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1. Introduction: Reasons for physics beyond the Standard Model

Although the Standard Model (SM) of particle physics provides an excellent description of
electroweak and strong interactions, there are many reasons that we expect to observe new forces
giving rise to new particles at larger masses than the known fermions or bosons. One oft noted
source of this belief is the observation of dark matter in the cosmos as evidenced by galactic angular
velocity distributions [1], gravitational lensing [2], and galactic collisions [3]. The existence of dark
energy, believed to cause the accelerating expansion of the Universe, is another source of mystery
[4]. The fine tuning of quantum corrections needed to keep, for example, the Higgs boson mass at
the electroweak scale rather than near the Planck scale is another reason habitually mentioned for
new physics (NP) and is usually called “the hierarchy problem” [5].

It is interesting to note that the above cited reasons are all tied in one way or another to
gravity. Dark matter may or may not have purely gravitational interactions, dark energy may be
explained by a cosmological constant or at least be a purely general relativistic phenomena, and the
Planck scale is defined by gravity; other scales may exist at much lower energies, so the quantum
corrections could be much smaller. There are, however, many observations that are not explained
by the SM, and have nothing to do with gravity, as far as we know. Consider the size of the quark
mixing matrix (CKM) elements [6] and also the neutrino mixing matrix (PMNS) elements [7].
These are shown pictorially in Fig. 1. We do not understand the relative sizes of these values or nor
the relationship between quarks and neutrinos.
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Figure 1: (left) Sizes of the the CKM matrix elements for quark mixing, and (right) the PMNS matrix
elements for neutrino mixing. The area of the squares represents the square of the matrix elements.

We also do not understand the masses of the fundamental matter constituents, the quarks and
leptons. Not only are they not predicted, but also the relationships among them are not understood.
These masses, shown in Fig. 2, span 12 orders of magnitude [7]. There may be a connections
between the mass values and the values of the mixing matrix elements, but thus far no connection
besides simple numerology exists.

What we are seeking is a new theoretical explanation of the above mentioned facts. Of course,
any new model must explain all the data, so that any one measurement could confound a model.
It is not a good plan, however, to try and find only one discrepancy; experiment must determine a
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plus H.c., summed over fields, families and powers of n,m. Eq.1 involves new SM singlet
fields �i which develop VEVs, leading to e↵ective Yukawa couplings suppressed by powers
of h�ii/⇤. Our scenario also involves a massive Z 0 under which the three SM families  i

have zero charge, and which only couples to it via the same singlet fields �i which have
non-zero charge under the associated U(1)0 gauge group,

LZ0
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summed over fields, families and powers of n,m, where g0 is the U(1)0 gauge coupling and
we allow for di↵erent coupling strengths in the gauge coupling denominator factors ⇤0 as
compared to ⇤. The absence of a coupling at a given order corresponds to a particular ⇤
or ⇤0 becoming formally infinite. In a given model, such as the example discussed in this
paper, the various ⇤ and ⇤0 may be simply related. The key feature of this scenario is
that the same numerator factors of h�ii control both the Yukawa couplings in Eq.1 and
the Z 0 couplings in Eq.2.

Another key feature of our scenario is that the Z 0 mass is also generated by the VEVs
h�ii, so that MZ0 ⇠ g0h�ii. This implies that the observation of RK⇤ , which sets the scale
of the Z 0 mass and couplings, also sets the scale of the theory of flavour, which must both
be not far from the TeV scale. This does not happen in scalar leptoquark models, for
example, since the scalar mass can be written down by hand and it is not linked to the
flavour scale (e.g. the leptoquark mass could be at the TeV scale, while the scales h�ii
and ⇤ could be much higher, with a fixed ratio). In the case of the Z 0 scenario here all
the scales are rooted to the TeV scale, as discussed further below.

In our scenario in Eqs.1,2, in the limit that h�ii = 0, there are no Yukawa couplings and
also no couplings of SM fermions to the Z 0 since we assume they are not charged under
the associated U(1)0 gauge group. When h�ii/⇤i are switched on then both Yukawa
couplings and small non-universal and flavour dependent couplings of SM fermions to
the Z 0 are generated simultaneously, as well as the Z 0 mass itself. The above framework
then provides a link between flavour changing observables and the origin of small Yukawa
couplings of the kind that we are interested in.

In particular, there will be a connection between the experimental signal for new physics
in RK⇤ due to Z 0 exchange and the Yukawa couplings. Since the Yukawa couplings are
known, this constrains the values of h�ii/⇤i, and since we wish to explain RK⇤ via non-
universal Z 0 exchange, then this will also constrain the Z 0 mass to be around the TeV
scale, resulting in other associated experimental flavour and collider constraints which
the e↵ective theory must confront.

However there is a threefold motivation for going beyond the e↵ective description in
Eqs.1,2. Firstly, the e↵ective theory is not really adequate to describe the top quark
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1. Introduction

We present the invited lectures given at the Third IDPASC School which took place in Santiago
de Compostela in January 2013. The students attending the school had very different backgrounds,
some of them were doing their PhD in experimental particle physics, others in theory. As a result,
and in order to make the lectures useful for most of the students, we focused on basic topics of
broad interest, avoiding the more technical aspects of Flavour Physics and CP Violation. We make
a brief review of the Standard Model, paying special attention to the generation of fermion masses
and mixing, as well as to CP violation. We describe some of the simplest extensions of the SM,
emphasising novel flavour aspects which arise in their framework.

2. Review of the Standard Model

The Standard Model (SM) of unification of the electroweak and strong interactions [1–4] is
based on the gauge group

GSM ⌘ SU(3)C ⇥SU(2)L ⇥U(1)Y , (2.1)

which has 12 generators. To each one of these generators corresponds a gauge field. The introduc-
tion of these gauge fields is essential in order to achieve invariance under local gauge transforma-
tions of GSM. This is entirely analogous to what one encounters in electromagnetic interactions,
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Table 1: The SM fermionic content. For a given SM representation R one has (n3,n2,y) ⌘
(dimSU(3)(R),dimSU(2)(R),Y (R)) . The index i = 1,2,3 is the generation index.

qiL ⌘
 

ui

di

!

L

(3,2,1/6)

uiR (3,1,2/3)

diR (3,1,�1/3)

`iL ⌘
 

ni

e�i

!

L

(1,2,�1/2)

e�i R (1,1,�1)

where the photon is the gauge field associated to the U(1)e.m., introduced in order to guarantee local
gauge invariance. We shall denote the gauge fields in the following way:

SU(3)C �! Gk
µ

, k = 1, . . . ,8; (2.2)

SU(2)L �! W j
µ

, j = 1, . . . ,3; (2.3)

SU(2)L �! B
µ

. (2.4)

The electroweak interactions are linear combination of the following gauge bosons:

W a
µ

, B
µ

�! W+
µ

,W�
µ

, Z
µ

, A
µ

, (2.5)

where A
µ

is the photon field, mediator of electromagnetic interactions while the massive bosons
W+

µ

and Z
µ

mediate, respectively, the charged and neutral weak currents. Since U(1)e.m. is a good
symmetry of nature, the photon field should remain massless.

The SM describes all observed fermionic particles, which have definite gauge transformations
properties and are replicated in three generations. All the SM fermionic fields carry weak hyper-
charge Y , defined as

Y ⌘ Q�T3 , (2.6)

where Q is the electric charge operator and T3 is the diagonal generator of SU(2)L. Since exper-
iments only provided evidence for left-handed charged currents, the right-handed components of
fermion fields are put in SU(2)L-singlets. Only the quarks carry colour, i.e they are triplets of
SU(3)C, while the leptons carry no colour. We summarise in Table 1 all fermionic content charac-
terised by their transformation properties under the gauge group SU(3)C ⇥ SU(2)L ⇥ U(1)Y . It is
worth noting that within this matter content the SM is free from anomalies, since SU(3)C is non-
chiral, all representations of ⇥SU(2)L are real, the SU(3)2Y , SU(2)2Y and Y 3 cancel between the
quarks and leptons.
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Taking l > 0 the potential is bounded from below and two minima do exist. For µ

2 > 0 one has
h0|f |0i= 0 while for µ

2 < 0 one has instead

h0|f |0i =
 

0
1p
2
v

!
. (2.19)

In Figure 1 it is drawn the Higgs potential around the two minima. Indeed, the case l > 0 and
µ

2 < 0 implies the spontaneous breaking of the electroweak gauge as indicated in eq. 2.17. One
can check that the U(1) remains unbroken. The electric charge operator reads as

Q = T3 + Y , (2.20)

and for the Higgs doublet one gets

Q =

 
1
2 0
0 � 1

2

!
+

 
1
2 0
0 1

2

!
=

 
1 0
0 0

!
. (2.21)

Therefore one verifies that the vacuum given in eq. (2.19) is invariant under the charge operator Q,
since

Q

 
0
1p
2
v

!
= 0 , (2.22)

and one gets

eia Q

 
0
1p
2
v

!
=


1 + ia Q + · · ·

�  
0
1p
2
v

!
=

 
0
1p
2
v

!
. (2.23)

Electric charge is automatically conserved in the SM. This is no longer true in extensions of the
SM with two Higgs doublets, including the case of supersymmetric extensions of the SM. In the
general two Higgs doublet model (2HDM) without loss of generality, one has:

h0|f1|0i =
 

0
1p
2
v1

!
, h0|f2|0i =

 
x

1p
2
v2 eiq

!
, (2.24)

with x real. In order to preserve charge conservation in the 2HDM, one has to choose a region of
the parameter space where the minimum is at x = 0.

The SM does not provide an explanation for the charges of elementary fermions. The values
of the hypercharge Y are chosen in such a way that the correct electric charges are obtained. As an
example, one can determined YqL , by using the eq. (2.6) and the knowledge of Qu and Qd . Thus,

YuL =
2
3
� 1

2
=

1
6
, (2.25)

YdL = �1
3
+

1
2
=

1
6
, (2.26)

and therefore YqL = 1/6. It is rather intriguing the fact that the requirement of cancelation of the
gauge anomaly in the SM together with the fact that the electromagnetic interactions are non-chiral
is sufficient to fully determine all the hypercharges of the fundamental fermions up to an overall
factor. In particular one gets relations among quark and lepton charges, leading to:

Qp = �Qe . (2.27)
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Gauge interactions are determined by the covariant derivative which is dictated by the trans-
formation properties of the various fields, under the gauge group. In general one has

D
µ

= ∂

µ

� igsLkGk
µ

� igT jW j
µ

� ig0yB
µ

, (2.7)

where T j are the three SU(2)-generators,

T j =

(
0 , singlet
t j
2 , fundamental

, (2.8)

while Lk are the eight SU(3)-generators,

Lk =

(
0 , singlet
lk
2 , fundamental

. (2.9)

The matrices t j and lk are the usual Pauli and Gell-Mann matrices, respectively. For the fermions
presented in Table 1 the covariant derivatives read as

D
µ

qL =

✓
∂

µ

� i
gs

2
lk Gk

µ

� i
g
2

t j W
j

µ

� i
g0

6
B

µ

◆
qL , (2.10)

D
µ

uR =

✓
∂

µ

� i
gs

2
lk Gk

µ

� i
2g0

3
B

µ

◆
uR , (2.11)

D
µ

dR =

✓
∂

µ

� i
gs

2
lk Gk

µ

+ i
g0

3
B

µ

◆
dR , (2.12)

D
µ

`L =

✓
∂

µ

� i
g
2

t j W
j

µ

+ i
g0

2
B

µ

◆
qL , (2.13)

D
µ

e�L =
�
∂

µ

+ igB
µ

�
e�R . (2.14)

An important feature of the SM is the fact that right-handed neutrinos,

nR ⇠ (1,1,0) , (2.15)

are not introduced. As a result, neutrinos are strictly massless in the SM, in contradiction with
present experimental evidence. We shall come back to this question in the sequel.

In order to account for the massive gauge bosons W±
µ

and Z
µ

without destroying renormalis-
ability, the gauge symmetry must be spontaneously broken. The simplest scheme to break spon-
taneously the electroweak gauge symmetry into electromagnetism, involves the introduction of a
complex doublet Higgs scalar field f

f =

 
f

+

f

0

!
⇠ (1,2,1/2) , (2.16)

which leads to the breaking:

SU(3)C ⇥SU(2)L ⇥U(1)Y �! SU(3)C ⇥U(1)e.m. . (2.17)

The most general gauge invariant, renormalisable scalar potential is:

V (f) = µ

2
f

†
f + l

�
f

†
f

�2
. (2.18)
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(a) l > 0, µ

2 > 0 (b) l > 0, µ

2 < 0

Figure 1:

Although the hypercharge quantisation may arise from the anomaly-free condition, this is certainly
not a satisfactory explanation in the SM. The solution to this fundamental question is elegantly
answered in the framework of Grand-Unification, e.g. SU(5), where the quantisation of electric
charges is related to some new phenomena like the magnetic monopoles predicted in the theory
that can be tested in future experiments.

