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Loop functions



Loop functions: Polyakov loop

e Polyakov loop average in a thermal ensemble at a temperature T°

1 :
P(T)|gr = d—(Tr Lg) =e /T (R = color representation) ©

R

1/T
da = N? —1,dr = N and Lr(x) = Pexp <zg/ dTAO(X,T)>
0



Loop functions: correlators
e Polyakov loop correlator

Pe(r,T) = NL<T1~LJr (0)TrLp(r)) = e~ Fea/T

e Cyclic Wilson loop
Wo(r, T) = %(TrL}(O)UT(l JTYLp (2)U(0)) = e~ Fwe /T

where U(1/T) = P exp (ig /01 dsr - A(sr, 1/T)> U(0).

e Singlet correlator in Coulomb gauge
Ws(r,T) = %(TrL}(O)LF(r» — o Fs/T
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Polyakov loop



Polyakov loop at O(g?)

Crasmp Crasmp

P:]_ - F = —
T o7 < 2

where C'r is the quadratic Casimir of the representation R.
The Debye mass mp is given by

C T
A+ I1Ipny 92T2

Moo (k| < T) ~ m2D — 2

In the weak coupling one assumes the hierarchy of scales
T>>mDNgT>>mMNgQT

where m; is the magnetic mass.



Exponentiation

Po1+Cp % 402 a4 op (CR_—)%+0R§&%

1
:eXP[CR&_ECRCA —|—...:|:eXp(D1—|—D2—|—...)

Dots stand for order g% contributions.

The free energy is proportional to C'r: Casimir scaling.

e
Rg /DOO(O k)

CrC 1
Do = —R—Ag/ [—DOO(OJk)DOO(an)
k,q

AT 12T

_ Z DOO ]{;O, )(2D00 (O, Q) — DOO(kOa Q))



Polyakov loop at O(g*)

Croas mp C’Rag m% 1
P—1 CalmZl v 2) _piln2
T T T, A\ 5 ) —npin

The logarithm, Inm?, /T2, signals that an infrared divergence at the scale T has
canceled against an ultraviolet divergence at the scale mp.

0 Burnier Laine Vepsalainen JHEP 1001 (2010) 054
Brambilla Ghiglieri Petreczky Vairo PR D82 (2010) 074019



Polyakov loop at O(g°)

0 Berwein Brambilla Petreczky Vairo PR D93

_ Croas(p)mp ~ Cgras

o + 5 Ca <
3CRra2mp
167T
CRC'FTanozg’T
2mp
C’RC’iaST {@ n 7r_2 o u
mp 48 12 12

™m
D
e

> —2TFnyIn 2]

4
{3014 + gTan (1—41In2)+ 2059 (q/E +In ——

(2016) 034010

u)]



Checks

Feynman gauge and Coulomb gauge.

Static gauge: 9 Ag = 0:

1 gAY ! !
P = d—Tr(eXp <w>> = \\ l' + \\ I' + \\ / + ...
R

Phase-space Coulomb gauge:

1/T 1
e = exp —/ /d3 ( FL D + FO’LFO’L>
0
1/T 1
:/\/'—1/DE¢ exp —/ /d3 ( FLFS + 1B FS + 5E§E§)
0

o Andrasi EPJ C37 (2004) 307

Dimensionally reduced effective field theories.



Dimensionally reduced EFT's

thermal
scales
A
QCD
T
g9° -
EQCD Prqcp = 2§ — Z5 Tr (AZ) + ...
2drT
mp
vy
MQCD PMQCD = ZO + W<Fia. zC;> + ...
D
mps 1

The Polyakov loop may be calculated relying mostly on known results.
0 Braaten Nieto PR D53 (1996) 3421
Kajantie Laine Rummukainen Shaposhnikov NP B503 (1997) 357,

Non-perturbative contributions carried by my, are of order g7 (ZM ~ a2).
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Magnetic mass contributions

MQCD shows that magnetic mass contributions appear at O(g”).

At order g° the following two diagrams cancel when the spatial gluon carries a
momentum of order m:

The explicit cancellation of the magnetic mass contributions at order g° has also
been checked.



Casimir scaling

Casimir scaling holds up to O(g") (including m s contributions).

