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Lattice vs. Phenomenology

‣ Euclidean short 
distance observables 
- no hadronization  

‣ Input from low energy 
- tiny exp. uncertainties

‣ Often difficult PT

‣ Limiting: 
  QED effects 
  (heavy quarks) 

Lattice Phenomenology

‣ Minkowski scattering / 
decays 
- hadronization corrections  
- duality violations

‣ Input from high energy 
- often limits precision 

‣ Often high order PT
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Abstract We review lattice results related to pion, kaon,
D- and B-meson physics with the aim of making them easily
accessible to the particle-physics community. More specif-
ically, we report on the determination of the light-quark
masses, the form factor f+(0), arising in the semileptonic
K → π transition at zero momentum transfer, as well as

a e-mail: juettner@soton.ac.uk

the decay constant ratio fK / fπ and its consequences for
the CKM matrix elements Vus and Vud. Furthermore, we
describe the results obtained on the lattice for some of the
low-energy constants of SU (2)L × SU (2)R and SU (3)L ×
SU (3)R Chiral Perturbation Theory. We review the determi-
nation of the BK parameter of neutral kaon mixing as well
as the additional four B parameters that arise in theories of
physics beyond the Standard Model. The latter quantities are
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Q = c1αs + c2α
2
s + · · · + cnαn

s +O(αn+1
s )

+O(exp(−γ /αs)). (232)

For small αs , the exp(−γ /αs) is negligible. Similarly the
perturbative estimate for the magnitude of relative errors
in Eq. (232) is small; as an illustration for n = 3 and
αs = 0.2 the relative error is ∼0.8% (assuming coefficients
|cn+1/c1| ∼ 1).

For larger values ofαs nonperturbative effects can become
significant in Eq. (232). An instructive example comes from
the values obtained from τ decays, for which αs ≈ 0.3. Here,
different applications of perturbation theory (fixed order,
FOPT, and contour improved, CIPT) each look reasonably
asymptotically convergent but the difference does not seem
to decrease much with the order (see, e.g., the contribution of
Pich in Ref. [560]). In addition nonperturbative terms in the
spectral function may be nonnegligible even after the integra-
tion up to mτ (see, e.g., Ref. [567], Golterman in Ref. [560]).
All of this is because αs is not really small.

Since the size of the nonperturbative effects is very hard
to estimate one should try to avoid such regions of the cou-
pling. In a fully controlled computation one would like to
verify the perturbative behaviour by changing αs over a sig-
nificant range instead of estimating the errors as ∼αn+1

s .
Some computations try to take nonperturbative power ‘cor-
rections’ to the perturbative series into account by including
such terms in a fit to the µ dependence. We note that this is
a delicate procedure, both because the separation of nonper-
turbative and perturbative is theoretically not well defined
and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
criteria for the determination of αs .

• Renormalization scale

⋆ all points relevant in the analysis have αeff < 0.2
◦ all points have αeff < 0.4 and at least one αeff ≤ 0.25
! otherwise

• Perturbative behaviour

⋆ verified over a range of a factor 4 change in α
nl
eff with-

out power corrections or alternatively α
nl
eff = 0.01 is

reached
◦ agreement with perturbation theory over a range of a

factor 2.25 in α
nl
eff possibly fitting with power correc-

tions or alternatively α
nl
eff = 0.02 is reached

! otherwise

Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63

• Continuum extrapolation
At a reference point of αeff = 0.3 (or less) we require

⋆ three lattice spacings with µa < 1/2 and full O(a)
improvement, or three lattice spacings withµa ≤ 1/4
and 2-loop O(a) improvement, or µa ≤ 1/8 and 1-
loop O(a) improvement

◦ three lattice spacings with µa < 1.5 reaching down
toµa = 1 and fullO(a) improvement, or three lattice
spacings withµa ≤ 1/4 and one-loop O(a) improve-
ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.
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Q = c1αs + c2α
2
s + · · · + cnαn

s +O(αn+1
s )

+O(exp(−γ /αs)). (232)

For small αs , the exp(−γ /αs) is negligible. Similarly the
perturbative estimate for the magnitude of relative errors
in Eq. (232) is small; as an illustration for n = 3 and
αs = 0.2 the relative error is ∼0.8% (assuming coefficients
|cn+1/c1| ∼ 1).