In order to describe the spontaneous breaking of the electroweak symmetry in the SM, one
starts by introducing a convenient parametrisation of the Higgs doublet f as

f =

 
G+

1p
2
(v + H + iG0)

!
, (2.28)

where G+ is a charged complex scalar field, H is a real scalar field and G0 is a real pseudo-
scalar. The scalar fields G± and G0 are massless states, the so-called Nambu-Goldstone bosons.
Through the Brout-Englert-Higgs mechanism, the charged bosons G± are absorbed as longitudinal
components of the W±

µ

which acquire a mass:

MW =
gv
2
, (2.29)

while the neutral boson G0 becomes the longitudinal component of the gauge boson Z
µ

, which is a
linear combination of the bosons B

µ

and W 3
µ

,

Z
µ

= cosqW W 3
µ

� sinqW B
µ

, (2.30)

where qW is simply given by

tanqW ⌘ g0

g
. (2.31)

The Z
µ

boson acquires then a mass given by

MZ =
p

g2 + g02
v
2
=

MW

cosqW
. (2.32)

6

Q = T3 + Y
<latexit sha1_base64="jA1psCyV3U9v1v4TramVgB1cHuo=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIeyqoBch6MVjAnlJsoTZyWwyZHZ2mekVQshHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHDROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8H7qN5+4NiJWNRwl3I9oX4lQMIpWalZva93L88duoeiW3BnIMvEyUoQMlW7hq9OLWRpxhUxSY9qem6A/phoFk3yS76SGJ5QNaZ+3LVU04sYfz86dkFOr9EgYa1sKyUz9PTGmkTGjKLCdEcWBWfSm4n9eO8Xwxh8LlaTIFZsvClNJMCbT30lPaM5QjiyhTAt7K2EDqilDm1DehuAtvrxMGhclzy151ati+S6LIwfHcAJn4ME1lOEBKlAHBkN4hld4cxLnxXl3PuatK042cwR/4Hz+ABAAjrg=</latexit><latexit sha1_base64="jA1psCyV3U9v1v4TramVgB1cHuo=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIeyqoBch6MVjAnlJsoTZyWwyZHZ2mekVQshHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHDROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8H7qN5+4NiJWNRwl3I9oX4lQMIpWalZva93L88duoeiW3BnIMvEyUoQMlW7hq9OLWRpxhUxSY9qem6A/phoFk3yS76SGJ5QNaZ+3LVU04sYfz86dkFOr9EgYa1sKyUz9PTGmkTGjKLCdEcWBWfSm4n9eO8Xwxh8LlaTIFZsvClNJMCbT30lPaM5QjiyhTAt7K2EDqilDm1DehuAtvrxMGhclzy151ati+S6LIwfHcAJn4ME1lOEBKlAHBkN4hld4cxLnxXl3PuatK042cwR/4Hz+ABAAjrg=</latexit><latexit sha1_base64="jA1psCyV3U9v1v4TramVgB1cHuo=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIeyqoBch6MVjAnlJsoTZyWwyZHZ2mekVQshHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHDROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8H7qN5+4NiJWNRwl3I9oX4lQMIpWalZva93L88duoeiW3BnIMvEyUoQMlW7hq9OLWRpxhUxSY9qem6A/phoFk3yS76SGJ5QNaZ+3LVU04sYfz86dkFOr9EgYa1sKyUz9PTGmkTGjKLCdEcWBWfSm4n9eO8Xwxh8LlaTIFZsvClNJMCbT30lPaM5QjiyhTAt7K2EDqilDm1DehuAtvrxMGhclzy151ati+S6LIwfHcAJn4ME1lOEBKlAHBkN4hld4cxLnxXl3PuatK042cwR/4Hz+ABAAjrg=</latexit><latexit sha1_base64="jA1psCyV3U9v1v4TramVgB1cHuo=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIeyqoBch6MVjAnlJsoTZyWwyZHZ2mekVQshHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHDROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8H7qN5+4NiJWNRwl3I9oX4lQMIpWalZva93L88duoeiW3BnIMvEyUoQMlW7hq9OLWRpxhUxSY9qem6A/phoFk3yS76SGJ5QNaZ+3LVU04sYfz86dkFOr9EgYa1sKyUz9PTGmkTGjKLCdEcWBWfSm4n9eO8Xwxh8LlaTIFZsvClNJMCbT30lPaM5QjiyhTAt7K2EDqilDm1DehuAtvrxMGhclzy151ati+S6LIwfHcAJn4ME1lOEBKlAHBkN4hld4cxLnxXl3PuatK042cwR/4Hz+ABAAjrg=</latexit>

Flavour Physics and CP Violation in the SM and Beyond

Gauge interactions are determined by the covariant derivative which is dictated by the trans-
formation properties of the various fields, under the gauge group. In general one has

D
µ

= ∂

µ

� igsLkGk
µ

� igT jW j
µ

� ig0yB
µ

, (2.7)

where T j are the three SU(2)-generators,

T j =

(
0 , singlet
t j
2 , fundamental

, (2.8)

while Lk are the eight SU(3)-generators,

Lk =

(
0 , singlet
lk
2 , fundamental

. (2.9)

The matrices t j and lk are the usual Pauli and Gell-Mann matrices, respectively. For the fermions
presented in Table 1 the covariant derivatives read as

D
µ

qL =

✓
∂

µ

� i
gs

2
lk Gk

µ

� i
g
2

t j W
j

µ

� i
g0

6
B

µ

◆
qL , (2.10)

D
µ

uR =

✓
∂

µ

� i
gs

2
lk Gk

µ

� i
2g0

3
B

µ

◆
uR , (2.11)

D
µ

dR =

✓
∂

µ

� i
gs

2
lk Gk

µ

+ i
g0

3
B

µ

◆
dR , (2.12)

D
µ

`L =

✓
∂

µ

� i
g
2

t j W
j

µ

+ i
g0

2
B

µ

◆
qL , (2.13)

D
µ

e�L =
�
∂

µ

+ igB
µ

�
e�R . (2.14)

An important feature of the SM is the fact that right-handed neutrinos,

nR ⇠ (1,1,0) , (2.15)

are not introduced. As a result, neutrinos are strictly massless in the SM, in contradiction with
present experimental evidence. We shall come back to this question in the sequel.

In order to account for the massive gauge bosons W±
µ

and Z
µ

without destroying renormalis-
ability, the gauge symmetry must be spontaneously broken. The simplest scheme to break spon-
taneously the electroweak gauge symmetry into electromagnetism, involves the introduction of a
complex doublet Higgs scalar field f

f =

 
f

+

f

0

!
⇠ (1,2,1/2) , (2.16)

which leads to the breaking:

SU(3)C ⇥SU(2)L ⇥U(1)Y �! SU(3)C ⇥U(1)e.m. . (2.17)

The most general gauge invariant, renormalisable scalar potential is:

V (f) = µ

2
f

†
f + l

�
f

†
f

�2
. (2.18)
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Taking l > 0 the potential is bounded from below and two minima do exist. For µ

2 > 0 one has
h0|f |0i= 0 while for µ

2 < 0 one has instead

h0|f |0i =
 

0
1p
2
v

!
. (2.19)

In Figure 1 it is drawn the Higgs potential around the two minima. Indeed, the case l > 0 and
µ

2 < 0 implies the spontaneous breaking of the electroweak gauge as indicated in eq. 2.17. One
can check that the U(1) remains unbroken. The electric charge operator reads as

Q = T3 + Y , (2.20)

and for the Higgs doublet one gets

Q =

 
1
2 0
0 � 1

2

!
+

 
1
2 0
0 1

2

!
=

 
1 0
0 0

!
. (2.21)

Therefore one verifies that the vacuum given in eq. (2.19) is invariant under the charge operator Q,
since

Q

 
0
1p
2
v

!
= 0 , (2.22)

and one gets

eia Q

 
0
1p
2
v

!
=


1 + ia Q + · · ·

�  
0
1p
2
v

!
=

 
0
1p
2
v

!
. (2.23)

Electric charge is automatically conserved in the SM. This is no longer true in extensions of the
SM with two Higgs doublets, including the case of supersymmetric extensions of the SM. In the
general two Higgs doublet model (2HDM) without loss of generality, one has:

h0|f1|0i =
 

0
1p
2
v1

!
, h0|f2|0i =

 
x

1p
2
v2 eiq

!
, (2.24)

with x real. In order to preserve charge conservation in the 2HDM, one has to choose a region of
the parameter space where the minimum is at x = 0.

The SM does not provide an explanation for the charges of elementary fermions. The values
of the hypercharge Y are chosen in such a way that the correct electric charges are obtained. As an
example, one can determined YqL , by using the eq. (2.6) and the knowledge of Qu and Qd . Thus,

YuL =
2
3
� 1

2
=

1
6
, (2.25)

YdL = �1
3
+

1
2
=

1
6
, (2.26)

and therefore YqL = 1/6. It is rather intriguing the fact that the requirement of cancelation of the
gauge anomaly in the SM together with the fact that the electromagnetic interactions are non-chiral
is sufficient to fully determine all the hypercharges of the fundamental fermions up to an overall
factor. In particular one gets relations among quark and lepton charges, leading to:

Qp = �Qe . (2.27)
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(a) l > 0, µ

2 > 0 (b) l > 0, µ

2 < 0

Figure 1:

Although the hypercharge quantisation may arise from the anomaly-free condition, this is certainly
not a satisfactory explanation in the SM. The solution to this fundamental question is elegantly
answered in the framework of Grand-Unification, e.g. SU(5), where the quantisation of electric
charges is related to some new phenomena like the magnetic monopoles predicted in the theory
that can be tested in future experiments.

In order to describe the spontaneous breaking of the electroweak symmetry in the SM, one
starts by introducing a convenient parametrisation of the Higgs doublet f as

f =

 
G+

1p
2
(v + H + iG0)

!
, (2.28)

where G+ is a charged complex scalar field, H is a real scalar field and G0 is a real pseudo-
scalar. The scalar fields G± and G0 are massless states, the so-called Nambu-Goldstone bosons.
Through the Brout-Englert-Higgs mechanism, the charged bosons G± are absorbed as longitudinal
components of the W±

µ

which acquire a mass:

MW =
gv
2
, (2.29)

while the neutral boson G0 becomes the longitudinal component of the gauge boson Z
µ

, which is a
linear combination of the bosons B

µ

and W 3
µ

,

Z
µ

= cosqW W 3
µ

� sinqW B
µ

, (2.30)

where qW is simply given by

tanqW ⌘ g0

g
. (2.31)

The Z
µ

boson acquires then a mass given by

MZ =
p

g2 + g02
v
2
=

MW

cosqW
. (2.32)
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Table 1: The SM fermionic content. For a given SM representation R one has (n3,n2,y) ⌘
(dimSU(3)(R),dimSU(2)(R),Y (R)) . The index i = 1,2,3 is the generation index.

qiL ⌘
 

ui

di

!

L

(3,2,1/6)

uiR (3,1,2/3)

diR (3,1,�1/3)

`iL ⌘
 

ni

e�i

!

L

(1,2,�1/2)

e�i R (1,1,�1)

where the photon is the gauge field associated to the U(1)e.m., introduced in order to guarantee local
gauge invariance. We shall denote the gauge fields in the following way:

SU(3)C �! Gk
µ

, k = 1, . . . ,8; (2.2)

SU(2)L �! W j
µ

, j = 1, . . . ,3; (2.3)

SU(2)L �! B
µ

. (2.4)

The electroweak interactions are linear combination of the following gauge bosons:

W a
µ

, B
µ

�! W+
µ

,W�
µ

, Z
µ

, A
µ

, (2.5)

where A
µ

is the photon field, mediator of electromagnetic interactions while the massive bosons
W+

µ

and Z
µ

mediate, respectively, the charged and neutral weak currents. Since U(1)e.m. is a good
symmetry of nature, the photon field should remain massless.

The SM describes all observed fermionic particles, which have definite gauge transformations
properties and are replicated in three generations. All the SM fermionic fields carry weak hyper-
charge Y , defined as

Y ⌘ Q�T3 , (2.6)

where Q is the electric charge operator and T3 is the diagonal generator of SU(2)L. Since exper-
iments only provided evidence for left-handed charged currents, the right-handed components of
fermion fields are put in SU(2)L-singlets. Only the quarks carry colour, i.e they are triplets of
SU(3)C, while the leptons carry no colour. We summarise in Table 1 all fermionic content charac-
terised by their transformation properties under the gauge group SU(3)C ⇥ SU(2)L ⇥ U(1)Y . It is
worth noting that within this matter content the SM is free from anomalies, since SU(3)C is non-
chiral, all representations of ⇥SU(2)L are real, the SU(3)2Y , SU(2)2Y and Y 3 cancel between the
quarks and leptons.
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The bosonic state orthogonal bosonic state to Z
µ

:

A
µ

= cosqW B
µ

+ sinqW W 3
µ

, (2.33)

remains massless and is identified with the photon. The electron coupling to the photon is directly
determined from the weak couplings g and g0 as

1
e2 =

1
g2 +

1
g02

, (2.34)

or
e =

gg0p
g2 +g02

= gsinqW = g0 cosqW . (2.35)

3. Fermion masses and mixings

In the SM, one cannot write directly a mass term for any of the fundamental fermions because
they would violate the gauge symmetry, since left-handed and right-handed chiralities do transform
differently. The SM fermions acquire mass through Yukawa couplings, once the SM group is spon-
taneously broken. Therefore, in the SM the Higgs mechanism that is responsible for the breaking
of the SM group, also generates fermion masses.

Quark and Charged Lepton masses

The Yukawa interactions are the most general terms in the Lagrangian allowed by the SM
gauge group that involve fermions and the Higgs doublet. The Yukawa couplings can be written
as:

�LY = (Yu)i j qiL f̃ uiR + (Yd)i j qiL f diR + (Y`)i j `iL f eiR + H.c. , (3.1)

where f̃ ⌘ it2 f

†. The Yukawa matrices Yu, Yd and Y` are arbitrary complex matrices in flavour
space. The first two terms in eq. (3.1) will generate the up- and down-type quark masses while the
third term will give rise to the charged lepton masses. Making use of the Higgs doublet parametri-
sation given in eq. (2.28) one can decompose the Lagrangian given in eq. (3.1) as

�LY =
vp
2
(Yu)i j uiL uiR +

vp
2
(Yd)i j diL diR +

vp
2
(Y`)i j eiL eiR

+
(Yu)i jp

2
uiL uiR H +

(Yd)i jp
2

diL diR H +
(Y`)i jp

2
eiL eiR H

�
i(Yu)i jp

2
uiL uiR G0 +

i(Yd)i jp
2

diL diR G0 +
i(Y`)i jp

2
eiL eiR G0

� (Yu)i j diL uiR G� + (Yd)i j uiL diR, G+ + (Y`)i j niL eiR G+ + H.c. .

(3.2)

Once a gauge transformation is performed in order to absorbed the Nambu-Goldstone bosons G±

and G0, the Lagrangian in eq. (3.2) becomes

�LY = (mu)i j uiL uiR + (md)i j diL diR + (m`)i j eiL eiR

+
(Yu)i jp

2
uiL uiR H +

(Yd)i jp
2

diL diR H +
(Y`)i jp

2
eiL eiR H + H.c. ,

(3.3)
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Although the hypercharge quantisation may arise from the anomaly-free condition, this is certainly
not a satisfactory explanation in the SM. The solution to this fundamental question is elegantly
answered in the framework of Grand-Unification, e.g. SU(5), where the quantisation of electric
charges is related to some new phenomena like the magnetic monopoles predicted in the theory
that can be tested in future experiments.
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starts by introducing a convenient parametrisation of the Higgs doublet f as
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!
, (2.28)
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components of the W±

µ

which acquire a mass:

MW =
gv
2
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boson acquires then a mass given by
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v
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=

MW
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. (2.32)
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where the quark mass matrices mu, md and the charged lepton mass matrix m` are simply defined
by

mu ⌘ vp
2

Yu , md ⌘ vp
2

Yd , m` ⌘
vp
2

Y` . (3.4)

Gauge invariance does not constrain the flavour structure of Yukawa couplings and therefore mu,
md and m` are arbitrary complex matrices.

