
The lecture will begin shortly.  Please mute your 
microphone until you are ready to speak. 



- +

+
+
+

+

+

++

+

-
-

-
-

-

- -
-

-

-

-

-
+

+ +



Douglas Scott

Cosmological Recombination



Universe underwent a phase transition at about 
400,000 years


Precise evolution defines the “visibility function”


Shape of V(z) affects CMB anisotropies, which 
help answer Big Questions


Need to get the eV physics right to infer the 
correct 1015 GeV physics!


Reaching ~0.1% accuracy is hard!


But gory details can be worked out → fix simple 
ODE code → recfast (with fudges!)

Summary
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CMB Sky

Cleanest, most 
precise probe


of the contents and 
evolution


of the Universe

Temperature anisotropies at 400,000 years



The Universe is an inside-out star!

Crowe, Moss & Scott (2008)
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The Universe is an inside-out star!

Crowe, Moss & Scott (2008)
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Basic calculations 
completed by 1968 
in 2 seminal papers

Dicke

Peebles Kurt Sunyaev

Zeldovich



Temperature cools with expansion: T(z)=T0(1+z)


3kT=13.6eV ⇒ z≈23,000

But ∼109 photons per baryon


Saha in a cooling bath ⇒ z≈1500 (for x=0.5)


But Lyα optically thick, 2-photon slow, and 
“freeze-out” of free electron fraction


V(z)≡exp(-τ)dτ peaks at z≈1100

But what about low and high z tails?


Historically, Δz/z≈0.1 led to ∼10 reduction in 
ΔT/T estimates

When did the Universe recombine?



Saha (equilibrium) equation
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Sunyaev & Chluba (2007)

Profile of the Cosmic Photosphere
4 R.A. SUNYAEV and J. CHLUBA

Fig. 3. – Ionization history of the Universe and the origin of CMB signals. The observed angular fluctuations

in the CMB temperature are created close to the maximum of the Thomson visibility function around z ∼

1089, whereas the direct information carried by the photons in the cosmological hydrogen recombination

spectrum is from earlier times.

in the 1s-level. It is due to these very peculiar circumstances that the 2s↔ 1s-two-photon decay

process, being ∼ 108 orders of magnitude slower than the Lyman-α resonance transition, is able
to substantially control the dynamics of cosmological hydrogen recombination (Zeldovich et al.,

1968; Peebles, 1968), allowing about 57% of all hydrogen atoms in the Universe to recombine

at redshift z ! 1400 through this channel (Chluba & RS, 2006b).

Shortly afterwards (RS & Zeldovich, 1970; Peebles & Yu, 1970) it became clear that the

ionization history is one of the key ingredients for the theoretical predictions of the Cosmic

Microwave Background (CMB) temperature and polarization anisotropies. Today these tiny

directional variations of the CMB temperature (∆T/T0 ∼ 10
−5) around the mean value T0 =

2.725 ± 0.001K (Fixsen & Mather, 2002) have been observed for the whole sky using the

COBE and WMAP satellites, beyond doubt with great success. The high quality data coming from

balloon-borne and ground-based CMB experiments (BOOMERANG, MAXIMA, ARCHEOPS, CBI, DASI

and VSA etc.) today certainly provides one of the mayor pillars for the cosmological concordance

model (Bennett et al., 2003). Planned CMBmission like the PLANCK Surveyor will help to further

establish the era of precision cosmology.

In September 1966, one of the authors (RS) was explaining during a seminar at the Shternberg

Institute in Moscow how according to the Saha formula this recombination should occur. After

the talk his friend (UV astronomer) Vladimir Kurt (see Fig. 1) asked him: ’but where are all the

redshifted Lyman-α photons that were released during recombination?’ Indeed this was a great
question, which was then addressed in detail by Zeldovich et al. (1968), leading to an under-
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Unlike in the Lab and most other astro systems!


Radiation determines everything (can ignore 
collisional rates)


Wien tail means that there are zillions of n→2 
photons compared with 2→1 photons


So once an electron gets to ground state it’s safe


Primary effects are those involving 2→1


More than ½ H atoms used the 2-photon channel 
(not so forbidden!)

How did the Universe recombine?
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1st excited state



Effective 3-level atom

Ground state

1st excited state

All higher states

in equilibrium


with continuum



How to get to the ground state in H



hν= 10.2eV

Ly α

How to get to the ground state in H



hν= 10.2eV

Ly α

hν1 + hν2

= 10.2eV

How to get to the ground state in H
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recast
Solve ODE for level population

with clunky initial condition generator

written in fortran

using public code “dverk”

add helium deionization

and later “fudge factors”



recfast



recfast

a fast wreck
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recfast: basic equations

with

FH = 1.14 FHe = 0.86
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and for He II↔He III

(xe − 1 − fHe)xe

1 + 2fHe − xe
=

(2πmekBT )3/2

h3
PnH

e−χHeII/kBT . (81)

Here the χs are ionization potentials, nH is the total num-
ber density of hydrogen, fHe is the total number fraction
of helium to hydrogen fHe = nHe/nH = YP/4(1−YP), and
our definition of xe ≡ ne/nH results in the complicated-
looking left hand sides. The extra factor of 4 on the
right hand side for He I↔He II arises from the statistical
weights factor.