For larger values ofαs nonperturbative effects can become
significant in Eq. (232). An instructive example comes from
the values obtained from τ decays, for which αs ≈ 0.3. Here,
different applications of perturbation theory (fixed order,
FOPT, and contour improved, CIPT) each look reasonably
asymptotically convergent but the difference does not seem
to decrease much with the order (see, e.g., the contribution of
Pich in Ref. [560]). In addition nonperturbative terms in the
spectral function may be nonnegligible even after the integra-
tion up to mτ (see, e.g., Ref. [567], Golterman in Ref. [560]).
All of this is because αs is not really small.

Since the size of the nonperturbative effects is very hard
to estimate one should try to avoid such regions of the cou-
pling. In a fully controlled computation one would like to
verify the perturbative behaviour by changing αs over a sig-
nificant range instead of estimating the errors as ∼αn+1

s .
Some computations try to take nonperturbative power ‘cor-
rections’ to the perturbative series into account by including
such terms in a fit to the µ dependence. We note that this is
a delicate procedure, both because the separation of nonper-
turbative and perturbative is theoretically not well defined
and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
criteria for the determination of αs .

• Renormalization scale

⋆ all points relevant in the analysis have αeff < 0.2
◦ all points have αeff < 0.4 and at least one αeff ≤ 0.25
! otherwise

• Perturbative behaviour

⋆ verified over a range of a factor 4 change in α
nl
eff with-

out power corrections or alternatively α
nl
eff = 0.01 is

reached
◦ agreement with perturbation theory over a range of a

factor 2.25 in α
nl
eff possibly fitting with power correc-

tions or alternatively α
nl
eff = 0.02 is reached

! otherwise

Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63

• Continuum extrapolation
At a reference point of αeff = 0.3 (or less) we require

⋆ three lattice spacings with µa < 1/2 and full O(a)
improvement, or three lattice spacings withµa ≤ 1/4
and 2-loop O(a) improvement, or µa ≤ 1/8 and 1-
loop O(a) improvement

◦ three lattice spacings with µa < 1.5 reaching down
toµa = 1 and fullO(a) improvement, or three lattice
spacings withµa ≤ 1/4 and one-loop O(a) improve-
ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.
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For small αs , the exp(−γ /αs) is negligible. Similarly the
perturbative estimate for the magnitude of relative errors
in Eq. (232) is small; as an illustration for n = 3 and
αs = 0.2 the relative error is ∼0.8% (assuming coefficients
|cn+1/c1| ∼ 1).

For larger values ofαs nonperturbative effects can become
significant in Eq. (232). An instructive example comes from
the values obtained from τ decays, for which αs ≈ 0.3. Here,
different applications of perturbation theory (fixed order,
FOPT, and contour improved, CIPT) each look reasonably
asymptotically convergent but the difference does not seem
to decrease much with the order (see, e.g., the contribution of
Pich in Ref. [560]). In addition nonperturbative terms in the
spectral function may be nonnegligible even after the integra-
tion up to mτ (see, e.g., Ref. [567], Golterman in Ref. [560]).
All of this is because αs is not really small.

Since the size of the nonperturbative effects is very hard
to estimate one should try to avoid such regions of the cou-
pling. In a fully controlled computation one would like to
verify the perturbative behaviour by changing αs over a sig-
nificant range instead of estimating the errors as ∼αn+1

s .
Some computations try to take nonperturbative power ‘cor-
rections’ to the perturbative series into account by including
such terms in a fit to the µ dependence. We note that this is
a delicate procedure, both because the separation of nonper-
turbative and perturbative is theoretically not well defined
and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
criteria for the determination of αs .