Possible Casimir scaling violations may happen at O(g®), through diagrams like

+ 4 gluon vertex diagrams + light quark loop diagrams.

These are proportional to

(4) 5
e N Ly [Tg" - Tg'],  with Cp_ _ Cr N"+2
dr ¢ Ca N2 +12

0 Berwein Brambilla Petreczky Vairo PR D93 (2016) 034010



Free energy vs quenched lattice data
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Entropy vs quenched lattice data
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Entropy vs 2+1 flavor lattice data
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Casimir scaling
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Polyakov loop correlator



Polyakov loop correlator in perturbation theory

2FQ—FQQ:| 14

exp { T




Polyakov loop correlator up to ¢° at short distances, mp > oy /r

2Fg — FQQ} . _|_ —1 { s(1/r)  2as(l/r)as(@rT)mp(4rT)
T oo o8 r272 rT?

N2 (1/r) as(1/r)a? (31 10 )
) N 9
TSN BT T o212 \ 9 g " T 2b07E

T2
N(l———l—ln—) —I—nfln2
D
_|_

_ 27Nas(1/r)ag o (4rT)m%, (4=T)
9 T2

+20,(1/r)a? (SN +n7 ) ST

exp {

i 20 1/7"

22 7

— 2mas(1/r)a? (ﬁN + 2—70nf> (7“7TT)2} + O (gﬁ(er)AL)

0 Berwein Brambilla Petreczky Vairo PR D96 (2017) 014025



Polyakov loop correlator at ¢g” at short distances, mp > «s/r

2Fg — Fpo N? -1 N? —2a2(1/r)as(4nT)mp (47T)
ex = —
P T ;7 8N? ON 273
202 as(47T)mp (4nT) (31 10 )
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4 T2 9 nf o+ 2P07E
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m
D

3
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373 9T
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FQQ on the lattice
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FQQ at short distances
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Fggo at screening distances
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Polyakov loop correlator in pNRQCD

In an EFT/pNRQCD framework P.(r,T") can be put in the form

1 _ _
Pe(r,T) = ~5 |¢ /T 4 (N2 —1)e /T 40 (a2(rT)%)
= QQ-color singlet free energy, f, = QQ-color octet free energy

to be matched from the singlet and octet pPNRQCD propagators

(S(r,0,1/T)ST(r,0,0))

N _ e—Vs(r)/T(l ‘|‘5s) 2 /T
a af
(O (r,o,1/7;\)[o (r,0,0) _ vy [(N? = 1) (Pa) +60] = (N? — 1)e~

where s and ¢, stand for thermal loop corrections to the singlet/octet propagators:
T,

o0 Brambilla Ghiglieri Petreczky Vairo PR D78 (2008) 014017
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Foo on the lattice and pNRQCD
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Cyclic Wilson loop



Divergences of the cyclic Wilson loop

Differently from P(T") and P.(r,T), W.(r,T) is divergent after charge and field
renormalization. This divergence is due to intersection points.

Although it may seem that the cyclic Wilson loop has a continuously infinite number of
intersection points, one needs to care only about the two endpoints, for the Wilson loop
contour does not lead to divergences in the other ones.



How to renormalize intersection divergences

For intersection points connected by 2 Wilson lines (angles 6;) and cusps (angles ¢;):

R
W = Ziy 5y (01) Ziggs (02) - Zi g, (0:) Z(01) Z(p2) - Z(05) Wiy js ...

The indices i and j, label the different possible path-ordering prescriptions.
The loop functions are color-traced and normalized by the number of colours.
This ensures that all loop functions are gauge invariant.

The coupling in Wi(ﬁ;“i?n is the renormalized coupling.

The matrices Z are the renormalization matrices.

(> (OO

o Brandt Neri Sato PR D24 (1981) 879



How to renormalize the cyclic Wilson loop

Y
Y

Y
Y

Y

1Y
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A
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Al
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Al

Z =1+ Zioep 2 + Zo (aepn™2%) % + O()



g =

N

I

I
ﬂ‘g . <
M| =




Z1CMS><

Zo reabsorbs all divergences of the type o2 /(rT).

All other divergences at O(a2) are reabsorbed by Z; (combined with P.(r, T') at O(a2))!