Fig. 9.— Helium and hydrogen recombination for two cosmolog-
ical models with YP = 0.24 and T0 = 2.728K. The first step from
right to left is recombination of He III to He II, the second step is
He II to He I, and the third step is H recombination.

Fig. 10.— Details of helium recombination for the standard CDM
cosmology (top figure) and the high ΩB cosmology (bottom figure).
The dashed lines show our new results, and the dotted lines show
the results assuming the ‘standard calculation’ (equivalent to Saha
equilibrium).

While our improved xe agrees fairly closely with Saha
recombination for He II (see §3.3.4), the difference in xe

from Saha recombination during He I recombination is
dramatic. Our new detailed treatment of He I shows He I

recombination finishing just after the start of H recom-
bination (see Fig. 9), i.e. significantly delayed compared
with the Saha equilibrium case. This is different from the
earlier calculations (e.g. MST), in which He I recombina-
tion is finished well before H recombination begins. In
this previous case, He I recombination still affected the
CMB anisotropy power spectrum on small angular scales

because the diffusion damping length grows continuously
and is sensitive to the full thermal history (HSSW). In
our new case, particularly for our low ΩB models He I re-
combination is still finishing at the very beginning of H
recombination, which further affects the power spectrum
at large angular scales (see §3.7). We show a ‘blow-up’ of
the two helium recombination epochs in Fig. 10.

3.3.2. Physics of He I Recombination

The physics of He I recombination can be summarized
as follows. There are three major aspects to it: (1) the
He I has excited states which are able to retain charge;
but (2) being very close to the continuum, the highly ex-
cited states are easily photoionized by the radiation field
at z ≃ 3000; then (3) we have a standard hydrogenic-like
Case B recombination, which is unaffected by neutral H
removing He I 21p–11s (resonance line) photons.

Fig. 11.—: This figure shows why the Saha equilibrium recombi-
nation rate (RSaha) for He I is not valid. Comparing the dotted and
dashed lines, the photoexcitation rate (i.e. photoabsorption rate) for
He 21p−11s (RHe) is orders of magnitude greater than the photoion-
ization rate for H (RH) from the same He I 21p−11s photon pool;
there is no possibility for H to ‘steal’ the photons to speed up He I
recombination. For Saha recombination to be valid, RH > RHe,
as well as RH ≥ RSaha. For the sCDM model shown here, He I
recombination begins around z = 3000.

The He I atom has a metastable, i.e. very slow, set of
states – the triplets (e.g. n3p–n1s). Therefore, overall the
excited states of He I can naturally retain more charge
than a simple hydrogenic system under Boltzmann equilib-
rium. The situation would resemble what we found for H
recombination with the enhanced populations of the higher
states, and would lead to faster reduction of xe. However,
the high excited states of He I are much more strongly
‘packed’ towards the continuum compared to those of H;
the energy difference between the 3p levels and the con-
tinuum is 1.6 eV for He I versus 1.5 eV for H, compared to
24.6 eV versus 13.6 eV for the ground state–continuum en-
ergy difference. This is enough to depopulate the triplets
(whose ‘ground state’ is n=23s), given the much higher
radiation temperature during He I recombination. Left on
its own under these circumstances, He I would recombine
much like the standard Case B effective 3-level H atom,
i.e. slower than Saha recombination. There is one possi-
ble obstacle – it is the existence of some neutral H, which
could ‘steal’ He I resonance line photons, invalidate the ef-
fective Case B and make it a Saha recombination instead.
However, our detailed calculation shows that neutral H
during He I recombination is not able to accomplish that,

Seager, Sasselov & Scott (2000)

[but not correct!]
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3 main recombination transitions



Grotrian diagram for Helium

14 How exactly did the Universe become neutral?

sary because we evolve H, He I, and He II simultaneously.
which is necessary because we evolve H, He I, and He II

simultaneously.

3.2.6. Other Recent Studies

The previous study that was closest in approach to our
own was that of Dell’Antonio & Rybicki (1993), who calcu-
lated recombination for a ten-level hydrogen atom in order
to estimate the spectral distortions to the CMB blackbody
radiation spectrum. Ten levels are insufficient to calculate
recombination accurately, because the higher energy levels
of the atom are completely ignored (see Fig. 3). However
the accuracy of the ionization fraction (xe) was sufficient
to determine the magnitude of the spectral distortions.
Their recombination model treated individual levels, but
used a recombination coefficient to each level of the form
TM

−1/2. Because the form of the recombination coeffi-
cient dominates the H recombination process, our models
are not equivalent, and so there is little use in comparing
the results.

More recently, Boschan & Biltzinger (1998) derived a
new parameterized recombination coefficient to solve the
recombination equation of the standard calculation, and
to generate spectral distortions in the CMB. Their cal-
culation differs from ours in that their recombination co-
efficient is pre-calculated. Hence it is not an interactive
part of the calculation, and does not allow the advantages
that our calculation does, mainly the feedback of the non-
equilibrium in the excited states on the net recombination
rate. While they include pressure broadening for a cutoff
in the partition function, they neglect thermal broaden-
ing. A more serious problem is their method of inclu-
sion of stimulated recombination, as originally suggested
by Sasaki & Takahara (1993), who included stimulated re-
combination as positive recombination instead of negative
ionization. The physics (as described in §2.3.1) and our
computational results are the same regardless of whether
stimulated recombination is treated as positive recombi-
nation or negative ionization. However, this may not be
the case computationally for the standard calculation, if
it is not treated with care. We defer a full discussion of
these matters to a separate paper (Seager & Sasselov, in
preparation).