Let us now focus on the mass terms,

�Lm = (mu)i j ui
0
L u0

i R + (md)i j di
0
L d0

i R + (m`)i j ei
0
L e0

i R . (3.5)

A super-script 0 on the fermion fields was used that these fields are the original ones, in the weak
basis. The matrices mu,d,e can be diagonalised by the following bi-unitary transformations:

ui
0
L = Uu

L uiL ; ui
0
R = Uu

R uiR , (3.6a)

di
0
L = Ud

L diL ; di
0
R = Ud

R diR , (3.6b)

ei
0
L = Ue

L eiL ; ei
0
R = Ue

R eiR , (3.6c)

where Uu,d,e
R,L are a set of unitary matrix such as

mu �! Uu
L

† muUu
R = diag(mu,mc,mt) , (3.7a)

md �! Ud
L

†
md Ud

R = diag(md ,ms,mb) , (3.7b)

m` �! Ue
L

† m`Ue
R = diag

�
m`,mµ

,m
t

�
. (3.7c)

The fields uL,R,dL,R,eL,R are thus the mass eigenstates. The bi-unitary transformations given in
eq. (3.6) affect the interactions between left-handed particles and the W±

µ

bosons - the charged
currents - which are written in a weak basis as:

�LCC =
gp
2

⇥
ui

0
L g

µ di
0
L + ni

0
L g

µ ei
0
L
⇤

W+
µ

+ H.c. . (3.8)

In the mass eigenstate basis the charged currents become:

�LCC =
gp
2

h
uL g

µ Uu
L

†Ud
L dL + n

0
L g

µ Ue
L eL

i
W+

µ

+ H.c. . (3.9)

The product of unitary matrices in eq. (3.9) defines the well know Cabibbo-Kobayshi-Maskawa
matrix V as

V ⌘ Uu
L

†Ud
L . (3.10)

In the SM the unitary matrix Ue
L is physically meaningless. Note that since neutrinos are massless

in the SM, one can always redefine neutrino fields as

n

0
L �! nL = Ue

L nL , (3.11)

and therefore the charged current term n

0
L g

µ Ue
L eL in eq. (3.9) becomes nL g

µ eL . We then conclude
that in the SM there is no leptonic mixing and therefore no neutrino oscillations.
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We can show that the electromagnetic and neutral currents are not affected by the transforma-
tions given in eq. (3.6). The electromagnetic Je.m. given in the weak basis,

Jµ

e.m. =
2
3
⇥

u0
L g

µ u0
L + u0

R g

µ u0
R
⇤
� 1

3

h
d0

L g

µ d0
L + d0

R g

µ d0
R

i
�
⇥

e0
L g

µ e0
L + e0

R g

µ e0
R
⇤
, (3.12)

do not change in the mass eigenstate, since Jµ

e.m. transforms as

J0µe.m. =
2
3

h
uL g

µ Uu
L

†Uu
L uL + uR g

µ Uu
R

†Uu
R uR

i
� 1

3

h
dL g

µ Ud
L

†
Ud

L dL + dR g

µ Ud
R

†
Ud

R dR

i

�
h

eL g

µ Ue
L

†Ue
L eL + eR g

µ Ue
R

†Ue
R eR

i
,

(3.13)

and we get the same formal expression as in eq. (3.12). In a similar way we demonstrate that the
neutral currents Lagrangian,

LNC =
g

cosqW

h
u0

L g

µ u0
L � d0

L g

µ d0
L + n

0
L g

µ

n

0
L � eL g

µ e0
L �2sin 2

qW Jµ

e.m.

i
Z

µ

, (3.14)

are also invariant under the transformations given in eq. (3.6).

L 0
NC =

g
cosqW

⇥
uL g

µ uL � dL g

µ dL + nL g

µ

nL � eL g

µ eL �2sin 2
qW Jµ

e.m.
⇤

Z
µ

. (3.15)

Flavour changing neutral currents (FCNC) are naturally absent at three-level in the SM, due to the
GIM mechanism. Indeed “charm” was invented in order to achieve this cancellation of FCNC.

Exercise 1. Suppose that “charm” did not exist, so that one would have
 

u0
1

d0
1

!

L

, d2L , u1R , d1R , d1R . (3.16)

Show that in this model FCNC automatically arise.

Historical note: Prior to the appearance of renormalisable gauge interactions, physicists con-
sidered the possibility that weak neutral currents could exist. However there was a strong prejudice
against neutral currents due to the stringent experimental limits on the strength of FCNC.

Example 1. The decay K0
L ! µ

+
µ

� has a branching ratio extremely suppressed, with respect to
the decay K0

L ! p

+ e� ne . If FCNC existed they would have branching ratios of the same order of
magnitude which are shown in figure 2.

From eq. (3.15) we see that neutral current interactions violate parity, since both couplings
involving yg

µ

y and yg

µ

g5y are present.
As a result of the GIM mechanism there are no tree-level contributions to K0 �K0, B0 �B0,

BS �BS and D0 �D0 mixings. However in the SM there are higher order contributions to these
processes which are calculable. The contributions from the diagrams given in figure (3) led to the
correct estimate to the charm quark mass [5] and the size of Bd �Bd mixing provided the first
indirect evidence of a large top mass.
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BUT even when diagonal the neutral current retains the same form:

Hence no Flavour Changing Neutral Currents (GIM mechanism)
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•  In the Standard Model, lepton couplings to the gauge bosons are identical:

•  Lepton Universality has been thoroughly tested over the years at LEP,  
PIENU, NA62, BES-III, CLEO, KEDR and many other experiments.

•  Neutral Currents measured to be universal with <2‰ precision

•  Charged Currents measured to be universal with <2‰ precision 
for the first two generations

l, ⌫l

l, ⌫l

Z
l = e, µ, ⌧

W

l

⌫l
Neutral current: Charged current:
l = e, µ, ⌧

•  The branching fractions (BF) to different lepton generations only differ due 
to lepton masses  
➤ Higgs couplings, phase space, level of helicity suppression
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Lepton Flavour Universality : couplings equal for e, mu, tau
Lepton Flavour Conservation: does not change e, mu, tau flavours
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Quark Yukawa couplings and CKM

4 Quark Masses and Mixing

4.1 Convention

We shall use the convention for the quark Yukawa matrices,

L = �vuY u
iju

i
L

uj
R

� vdY d
ijd

i

L

dj
R

+ h.c. (45)

which are diagonalised by,

UuL Y
u U †

uR
=

0

@
yu 0 0
0 yc 0
0 0 yt

1

A , UdL Y
d U †

dR
=

0

@
yd 0 0
0 ys 0
0 0 yb

1

A. (46)

The CKM matrix is then given by,

U
CKM

= UuLU
†
dL
. (47)

In the PDG parameterization [36], in the standard notation, U
CKM

= Rq
23

U q
13

Rq
12

in
terms of sqij = sin(✓qij) and cqij = cos(✓qij) and the CP violating phase �q.

4.2 Analytic estimates for quark mixing

In the above convention, the quark Yukawa matrices di↵er from those given in Eqs.27,33
by a complex conjugation, 1

Y u =

0

@
0 b 0
a 4b 0
a 2b c

1

A , Y d =

0

@
y0d 0 Ay0d
By0d y0s Cy0d
By0d 0 y0b + Cy0d

1

A , (48)

where the parameters defined in Eqs.31,34,35 are given below,

a ⇠ ✏ue
�im⇡/5 V u

1

h⌃ui
⇠ 2.10�5, b ⇠ ✏ue

�im⇡/5 V u
2

h⌃ui
⇠ 10�3, c ⇠ 1, (49)

y0d ⇠ ✏de
�in⇡/5 V d

1

h⌃d
15

i
⇠ 5.10�5, y0s ⇠ e�in⇡/5 V d

2

h⌃di
⇠ 10�3, y0b ⇠ 5.10�2, (50)

Ay0d ⇠ e�in⇡/5 V d
1

h⌃d
15

i
, By0d ⇠ ✏de

�im⇡/5 V u
1

h⌃di
, Cy0d ⇠ e�im⇡/5 V u

1

h⌃di
, (51)

1The complex conjugation of the Yukawa matrices arises from the fact that the Yukawa matrices
given in Eqs.27,33 correspond to the Lagrangian L = �vuY u

iju
i
Luc

j � vdY d
ijd

i
Ldc

j + h.c. involving the
unbarred left-handed and CP conjugated right-handed fields. Note that our LR convention for the
quark Yukawa matrices in Eq.45 di↵ers by an Hermitian conjugation compared to that used in the
Mixing Parameter Tools package [37] due to the RL convention used there.
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5 phases removed

LCC = � gp
2

�
ūL c̄L t̄L

�
UCKM�µW+

µ

0

@
dL
sL
bL

1

A

Unitary matrix U†U = I
<latexit sha1_base64="kijp+/1x29gGk2EFHjQfuVQnbgg=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVBIR9CIUveitgmkLbSybzSZdutmE3Y1SYn+KFw+KePWXePPfuP04aOuDgcd7M8zMCzLOlHacb2tpeWV1bb20Ud7c2t7ZtSt7TZXmklCPpDyV7QArypmgnmaa03YmKU4CTlvB4Grstx6oVCwVd3qYUT/BsWARI1gbqWdXvPuiG+I4pnKEPHSBbnp21ak5E6BF4s5IFWZo9OyvbpiSPKFCE46V6rhOpv0CS80Ip6NyN1c0w2SAY9oxVOCEKr+YnD5CR0YJUZRKU0Kjifp7osCJUsMkMJ0J1n01743F/7xOrqNzv2AiyzUVZLooyjnSKRrngEImKdF8aAgmkplbEeljiYk2aZVNCO78y4ukeVJznZp7e1qtX87iKMEBHMIxuHAGdbiGBnhA4BGe4RXerCfrxXq3PqatS9ZsZh/+wPr8AcOrkwE=</latexit><latexit sha1_base64="kijp+/1x29gGk2EFHjQfuVQnbgg=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVBIR9CIUveitgmkLbSybzSZdutmE3Y1SYn+KFw+KePWXePPfuP04aOuDgcd7M8zMCzLOlHacb2tpeWV1bb20Ud7c2t7ZtSt7TZXmklCPpDyV7QArypmgnmaa03YmKU4CTlvB4Grstx6oVCwVd3qYUT/BsWARI1gbqWdXvPuiG+I4pnKEPHSBbnp21ak5E6BF4s5IFWZo9OyvbpiSPKFCE46V6rhOpv0CS80Ip6NyN1c0w2SAY9oxVOCEKr+YnD5CR0YJUZRKU0Kjifp7osCJUsMkMJ0J1n01743F/7xOrqNzv2AiyzUVZLooyjnSKRrngEImKdF8aAgmkplbEeljiYk2aZVNCO78y4ukeVJznZp7e1qtX87iKMEBHMIxuHAGdbiGBnhA4BGe4RXerCfrxXq3PqatS9ZsZh/+wPr8AcOrkwE=</latexit><latexit sha1_base64="kijp+/1x29gGk2EFHjQfuVQnbgg=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVBIR9CIUveitgmkLbSybzSZdutmE3Y1SYn+KFw+KePWXePPfuP04aOuDgcd7M8zMCzLOlHacb2tpeWV1bb20Ud7c2t7ZtSt7TZXmklCPpDyV7QArypmgnmaa03YmKU4CTlvB4Grstx6oVCwVd3qYUT/BsWARI1gbqWdXvPuiG+I4pnKEPHSBbnp21ak5E6BF4s5IFWZo9OyvbpiSPKFCE46V6rhOpv0CS80Ip6NyN1c0w2SAY9oxVOCEKr+YnD5CR0YJUZRKU0Kjifp7osCJUsMkMJ0J1n01743F/7xOrqNzv2AiyzUVZLooyjnSKRrngEImKdF8aAgmkplbEeljiYk2aZVNCO78y4ukeVJznZp7e1qtX87iKMEBHMIxuHAGdbiGBnhA4BGe4RXerCfrxXq3PqatS9ZsZh/+wPr8AcOrkwE=</latexit><latexit sha1_base64="kijp+/1x29gGk2EFHjQfuVQnbgg=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVBIR9CIUveitgmkLbSybzSZdutmE3Y1SYn+KFw+KePWXePPfuP04aOuDgcd7M8zMCzLOlHacb2tpeWV1bb20Ud7c2t7ZtSt7TZXmklCPpDyV7QArypmgnmaa03YmKU4CTlvB4Grstx6oVCwVd3qYUT/BsWARI1gbqWdXvPuiG+I4pnKEPHSBbnp21ak5E6BF4s5IFWZo9OyvbpiSPKFCE46V6rhOpv0CS80Ip6NyN1c0w2SAY9oxVOCEKr+YnD5CR0YJUZRKU0Kjifp7osCJUsMkMJ0J1n01743F/7xOrqNzv2AiyzUVZLooyjnSKRrngEImKdF8aAgmkplbEeljiYk2aZVNCO78y4ukeVJznZp7e1qtX87iKMEBHMIxuHAGdbiGBnhA4BGe4RXerCfrxXq3PqatS9ZsZh/+wPr8AcOrkwE=</latexit>



Parametrising the CKM mixing matrix 

Flavour Physics and CP Violation in the SM and Beyond

The six unitarity triangles are given by

l

Vud V ⇤
us +

l

Vcd V ⇤
cs +

l

5

Vtd V ⇤
ts = 0 , Tds

l

3

Vud V ⇤
ub +

l

3

Vcd V ⇤
cb +

l

3

Vtd V ⇤
tb = 0 , Tdb

l

4

VusV ⇤
ub +

l

2

VcsV ⇤
cb +

l

2

VtsV ⇤
tb = 0 , Tsb

l

Vud V ⇤
cd +

l

VcsV ⇤
cs +

l

5

VubV ⇤
cb = 0 , Tuc

l

3

Vud V ⇤
td +

l

3

VusV ⇤
ts +

l

3

VubV ⇤
td = 0 , Tut

l

4

Vcd V ⇤
td +

l

2

VcsV ⇤
ts +

l

2

VtbV ⇤
tb = 0 , Tct

(3.47)

Let us now comment on the strength of CP violation in the SM, which

|ImQ| =
����

l

0

Vud
l

3

Vub
l

Vcd
l

2

Vcb

���� sing . (3.48)

In order to account for CP violation in the kaon sector, sing should be of order 1. So | ImQ|⇡ l

6.
The strength of CP violation (measured by ImQ) is small in the SM, due to the smallness of

some CKM moduli |Vi j|, like |Vub|, |Vcb|. What would be the maximal possible value of ImQ? The
maximal value is obtained for the following mixing matrix with universal moduli as

V =
1p
3

0

B@
1 1 1
1 w w

⇤

1 w

⇤
w

1

CA , (3.49)

with w ⌘ exp(i2p/3) , yielding

ImQ =
1

6
p

3
⇡ 0.096 . (3.50)

A convenient parametrisation of the CKM matrix is the so-called Standard Parametrisation,
which is defined by the product of three rotations, namely:

V (q12,q13,q23,d13) =

0

B@
1 0 0
0 c23 s23

0 �s23 c23

1

CA

0

B@
c13 0 s13 e�id13

0 1 0
�s13 eid13 0 c13

1

CA

0

B@
c12 s12 0
�s12 c12 0

0 0 1

1

CA

=

0

B@
c12 c13 s12 c13 s13 e�id13

�s12 c23 � c12 s23 s13eid13 c12 c23 � s12 s23 s13eid13 s23 c13

s12 s23 � c12 c23 s13eid13 �c12 s23 � s12 c23 s13eid13 c23 c13

1

CA ,

(3.51)

where ci j ⌘ cosqi j and si j ⌘ sinqi j. One of the advantages of the Standard Parametrisation is that
the si j are simply related to directly measured quantities:

s13 = |Vub| , s12 =
|Vus|p

1� |Vub|2
, s23 =

|Vcb|p
1� |Vub|2

. (3.52)

Once si j are fixed, all data has to be fit by a single parameter: d13 .
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Can one violate the above two dogmas in reasonable extensions of the SM? The answer

is yes!