• Renormalization scale

⋆ all points relevant in the analysis have αeff < 0.2
◦ all points have αeff < 0.4 and at least one αeff ≤ 0.25
! otherwise

• Perturbative behaviour

⋆ verified over a range of a factor 4 change in α
nl
eff with-

out power corrections or alternatively α
nl
eff = 0.01 is

reached
◦ agreement with perturbation theory over a range of a

factor 2.25 in α
nl
eff possibly fitting with power correc-

tions or alternatively α
nl
eff = 0.02 is reached

! otherwise

Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63

• Continuum extrapolation
At a reference point of αeff = 0.3 (or less) we require

⋆ three lattice spacings with µa < 1/2 and full O(a)
improvement, or three lattice spacings withµa ≤ 1/4
and 2-loop O(a) improvement, or µa ≤ 1/8 and 1-
loop O(a) improvement

◦ three lattice spacings with µa < 1.5 reaching down
toµa = 1 and fullO(a) improvement, or three lattice
spacings withµa ≤ 1/4 and one-loop O(a) improve-
ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.
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2
s + · · · + cnαn

s +O(αn+1
s )

+O(exp(−γ /αs)). (232)

For small αs , the exp(−γ /αs) is negligible. Similarly the
perturbative estimate for the magnitude of relative errors
in Eq. (232) is small; as an illustration for n = 3 and
αs = 0.2 the relative error is ∼0.8% (assuming coefficients
|cn+1/c1| ∼ 1).

For larger values ofαs nonperturbative effects can become
significant in Eq. (232). An instructive example comes from
the values obtained from τ decays, for which αs ≈ 0.3. Here,
different applications of perturbation theory (fixed order,
FOPT, and contour improved, CIPT) each look reasonably
asymptotically convergent but the difference does not seem
to decrease much with the order (see, e.g., the contribution of
Pich in Ref. [560]). In addition nonperturbative terms in the
spectral function may be nonnegligible even after the integra-
tion up to mτ (see, e.g., Ref. [567], Golterman in Ref. [560]).
All of this is because αs is not really small.

Since the size of the nonperturbative effects is very hard
to estimate one should try to avoid such regions of the cou-
pling. In a fully controlled computation one would like to
verify the perturbative behaviour by changing αs over a sig-
nificant range instead of estimating the errors as ∼αn+1

s .
Some computations try to take nonperturbative power ‘cor-
rections’ to the perturbative series into account by including
such terms in a fit to the µ dependence. We note that this is
a delicate procedure, both because the separation of nonper-
turbative and perturbative is theoretically not well defined
and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
criteria for the determination of αs .

• Renormalization scale

⋆ all points relevant in the analysis have αeff < 0.2
◦ all points have αeff < 0.4 and at least one αeff ≤ 0.25
! otherwise

• Perturbative behaviour

⋆ verified over a range of a factor 4 change in α
nl
eff with-

out power corrections or alternatively α
nl
eff = 0.01 is

reached
◦ agreement with perturbation theory over a range of a

factor 2.25 in α
nl
eff possibly fitting with power correc-

tions or alternatively α
nl
eff = 0.02 is reached

! otherwise

Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63

• Continuum extrapolation
At a reference point of αeff = 0.3 (or less) we require

⋆ three lattice spacings with µa < 1/2 and full O(a)
improvement, or three lattice spacings withµa ≤ 1/4
and 2-loop O(a) improvement, or µa ≤ 1/8 and 1-
loop O(a) improvement

◦ three lattice spacings with µa < 1.5 reaching down
toµa = 1 and fullO(a) improvement, or three lattice
spacings withµa ≤ 1/4 and one-loop O(a) improve-
ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.
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For small αs , the exp(−γ /αs) is negligible. Similarly the
perturbative estimate for the magnitude of relative errors
in Eq. (232) is small; as an illustration for n = 3 and
αs = 0.2 the relative error is ∼0.8% (assuming coefficients
|cn+1/c1| ∼ 1).

For larger values ofαs nonperturbative effects can become
significant in Eq. (232). An instructive example comes from
the values obtained from τ decays, for which αs ≈ 0.3. Here,
different applications of perturbation theory (fixed order,
FOPT, and contour improved, CIPT) each look reasonably
asymptotically convergent but the difference does not seem
to decrease much with the order (see, e.g., the contribution of
Pich in Ref. [560]). In addition nonperturbative terms in the
spectral function may be nonnegligible even after the integra-
tion up to mτ (see, e.g., Ref. [567], Golterman in Ref. [560]).
All of this is because αs is not really small.

Since the size of the nonperturbative effects is very hard
to estimate one should try to avoid such regions of the cou-
pling. In a fully controlled computation one would like to
verify the perturbative behaviour by changing αs over a sig-
nificant range instead of estimating the errors as ∼αn+1

s .
Some computations try to take nonperturbative power ‘cor-
rections’ to the perturbative series into account by including
such terms in a fit to the µ dependence. We note that this is
a delicate procedure, both because the separation of nonper-
turbative and perturbative is theoretically not well defined
and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
criteria for the determination of αs .