We have also investigated how we can approximate our
calculations, so that other researchers can obtain approx-
imately accurate results without the need to follow 300
levels in a hydrogen atom. Because the net effect of our
new H calculation is a faster recombination (a lower freeze-
out ionization fraction), our results can be reproduced by
artificially speeding up recombination in the standard cal-
culation. Further details are described in Seager, Sasselov,
& Scott (1999).

3.3. Helium

We compute helium and hydrogen recombination simul-
taneously. The recombination of He III into He II and
He II into He I is calculated in much the same way as
hydrogen, with recombination, photoionization, redshift-
ing of the n1p–11s lines (in H these are the Lyman lines),
inclusion of the 21s–11s two-photon rates, collisional exci-
tation, collisional deexcitation, collisional ionization, and
collisional recombination, as described in §2.3.1–2.3.3. The
multi-level He I atom includes the first 4 angular momen-

tum states up to the level n=20, above which only the
principal quantum number energy levels and transitions
are used. Fig. 8 (which shows the levels up to n=4 only)
indicates how much more complicated the He I atom is
compared with H or the hydrogenic He II. Our multi-level
He II atom includes the first 4 angular momentum states
up to the level n=4, above which only the principal quan-
tum number energy levels and transitions are used.

Fig. 8.— Grotrian diagram for He I, showing the states with n ≤ 4
and the continuum. In practice our model atom explicitly contains
the first 4 angular momentum states up to n=20, and 120 principal
quantum number energy levels beyond.

Photoionizations from any He I excited state are allowed
only into the ground state of He II, because there are few
photons energetic enough (> 40 eV) to do more than that.
Two electron transitions in He I are negligible at recombi-
nation era temperatures.

Cosmological helium recombination was discussed ex-
plicitly in Matsuda et al. (1969, 1971, hereafter MST), and
Sato, Matsuda & Takeda (1971), and to a lesser extent in
Lyubarsky & Sunyaev (1983), while several other papers
give results, but no details (e.g. Lepp & Shull 1984; Fahr &
Loch 1991; Galli & Palla 1998). The main improvement in
our calculation over previous treatments of helium is that
we use a multi-level He II atom, a multi-level He I atom
with triplets and singlets treated correctly, and evolve the
population of each energy level with redshift by includ-
ing all bound-bound and bound-free transitions. This is
not possible for the standard recombination calculation
method (equation (71)) extended to He I, using an effec-
tive three-level He I atom with only a singlet ground state,
singlet first excited state and continuum.

3.3.1. Results From He I Recombination

Fig. 9, shows the ionization fraction xe through He II,
He I and H recombination, plotted against the standard H
calculation that includes He II and He I recombination via
the Saha equation. For completeness we give the helium
Saha equations here:
for He I↔He II

(xe − 1)xe

1 + fHe − xe
= 4

(2πmekBT )3/2

h3
PnH

e−χHeI/kBT , (80)

Complicated!



What happens to the recombination photons?

For Ly α and 
2-photon here

Other lines 
can also be 
calculated

Definite prediction but measurable??



recfast
http://www.astro.ubc.ca/people/scott/recfast.html


latest version 1.5.2

good enough for Planck

essentially solves a “3-level atom”

simultaneously for H and for He


(it’s ZKS (1968) with attention to accuracy)

includes “fudge factors” to approximate the 
results of more accurate calculations

the corrections are cosmology-independent 
because standard cosmology is so well constrained


(but not true for far-out theories)

http://www.astro.ubc.ca/people/scott/recfast.html


The devil is in the details
How big an effect on the anisotropy power 
spectra is implied by uncertainty in V(z)?


Hu, Scott, Sugiyama & White (1995):

1% effects are not fully under control


Seager, Sasselov & Scott (1999,2000): recfast

Seljak, Sugiyama, White & Zaldarriaga (2003):


0.1% accuracy if you use same recombination


Lots of new detailed effects in last ~10 years

Moss, Scott & Wong (2008):


Most effects can be “fudged” in 3-level code


0.1% is very challenging, but now done
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Why should I care?!
Shape of V(z) affects CMB anisotropies

Need to get the ∼eV physics insanely precise

in order not to screw up the ∼1015 GeV physics!

So wrong V(z) can bias cosmological parameters

CMB used to estimate cosmological parameters

Subtly wrong V(z) can bias the parameters



Planck Collaboration: The Planck mission
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Fig. 19. The temperature angular power spectrum of the primary CMB from Planck, showing a precise measurement of seven acoustic peaks, that
are well fit by a simple six-parameter�CDM theoretical model (the model plotted is the one labelled [Planck+WP+highL] in Planck Collaboration
XVI (2013)). The shaded area around the best-fit curve represents cosmic variance, including the sky cut used. The error bars on individual points
also include cosmic variance. The horizontal axis is logarithmic up to ⇥ = 50, and linear beyond. The vertical scale is ⇥(⇥+ 1)Cl/2�. The measured
spectrum shown here is exactly the same as the one shown in Fig. 1 of Planck Collaboration XVI (2013), but it has been rebinned to show better
the low-⇥ region.
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Fig. 20. The temperature angular power spectrum of the CMB, esti-
mated from the SMICA Planck map. The model plotted is the one la-
belled [Planck+WP+highL] in Planck Collaboration XVI (2013). The
shaded area around the best-fit curve represents cosmic variance, in-
cluding the sky cut used. The error bars on individual points do not in-
clude cosmic variance. The horizontal axis is logarithmic up to ⇥ = 50,
and linear beyond. The vertical scale is ⇥(⇥ + 1)Cl/2�. The binning
scheme is the same as in Fig. 19.