“Reasonable” means that FCNC should be naturally suppressed without fine-tuning. In the
gauge sector, the dogma can be violated through the introduction of a Q = 1/3 and/or Q = 2/3
vector-like quark [8–14], since in this model one has naturally small violation of 3⇥ 3 unitarity
of the CKM matrix V which in turn leads to Z-mediated FCNC at tree level, which are naturally
suppressed.

d

s

d

s

W

W

u,c, t u,c, t

(a) K0 �K0 mixing

d

b

d

b

u,c, t u,c, t

W

W

(b) B0
d �B0

d mixing

Figure 3:

In the Higgs sector, the dogma can be violated and yet having FCNC automatically suppressed
by small CKM matrix elements [8].

Fundamental properties of the CKM matrix

We have introduced in eq. (3.10) the CKM matrix V , which characterises the flavour changing
charged currents in the quark sector:

LCC =
⇣

u c t
⌘

L
g

µ

0

B@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

CA

0

B@
d
s
b

1

CA

L

W+
µ

+ H.c. , (3.18)

The CKM matrix is complex, but some of its phases have no physical meaning. This is due to the
fact that one has the freedom to rephase the mass eigenstate quark fields u

a

,dk:

u
a

= eij

a u0
a

, dk = eijk d0
k . (3.19)

Under this rephasing one has:
V 0

ak = ei(jk�j

a

)V
ak . (3.20)

It is clear from eq. (3.20) that the individual phases of Vi j have no Physical meaning. It is useful
to look for rephasing invariant quantities, which do not change under this rephasing. The simplest
examples are moduli |V

ak| and quartets Q
aib j, defined as

Q
aib j ⌘ V

aiV
b j V ⇤

a j V
⇤
b i , (3.21)

with a 6= b and i 6= j. Invariants of higher order may in general be written as functions of the
quartets and the moduli.

11

s12 = sin ✓12
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1

CA ,

(3.51)

where ci j ⌘ cosqi j and si j ⌘ sinqi j. One of the advantages of the Standard Parametrisation is that
the si j are simply related to directly measured quantities:

s13 = |Vub| , s12 =
|Vus|p

1� |Vub|2
, s23 =

|Vcb|p
1� |Vub|2

. (3.52)

Once si j are fixed, all data has to be fit by a single parameter: d13 .
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Can one violate the above two dogmas in reasonable extensions of the SM? The answer

is yes!

“Reasonable” means that FCNC should be naturally suppressed without fine-tuning. In the
gauge sector, the dogma can be violated through the introduction of a Q = 1/3 and/or Q = 2/3
vector-like quark [8–14], since in this model one has naturally small violation of 3⇥ 3 unitarity
of the CKM matrix V which in turn leads to Z-mediated FCNC at tree level, which are naturally
suppressed.
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Figure 3:

In the Higgs sector, the dogma can be violated and yet having FCNC automatically suppressed
by small CKM matrix elements [8].

Fundamental properties of the CKM matrix

We have introduced in eq. (3.10) the CKM matrix V , which characterises the flavour changing
charged currents in the quark sector:

LCC =
⇣

u c t
⌘

L
g

µ

0

B@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

CA

0

B@
d
s
b

1

CA

L

W+
µ

+ H.c. , (3.18)

The CKM matrix is complex, but some of its phases have no physical meaning. This is due to the
fact that one has the freedom to rephase the mass eigenstate quark fields u

a

,dk:

u
a

= eij

a u0
a

, dk = eijk d0
k . (3.19)

Under this rephasing one has:
V 0

ak = ei(jk�j

a

)V
ak . (3.20)

It is clear from eq. (3.20) that the individual phases of Vi j have no Physical meaning. It is useful
to look for rephasing invariant quantities, which do not change under this rephasing. The simplest
examples are moduli |V

ak| and quartets Q
aib j, defined as

Q
aib j ⌘ V

aiV
b j V ⇤

a j V
⇤
b i , (3.21)

with a 6= b and i 6= j. Invariants of higher order may in general be written as functions of the
quartets and the moduli.
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Quark CP violation

Unitarity implies for example 
orthogonality of 1st and 3rd columns:
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g

Figure 4: Unitarity triangle

This equation may be interpreted as a "triangle" as represented in figure 4. One verifies easily
that under rephasing, the triangle rotates. Therefore the orientation of the triangle has no physical
meaning. Obviously, the internal angles of the triangles are rephasing invariant, namely

a ⌘ arg [�Vtd VubV ⇤
ud V ⇤

tb] = arg(�Qubtd) , (3.41a)

b ⌘ arg [�Vcd VtbV ⇤
cbV ⇤

td ] = arg(�Qtbcd) , (3.41b)

g ⌘ arg [�Vud VcbV ⇤
ubV ⇤

cd ] = arg(�Qcbud) , (3.41c)

and one gets the following relation

a + b + g = arg(�1) = p (mod p) . (3.42)

This is true "by definition", and therefore it is not a test of unitarity!!
The quantity ImQ has a simple geometrical interpretation. It is twice the area of the unitarity

triangles, as sketched in figure 4. The area of the triangles, A, is given by

A = |Vcd V ⇤
cb|

h
2
, (3.43)

where the height of triangle, h, is given by

h = |Vud V ⇤
ub| sing , (3.44)

with g defined in eq. (3.41c). One then obtains

A =
1
2
|ImQudcb| . (3.45)

Since all | ImQ| are equal then all triangles have the same area.
Experimentally we know that:

|VCKM| '

0

B@
1 l l

3

l 1 l

2

l

3
l

2 1

1

CA , (3.46)

with l ⇡ 0.22.
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Can one violate the above two dogmas in reasonable extensions of the SM? The answer

is yes!

“Reasonable” means that FCNC should be naturally suppressed without fine-tuning. In the
gauge sector, the dogma can be violated through the introduction of a Q = 1/3 and/or Q = 2/3
vector-like quark [8–14], since in this model one has naturally small violation of 3⇥ 3 unitarity
of the CKM matrix V which in turn leads to Z-mediated FCNC at tree level, which are naturally
suppressed.
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In the Higgs sector, the dogma can be violated and yet having FCNC automatically suppressed
by small CKM matrix elements [8].

Fundamental properties of the CKM matrix

We have introduced in eq. (3.10) the CKM matrix V , which characterises the flavour changing
charged currents in the quark sector:
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The CKM matrix is complex, but some of its phases have no physical meaning. This is due to the
fact that one has the freedom to rephase the mass eigenstate quark fields u
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,dk:
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Under this rephasing one has:
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It is clear from eq. (3.20) that the individual phases of Vi j have no Physical meaning. It is useful
to look for rephasing invariant quantities, which do not change under this rephasing. The simplest
examples are moduli |V

ak| and quartets Q
aib j, defined as

Q
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aiV
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with a 6= b and i 6= j. Invariants of higher order may in general be written as functions of the
quartets and the moduli.
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CP violating phase 



Introduction b → sµ+
µ
− b → cτν Kaon CP violation Muon g−2 Summary

Some flavoured mesons

charged:

K+ ∼ su, D+ ∼ cd , D+
s ∼ cs, B+ ∼ bu, B+

c ∼ bc,

K− ∼ su, D− ∼ cd , D−
s ∼ cs, B− ∼ bu, B−

c ∼ bc,

neutral:

K ∼ sd , D ∼ cu, Bd ∼ bd , Bs ∼ bs,

K ∼ sd , D ∼ cu, Bd ∼ bd , Bs ∼ bs,

The neutral K , D, Bd and Bs mesons mix with their
antiparticles, K , D, Bd and Bs thanks to the weak interaction
(quantum-mechanical two-state systems).



Examples of Quark Flavour 
Changing ProcessesFlavour Physics and CP Violation in the SM and Beyond
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(b) Does not exist at tree-level in SM

Figure 2:

Exercise 2. Consider a simple extension of the SM which consists of the addition of an isosinglet
quark D,

DL,DR ⇠ (3,1,�1/3) . (3.17)

a) Write down the most general quark mass terms which are obtained in the framework of this
model.

b) Derive the structure of the charged currents.

c) Derive the structure of neutral currents, showing that there are FCNC in this model.

d) Show that although non-vanishing at tree level, FCNC are naturally suppressed in this model,
provided the isosinglet quark D is much heavier than the standard quarks.

Neutral currents have played a crucial rôle in the construction of the SM and its experimental
tests and the discovery of Neutral weak currents was the first great success of the SM. As it was
here described, the important feature of FCNC is that they are forbidden at tree-level, both in the
SM and in most of its extensions. At loop level FCNC are generated and have played a crucial
rôle in testing the SM and in putting bounds on New Physics beyond the SM through the study of
process like: K0 �K0, B0 �B0, BS �BS and D0 �D0; rare kaon decays; rare b-meson decays; CP
violation. In this framework, SM contributes to these processes at loop level and therefore New
Physics has a chance to give significant contributions. On the other hand, the need to suppress
FCNC has lead to two dogmas:

no Z-mediated FCNC at tree level and no FCNC in the scalar sector, at tree level.

S. Glashow, S. Weimberg [6] and E.A. Paschos [7] derived necessary and sufficient conditions
for having diagonal neutral currents, namely:

i) All quarks of fixed charge and helicity must transform according to the same irreducible
representation of SU(2) and correspond to the same eigenvalue of T3.

ii) All quarks should receive their contributions to the quark mass matrix from a single neutral
scalar VEV.
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Flavour Physics and CP Violation in the SM and Beyond

Can one violate the above two dogmas in reasonable extensions of the SM? The answer

is yes!

“Reasonable” means that FCNC should be naturally suppressed without fine-tuning. In the
gauge sector, the dogma can be violated through the introduction of a Q = 1/3 and/or Q = 2/3
vector-like quark [8–14], since in this model one has naturally small violation of 3⇥ 3 unitarity
of the CKM matrix V which in turn leads to Z-mediated FCNC at tree level, which are naturally
suppressed.

d

s

d

s

W

W

u,c, t u,c, t

(a) K0 �K0 mixing

d

b

d

b

u,c, t u,c, t

W

W

(b) B0
d �B0

d mixing

Figure 3:

In the Higgs sector, the dogma can be violated and yet having FCNC automatically suppressed
by small CKM matrix elements [8].

Fundamental properties of the CKM matrix

We have introduced in eq. (3.10) the CKM matrix V , which characterises the flavour changing
charged currents in the quark sector:

LCC =
⇣

u c t
⌘

L
g

µ

0

B@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

CA

0

B@
d
s
b

1

CA

L

W+
µ

+ H.c. , (3.18)

The CKM matrix is complex, but some of its phases have no physical meaning. This is due to the
fact that one has the freedom to rephase the mass eigenstate quark fields u

a

,dk:

u
a

= eij

a u0
a

, dk = eijk d0
k . (3.19)

Under this rephasing one has:
V 0

ak = ei(jk�j

a

)V
ak . (3.20)

It is clear from eq. (3.20) that the individual phases of Vi j have no Physical meaning. It is useful
to look for rephasing invariant quantities, which do not change under this rephasing. The simplest
examples are moduli |V

ak| and quartets Q
aib j, defined as

Q
aib j ⌘ V

aiV
b j V ⇤

a j V
⇤
b i , (3.21)

with a 6= b and i 6= j. Invariants of higher order may in general be written as functions of the
quartets and the moduli.
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Flavour changing 
charged current

No tree level FCNCs

Flavour changing neutral currents generated 
effectively at one loop

Forbidden by GIM mechanism



Spot the 
deliberate 
mistake?

Flavour changing penguin



NP?

20

• b→sl+l- transitions are rare in the SM (no tree level 
contributions: GIM, CKM, in some cases helicity suppressed)

• ideally suited for indirect New Physics searches 
(indirectly sensitive to energy scales O(100TeV))

B ! K + l+ + l�
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Homework: 
make this 
look like a 
penguin

NP?

20

• b→sl+l- transitions are rare in the SM (no tree level 
contributions: GIM, CKM, in some cases helicity suppressed)

• ideally suited for indirect New Physics searches 
(indirectly sensitive to energy scales O(100TeV))



2

• five different experiments:   
ATLAS, BABAR, BELLE, CMS, LHCb

• vastly different collision environments requiring 
different analysis strategies:  hadronic (abundant) VS 
leptonic (clean)

• processes with different SM contributions:  
tree level semi-leptonic decays, loop level FCNC transition

• many clean observables:   
angular observables, branching fraction ratios

Anomalies in b quark 
transitions PACTS 

Tallinn 2018

B-anomalies  
Experimental overview

Siim Tolk
on behalf of the LHCb collaboration



LFU tests with B→K(*)μμ and B→K(*)ee 
decays: R(K) and R(K*)

• Theoretical uncertainties on the exclusive B→K(*)ll 
branching fractions are reduced to a per-mille level 
in ratios (hadronic effects cancel):

• SM, R(K) and R(K*) expected to be close to unity.

• Sensitive to new neutral and heavy gauge bosons, 
lepto-quarks, Z’ models.

22

R(K) =
B+ ! K+µ+µ�

B+ ! K+e+e�
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[JHEP 08 (2017) 055] 

2.1 - 2.4σ

2.6σ

[PRL 113 (2014) 151601]
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R(K) and R(K*) results
LHCb focusses on the q2 regions with reliable theoretical predictions and 
small contributions from the resonant modes. Precision limited by statistics.

Run 1 Run 1

Deviation from Standard Model

PACTS 
Tallinn 2018

B-anomalies  
Experimental overview

Siim Tolk
on behalf of the LHCb collaboration



8

SM New Physics?

• abundant (crucial for the τ mode) and theoretically well 
understood

• the ratios of branching fractions are known with a precision of a 
few % and can be precisely measured:

R(D⇤) ⌘ B(B0 ! D⇤�⌧+⌫⌧ )

B(B0 ! D⇤�µ+⌫µ)

Tree level semi-leptonic b→clν transitions are excellent test 
modes for charged currents:

 = 0.260(8)

[JHEP 11 (2017) 061]

PACTS 
Tallinn 2018

B-anomalies  
Experimental overview

Siim Tolk
on behalf of the LHCb collaboration
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R(K) and R(K*) results
LHCb focusses on the q2 regions with reliable theoretical predictions and 
small contributions from the resonant modes. Precision limited by statistics.