• Renormalization scale

⋆ all points relevant in the analysis have αeff < 0.2
◦ all points have αeff < 0.4 and at least one αeff ≤ 0.25
! otherwise
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⋆ verified over a range of a factor 4 change in α
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eff with-
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eff = 0.01 is
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◦ agreement with perturbation theory over a range of a
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Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63

• Continuum extrapolation
At a reference point of αeff = 0.3 (or less) we require

⋆ three lattice spacings with µa < 1/2 and full O(a)
improvement, or three lattice spacings withµa ≤ 1/4
and 2-loop O(a) improvement, or µa ≤ 1/8 and 1-
loop O(a) improvement

◦ three lattice spacings with µa < 1.5 reaching down
toµa = 1 and fullO(a) improvement, or three lattice
spacings withµa ≤ 1/4 and one-loop O(a) improve-
ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.
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For small αs , the exp(−γ /αs) is negligible. Similarly the
perturbative estimate for the magnitude of relative errors
in Eq. (232) is small; as an illustration for n = 3 and
αs = 0.2 the relative error is ∼0.8% (assuming coefficients
|cn+1/c1| ∼ 1).

For larger values ofαs nonperturbative effects can become
significant in Eq. (232). An instructive example comes from
the values obtained from τ decays, for which αs ≈ 0.3. Here,
different applications of perturbation theory (fixed order,
FOPT, and contour improved, CIPT) each look reasonably
asymptotically convergent but the difference does not seem
to decrease much with the order (see, e.g., the contribution of
Pich in Ref. [560]). In addition nonperturbative terms in the
spectral function may be nonnegligible even after the integra-
tion up to mτ (see, e.g., Ref. [567], Golterman in Ref. [560]).
All of this is because αs is not really small.

Since the size of the nonperturbative effects is very hard
to estimate one should try to avoid such regions of the cou-
pling. In a fully controlled computation one would like to
verify the perturbative behaviour by changing αs over a sig-
nificant range instead of estimating the errors as ∼αn+1

s .
Some computations try to take nonperturbative power ‘cor-
rections’ to the perturbative series into account by including
such terms in a fit to the µ dependence. We note that this is
a delicate procedure, both because the separation of nonper-
turbative and perturbative is theoretically not well defined
and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
criteria for the determination of αs .

• Renormalization scale

⋆ all points relevant in the analysis have αeff < 0.2
◦ all points have αeff < 0.4 and at least one αeff ≤ 0.25
! otherwise

• Perturbative behaviour

⋆ verified over a range of a factor 4 change in α
nl
eff with-

out power corrections or alternatively α
nl
eff = 0.01 is

reached
◦ agreement with perturbation theory over a range of a

factor 2.25 in α
nl
eff possibly fitting with power correc-

tions or alternatively α
nl
eff = 0.02 is reached

! otherwise

Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63

• Continuum extrapolation
At a reference point of αeff = 0.3 (or less) we require

⋆ three lattice spacings with µa < 1/2 and full O(a)
improvement, or three lattice spacings withµa ≤ 1/4
and 2-loop O(a) improvement, or µa ≤ 1/8 and 1-
loop O(a) improvement

◦ three lattice spacings with µa < 1.5 reaching down
toµa = 1 and fullO(a) improvement, or three lattice
spacings withµa ≤ 1/4 and one-loop O(a) improve-
ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.
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Q = c1αs + c2α
2
s + · · · + cnαn

s +O(αn+1
s )

+O(exp(−γ /αs)). (232)
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and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
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Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63
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ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.
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Finite volume couplings (see A.R.)

     no compromise is necessaryChallenge is met by finite volume couplings
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but continuum extrapolations 
remain the biggest headaches
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Different categories (methods) 

‣ Step scaling:  finite volume couplings, PT at O(100 GeV) 
                      see A. Ramos                                                         𝜇 = 1/L

‣ Potential: from QQ-potential, see P. Petretzky, A. Vairo               𝜇 = 1/r

‣ Vacuum polarization:  
   light quark <J J> correlator, large Q^2                                       𝜇 = 1/Q