8.1.1. Main catalogue

The Planck Catalogue of Compact Sources (PCCS, Planck
Collaboration XXVIII (2013)) is a list of compact sources de-

tected by Planck over the entire sky, and which therefore con-
tains both Galactic and extragalactic objects. No polarization in-
formation is provided for the sources at this time. The PCCS
di⇥ers from the ERCSC in its extraction philosophy: more e⇥ort
has been made on the completeness of the catalogue, without re-
ducing notably the reliability of the detected sources, whereas
the ERCSC was built in the spirit of releasing a reliable catalog
suitable for quick follow-up (in particular with the short-lived
Herschel telescope). The greater amount of data, di⇥erent selec-
tion process and the improvements in the calibration and map-
making processing (references) help the PCCS to improve the
performance (in depth and numbers) with respect to the previ-
ous ERCSC.

The sources were extracted from the 2013 Planck frequency
maps (Sect. 6), which include data acquired over more than two
sky coverages. This implies that the flux densities of most of
the sources are an average of three or more di⇥erent observa-
tions over a period of 15.5 months. The Mexican Hat Wavelet
algorithm (López-Caniego et al. 2006) has been selected as the
baseline method for the production of the PCCS. However, one
additional methods, MTXF (González-Nuevo et al. 2006) was
implemented in order to support the validation and characteriza-
tion of the PCCS.

The source selection for the PCCS is made on the basis of
Signal-to-Noise Ratio (SNR). However, the properties of the
background in the Planck maps vary substantially depending on
frequency and part of the sky. Up to 217 GHz, the CMB is the

27

Results: power spectrum
Main result: Exquisite measurement of the temperature power 
spectrum

Planck’s exquisite power spectrum!



Planck (+others) constraining inflation

□ Inflation is modeled by a scalar field φ with a very flat 
potential energy function V(φ)

□ Planck constrains specific models of inflation
□ More information from the polarization of the CMB, which 

may observe the presence of gravitational waves in the early 
Universe: 
■ next year’s Planck

data release
■ next-gen ground & 

balloon expts
(e.g., PolarBear,
EBEX, SPIDER,…)

Planck Collaboration: The Planck mission

Table 9. Cosmological parameter values for the Planck-only best-fit 6-parameter ⇤CDM model (Planck temperature data plus lensing) and for
the Planck best-fit cosmology including external data sets (Planck temperature data, lensing, WMAP polarization [WP] at low multipoles, high-`
experiments, and BAO, labelled [Planck+WP+highL+BAO] in Planck Collaboration XVI (2013)). Definitions and units for all parameters can be
found in Planck Collaboration XVI (2013).

Planck (CMB+lensing) Planck+WP+highL+BAO

Parameter Best fit 68 % limits Best fit 68 % limits

⌦bh2 . . . . . . . . . . 0.022242 0.02217 ± 0.00033 0.022161 0.02214 ± 0.00024

⌦ch2 . . . . . . . . . . 0.11805 0.1186 ± 0.0031 0.11889 0.1187 ± 0.0017

100✓MC . . . . . . . . 1.04150 1.04141 ± 0.00067 1.04148 1.04147 ± 0.00056

⌧ . . . . . . . . . . . . 0.0949 0.089 ± 0.032 0.0952 0.092 ± 0.013
ns . . . . . . . . . . . 0.9675 0.9635 ± 0.0094 0.9611 0.9608 ± 0.0054

ln(1010As) . . . . . . . 3.098 3.085 ± 0.057 3.0973 3.091 ± 0.025

⌦⇤ . . . . . . . . . . . 0.6964 0.693 ± 0.019 0.6914 0.692 ± 0.010

�8 . . . . . . . . . . . 0.8285 0.823 ± 0.018 0.8288 0.826 ± 0.012

zre . . . . . . . . . . . 11.45 10.8+3.1
�2.5 11.52 11.3 ± 1.1

H0 . . . . . . . . . . . 68.14 67.9 ± 1.5 67.77 67.80 ± 0.77

Age/Gyr . . . . . . . 13.784 13.796 ± 0.058 13.7965 13.798 ± 0.037

100✓⇤ . . . . . . . . . 1.04164 1.04156 ± 0.00066 1.04163 1.04162 ± 0.00056

rdrag . . . . . . . . . . 147.74 147.70 ± 0.63 147.611 147.68 ± 0.45

rdrag/DV(0.57) . . . . 0.07207 0.0719 ± 0.0011

for “running” of the spectral index. The spectrum does, however,
deviate significantly (6�) from scale invariance, as predicted by
most models of inflation (see below). The unique contribution
of Planck, compared to previous experiments, is that the depar-
ture from scale invariance is robust to changes in the underlying
theoretical model.