Run 1 Run 1

SM predictions for R(K*) 
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SM New Physics?

• abundant (crucial for the τ mode) and theoretically well 
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• the ratios of branching fractions are known with a precision of a 
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Neutrinos



Neutrinos

Steve King Southampton Masterclass 2018

Where do neutrinos appear in nature?

Nuclear Reactorsü

Particle acceleratorü

The atmosphere  
(Cosmic Rays)

ü

Earth’s crust
(Natural radioactivity)
ü

Sun ü

Supernova
(Star collapse)

SN 1987A ü

Big Bang   
(today 330 n/cm3)

Indirect Evidence

Astrophysical 
accelerator
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Neutrinos from the Sun

Reaction
Chain

Energy
26.7 MeV

Helium

Solar radiation:            98 %  Light
2 %  Neutrinos

We observe: 66 Billion Neutrinos/cm2/sec

Hans Bethe (1906-2005, Nobel prize 1967)
Thermo-nuclear reaction chains (1938)
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First measurement of neutrinos from the Sun

600 Tonne
Dry cleaning fluid

Homestake Solar neutrino-
Observatory (1967–1994)

Inverse beta decay
("Neutrino capture")



Steve King,  Southampton MasterClass 2018

Physics Nobel Prize 2002 for Neutrino-Astronomy

Ray Davis Jr.
(1914–2006)

Masatoshi Koshiba
(*1926)

„ for pioneering contributions to astrophysics, 
in particular for the detection of cosmic neutrinos”
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Average (1970-1994) 2.56 ± 0.16stat ± 0.16sys SNU
(SNU = Solar Neutrino Unit = 1 Absorption / sec / 1036 Atoms)
Theoretical Prediction 6-9 SNU
“Solar Neutrino Problem” since 1968

Results of Chlorine Experiment (Homestake)
ApJ 496:505, 1998

Average
Rate

Theoretical
Expectation



Steve King,  Southampton MasterClass 2018

Neutrino-Oscillations

Oscillation 
Length

sin2(2&)

Probability () → (+

L

Pontecorvo & Gribov (1968 „ Solar neutrino problem“ )
• Neutrinos are quantum superpositions of mass states

()= +cosΘ (1 + sinΘ (2
(+= −sinΘ (1 + cosΘ (2

•Different propagation speeds gives neutrino oscillations
Bruno Pontecorvo

(1913–1993)

Prob. = sin2 2✓ sin2
�m

2
L

E

�m2 = m2
2 �m2

1

L is distance travelled
E is energy of neutrino
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Detecting neutrinos in water

Water

Neutrino scattering

NeutrinoLight

Light

Cherenkov 
Ring

Electron or muon
(Charged particle)
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42 m

39.3 m

Super-Kamiokande Detector (since 1996)

50 000 m3

ultra-pure
Water

Southampton 
Civic Centre



by Susana Molina Sedgewick
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Atmospheric Neutrino Oscillations (1998)

Atmospheric neutrino oscillations show characteristic  L/E  variation

Prob. = sin2 2✓ sin2
�m

2
L

E
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Super 
Kamiokande

Sudbury Neutrino 
Observatory (SNO)



Steve King,  Southampton MasterClass 2018

First neutrinos from nuclear reactors (20th July 1956)

Fred Reines
(1918–1998)
Nobel prize 1995

Clyde Cowan
(1919–1974)

Detector prototype

Anti-Electron Neutrinos
from beta decay of fission 
products in 
Hanford 
Nuclear 
reactor

3 Gammas
in coincidence

!" p

n Cd

e# e$

g

g

g
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Modern Reactor Experiments 
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Long-Baseline (LBL) Experiments
K2K Experiment
(KEK to Kamiokande)
measured precise
neutrino oscillation
parameters.

Since then other LBL
Experiments:
• Minos (US)
• Opera (Europe)
• T2K (Japan)
• Nova (US)

Tsukuba to Kamioka (T2K) 
currently running  
experiment



Steve King Southampton Masterclass 2018

World LBL experiments 49
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DUNE

NOvA
currently 
running



Neutrino Mass and 
Mixing



The 6 observables in 
neutrino oscillations
✴The atmospheric mass squared difference 
✴The solar mass squared difference 
✴The atmospheric angle 
✴The solar angle 
✴The reactor angle 
✴The CP violating phase 

✓13
�

✓12

�m2
21

✓23

�m2
31
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0

solar~7×10<5eV2

atmospheric
~2×10<3eV2

atmospheric
~2×10<3eV2
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m22

m32

m2

0

m22

m12

m32

ie
iµ
io

? ?

solar~7×10<5eV2

.                .
.             .

.             .

.                .2.5 ⇥ 10�3 eV2
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7.5 ⇥ 10�5 eV2

7.5 ⇥ 10�5 eV2

Figure 1: The probability that a particular neutrino mass state ⌫i with mass mi contains a particular charged
lepton mass basis state (⌫e, ⌫µ, ⌫⌧ ) is represented by colours. The left and right panels of the figure are referred
to as normal or inverted mass squared ordering, respectively, referred to as NO or IO. The value of the lightest
neutrino mass is presently unknown but there is a cosmological limit: m

1

+ m
2

+ m
3

< 0.23 eV [33]. For
example, if m

1

= 0, then NO would give m
2

= 0.0086 eV and m
3

= 0.050 eV, hence m
1

+ m
2

+ m
3

⇡ 0.06 eV.
While for IO with m

3

= 0, we would find m
2

⇡ m
1

= 0.050 eV, hence m
1

+ m
2

+ m
3

⇡ 0.10 eV. Prospects for
future cosmological limits approaching this value are discussed in [34].

by a product of Euler rotations: (⌫e, ⌫µ, ⌫⌧ )T = R
23

R
13

R
12

(⌫
1

, ⌫
2

, ⌫
3

)T where Rij is a real orthogonal
rotation matrix in the ij plane, as shown in Eq.4 (with the phase set to zero) and depicted in Fig.2.

The measured mixing angles depend on whether the neutrino masses are in the NO or the IO pattern
as shown in Fig.3. Tri-bimaximal mixing would correspond to sin2 ✓

23

= 1/2 and sin2 ✓
13

= 1/3, and
indicated by the dashed lines in Fig.3, which translates into ✓

23

= 45�, ✓
12

= 35.26�. The current best
lepton mixing angle one sigma ranges are displayed in Table 1 for the NO case: ✓

23

⇡ 41.4� ± 1.6�,
✓
12

⇡ 33.2� ± 1.2�, ✓
13

⇡ 8.45� ± 0.15�. These values are extracted from the two recently updated global
fits of [38, 39]. The non-zero reactor angle excludes the original version of tri-bimaximal mixing with
a zero reactor angle. The alternative tri-bimaximal-reactor mixing is evidently excluded by about two
sigma. In addition, there is weak evidence for a non-zero CP violating phase. Present data (slightly)
prefers a normal ordered (NO) neutrino mass pattern, with a CP phase � = �100� ± 50�, and (more
significantly) non-maximal atmospheric mixing. The meaning of the CP phase � is discussed below.

The PDG [41] advocates CKM and the PMNS mixing matrices being parameterised by unitary
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Lepton Mixing Matrix 
Standard Model states

Neutrino mass states

Atmospheric  Reactor Solar 

c 
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Majorana 

Pontecorvo 
Maki 
Nakagawa 
Sakata

.                                               

.                                          .

Normal Inverted 

Absolute neutrino mass scale? 

PMNS matrix

U =

0

@
1 0 0
0 c23 s23
0 �s23 c23

1

A

0

@
c13 0 s13e�i�

0 1 0
�s13ei� 0 c13

1

A

0

@
c12 s12 0
�s12 c12 0
0 0 1

1

A

0

@
1 0 0
0 ↵21

2 0
0 0 ↵31

2
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PMNS and CKM mixing

Same form for quarks and leptons  
(but very different angles)

11. CKM quark-mixing matrix 1

11. THE CKM QUARK-MIXING MATRIX

Revised March 2012 by A. Ceccucci (CERN), Z. Ligeti (LBNL), and Y. Sakai (KEK).

11.1. Introduction

The masses and mixings of quarks have a common origin in the Standard Model (SM).
They arise from the Yukawa interactions with the Higgs condensate,

LY = −Y d
ij QI

Li φ dI
Rj − Y u

ij QI
Li ϵ φ∗uI

Rj + h.c., (11.1)

where Y u,d are 3× 3 complex matrices, φ is the Higgs field, i, j are generation labels, and
ϵ is the 2 × 2 antisymmetric tensor. QI

L are left-handed quark doublets, and dI
R and uI

R
are right-handed down- and up-type quark singlets, respectively, in the weak-eigenstate
basis. When φ acquires a vacuum expectation value, ⟨φ⟩ = (0, v/

√
2), Eq. (11.1) yields

mass terms for the quarks. The physical states are obtained by diagonalizing Y u,d

by four unitary matrices, V u,d
L,R, as Mf

diag = V f
L Y f V f†

R (v/
√

2), f = u, d. As a result,

the charged-current W± interactions couple to the physical uLj and dLk quarks with
couplings given by

−g√
2
(uL, cL, tL)γµ W+

µ VCKM

⎛

⎝
dL
sL
bL

⎞

⎠ + h.c., VCKM ≡ V u
L V d

L
† =

⎛

⎝
Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

⎞

⎠.

(11.2)

This Cabibbo-Kobayashi-Maskawa (CKM) matrix [1,2] is a 3 × 3 unitary matrix. It
can be parameterized by three mixing angles and the CP -violating KM phase [2]. Of
the many possible conventions, a standard choice has become [3]

VCKM =

⎛

⎝
c12c13 s12c13 s13e−iδ

−s12c23−c12s23s13eiδ c12c23−s12s23s13eiδ s23c13

s12s23−c12c23s13eiδ −c12s23−s12c23s13eiδ c23c13

⎞

⎠ , (11.3)

where sij = sin θij , cij = cos θij , and δ is the phase responsible for all CP -violating
phenomena in flavor-changing processes in the SM. The angles θij can be chosen to lie in
the first quadrant, so sij , cij ≥ 0.

It is known experimentally that s13 ≪ s23 ≪ s12 ≪ 1, and it is convenient to exhibit
this hierarchy using the Wolfenstein parameterization. We define [4–6]

s12 = λ =
|Vus|√

|Vud|2 + |Vus|2
, s23 = Aλ2 = λ

∣∣∣∣
Vcb

Vus

∣∣∣∣ ,

s13e
iδ = V ∗

ub = Aλ3(ρ + iη) =
Aλ3(ρ̄ + iη̄)

√
1 − A2λ4

√
1 − λ2[1 − A2λ4(ρ̄ + iη̄)]

. (11.4)

These relations ensure that ρ̄+ iη̄ = −(VudV ∗
ub)/(VcdV

∗
cb) is phase-convention-independent,

and the CKM matrix written in terms of λ, A, ρ̄, and η̄ is unitary to all orders in λ.
The definitions of ρ̄, η̄ reproduce all approximate results in the literature. For example,
ρ̄ = ρ(1 − λ2/2 + . . .) and we can write VCKM to O(λ4) either in terms of ρ̄, η̄ or,
traditionally,

VCKM =

⎛

⎝
1 − λ2/2 λ Aλ3(ρ − iη)

−λ 1 − λ2/2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1

⎞

⎠ + O(λ4) . (11.5)

J. Beringer et al.(PDG), PR D86, 010001 (2012) (http://pdg.lbl.gov)
June 18, 2012 16:19
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In the PDG parametrisation, UPMNS is described by three mixing angles ✓`ij and three

phases �`, ↵21 and ↵31. With cij = cos ✓`ij and sij = sin ✓`ij ,

UPMNS =

0

B@
1 0 0

0 c23 s23

0 �s23 c23

1

CA

0

B@
c13 0 s13e�i�`

0 1 0

�s13ei�
`

0 c13

1

CA

0

B@
c12 s12 0

�s12 c12 0

0 0 1

1

CA

⇥ diag(1, ei↵21

/2, ei↵31

/2).

(1.23)

If neutrinos are Dirac particles, the phases ↵21 and ↵31 become unphysical, and the

PMNS matrix is exactly analogous to the CKM matrix. In shorthand, we may write the

above as UPMNS = R`
23U

`
13R

`
12P .

Neutrino oscillation experiments do not measure the neutrino masses directly, and can

only constrain the mass squared di↵erences �m2
ij = m2

i � m2
j . The absolute scale of

neutrino mass, characterised by the lightest neutrino mass m1, is not known. Moreover,

the ordering of neutrino masses is not yet fixed. While it is known that the first and

second neutrinos obey m1 < m2 (equivalent to �m2
21 > 0), at current experimental

precision it is not known whether the third neutrino with mass m3 is the heaviest, so-

called normal ordering (NO), or the lightest, dubbed inverted ordering (IO). In other

words, the sign of �m2
31 is undetermined, although global fits to data show a mild

preference for normal ordering [36]. For normal ordering, the strongest hierarchy occurs

when m1 is small: for m1 . 5 meV, m2/m3 ⇠ 0.2 meV. Meanwhile an inverted ordering

requires the first and second neutrinos to be similar, i.e. m1 . m2, while the third

neutrino is lighter. Observations of the cosmic microwave background (CMB) puts an

upper bound on the sum of neutrino masses
P

mi < 0.23 eV [37]. Bounds on the

neutrino masses are also given by searches for neutrinoless double beta (0⌫2�) decay.

Specifically, the 0⌫2� decay rate is proportional to the square of the e↵ective Majorana

mass |m�� | = |Pi U
2
eimi|. Future experiments may be able to place upper bounds on

|m�� | which is in tension with oscillation data for an inverted hierarchy (or conversely,

confirm it).

In Table 1.3 we present the current best fit values for normal ordering to the three

lepton mixing angles ✓`ij , Dirac charge-parity (CP ) phase �` and neutrino mass-squared

di↵erences�m2
ij , taken from the NuFit collaboration [36], as well as the measured masses

of the electron, muon and tau [23].

