I=0 (         ) 
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 JP = 1+  JP = 2+ 

[JHEP 1711, 033 (2017)] 



Doubly-charmed I=½ (          ) 
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 JP = 0+  JP = 1+ 

[JHEP 1711, 033 (2017)] 



13 

Summary 

• Significant progress in LQCD calculations of meson-meson 
scattering, resonances, etc. 

 

•   Examples: 

•  ρ isospin-2 scattering – 3S1, 3D1 mixing 

•  exotic-flavour charm channels (tetraquarks) 
 

•  Work in progress on other channels and different m  
 

•   Ongoing work on formalism (e.g. 3-hadron scattering) 
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Extra slides 
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ρπ isospin-2 scattering 
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[JHEP 1807, 043 (2018)] 
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[JHEP 1807, 043 (2018)] 



ρπ isospin-2 scattering 
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[JHEP 1807, 043 (2018)] 

[000] T1
+ 
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[JHEP 1807, 043 (2018)] 



ρπ isospin-2 scattering 

25 

[JHEP 1807, 043 (2018)] 



ρπ isospin-2 scattering 
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[00n] Λ  

[JHEP 1807, 043 (2018)] 



ρπ isospin-2 scattering 
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ρ[000]  T1
-,    π[000]  A1

- 

 [000] T1
-  x  [000] A1

-  [000] T1
+ 

1 T1
+ 

[JHEP 1807, 043 (2018)] 



ρπ isospin-2 scattering 
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ρ[001] λ=0  A1,   λ=±1  E2,    π[001]  A2 
 [001] A1  x  [001] A2    [000] T1

+, A1
-, E-  

 [001] E2  x  [001] A2    [000] T1
+, T2

+, T1
-, T2

- 

ρ[000]  T1
-,    π[000]  A1

- 

 [000] T1
-  x  [000] A1

-  [000] T1
+ 

1 T1
+ 

2 T1
+ 

[JHEP 1807, 043 (2018)] 



ρπ isospin-2 scattering 
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ρ[011] λ=0  A1,   λ=±1  B1, B2,    π[011]  A2 
 [011] A1  x  [011] A2    [000] T1

+, ...  

 [011] B1  x  [011] A2    [000] T1
+, ... 

 [011] B2  x  [011] A2    [000] T1
+, ... 

ρ[001] λ=0  A1,   λ=±1  E2,    π[001]  A2 
 [001] A1  x  [001] A2    [000] T1

+, A1
-, E-  

 [001] E2  x  [001] A2    [000] T1
+, T2

+, T1
-, T2

- 

ρ[000]  T1
-,    π[000]  A1

- 

 [000] T1
-  x  [000] A1

-  [000] T1
+ 

1 T1
+ 

2 T1
+ 

3 T1
+ 

[JHEP 1807, 043 (2018)] 



ρπ isospin-2 scattering 

27 

ρ[011] λ=0  A1,   λ=±1  B1, B2,    π[011]  A2 
 [011] A1  x  [011] A2    [000] T1

+, ...  

 [011] B1  x  [011] A2    [000] T1
+, ... 

 [011] B2  x  [011] A2    [000] T1
+, ... 

ρ[001] λ=0  A1,   λ=±1  E2,    π[001]  A2 
 [001] A1  x  [001] A2    [000] T1

+, A1
-, E-  

 [001] E2  x  [001] A2    [000] T1
+, T2

+, T1
-, T2

- 

Overall non-zero momentum 
 [001] A1 x [011] A2    [001] E2, ... 

 [001] E2 x [011] A2    [001] E2, E2, ... 

ρ[000]  T1
-,    π[000]  A1

- 

 [000] T1
-  x  [000] A1

-  [000] T1
+ 

1 T1
+ 

2 T1
+ 

3 T1
+ 

3 E2
 

[JHEP 1807, 043 (2018)] 
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[JHEP 1807, 043 (2018)] 



ρπ isospin-2 scattering 
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[JHEP 1807, 043 (2018)] 



ρπ isospin-2 scattering 
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[JHEP 1807, 043 (2018)] 



ρπ isospin-2 scattering 
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[JHEP 1807, 043 (2018)] 





Hidden-charm  
I=1 (         ) 
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 JP = 1+ 
G = + 

[JHEP 1711, 033 (2017)] 



Doubly-charmed I=0 (         ) 
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 JP = 1+ 

[JHEP 1711, 033 (2017)] 