We find no evidence for extra relativistic species, beyond the
three species of (almost) massless neutrinos and photons. The
main e↵ect of massive neutrinos is a suppression of clustering on
scales larger than the horizon size at the non-relativisitic transi-
tion. This a↵ects both C��L with a damping for L > 10, and CTT

`
reducing the lensing induced smoothing of the acoustic peaks.
Using Planck data in combination with polarization measured
by WMAP and high-` anisotropies from ACT and SPT allows
for a constraint of

P
m⌫ < 0.66 eV (95 % CL) based on the

[Planck+WP+highL] model. Curiously, this constraint is weak-
ened by the addition of the lensing likelihood

P
m⌫ < 0.85 eV

(95 % CL), reflecting mild tensions between the measured lens-
ing and temperature power spectra, with the former preferring
larger neutrino masses than the latter. Possible origins of this
tension are explored further in Planck Collaboration XVI (2013)
and are thought to involve both the C��L measurements and fea-
tures in the measured CTT

` on large scales (` < 40) and small
scales ` > 2000 that are not fit well by the ⇤CDM+foreground
model. The signal-to-noise on the lensing measurement will im-
prove with the full mission data, including polarization, and it
will be interesting to see how this story develops.

The combination of large lever arm, sensitivity to isocurva-
ture fluctuations and non-Gaussianity makes Planck particularly
powerful at probing inflation. Constraints on inflationary mod-
els are presented in Planck Collaboration XXII (2013) and over-
whelmingly favor a single, weakly coupled, neutral scalar field
driving the accelerated expansion and generating curvature per-
turbations. The models that fit best have a canonical kinetic term
and a field slowly rolling down a featureless potential.
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Fig. 26. Marginalized 68 % and 95 % confidence levels for ns and r from
Planck+WP and BAO data, compared to the theoretical predictions of
selected inflationary models.

Of the models considered, those with locally concave poten-
tials are favored and occupy most of the region in the ns,r plane
allowed at 95 % confidence level (see Fig. 23). Power law in-
flation, hybrid models driven by a quadratic term and monomial
large field potentials with a power larger than two lie outside the
95 % confidence contours. The quadratic large field model, in
the past often cited as the simplest inflationary model, is now at
the boundary of the 95 % confidence contours of Planck + WP
+ CMB high ` data.

The axion and curvaton scenarios, in which the CDM isocur-
vature mode is uncorrelated or fully correlated with the adiabatic
mode, respectively, are not favored by Planck, which constrains
the contribution of the isocurvature mode to the primordial spec-
tra at k = 0.05Mpc�1 to be less than 3.9 % and 0.25 % (at 95 %
CL), respectively.

The Planck results come close to the tightest upper limit on
the tensor-to-scalar amplitude possible from temperature data
alone. The precise determination of the higher acoustic peaks
breaks degeneracies that have weakened earlier measurements.
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But this can be biased if we 
don’t get high-z V(z) right

□ Inflation is modeled by a scalar field φ with a very flat 
potential energy function V(φ)

□ Planck constrains specific models of inflation
□ More information from the polarization of the CMB, which 

may observe the presence of gravitational waves in the early 
Universe: 
■ next year’s Planck

data release
■ next-gen ground & 

balloon expts
(e.g., PolarBear,
EBEX, SPIDER,…)

Planck Collaboration: The Planck mission

Table 9. Cosmological parameter values for the Planck-only best-fit 6-parameter ⇤CDM model (Planck temperature data plus lensing) and for
the Planck best-fit cosmology including external data sets (Planck temperature data, lensing, WMAP polarization [WP] at low multipoles, high-`
experiments, and BAO, labelled [Planck+WP+highL+BAO] in Planck Collaboration XVI (2013)). Definitions and units for all parameters can be
found in Planck Collaboration XVI (2013).

Planck (CMB+lensing) Planck+WP+highL+BAO

Parameter Best fit 68 % limits Best fit 68 % limits

⌦bh2 . . . . . . . . . . 0.022242 0.02217 ± 0.00033 0.022161 0.02214 ± 0.00024

⌦ch2 . . . . . . . . . . 0.11805 0.1186 ± 0.0031 0.11889 0.1187 ± 0.0017

100✓MC . . . . . . . . 1.04150 1.04141 ± 0.00067 1.04148 1.04147 ± 0.00056

⌧ . . . . . . . . . . . . 0.0949 0.089 ± 0.032 0.0952 0.092 ± 0.013
ns . . . . . . . . . . . 0.9675 0.9635 ± 0.0094 0.9611 0.9608 ± 0.0054

ln(1010As) . . . . . . . 3.098 3.085 ± 0.057 3.0973 3.091 ± 0.025

⌦⇤ . . . . . . . . . . . 0.6964 0.693 ± 0.019 0.6914 0.692 ± 0.010

�8 . . . . . . . . . . . 0.8285 0.823 ± 0.018 0.8288 0.826 ± 0.012

zre . . . . . . . . . . . 11.45 10.8+3.1
�2.5 11.52 11.3 ± 1.1

H0 . . . . . . . . . . . 68.14 67.9 ± 1.5 67.77 67.80 ± 0.77

Age/Gyr . . . . . . . 13.784 13.796 ± 0.058 13.7965 13.798 ± 0.037

100✓⇤ . . . . . . . . . 1.04164 1.04156 ± 0.00066 1.04163 1.04162 ± 0.00056

rdrag . . . . . . . . . . 147.74 147.70 ± 0.63 147.611 147.68 ± 0.45

rdrag/DV(0.57) . . . . 0.07207 0.0719 ± 0.0011

for “running” of the spectral index. The spectrum does, however,
deviate significantly (6�) from scale invariance, as predicted by
most models of inflation (see below). The unique contribution
of Planck, compared to previous experiments, is that the depar-
ture from scale invariance is robust to changes in the underlying
theoretical model.