1.3 The flavour puzzle

The flavour puzzle can be approached in a number of equivalent ways. For instance, we

may ask

For Majorana neutrinos



Atmospheric νµ  disappear, large θ23 (1998)         SK

Solar νe disappear, large θ12 (2002)            SK, SNO

Solar νe are converted to νµ+ντ (2002)      SNO

Reactor anti-νe disappear/reappear (2004) Kamland

Accelerator νµ disappear (2006)                MINOS

Accelerator νµ converted to ντ  (2010)       OPERA

Accelerator νµ converted to νe , θ13 hint (2011) T2K

Reactor anti-νe disappear, θ13 meas. (2012) DB, Reno

A Brief History of Progress in 
Neutrino Physics  since 1998

⌫L



Latest NuFIT Fit 3.2
NuFIT 3.2 (2018)

Normal Ordering (best fit) Inverted Ordering (��2 = 4.14) Any Ordering

bfp ±1� 3� range bfp ±1� 3� range 3� range

sin2 ✓12 0.307+0.013
�0.012 0.272 ! 0.346 0.307+0.013

�0.012 0.272 ! 0.346 0.272 ! 0.346

✓12/
� 33.62+0.78

�0.76 31.42 ! 36.05 33.62+0.78
�0.76 31.43 ! 36.06 31.42 ! 36.05

sin2 ✓23 0.538+0.033
�0.069 0.418 ! 0.613 0.554+0.023

�0.033 0.435 ! 0.616 0.418 ! 0.613

✓23/
� 47.2+1.9

�3.9 40.3 ! 51.5 48.1+1.4
�1.9 41.3 ! 51.7 40.3 ! 51.5

sin2 ✓13 0.02206+0.00075
�0.00075 0.01981 ! 0.02436 0.02227+0.00074

�0.00074 0.02006 ! 0.02452 0.01981 ! 0.02436

✓13/
� 8.54+0.15

�0.15 8.09 ! 8.98 8.58+0.14
�0.14 8.14 ! 9.01 8.09 ! 8.98

�CP/
� 234+43

�31 144 ! 374 278+26
�29 192 ! 354 144 ! 374

�m2
21

10�5 eV2 7.40+0.21
�0.20 6.80 ! 8.02 7.40+0.21

�0.20 6.80 ! 8.02 6.80 ! 8.02

�m2
3`

10�3 eV2 +2.494+0.033
�0.031 +2.399 ! +2.593 �2.465+0.032

�0.031 �2.562 ! �2.369


+2.399 ! +2.593
�2.536 ! �2.395

�

�m2
3l = m2

3 �m2
1 �m2

3l = m2
3 �m2

2



Quark vs Lepton mixings (again)

Quarks

Leptons

✓12 ✓23 ✓13 �

13� 2.4� 0.2� 70�

45�34� 8.5�
±0.1� ±0.05�±0.1� ±5�

±1� 41� ± 1�

50� ± 1�
±0.15� ±50�

�90�



   Is CP violated in the leptonic sector? (Probably)
    Is the atmospheric angle in first or second octant?
  Are neutrino masses NO or IO ? (NO preferred)

    What is the lightest neutrino mass? 
    Are neutrino masses Dirac or Majorana?

Open Questions
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News in Neutrino 2018
Super-K atmospheric (Y. Hayato) T2K (M. Wascko) NOvA (M. Sanchez)

Already some interesting indications:
Î NO favored by these 3 experiments at ~(1 ~ 2) sigma level each.
Î These experiments give some favored δCP region(s).

δCP

0 2 4 6
0

5

Δ𝜒𝜒
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Normal hierarchy

Inverted hierarchy

-3                   0                    3 

Normal

Inverted

Normal

Inverted



Future experiments that will tell us the neutrino masses hierarchy  

8

LBNF/DUNE

KM3NeT
/ORCA

PINGU
INORENO-50

Hyper-K

JUNO

We would like to be convinced the neutrino mass ordering by consistent results 
from several different technologies/methods with > 3 σ CL from each exp.

…and the LBL experiments will tell us about leptonic CP violation - important to know 
because it is related to leptogenesis and the origin of matter-antimatter asymmetry 



Future LBL Neutrino 
Experiments







Neutrino Oscillations in vacuum

�m2
ij = m2

i �m2
j



Electron Neutrino Oscillations

Daya Bay 
RENO            

(1st atm max)

⌫e

⌫µ⌫⌧

⌫e

⌫µ
⌫⌧

JUNO 
RENO50km            

(1st sol max)

�m2
31L

4E
=

⇡

2
�m2

21L

4E
=

⇡

2

Electron  
disappearance

(m/MeV ) (m/MeV )

3

I. INTRODUCTION

Recent experiments have resulted in significant advances
in our understanding of neutrinos. Although neutrinos were
considered massless within the Standard Model, abundant ev-
idence of lepton flavor violation by neutrinos strongly implies
small but non-zero masses. A long-standing disparity between
measurement and models of the solar ⌫

e

flux was corroborated
by successive radiochemical [1–3] and water-Cherenkov [4,
5] experiments. Variation of the ratio of atmospheric
⌫
µ

to ⌫
e

provided initial evidence for distance-dependent
neutrino disappearance [6]. Subsequent observation of
the disappearance of ⌫

µ

produced in particle accelerators
confirmed atmospheric ⌫ measurements [7]. A comparison of
the solar ⌫

e

to the total solar ⌫ flux showed that the apparent
disappearance was a consequence of the conversion of ⌫

e

’s to
other neutrino flavors [8, 9]. Disappearance of ⌫

e

’s emitted
by nuclear reactors demonstrated a distinct dependence on the
ratio of propagation distance to antineutrino energy, L/E

⌫

,
cementing neutrino flavor oscillation as the explanation for
the observed flavor violation [10].

The rich phenomena of neutrino flavor oscillation arise
from two remarkable characteristics of neutrinos: small
differences between the masses of the three neutrino states,
m1 6= m2 6= m3, and an inequivalence between neutrino
flavor and mass eigenstates. Produced in a flavor eigenstate
by the weak interaction, a neutrino state evolves as a coherent
superposition of mass eigenstates. Interference between the
phases of each mass component results in the oscillation of
the neutrino flavor. The flavor oscillates with phases given
by �m2

ji

L/4E
⌫

, where L is the propagation distance, E
⌫

is
the neutrino energy, and �m2

ji

= m2
j

�m2
i

is the difference
of the squared masses. The amplitude of flavor oscillation
is determined by the amount of mixing between the flavor
and mass eigenstates. Using the unitary Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix, UPMNS, a neutrino with
flavor ↵ can be expressed as a combination of mass states,
|⌫

↵

i =

P
i

U⇤
↵i

|⌫
i

i. In the three-flavor model, UPMNS

is commonly parameterized using three mixing angles, ✓12,
✓23, ✓13, and an off-diagonal CP-violating phase �CP. With
sensitivity to the small neutrino mass separations, oscillation
experiments have provided strong evidence for three distinct
neutrino mass states ⌫

i

with masses m1, m2, and m3.
Evidence for matter-enhanced resonant flavor conversion of
solar neutrinos has shown that �m2

21 cos(2✓21) > 0. Whether
m3 is much lighter or heavier than m1 and m2, also referred
to as the neutrino mass hierarchy, is currently unknown and
is the focus of a broad experimental program [11]. Direct
measurements of decay kinematics and indirect cosmological
observations are currently consistent with massless neutrinos,
implying that the absolute masses are less than ⇠1 eV.
Neutrino mass qualitatively alters the Standard Model, for
example by inhibiting renormalization or by requiring a new
global symmetry [12, 13].

The Daya Bay Reactor Neutrino Experiment set out to
answer the question: Does the ⌫3 mass eigenstate mix
with the electron neutrino state ⌫

e

? This is equivalent
to asking whether the parameter ✓13 is non-zero. Solar

and reactor experiments have established significant mixing
between the ⌫

e

and ⌫1,2 states, given by sin

2
(2✓12) =

0.846±0.021 [14]. Atmospheric and accelerator experiments
yielded nearly maximal mixing of the ⌫

µ

and ⌫2,3 states, with
sin

2
(2✓23) = 0.999+0.001

�0.018 [14]. Previous searches found no
evidence of ⌫

e

disappearance at ⇠1 km from reactors, limiting
sin

2
2✓13  0.17 at the 90% C.L. [15, 16]. Measurement

of ✓13 provides a key parameter of a new Standard Model
which incorporates massive neutrinos, and may allow a deeper
insight into the flavor and mass structure of nature. A non-zero
value for ✓13 also makes it possible for future experiments
to determine the neutrino mass hierarchy and to search for
neutrino CP-violation [11].

Nuclear reactors produce an intense and pure flux of
⌫
e

’s, which is useful for experimental searches for ✓13.
Approximately 2 ⇥ 10

20 ⌫
e

’s per second are emitted per
gigawatt of thermal power, with a steeply-falling energy
spectrum showing minuscule flux above 10 MeV. Section V
gives further details of ⌫

e

emission by nuclear reactors.
Reactor ⌫

e

are most commonly detected via inverse beta
decay (IBD),

⌫
e

+ p ! e+ + n. (1)

Convolving the energy spectrum with the IBD cross-
section [17] results in an expected spectrum which rises with
neutrino energy from the 1.8 MeV interaction threshold, peaks
at ⇠4 MeV, and falls to a very low rate above 8 MeV. Charge-
current interactions of ⌫

µ

or ⌫
⌧

at these energies are forbidden
by energy conservation, hence oscillation is observed as a
reduction, or disappearance, of the expected ⌫

e

signal. In
the three-flavor model of neutrino oscillation, the survival
probability of detecting an ⌫

e

of energy E
⌫

at a distance L
from the production source can be expressed as

Psur =1� cos

4 ✓13 sin
2
2✓12 sin

2
�21

� sin

2
2✓13(cos

2 ✓12 sin
2
�31 + sin

2 ✓12 sin
2
�32),

(2)

where �

ji

' 1.267�m2
ji

(eV

2
)L(m)/E

⌫

(MeV). The
KamLAND experiment measured the first term, demonstrat-
ing large-amplitude disappearance of reactor ⌫

e

with an
oscillation length of ⇠60 km. Atmospheric and accelerator
⌫ measurements of

��
�m2

32

�� predict an oscillation length
of ⇠1.6 km for the latter terms. At this distance, the
two oscillation phases �31 and �32 are indistinguishable.
Therefore, the expression can be approximated using a single
effective ⌫

e

disappearance phase �ee,

Psur ' 1� cos

4 ✓13 sin
2
2✓12 sin

2
�21

� sin

2
2✓13 sin

2
�ee,

(3)

which is independent of the neutrino mass hierarchy. Here
the definition of �m2

ee is empirical; it is the mass-squared
difference obtained by modeling the observed reactor ⌫

e

disappearance using Eq. 3. The mass-squared differences
obtained by modeling an observation using either Eq. 2
or Eq. 3 are expected to follow the relation �m2

ee '

P (⌫̄e ! ⌫̄e;E,L) =

P (⌫̄e ! ⌫̄e;E,L) = �ij =
�m2

ijL

4E



Muon Neutrino Oscillations

where E is the neutrino energy, L the oscillation baseline, and the ordered terms Pn = O(✏n)

are given by

P1 =
4

(1� rA)2
sin2 ✓23 sin

2
✓13 sin

2

✓
(1� rA)�L

2

◆
, (2.2)

P 3
2
= 8Jr

✏

rA(1� rA)
cos

✓
� +

�L

2

◆
sin

✓
rA�L

2

◆
sin

✓
(1� rA)�L

2

◆
, (2.3)

where Jr = cos ✓12 sin ✓12 cos ✓23 sin ✓23 sin ✓13, rA = 2
p
2GFNeE/�m

2
31 and� = �m

2
31/2E.

Using the same scheme, the disappearance channel can be written at leading order as

P (⌫µ ! ⌫µ;E,L) = 1� sin2(2✓23) sin
2

✓
�L

2

◆
+O(✏). (2.4)

For both channels, equivalent expressions for antineutrino probabilities can be obtained by

the mapping rA ! �rA and � ! ��.

2.1 Mass ordering, CPV and the octant of ✓23

The sensitivity of long-baseline experiments to the questions of the neutrino mass ordering,

the existence of CPV and the octant of ✓23, are by now well studied topics (for a recent

review see e.g. Ref. [44]). To help us clarify the role of the designs of DUNE and T2HK,

as well as their possible modifications, we will briefly recap how experiments on these

scales derive their sensitivities using the approximate formulae expressed by Eqs. (2.2),

(2.3) and (2.4).

The dependence on the sign of �m

2
31, and therefore the mass ordering, arises at long-

baseline from the interplay with matter. Changing from Normal Ordering (NO, �m

2
31 > 0)
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32. The size of this enhancement increases with baseline length, and
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experiment. However, the determination of the mass ordering is further facilitated by the
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larger values of the matter density cause an enhancement in the probability for ⌫µ ! ⌫e

oscillation at the first maximum, whilst suppressing the probability for ⌫µ ! ⌫e. This

behaviour is reversed for IO, and by observing the relative magnitudes of the oscillation

probabilities at the first maximum, long-baseline oscillation experiments can exploit this

e↵ect to determine the mass ordering.

To detect CPV in neutrino oscillation an experiment requires sensitivity to �. Un-

fortunately, the leading order appearance probability is independent of the CP phase � in

vacuum. CP asymmetries between neutrino and antineutrino channels first appear with the

subdominant term P 3
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. In the presence of a background medium, CP violating e↵ects are

instead introduced at leading order; however, these o↵er no sensitivity to the fundamen-

tal CP violating parameter �, arising instead from the CP asymmetry of the background
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where P is a diagonal matrix containing two Majorana phases ↵1 and ↵2 which play no role

in oscillation physics. The mixing angles ✓12, ✓13 and ✓23 are often referred to as the solar,

reactor and atmospheric mixing angles respectively; all of these angles are now known to

be non-zero [38]. The remaining parameter in U is the phase �, which is currently poorly

constrained by data. This parameter dictates the size of CP violating e↵ects in vacuum

during oscillation. All such e↵ects will be proportional to the Jarlskog invariant of UPMNS,

J =
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sin � sin (2✓23) sin (2✓13) sin (2✓12) cos ✓13.

For the theory to manifest CP violating e↵ects, J must be non-zero. Given our knowledge

of the mixing angles, the exclusion of � /2 {0,⇡} would be su�cient to establish fundamental

leptonic CP violation.

Long-baseline experiments such as DUNE and T2HK aim to improve our knowledge

of U , as well as the mass squared splitings, by the precision measurement of both the

appearance ⌫µ ! ⌫e and disappearance oscillation channels ⌫µ ! ⌫µ, as well as their

CP conjugates. In the following section, we will discuss the key aims of the long-baseline

program and the important design features of these experiments which lead to their sen-

sitivities. To facilitate this discussion, we introduce an approximation of the appearance

channel following Ref. [39], which is derived by performing a perturbative expansion in the

small parameter ✏ ⌘ �m
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31 ⇡ 0.03 under the assumption that sin2 ✓13 = O(✏)1. The

expression for the oscillation probability is decomposed into terms of increasing power of
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1For alternative schemes of approximation, see Ref. [40–43].
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For both channels, equivalent expressions for antineutrino probabilities can be obtained by
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2.1 Mass ordering, CPV and the octant of ✓23

The sensitivity of long-baseline experiments to the questions of the neutrino mass ordering,

the existence of CPV and the octant of ✓23, are by now well studied topics (for a recent

review see e.g. Ref. [44]). To help us clarify the role of the designs of DUNE and T2HK,

as well as their possible modifications, we will briefly recap how experiments on these

scales derive their sensitivities using the approximate formulae expressed by Eqs. (2.2),

(2.3) and (2.4).