Renormalization group equation at one loop

$ 2
d o
\ Nd s — 27_‘_/80

~ is the anomalous dimension of WC(R) — Pe:

1 d Qs
= _pu—2=20,4—+0(a?
"= 2 a—+ (ag)

(Wi = P.) (w) = (WEP - P.) (1/7) ( s (1)

el ) —4C4/Bo



Wefor1/r > T > mp > g*/r

In MS at NLO and LL accuracy (i.e. including all terms as/(rT) X (as ln pur)™), we have

Cras(1/7) Qs [(31 10 ) ]
mw® = 1+ — | =Ca - — 2
" rT +-4W 9 4 9 ny ) +2PovE
asCa —1)"¢(2n) 2
1+2vg —21In2 T)="
T 0y e " +_:£: n(4n? — 1) (rT)
47TOzSCF dgk ir-k 1 2
S | — CrC
+ T /(271_)3 (6 ) k2_|_H<T)(O,k) 2 + CFp AOg

CF Olg

5
rT —i—O(g)

()

Hég) (0, k) = (known) thermal part of the gluon self-energy in Coulomb gauge.

0 Berwein Brambilla Ghiglieri Vairo JHEP 1303 (2013) 069



W. from smeared lattices vs singlet correlator
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Singlet correlator in Coulomb gauge



The singlet free energy up to g* at short distances

Fs N? —1 as(1/7) [ s (31 10 )} 1, 5 .
—5 — _ 1+ 5 (- = 2 — (N2-1 T
T 2N  rT T\ g 7 +200mm )|+ 35 )Josrm
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F's on the lattice
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F'q at short distances
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Fs at screening distances
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Conclusions



The Polyakov loop has been computed up to order ¢°.

The (subtracted) Q) free energy has been computed at short distances up to
corrections of order ¢ (+1')*, ¢°.

The (subtracted) Q) free energy has been computed at screening distances up to
corrections of order ¢°.

The cyclic Wilson loop free energy has been computed at short distances up to
corrections of order ¢° + LL resummation.

The singlet free energy has been computed at short distances up to corrections of
order g (r1)°, ¢°.

The singlet free energy has been computed at screening distances up to
corrections of order ¢°.

Lattice calculations are consistent with weak-coupling expectations.



	head {Bibliography: lattice}
	head {Bibliography: perturbation theory}
	
	head {Loop functions: Polyakov loop}
	head {Loop functions: correlators}
	
	head {Polyakov loop at ${cal O}(g^3)$}
	head {Exponentiation}
	head {Polyakov loop at ${cal O}(g^4)$}
	head {Polyakov loop at ${cal O}(g^5$)}
	head {Checks}
	head {Dimensionally reduced EFTs}
	head {Magnetic mass contributions}
	head {Casimir scaling}
	head {Free energy vs quenched lattice data}
	head {Entropy vs quenched lattice data}
	head {Entropy vs 2+1 flavor lattice data}
	head {Casimir scaling}
	
	head {Polyakov loop correlator in perturbation theory} 
	head {Polyakov loop correlator up to $g^6$ at short distances,~$m_D gg als /r$ } 
	head {Polyakov loop correlator at $g^7$ at short distances,~$m_D gg als /r$} 
	head {$F_{Q�ar {Q}}$ on the lattice}
	head {$F_{Q�ar {Q}}$ at short distances}
	head {$F_{Q�ar {Q}}$ at screening distances}
	head {Polyakov loop correlator in pNRQCD}
	head {$F_{Q�ar {Q}}$ on the lattice and pNRQCD}
	
	head {Divergences of the cyclic Wilson loop}
	head {How to renormalize intersection divergences}
	head {How to renormalize the cyclic Wilson loop}
	head {$Z_1$}
	head {$Z_2$}
	head {Renormalization group equation at one loop}
	head {$W_c$ for ${1}/{r}gg Tgg m_Dgg {g^2}/{r}$}
	head {$W_c$ from smeared lattices vs singlet correlator}
	
	head {The singlet free energy up to $g^4$ at short distances} 
	head {$F_S$ on the lattice}
	head {$F_S$ at short distances}
	head {$F_S$ at screening distances}
	
	