We find no evidence for extra relativistic species, beyond the
three species of (almost) massless neutrinos and photons. The
main e↵ect of massive neutrinos is a suppression of clustering on
scales larger than the horizon size at the non-relativisitic transi-
tion. This a↵ects both C��L with a damping for L > 10, and CTT

`
reducing the lensing induced smoothing of the acoustic peaks.
Using Planck data in combination with polarization measured
by WMAP and high-` anisotropies from ACT and SPT allows
for a constraint of

P
m⌫ < 0.66 eV (95 % CL) based on the

[Planck+WP+highL] model. Curiously, this constraint is weak-
ened by the addition of the lensing likelihood

P
m⌫ < 0.85 eV

(95 % CL), reflecting mild tensions between the measured lens-
ing and temperature power spectra, with the former preferring
larger neutrino masses than the latter. Possible origins of this
tension are explored further in Planck Collaboration XVI (2013)
and are thought to involve both the C��L measurements and fea-
tures in the measured CTT

` on large scales (` < 40) and small
scales ` > 2000 that are not fit well by the ⇤CDM+foreground
model. The signal-to-noise on the lensing measurement will im-
prove with the full mission data, including polarization, and it
will be interesting to see how this story develops.

The combination of large lever arm, sensitivity to isocurva-
ture fluctuations and non-Gaussianity makes Planck particularly
powerful at probing inflation. Constraints on inflationary mod-
els are presented in Planck Collaboration XXII (2013) and over-
whelmingly favor a single, weakly coupled, neutral scalar field
driving the accelerated expansion and generating curvature per-
turbations. The models that fit best have a canonical kinetic term
and a field slowly rolling down a featureless potential.
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Fig. 26. Marginalized 68 % and 95 % confidence levels for ns and r from
Planck+WP and BAO data, compared to the theoretical predictions of
selected inflationary models.

Of the models considered, those with locally concave poten-
tials are favored and occupy most of the region in the ns,r plane
allowed at 95 % confidence level (see Fig. 23). Power law in-
flation, hybrid models driven by a quadratic term and monomial
large field potentials with a power larger than two lie outside the
95 % confidence contours. The quadratic large field model, in
the past often cited as the simplest inflationary model, is now at
the boundary of the 95 % confidence contours of Planck + WP
+ CMB high ` data.

The axion and curvaton scenarios, in which the CDM isocur-
vature mode is uncorrelated or fully correlated with the adiabatic
mode, respectively, are not favored by Planck, which constrains
the contribution of the isocurvature mode to the primordial spec-
tra at k = 0.05Mpc�1 to be less than 3.9 % and 0.25 % (at 95 %
CL), respectively.

The Planck results come close to the tightest upper limit on
the tensor-to-scalar amplitude possible from temperature data
alone. The precise determination of the higher acoustic peaks
breaks degeneracies that have weakened earlier measurements.
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where we see that He I recombination is pushed back to
higher redshifts than for the sCDM case, and also that H
recombination happens earlier, which, together with the
higher ΩB and h, shifts the peak of the visibility func-
tion to lower redshifts relative to the recombination curve.
Hence the the high-z tail of the visibility function is much
less affected in this case, and our improved He I calcu-
lation has essentially negligible effect. However, for less
extreme models we find that the He I effect is always at
least marginally significant.

Fig. 18.— The total effect of our improvements on the CMB
power spectra for: (a) the standard CDM model; and (b) an ex-
treme baryonic model. These plots are essentially the sum of the
separate effects of hydrogen and helium.

Taking the two main effects together, for the sCDM
model, we find that they have essentially the same sign,
so that the total effect of our new calculation is more dra-
matic (see Fig. 18(a)). Both effects lead to a slight in-
crease in the anisotropies, particularly at small angular
scales (high ℓ). Although the exact details will depend on
the underlying cosmological model, we see the same gen-
eral trend for most parameters we have looked at. The

change can be higher than 5% for the smallest scales, al-
though it should be remembered that the absolute ampli-
tude of the anisotropies at such scales is actually quite low.
Nevertheless, changes of this size are well above the level
which is relevant for future determinations of the power
spectrum. As a rough measure, the cosmic variance at
ℓ ∼ 1000 is about 3%. Hence a 1% change over a range
of say 1000 multipoles is something like a 10σ effect for a
cosmic variance limited experiment. What we can see is
that although the effects are far from astonishing, they are
at a level which is potentially measurable. Hence our im-
provements are significant in terms of using future CMB
data-sets to infer the values of cosmological parameters; if
not properly taken into account these subtle effects in the
atomic physics of hydrogen and helium might introduce
biases in the determination of fundamental parameters.

3.8. Spectral Distortions to the CMB

With the model described in this paper we plan to cal-
culate spectral distortions to the blackbody radiation of
the CMB today (see also Dubrovich 1975; Lyubarsky &
Sunyaev 1983; Fahr & Loch 1991; Dell’Antonio & Ry-
bicki 1993; Burdyuzha & Chekmezov 1994; Dubrovich &
Stolyarov 1995, 1997; Boschan & Biltzinger 1998). The
main emission from Ly α and the two-photon process will
be in the far-infrared part of the spectrum. Transitions
among the very high energy levels, which have very small
energy separations, may produce spectral distortions in
the radio. Although far weaker than distortions by the
lower Lyman lines, they will be in a spectral region less
contaminated by background sources.