The dependence on the sign of �m

2
31, and therefore the mass ordering, arises at long-

baseline from the interplay with matter. Changing from Normal Ordering (NO, �m
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to Inverted Ordering (IO, �m
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31 < 0) requires the replacements � ! �� and rA ! �rA.

However, in vacuum (rA = 0) the leading-order term in Eq. (2.1) remains invariant under

this mapping. This invariance is broken once a matter term is included (rA 6= 0), and

the oscillation probability acquires a measurable enhancement or suppression dependent

on the sign of �m

2
32. The size of this enhancement increases with baseline length, and

this e↵ect is expected to be very relevant for any oscillation channel at a long-baseline

experiment. However, the determination of the mass ordering is further facilitated by the

contrasting behaviour of neutrinos and antineutrinos. Due to the dependence on rA, for NO

larger values of the matter density cause an enhancement in the probability for ⌫µ ! ⌫e

oscillation at the first maximum, whilst suppressing the probability for ⌫µ ! ⌫e. This

behaviour is reversed for IO, and by observing the relative magnitudes of the oscillation

probabilities at the first maximum, long-baseline oscillation experiments can exploit this

e↵ect to determine the mass ordering.

To detect CPV in neutrino oscillation an experiment requires sensitivity to �. Un-

fortunately, the leading order appearance probability is independent of the CP phase � in

vacuum. CP asymmetries between neutrino and antineutrino channels first appear with the

subdominant term P 3
2
. In the presence of a background medium, CP violating e↵ects are

instead introduced at leading order; however, these o↵er no sensitivity to the fundamen-

tal CP violating parameter �, arising instead from the CP asymmetry of the background
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where P is a diagonal matrix containing two Majorana phases ↵1 and ↵2 which play no role

in oscillation physics. The mixing angles ✓12, ✓13 and ✓23 are often referred to as the solar,

reactor and atmospheric mixing angles respectively; all of these angles are now known to
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2
31, and therefore the mass ordering, arises at long-

baseline from the interplay with matter. Changing from Normal Ordering (NO, �m

2
31 > 0)

to Inverted Ordering (IO, �m

2
31 < 0) requires the replacements � ! �� and rA ! �rA.

However, in vacuum (rA = 0) the leading-order term in Eq. (2.1) remains invariant under

this mapping. This invariance is broken once a matter term is included (rA 6= 0), and

the oscillation probability acquires a measurable enhancement or suppression dependent

on the sign of �m

2
32. The size of this enhancement increases with baseline length, and

this e↵ect is expected to be very relevant for any oscillation channel at a long-baseline

experiment. However, the determination of the mass ordering is further facilitated by the

contrasting behaviour of neutrinos and antineutrinos. Due to the dependence on rA, for NO

larger values of the matter density cause an enhancement in the probability for ⌫µ ! ⌫e

oscillation at the first maximum, whilst suppressing the probability for ⌫µ ! ⌫e. This

behaviour is reversed for IO, and by observing the relative magnitudes of the oscillation

probabilities at the first maximum, long-baseline oscillation experiments can exploit this

e↵ect to determine the mass ordering.

To detect CPV in neutrino oscillation an experiment requires sensitivity to �. Un-

fortunately, the leading order appearance probability is independent of the CP phase � in

vacuum. CP asymmetries between neutrino and antineutrino channels first appear with the

subdominant term P 3
2
. In the presence of a background medium, CP violating e↵ects are

instead introduced at leading order; however, these o↵er no sensitivity to the fundamen-

tal CP violating parameter �, arising instead from the CP asymmetry of the background
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Figure 1. Left: ⌫µ (⌫µ) flux component in ⌫-mode (⌫̄-mode) shown as solid (dashed) lines for
2-horn reference, 3-horn optimised, and nuPIL beam designs. Right: the fluxes for ⌫-mode shown
as a function of L/E. In both panels, the shaded region shows the envelope of the oscillation
probability as � is varied over its full range. The black lines in the right panel show the probability
for � 2 {0, ⇡

2 ,⇡,
3⇡
2 }.

3.1 DUNE

The DUNE experiment consists of a new neutrino source, known as Long Baseline Neutrino

Facility (LBNF), a near detector based at Fermilab and a large LArTPC detector located

in SURF a distance of 1300 km away. Several variants of the LBNF beam have been

developed. In this work, we study three neutrino fluxes: a 2-horn reference beam design

[17], a 3-horn optimised beam design [54], and the neutrinos from a PIon beam Line (nuPIL)

[30–32]. We show all three fluxes used in our simulations in Fig. 1.

The reference beam uses a front-end design based on NuMI, which uses 2 magnetic

horns, but with a thickened target to withstand the higher power beams of LBNF. In

our simulation, we take the proton energy to be 80 GeV, the beam power 1.07 MW, and

assume 1.47 ⇥ 1021 protons on target (POT) per year. Thanks to constant development

work by the DUNE collaboration, an optimised beam has also been designed. This 3-

horn design is based on the reference design, but has a stronger focus on producing lower

energy events, leading to a substantial increase in flux between 0.5 GeV and 4 GeV. This

leads to a greater number of expected events from around the second oscillation maximum,

which is well-known to be particularly sensitive to the phase �. For this design, the proton

energy is assumed to be 62.5 GeV and the POT per year is taken as 1.83⇥ 1021. We also

consider the nuPIL design, which is currently being studied by a working group of the

DUNE collaboration as a potential alternative design. nuPIL foresees the collection and

sign selection of pions from proton collision with a target which are then directed though

a beam line and ultimately decay to produce neutrinos. This selection and manipulation

of the secondary beam forces unwanted parent particles out of the beam resulting in a

particularly clean flux. The proton energy for this design is assumed to be 80 GeV, and

the corresponding POT per year is 1.47⇥1021. Compared to the other two designs, nuPIL

o↵ers a lower intrinsic contamination from other flavours and CP states while maintaining

low systematic uncertainties. We note that nuPIL also expects a smaller total flux, although
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Figure 2. Left: T2HK’s flux plotted against neutrino energy for ⌫-mode (solid) and ⌫-mode
(dashed). Right: the T2HKK fluxes plotted against energy for ⌫ and ⌫ modes. The shaded region
shows the envelope of the probability found by varying the true value of �. Due to T2HKK’s longer
baseline but comparable energy range to T2HK, the fluxes on the right sample a very di↵erent part
of the probability.

The J-PARC neutrino beam will be upgraded from that used for the T2K experiment

to provide a beam power of 1.3 [56, 57]. The beam is produced from 30GeV protons

colliding with a graphite target. Charged pions produced in these collisions are focused

through magnetic horns into a decay volume, where the majority of the neutrinos in the

beam are the ⌫µ (⌫µ) produced from the ⇡

+ (⇡�) decay. The polarity of the 320 kA horn

current can be reversed to focus pions of positive or negative charge in order to produce a

beam of neutrinos or antineutrinos respectively. A small contamination (less than 1% of

the neutrino flux) of ⌫e or ⌫e in the beam and ⌫µ (⌫µ) in the ⌫µ (⌫µ) beam result from

the decay of the µ

+ (µ�) produced in the pion decay, however the majority of the µ

± are

stopped after reaching the end of the decay volume before decaying.

The baseline design for the Hyper-Kamiokande detector consists of two water tanks

each with a total (fiducial) mass of 258 kt (187 kt) [58]. Each tank is surrounded by ap-

proximately 40,000 inward facing 50 cm diameter photosensors corresponding to a 40%

photocoverage, equivalent to that currently used at Super-Kamiokande. The tanks would

be built and commissioned in a staged process with the second tank starting to take data

six years after the first. The detectors use the water Čerenkov ring-imaging technique as

used at Super-Kamiokande, capable of detecting the charged leptons produced in neutrino

interactions on nuclei in water. The flavour (but not charge) of the outgoing charged lepton

(and hence incoming neutrino) can be determined with very high accuracy, and the energy

and direction of the charged lepton can be measured to give the neutrino energy.

We have developed an up-to-date GLoBES implementation of T2HK, incorporating

the collaboration’s latest estimates for detector performance2. Our simulation is based on

the GLoBES implementation of T2HK [59] with comprehensive modifications to match

the latest experimental design. The beam power and fiducial mass have been updated to

1.3 and 187 kt per tank. For our studies we have used the staged design with one tank

2We thank the Hyper-Kamiokande proto-collaboration for kindly providing us with this information.
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CP violation sensitivity

Figure 6. The sensitivity to CP violation for DUNE and T2HK in isolation and combined as
a function of delta (left) and the fraction of � parameter space for which greater than 5� CPV
discovery is expected (right). We consider a range of true ✓23 spanning both octant solutions. The
lower edge of the shaded regions corresponds to ✓23 > 45� due to a decrease in sensitivity arising
from the relative suppression of the CP sensitive terms in Eq. (2.1). The left (right) plot assumes the
“fixed run time” (“variable run time”) configurations in Table 1 and the true oscillation parameters,
apart from ✓23, specified in Table 2.

around � = �⇡/2. Finally, we find agreement between our results and those of Fig. 119 in

Ref. [34]. This is largely because the mass ordering is fixed during fitting in Ref. [34], which

mitigates the impact of the mass ordering degeneracy. This leads to superficial agreement

between our two sets of results; although, our result shows they sensitivity which is possible

assuming only the current global data, whereas assuming the MO is known would require

new external data, perhaps from another long-baseline experiment.

In the right panel of Fig. 6, we show the fraction of values of � for which a 5� exclusion

of CP conservation can be made as a function of runtime. DUNE requires between 7 and

12 years of data-taking to reach at least a 5� measurement for 25% of the possible values

of �, while T2HK alone expects to be able to make at least a 5� measurement for more

than 50% of the parameter space in less than 7 years. The combination of DUNE and

T2HK is shown as a function of total runtime, the sum of the individual runtimes for each

experiment, and as such interpolates the two sensitivities. However, if run in parallel, the

combination of the two experiments performs stronger than either in isolation, and expects

a greater than 5� measurement for more than 50% of the parameter space after at most 5

years of parallel data-taking.

4.3 Sensitivity to maximal CP violation

Although the search for any non-zero CPV is the principle goal of the next LBL experi-

ments, understanding the value of � is also highly relevant. Current global fits [38, 61, 62]

point towards maximal values of �, � = ±⇡/2. Of course, these should be treated with

some scepticism: no single experiment can claim evidence for this at an appreciable level.

However, determining if a maximal CP violating phase exists will remain a high priority

for the next generation of long-baseline experiments. If established, it could be seen as an
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Is Majorana mass renormalisable?

Non-renormalisable 
ΔL =2 operator 

where Δ is light Higgs triplet with 
VEV < 8GeV from ρ parameter

This is nice because it gives naturally small Majorana neutrino 
masses mLL ~ <H0>2/M where M is some high energy scale 

The high mass scale can be associated with some heavy 
particle of mass M being exchanged (can be singlet or triplet)

Weinberg

Renormalisable 
ΔL =2 operator 

See-saw 
mechanisms



1. There are no right-handed neutrinos 

2. There are no Higgs triplets of SU(2)L 

3. There are no non-renormalizable terms

The three reasons for zero neutrino 
mass in the Standard Model

Many (many) possibilities for the origin 
of neutrino mass...
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Neutrino Mass Limits from the Laboratory

The rarest form of beta decay, if observed, 
would give a precise mass measurement

This decay (on the left) 
is commonly observed

This would also 
prove that the 
neutrino is its 
own antiparticle

Neutrino 
mass
<0.2 eV 

Many currently running  experiments: GERDA, Majorana, EXO, CUORE, Kamland-Zen 

This would also 
prove that the 
neutrino has a 
Majorana mass



Neutrinoless double beta decayTritium beta decay

Present Mainz   < 2.2 eV 

KATRIN           ~0.35eV

Experimental determination 
of neutrino mass 
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Excluded at 90% confidence level

Combination (CUORICINO, EXO-200, GERDA, KamLAND-Zen, NEMO-3)

Planck
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Figure 2: The combined m�� limit range overlaid on the range of allowed m�� for a given
mass m

0

of the lightest neutrino mass eigenstates in the normal and inverted mass hierar-
chies. Also shown is the range of m

0

disfavoured by cosmology.

The compatibility of the combined limits with respect to the claimed observation of neu-
trinoless double-beta decay in the Heidelberg-Moscow experiment also varies significantly
depending on the NME calculations chosen.
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Loop Models of Neutrino Mass

Figure 1: Tree-level and radiative seesaw mechanisms.

exists no such study in the literature with the focus put on the neutrino sector in radiative
models, and we aim to start this enterprise by a study devoted to the RGEs of the Ma-

model. Naturally, this could be extended to other radiative models for neutrino masses,
such as the Zee-Babu model [25, 26] or the Aoki-Kanemura-Seto model [27, 28]. In par-

ticular the interplay between the scalar and the lepton sectors has the potential to reveal
interesting new effects, as we will already see in this study.

However, we want to stress that several studies are already available which investigate

e.g. limiting cases of our framework or subsets (or generalizations of subsets) of certain
sectors of the Ma-model. A particular example for such a case would be the investigations

of the RGEs of a general Two Higgs Doublet Model (THDM). Whenever applicable in
this paper, we will refer to the corresponding works treating these related frameworks.

This paper is organized as follows: In Sec. 2, we review Ma’s scotogenic model and
discuss the different effective theories arising when subsequently integrating out the heavy
neutrino fields. Next, in Sec. 3, we discuss in detail the matching conditions at the

boundaries between the respective theories, which in our case have to be consistently
imposed at 1-loop level. Our main results, the explicit RGEs at 1-loop level are presented

in Sec. 4. After that, we present a numerical exemplifying study (in a slightly simplified
framework) in Sec. 5, in order to illustrate how to use our results. We finally conclude in

Sec. 6.

2 Ma’s scotogenic model

The so-called scotogenic model has been discussed by Ma [24], and in the following we will
therefore call it Ma-model for simplicity. In this section, we will first review this model,

and then discuss some of its low-energy limits, which we will also use in our calculations
later on.

2

2

ρ++

W− W−

H0/A0

H+
1,2 H+

1,2

νa νb

ℓ+
a ℓ+

b

FIG. 1: The Cocktail Diagram

tests (EWPT) and collider searches, and we comment on
possible consequences for neutrinoless double beta de-
cay (0νββ). We then briefly discuss future detection
prospects, before concluding.