‣ Wilson loops: RxT Wilson loops, (R,T)=(a,a), (a,2a) small.          𝜇 = 1/a=1/Λcut

‣ Current 2-pt functions: 
   moments of heavy quark <J J> correlators                                𝜇 = 1/M

‣ Vertex: ghost-gluon vertex etc., fixed gauge                                 𝜇 = 1/Q

‣ Eigenvalue distribution: eigenvalue density of Dirac operator for 
    large eigenvalues                                                                      𝜇 = 1/λ 

Reviewed in detail in the FLAG reports
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Towards FLAG 2019

✶✶✶
✶✶◦
◦✶◦

◦✶✶◦◦✶

◦◦◦◦✶◦◦✶◦

limited by

statistics, continuum 
extrapolation

compromise

PT, lattice      
      effects *

compromise

*  Small Wloops are special 
     perturbation theory at  
     a𝜇=1 (non-universal)

aµ ⌧ 1
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preliminary FLAG2018                                                       is quite precise ↵(5)

MS
(MZ) = 0.11823(81)
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Where does PT apply? Test where 𝚲 is constant 

⇤e↵(↵) = ⇤ ⇥ (1 + O(↵n
)

2 + n - loop �-fct1

preliminary    



Where does PT apply? Test where 𝚲 is constant 

‣ SF coupling  
 
(𝝂-dependent schemes) 
 
[M. Dalla Brida et al. 2017] 
 

‣ qq-coupling  
pure gauge  
large vol. small a (0.02fm) 
 
[Husung, Koren, Krah, S. 2017]

⇤e↵(↵) = ⇤ ⇥ (1 + O(↵n
)

2 + n - loop �-fct
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(a) The non-perturbative �(s, u) compared with its
perturbative equivalent up to four loop order.
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�-function in the qq-scheme.

Figure 5: The running of the coupling and the ⇤-parameter.

close to the continuum. The two di↵erent extrapolations can be seen in fig. 4. The five di↵erent pairs
of black solid and red dotted lines in fig. 4 show the fit of ⌃(s, u, a/r) scaled by 1/u. The uppermost
pair corresponds to the continuum extrapolation of the last iteration. Comparing the results for ⇢ = 0
and ⇢ , 0, indicates that cut o↵ e↵ects are under good control. We use the ones with larger errors
(⇢ , 0) for further analysis.

In the small distance regime the step scaling strategy is beneficial in comparison to the traditional
continuum limit, in which one would have to compute the coupling up to r � r0. With step scaling the
essential measurements on fine lattices involve only short distance quantities, where self-averaging
works very well. This reduces computational requirements, less statistics is needed.

The continuum extrapolated non-perturbative values of �(s, u) can be compared to the prediction
of perturbation theory. The latter are obtained by inserting the perturbative �-function into

ln(s) = �

p
�(s,u)Z

p
u

1
�qq(g)

d g (15)

and solving for �(s, u). The comparison in fig. 5a shows surprisingly clear deviations from pertur-
bation theory. The non-perturbative �(s, u) crosses the 4-loop prediction at around u = 3.5 and is
significantly lower for u = 2.4 .

5 The ⇤-parameter

The ⇤ parameter was calculated from lattice data

⇤qq = '(gqq(r))/r , '(gqq(r)) = (b0g
2
qq)
� b1

2b2
0 e
� 1

2b0g
2
qq ⇥ exp

2
66666666664
�
gqqZ

0

dx
0
BBBB@

1
�qq(x)

+
1

b0x3 �
b1

b2
0x

1
CCCCA

3
77777777775

(16)

using the perturbative �-function at 4-loop order. As a Renormalization Group Invariant the ⇤-
parameter should not change as we vary g2

qq(r). Of course this only holds true in a regime where

↵ = 0.2

𝜶 needs to be small!

1

preliminary    
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Personal opinion where we should go

‣ A good strategy is:   divide quantities into 

• simple, perturbative, precise, large momentum scale  
—> determine 𝜶

• more difficult or less precise  
—> test perturbation theory + resummations + … 

‣ Mainly a sociological problem to put this into practice

‣ Some Quality criteria also for continuum phenomenology 
would be a step forward

• small 𝜶 

• simple theory 

‣ Lattice (FLAG) quality criteria should become more stringent 
 