Detecting such distortions will not be easy, since they
are generally swamped by Galactic infra-red or radio emis-
sion and other foregrounds. Our new calculation does not
yield any vast improvement in the prospects for detection.
However, confirmation of the presence of these recombina-
tion lines would be a definitive piece of supporting evidence
for the whole Big Bang paradigm. Moreover, detailed mea-
surement of the lines, if ever possible to carry out, would
be a direct diagnostic of the recombination process. For
these reasons we will present spectral results elsewhere.

4. CONCLUSIONS

One point we would like to stress is that our detailed cal-
culation agrees very well with the results of the effective
3-level atom. This underscores the tremendous achieve-
ment of Peebles, Zel’dovich and colleagues in so fully un-
derstanding cosmic recombination 30 years ago. However,
the great goal of modern cosmology is to determine the
cosmological parameters to an unprecedented level of pre-
cision, and in order to do so it is now necessary to under-
stand very basic things, like recombination, much more
accurately.

We have shown that improvements upon previous re-
combination calculations result in a roughly 10% change
in xe at low redshift for most cosmological models, plus
a substantial delay in He I recombination, resulting in a
few percent change in the CMB power spectrum at small
angular scales. Specifically, the low redshift difference in
xe is due to the H excited states’ departure from an equi-
librium distribution. This in turn comes from the level-by-
level treatment of a 300-level H atom, which includes all
bound-bound radiative rates, and which allows feedback

Seager, Sasselov & Scott (2000)

Combined (old)

H and He effects

With a given

recombination 
history, can 
calculate V(z) 
and hence effect 
on anisotropies
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FIG. 12: The change in CMB temperature power spectrum,
E-mode polarization, and cross correlation due to the two-
photon processes described in this paper. The full calculation
is shown with the solid lines, and the prediction from our
simple analytic model is shown with the dashed lines.

VII. CONCLUSION

In this paper we have reconsidered the physics of two-
photon decays in hydrogen recombination, with particu-
lar emphasis on decays from highly excited levels n ≥ 3
of H i. We reviewed the conceptual difficulties that have
plagued earlier attempts to incorporate these transitions,
particularly those that arise from sequential “1+1” de-
cays such as 3d → 2p → 1s. We argued that the notion
of an effective two-photon decay coefficient, useful and
beloved for the 2s → 1s decay of H i, must be aban-
doned for the higher states in order to resolve these con-
ceptual difficulties. Rather one must resolve these two-
photon decays as a function of frequency of the emitted
photons and solve the full radiative transfer problem for
two-photon emission and absorption.

In addition to the two-photon decays from the highly
excited states, we have also considered Raman scatter-
ing and two-photon recombination. These are physically
and mathematically very similar processes, with the dif-
ferences being moving one photon from the final to ini-
tial state (for Raman scattering) and moving the initial

electron from a bound to a free state (for two-photon
recombination). Neither process has previously been in-
vestigated in the cosmological context.

Our major phenomenological findings are as follows:

1. The traditional treatment of two-photon decays
from 2s does not account for stimulated emission
and re-absorption of the Lyα spectral distortion.
The maximal correction to xe from these effects is
0.6% and over most of the redshift range the net
effect is to delay recombination. We agree with
both the physical picture and the calculation of
past studies of these effects [23, 24].

2. Recombination is sped up by sub-Lyα two-photon
decays from higher excited states; the most im-
portant initial state is 3d. Physically, inclusion of
this effect involves a combination of two-photon
emission and absorption which must be handled
through a radiative transfer calculation; there is
no relevant effective two-photon decay coefficient
Λ3d analogous to that for 2s. We find a maximum
change of 1.7% in xe, roughly 4 times that found
by WS07 and CS07.

3. Super-Lyα two-photon decays initially speed up
recombination by supplying another route to the
ground state of hydrogen. These photons produce
a delayed feedback that slows down recombination
at z < 1100 as they redshift down to Lyα. The
maximum effect on xe is 0.7%. The time depen-
dence of the line profile plays a central role in this
effect.

4. CMB photons can Raman scatter from hydrogen
atoms in the 2s level and insert the atom into the
ground state. Again this initially speeds up recom-
bination but produces photons blueward of Lyα
that produce delayed feedback. The maximum ef-
fect on xe is 1.0%.

5. Direct two-photon recombinations to the ground
state of hydrogen are negligible.

6. The net effect of the two-photon transitions on the
CMB power spectrum is two-fold: (i) they suppress
the temperature and polarization power spectra by
up to 2% at L ∼ 3000 due to increased Silk damp-
ing from the faster early stages of recombination;
and (ii) they increase the degree-scale polarization
by ∼0.7% due to the wider surface of last scatter.
At “Fisher matrix” level the net effect is 7σ for
Planck.

We have constructed analytic approximations to all
of the important two-photon processes that reproduce
qualitatively and quantitatively the numerical radiative
transfer results. The error from using these analytic ap-
proximations instead of doing full two-photon radiative
transfer will be 0.8σ for Planck. While much work lies
ahead – our code even with the analytic approximations
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Burst of activity, motivated by CMB anisotropies

About a paper a year for 30 years!