II. A MODEL FOR NEUTRINO MASSES.

In addition to the SM fields, the model includes two
SU(2)L singlet scalars (singly and doubly charged) S+

and ρ++, and a scalar doublet Φ2. We introduce a Z2

symmetry under which the Φ2 and S+ fields are odd,
whereas ρ++ and the SM fields are even. The Z2 sym-
metry should be unbroken after EW symmetry breaking,
so that the lightest Z2-odd state remains stable and can
provide a dark matter particle candidate. Given the sym-
metry and particle content of the model, the lagrangian
will include the following relevant terms leading to lepton
number violation

− ∆L =
λ5
2

(

Φ†
1Φ2

)2

+ κ1 ΦT
2 iσ2Φ1 S

− + κ2 ρ
++S−S−

+ξs ΦT
2 iσ2Φ1 S

+ ρ−− + Cab lcRa
lRb

ρ++ + h.c.. (1)

The SM scalar doublet Φ1 and the inert scalar doublet
Φ2 can in the unitary gauge be written as

Φ1 =
1√
2

(

0
h

)

+

(

0
v

)

, Φ2 =
1√
2

(

Λ+

H0 + i A0

)

, (2)

where v ≃ 174 GeV is the vacuum expectation value of
Φ1. After EW symmetry breaking, and for κ1 ̸= 0, the
charged states Λ+ and S+ will mix (the mixing angle
being β), giving rise to two charged mass eigenstates

H+
1 = sβ S

+ + cβ Λ+, H+
2 = cβ S

+ − sβ Λ+, (3)

with sβ , cβ = sinβ, cosβ respectively.
The lagrangian in Eq. (1) breaks lepton number explic-

itly by two units [9], which generates a Majorana mass

for the left-handed neutrinos. The Z2 symmetry pre-
cisely forbids all terms that would have generated neu-
trino masses at either 1 or 2-loop order, and therefore
the leading contributions to neutrino masses appear at 3-
loops through the ‘Cocktail Diagram’ shown in Figure 1.
In the basis where the charged current interactions are

flavour-diagonal, the charged leptons e, µ, τ being then
mass eigenstates, and after summing up the contributions
from the six different finite 3-loop diagrams in Figure 1
(coming from H+

1,2, A0 and H0 running in the loop), the
Majorana neutrino mass matrix reads:

mν
ab ≃ Cab xa xb s22β

Iν

(16 π2)3
A , (4)

where s2β = sin(2β), xa = ma/v for a = e, µ, τ , and

A =
(∆m2

+)
2 ∆m2

0

µ0 µ+

(κ2 + ξsv)

m2
ρ v2

. (5)

The factor Iν is a dimensionless O(1) number emerging
from the 3-loop integral after all generic factors have been
factorized out. Its exact value depends on the specific
mass spectrum, and we have estimated its value using
the numerical code SecDec [10]. The reduced masses are
µ−1
0 = m−1

H0
+m−1

A0
and µ−1

+ = m−1
H1

+m−1
H2

.
The dependence of mν

ab on the mass differences ∆m2
0 =

m2
A0

−m2
H0

and ∆m2
+ = m2

H2
−m2

H1
signals a GIM-like

mechanism at play in Eq. (4), which can be easily under-
stood noticing that ∆m2

0 ∝ λ5 and ∆m2
+ ∝ κ1. In the

limit λ5 → 0 the lagrangian in Eq. (1) conserves lepton
number and no Majorana neutrino mass can be gener-
ated, while in the limit κ1 → 0, the leading contribution
to mν

ab will appear at a higher loop order.

We now analyze the ability of the model to reproduce
the observed pattern of neutrino masses and mixings.
The standard parametrization for the neutrino mass ma-
trix in terms of three masses m1,2,3, three mixing angles
θ12, θ23, θ13 and three phases δ, α1, α2 reads

mν = UT mν
D U with mν

D = Diag (m1,m2,m3) (6)

U = Diag
(

eiα1/2, eiα2/2, 1
)

×
⎛

⎝

c13c12 −c23s12−s23c12s13eiδ s23s12−c23c12s13eiδ

c13s12 c23c12−s23s12s13eiδ −s23c12−c23s12s13eiδ

s13e−iδ s23c13 c23c13

⎞

⎠

with sij ≡ sin(θij) and cij ≡ cos(θij). A global fit to
neutrino oscillation data after the recent measurement
of θ13 (see for example [11]) gives ∆m2

21 ≡ m2
2 − m2

1 =
7.62+0.19

−0.19× 10−5eV2,
∣

∣∆m2
31

∣

∣ ≡
∣

∣m2
3 −m2

1

∣

∣ = 2.55+0.06
−0.09×

10−3eV2, s212 = 0.320+0.016
−0.017, s213 = 0.025+0.003

−0.003, and
s223 = 0.43+0.03

−0.03 (0.61+0.02
−0.04) if in the first (second) oc-

tant for θ23. Neutrino oscillations are not sensitive to
the Majorana phases α1 and α2 nor to the absolute neu-
trino mass scale, while the value of the CP phase δ is
beyond current experimental sensitivity. In the inverted

Scotogenic model Cocktail model 

x
W-W-

S++

la HlbLcnLa HnLbLc

x

p p+k p+k+q p

k k+q
q

Figure 2: Two-loop diagram for the neutrino mass (left) and momentum-assignments for
its computation (right).

3 Neutrino mass

The vertex S–W–W leads to a neutrino mass at 2-loop level, as displayed in Fig. 2. This

diagram has been computed e.g. in Ref. [1], and it is intimately related to the Zee-Babu

integral [9, 10, 11, 12].

4 An incomplete to-do list

A fairly incomplete to-do list for the proposed study is the following:

• We should verify that the operator described in Sec. 2 is indeed the one with the

lowest mass dimension, and we should explicitly compute all resulting vertices and

the Feynman rule.

• We should explicitly compute the diagram displayed in Fig. 2 in R⇠ gauge and derive

the resulting constraints on the neutrino mass.

• We should investigate extensively the low energy neutrino phenomenology of the

setting, as well as the constraints resulting from non-observations of LFV processes.

(Could be very similar to the Zee-Babu model!)

• We should investigate the collider phenomenology resulting from the vertex dis-

played in Fig. 1, with a particular focus on the combined constraints resulting from

low-energy leptonic physics and high energy collider physics.

• ...

4

Effective theory

1406.4137

Zee (one loop) Babu (two loop)
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  Majorana masses can be generated via RPV SUSY 

  Scalar partners of lepton doublets (slepton doublets) have same 
quantum numbers as Higgs doublets                              

   If R-parity is violated then sneutrinos may get (small) VEVs 
inducing a mixing between neutrinos and neutralinos χ

R-Parity Violating SUSY
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Minimal Type I seesaw

⌫L ⌫L

Y ⌫ Y ⌫

MR

hHui hHui

⌫R ⌫R

Figure 4: The seesaw mass insertion diagram responsible for the light e↵ective LH Majorana neutrino mass m⌫ =
�mDM�1

R (mD)T where the Dirac neutrino mass is mD = Y ⌫hHui = Y ⌫vu.

where we write Hu rather than H in anticipation of a two Higgs doublet extension of the SM, with
mD = vuY ⌫ where vu = hHui.

Collecting together Eqs.34,35 (assuming Eq.33 terms to be absent) we have the seesaw mass matrix,

�
⌫L ⌫c

R

� ✓
0 mD

(mD)T MR

◆ ✓
⌫c

L

⌫R

◆
. (37)

Since the RH neutrinos are electroweak singlets the Majorana masses of the RH neutrinos MR may be
orders of magnitude larger than the electroweak scale. In the approximation that MR � mD the matrix
in Eq.37 may be diagonalised to yield e↵ective Majorana masses of the type in Eq.33,

m⌫ = �mDM�1

R (mD)T . (38)

The seesaw mechanism formula is represented by the mass insertion diagram in Fig.4. This formula
is valid below the EW scale. Above the EW scale, but below the scale MR, the seesaw mechanism is
represented by the Weinberg operator in Eq.2, whose coe�cient has the same structure as the seesaw
formula in Eq.38.

The light e↵ective LH neutrino Majorana mass m⌫ is naturally suppressed by the heavy scale MR,
but its precise value depends on the Dirac neutrino mass mD. Suppose we fix the desired physical
neutrino mass to be m⌫ = 0.1 eV, then the seesaw formula in Eq.38 relates the possible values of mD

to MR as shown in Fig.5. This illustrates the huge range of allowed values of mD and MR consistent
with an observed neutrino mass of 0.1 eV, with MR ranging from 1 eV up to the GUT scale, leading to
many di↵erent types of seesaw models and phenomenology, including eV mass LSND sterile neutrinos,
keV mass sterile neutrinos suitable for warm dark matter (WDM), GeV mass sterile neutrinos suitable
for resonant leptogenesis and TeV mass sterile neutrinos possibly observable at the LHC (for a review
see e.g. [61] and references therein). In this review we shall focus on the case of Dirac neutrino masses
identified with charged quark and lepton masses, leading to a wide range of RH neutrino (or sterile
neutrino) masses from the TeV scale to the GUT scale, which we refer to as the classic seesaw model.
For example, if we take mD to be 1 GeV (roughly equal to the charm quark mass) then a neutrino mass
of 0.1 eV requires a RH (sterile) neutrino mass of 1010 GeV.
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triplet
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P. Minkowski (1977), Gell-Mann, Glashow, 
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(1980)…
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Type III see-saw mechanism

Type III 

Foot, Lew, He, Joshi; Ma…

Supersymmetric adjoint SU(5)
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LFV predictions



Seesaw mechanism
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mD MR
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◆

Physical neutrino massm⌫⇡
m2

D

MR
⇠ 0.1eV
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Seesaw assumptionmD ⌧ MR
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Figure 1: Predicted values from LSA with ⌘ = 2⇡
3 (or LSB with ⌘ = �2⇡

3 ) of oscillation

parameters depending on the input parameters ma and mb. Regions corresponding to the

experimentally determined 1� (solid lines) and 3� (dashed lines) ranges for each parameter

are also shown.
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Figure 2: Regions in the ma-mb plane with fixed ⌘ = 2⇡/3 (⌘ = �2⇡/3) for LSA (LSB)

corresponding to the experimentally determined 1� and 3� ranges for ✓13, �m2
21 and�m2

31.

3.2 Predictions of oscillation parameters with ⌘ as a free parameter

In the versions of the LS models with ⌘ as an additional free parameter, the mixing angles

and phases now depend on both the ratio r = mb/ma and ⌘. The masses m3 and m2

depend on all three input parameters; however, their ratio m2/m3 (and therefore the ratio

�m2
21/�m2

31) will depend only on r and ⌘. As previously, the strongest contraints come

from the very precise measurements of ✓13 and the mass-squared di↵erences �m2
21 and
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The Littlest Seesaw

see talk by Sam Rowley
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<latexit sha1_base64="7pHeS3rhwMPmetZEondZhILQZ3s=">AAAB8nicbVBNS8NAEN34WetX1aOXYBE81aQKeix68VjBfkAby2Y7aZdudsPuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLE8ENet63s7K6tr6xWdgqbu/s7u2XDg6bRqWaQYMpoXQ7pAYEl9BAjgLaiQYahwJa4eh26reeQBuu5AOOEwhiOpA84oyilTrwmPFqN+HnF5NeqexVvBncZeLnpExy1Hulr25fsTQGiUxQYzq+l2CQUY2cCZgUu6mBhLIRHUDHUkljMEE2O3ninlql70ZK25LoztTfExmNjRnHoe2MKQ7NojcV//M6KUbXQcZlkiJINl8UpcJF5U7/d/tcA0MxtoQyze2tLhtSTRnalIo2BH/x5WXSrFZ8r+LfX5ZrN3kcBXJMTsgZ8ckVqZE7UicNwogiz+SVvDnovDjvzse8dcXJZ47IHzifP6mzkNU=</latexit><latexit sha1_base64="7pHeS3rhwMPmetZEondZhILQZ3s=">AAAB8nicbVBNS8NAEN34WetX1aOXYBE81aQKeix68VjBfkAby2Y7aZdudsPuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLE8ENet63s7K6tr6xWdgqbu/s7u2XDg6bRqWaQYMpoXQ7pAYEl9BAjgLaiQYahwJa4eh26reeQBuu5AOOEwhiOpA84oyilTrwmPFqN+HnF5NeqexVvBncZeLnpExy1Hulr25fsTQGiUxQYzq+l2CQUY2cCZgUu6mBhLIRHUDHUkljMEE2O3ninlql70ZK25LoztTfExmNjRnHoe2MKQ7NojcV//M6KUbXQcZlkiJINl8UpcJF5U7/d/tcA0MxtoQyze2tLhtSTRnalIo2BH/x5WXSrFZ8r+LfX5ZrN3kcBXJMTsgZ8ckVqZE7UicNwogiz+SVvDnovDjvzse8dcXJZ47IHzifP6mzkNU=</latexit><latexit sha1_base64="7pHeS3rhwMPmetZEondZhILQZ3s=">AAAB8nicbVBNS8NAEN34WetX1aOXYBE81aQKeix68VjBfkAby2Y7aZdudsPuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLE8ENet63s7K6tr6xWdgqbu/s7u2XDg6bRqWaQYMpoXQ7pAYEl9BAjgLaiQYahwJa4eh26reeQBuu5AOOEwhiOpA84oyilTrwmPFqN+HnF5NeqexVvBncZeLnpExy1Hulr25fsTQGiUxQYzq+l2CQUY2cCZgUu6mBhLIRHUDHUkljMEE2O3ninlql70ZK25LoztTfExmNjRnHoe2MKQ7NojcV//M6KUbXQcZlkiJINl8UpcJF5U7/d/tcA0MxtoQyze2tLhtSTRnalIo2BH/x5WXSrFZ8r+LfX5ZrN3kcBXJMTsgZ8ckVqZE7UicNwogiz+SVvDnovDjvzse8dcXJZ47IHzifP6mzkNU=</latexit><latexit sha1_base64="7pHeS3rhwMPmetZEondZhILQZ3s=">AAAB8nicbVBNS8NAEN34WetX1aOXYBE81aQKeix68VjBfkAby2Y7aZdudsPuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLE8ENet63s7K6tr6xWdgqbu/s7u2XDg6bRqWaQYMpoXQ7pAYEl9BAjgLaiQYahwJa4eh26reeQBuu5AOOEwhiOpA84oyilTrwmPFqN+HnF5NeqexVvBncZeLnpExy1Hulr25fsTQGiUxQYzq+l2CQUY2cCZgUu6mBhLIRHUDHUkljMEE2O3ninlql70ZK25LoztTfExmNjRnHoe2MKQ7NojcV//M6KUbXQcZlkiJINl8UpcJF5U7/d/tcA0MxtoQyze2tLhtSTRnalIo2BH/x5WXSrFZ8r+LfX5ZrN3kcBXJMTsgZ8ckVqZE7UicNwogiz+SVvDnovDjvzse8dcXJZ47IHzifP6mzkNU=</latexit>

2 input parameters

3 neutrino masses,  
3 mixing angles, 
1 Dirac CP phase, 
2 Majorana phases 
= 9 observables

Currently measured 
5 observables 

Very predictive!

Predicts:

Good agreement!
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