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GOAL: 
Get insights to the governing patterns and rules of 
QCD from emergent phenomena

Observables to test our understanding:
•Production and decay
•Exotic states
• …

Possible outcomes:
•Source of masses
•Role of glue
• Structure of excited states; 
• …

QCD 

Amplitude analysis

QCD spectroscopy

Experiments

|niQCD = c0 + c1 + c2 + c3 + c4 + · · ·

… perhaps there is a  hierarchy [.e.g. c0>c1>c2>c3>c4]



Experiments

Amplitude analysis

QCD 

partial wave 
amplitudes

electroweak 
amplitudes

QCD spectroscopy
Sheet I

See Ryan Mitchell’s talk 
for recent progress
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Experiments 
aren’t enough

QCD spectroscopy
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electroweak 
amplitudes

structure and 
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p
pion cloud

most of QCD’s states 
are unstables



Wick rotation [Euclidean spacetime]:  
Monte Carlo sampling

quark masses: 
lattice spacing:
finite volume

La

tM ! �itE

a ⇠ 0.03� 0.15 fm

Dµ = ( ((L/a)3 ⇥ (T/a)

mq ! mphys.
q

Lattice QCD 



Never free!
No asymptotic states!
No scattering!

Lattice QCD 
Wick rotation [Euclidean spacetime]:  
Monte Carlo sampling

quark masses: 
lattice spacing:
finite volume

tM ! �itE

a ⇠ 0.03� 0.15 fm

mq ! mphys.
q
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see J. Dudek’s 
slides for details

mπ ~ 400 MeV

Isoscalar 0++ channel:



0.10

 0.12

 0.14

 0.16

 0.18

0.20

 0.22

 0.24

 16  20  24  16  20  24  16  20  24  16  20  24  16  20  24
0.10

 0.12

 0.14

 0.16

 0.18

0.20

 0.22

 0.24

 16  20  24  16  20  24  16  20  24  16  20  24  16  20  24

2� 3fm

0.10

 0.12

 0.14

 0.16

 0.18

0.20

 0.22

 0.24

 16  20  24  16  20  24  16  20  24  16  20  24  16  20  24

0.10

 0.12

 0.14

 0.16

 0.18

0.20

 0.22

 0.24

 16  20  24  16  20  24  16  20  24  16  20  24  16  20  24

Suggestive picture:

…but we can do much more…!

0.10

 0.12

 0.14

 0.16

 0.18

0.20

 0.22

 0.24

 16  20  24  16  20  24  16  20  24  16  20  24  16  20  24

On the structure of states

mπ ~ 400 MeV

Isoscalar 0++ channel:



analytic 
continuation

+

=

+

+
...

resonance 
poles

transition 
form factors

partial wave 
amplitudes

electroweak 
amplitudes

elastic form 
factors +

=

+

+...

electroweak 
amplitudes

structure and nature of states

identification of 
states [masses & widths], 
 production/decay mechanisms

QCD spectroscopy

+

=

+

+
...

partial wave 
amplitudes

1-to-2
FV matrix 
elements

finite-volume  
spectrum

+

=

+

+...

2-to-2
FV matrix 
elements

lattice QCD



+

=

+

+
...

transition 
form factors

electroweak 
amplitudes

identification of 
states [masses & widths], 
 production/decay mechanisms

QCD spectroscopy

+

=

+

+
...

1-to-2
FV matrix 
elements

+

=

+

+...

2-to-2
FV matrix 
elements

Lüscher 
formalism

finite-volume  
spectrum

lattice QCD

analytic 
continuation resonance 

poles
partial wave 
amplitudes

partial wave 
amplitudes



iM = + + + · · ·

Two-body scattering 
Unitarity using all orders perturbation theory:

non-perturbative kernel including 
all diagrams not shown…

“yep, the left hand cut is there”

{ }
{

+ + · · ·+ + · · ·+

IR limit of QCD, only interested in 
hadronic d.o.f.
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+ “smooth”
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Two-body scattering 

square root singularity. ⇢ ⌘ p
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Unitarity using all orders perturbation theory:
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K-matrix
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Two-body scattering 
Unitarity using all orders perturbation theory:



iM = + + + · · ·

= + + + · · ·
1 1 1

Two-body scattering 
Unitarity using all orders perturbation theory:

Im[s]

Re[s]

Sheet II

resonancesR = (ER � i
2�R)

2

= iK 1

1� i⇢K



Consider the finite-volume two-particle correlator (E~2m):

+ + · · ·V V VC2pt.
L (P ) =

Two-particle in finite volume
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Consider the finite-volume two-particle correlator (E~2m):
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 Lüscher (1986, 1991)
 Rummukainen & Gottlieb (1995)

 Kim, Sachrajda, & Sharpe/Christ, Kim & Yamazaki (2005)

 Feng,  Li, &  Liu (2004); Hansen & Sharpe / RB & Davoudi (2012) 

 RB (2014) 

V �1

+ + · · ·V V V

= C1(P ) + + · · ·+

“smooth”= +A
i

F�1 +MB†

poles satisfy: det[F�1(P,L) +M(P )] = 0

Consider the finite-volume two-particle correlator (E~2m):

V �1 V �1

C2pt.
L (P ) =

Two-particle in finite volume
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The ρ vs mπ

Lin et al. (2009)
Dudek, Edwards, Guo & Thomas (2013)
Dudek, Edwards & Thomas (2012)
Wilson, RB, Dudek, Edwards & Thomas (2015)
Bolton, RB & Wilson (2015)



The ρ vs mπ

Lin et al. (2009)
Dudek, Edwards, Guo & Thomas (2013)
Dudek, Edwards & Thomas (2012)
Wilson, RB, Dudek, Edwards & Thomas (2015)
Bolton, RB & Wilson (2015)

not a fit,
just a sketch
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One-to-two transitions 
Unitarity using all orders perturbation theory:
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1

1� i⇢K

Watson’s theorem
 Same phase and analytic structure as the 

scattering amplitude
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One-to-two in finite volume
Same as before…but with a current

C3pt.
L =

+

=

+

+
...

same topologies that we 
considered before…
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One-to-two in finite volume
Same as before…but with a current

C3pt.
L =

=

“smooth”=

+=
+ +...

+A i

F�1 +MB†

V �1+ + · · ·V �1

R(En,P) ⌘ lim
E!En


(E � En)

F�1(P,L) +M(P )

�

��h2
��J

��1iL
�� =

p
A R A

After lots of massaging…

Lellouch-Lüscher matrix:

 Lellouch & Lüscher (2000)
 Kim, Sachrajda, & Sharpe
 Christ, Kim & Yamazaki (2005)
…
 Hansen & Sharpe (2012)
RB, Hansen Walker-Loud (2014)
 RB & Hansen (2015)
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mπ ~ 400 MeV
RB, Dudek, Edwards, Shultz, Thomas & Wilson (2015)
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Shultz, Dudek, & Edwards (2014) 
RB, Dudek, Edwards, Shultz, Thomas & Wilson (2015)
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Two-to-two scattering with current 

{
Naive Watson’s theorem 

does not apply!

Complex function…depending 
on the one-body form factors

finite-volume quantities must 
be more complicated
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Two-particle in finite volume with current
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New finite-volume function:



After lots of massaging…

R(En,P) ⌘ lim
E!En


(E � En)

F�1(P,L) +M(P )

�
Building block #1) Lellouch-Luscher matrices:

“EASY”
-derivatives of amplitudes and F-function at the 
finite-volume spectra

Two-particle in finite volume with current

���h2|J |2i
���
2

L
=

1

L6
Tr [RWL,df RWL,df ]



After lots of massaging…

Building block #2) stable particle form factor

“EASY”
- form factors  of single-particle states

Two-particle in finite volume with current

���h2|J |2i
���
2

L
=

1

L6
Tr [RWL,df RWL,df ]

WL,df �Wµ1···µn

df ⇠
nX

n0

M [G(j) f (j)(�q2)] M



After lots of massaging…

Building block #3) G-function

Two-particle in finite volume with current

���h2|J |2i
���
2

L
=

1

L6
Tr [RWL,df RWL,df ]

WL,df �Wµ1···µn

df ⇠
nX

n0

M [G(j) f (j)(�q2)] M

+
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+
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Gµ1···µn(Pf , Pi, L) = V � +

=

+

+ ...

- Integral is complicated
- if Pf=Pi:

- poles coincide…we found an analytic solution for the  integral
- otherwise:

- write the integral in terms of two integrals:
- 4D, singular, covariant, dim-reg integral [semi-analytical]
- 3D, smooth, evaluate numerically…



  Access:

   transition electroweak amplitudes

  elastic electroweak amplitudes

   structural information composite states:
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Multiple birds with one stone:



Much harder than 0-to-2 and 1-to-2 transitions…but we have removed all major obstacles!

Wilson  OrtegaBaroni Hansen

Ale’s thumb of approval

structure and 
nature of states

two-to-two
matrix elements +

=

+

+...

finite-volume  
spectrum

one-body
matrix elements

+

=

+

+...

Lüscher 
formalism

partial wave 
amplitudes

electroweak 
amplitudes

two-hadron
form factors +

=

+

+...

analytic 
continuation

RB & Hansen (2016)

Take-home message