Then lots of activity (now slowing?)

The 0.1% goal is extremely hard for any 
calculation of anything

It won’t get any easier

Future recombination calculations are not 
for the faint of heart!

But they will eventually be necessary!
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Effect Max. ∆xe z References

Energy level

Seperate L-state in H i atom -0.7% 1090 [6, 50]
+1% ≤ 900

Bound-bound transition
Inclusion of He i 23P1–11S0 -1.1% 1750 [19, 64]

-0.3%* 1900 [62]
Inclusion of He i n3P1–11S0 (n ≥ 3) -4 × 10−3%* 2000 [62]
Inclusion of H i ns, nd–1s (n ≥ 3):
- effective rate only -0.4% 1200 [9, 64]
- with feedback -1.2% 1250 [26]
- with feedback and Raman scattering +1.3% 900 [26]
Inclusion of He i n1S, n1D–11S0 (n ≥ 3):
- effective rate only -0.5% 1800 [19, 64]
- with feedback and Raman scattering -0.05% 2000 [27]
Bound-free transition
Direct recombination for H i -6 × 10−4% 1280 [8]
Direct recombination for He i -0.02% 1900 [28, 61]
Radiative transfer
Continuum opacity of H i -2.5%* 1800 [61, 62]
in He i 21P1–11S0

Feedback between He i 23P–11S0 +1.5%* 1800 [61, 62]
and 21P1–11S0 -2600
Stimulated and induced H i 2s–1s +0.6% 900 [7, 26, 32]
Diffusion of Lyα line profile ∼-1% 900 [23, 24, 35, 36]
(with recoil of H atoms)
Continuum opacity of H i modified -0.5%* 1800 [61, 62]
to feedback in He i lines
Continuum opacity of H i in He i -0.05%* 1900 [61, 62]
n1P–11S0, n3P–11S0 (n ≥ 3), n1D–11S0

Coherent scattering in n1P–11S0 -0.02%* 2000 [61]
Evolution of TM ±10−3% - [28, 56, 61]
Secondary distortions from He i +0.1% - [56, 60]
& H i in H i recombination
Others
He i 23P1–11S0 spontaneous rate ±0.1% 1900 [62]
CMB monopole temp. TCMB ±1mK ±0.5% 900 [10]
Formation of hydrogen molecule -1% < 150 [56]

Table 2.1: Summary of the improvements and uncertainties in numerical re-
combination calculation. Here ∆xe is the difference from the value given by
recfast [55]. *Note: This is the relative change compared with the full radia-
tive model in Switzer & Hirata (2007) [62].
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New codes produced - more physics, but more 
computating time:


• Hyrec - Ali-Haïmoud & Hirata (2011)


• Cosmorec - Chluba & Thomas (2011)


Useful code comparisons carried out


General agreement that calculations accurate 
enough for primary CMB anisotropies


But there’s always more to do!

Progress



Are we done?

Have we included all the levels needed for H?

Are all rates and cross-sections for He known?

Included all interactions between H and He?

Radiative transfer good enough?  Line redistribution?

Will we eventually need ray tracing?

Is the line spectrum accurate (for measurement?)

Are any other scattering effects important?

Do we ever need to think about perturbations?

Other things we haven’t thought of yet?

Can we constrain unknown effects by constraining 
phenomenological parameters in MCMC fits to data?
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Scott, Rees & Sciama 1991

Started in 1989!
Adapted recombination history to include decaying particles

(see Appendix A of Ph.D. thesis)
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To compile with a modern compiler (because of old 
fortran dialect that uses tabs for line continuation):

Grab code recfast.for from web page

gfortran -ffixed-line-length-0 -std=legacy recfast.for -o recfast

(There are probably other solutions, and other 
compilers that could be used)

Then run with ./recfast

Answer questions about parameters etc., e.g.
filename.out


 0.04 0.20 0.76
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The devil is in the details

2 W. Y. Wong, A. Moss and D. Scott

gen (H i) causes helium recombination to end earlier than
previously estimated (see Fig. 1). Hirata & Switzer (2007)
also found that the high order two-photon rates have a neg-
ligible effect on He i, and the same conclusion was made
by other groups for hydrogen as well (Wong & Scott 2007;
Chluba & Sunyaev 2007b), largely because the approximate
rates adopted by Dubrovich & Grachev (2005) had been
overestimated. The biggest remaining uncertainty in He i

recombination is the rate of the 23p–11s transition, which
causes a variation equal to about 0.1 per cent in the ioniza-
tion fraction xe (Switzer & Hirata 2007b).

For hydrogen, Chluba et al. (2007) improved the multi-
level calculation by considering seperate angular momentum
ℓ states. This brings about a 0.6 per cent change in xe at the
peak of the visibility function, and about 1 per cent at red-
shifts z < 900. The effect of the induced 2s–1s two-photon
rate due to the radiation background (Chluba & Sunyaev
2006) is partially compensated by the feedback of the Ly α
photons (Kholupenko & Ivanchik 2006), and the net max-
imum effect on xe is only 0.55 per cent at z ≃ 900.
The high-order two photon transitions bring about a 0.4
per cent change in xe at z ≃ 1160 (Wong & Scott 2007;
Chluba & Sunyaev 2007b). There are also 0.22 per cent
changes in xe at z ≃ 1050 when one considers the Lyman
series feedback up to n = 30, and there is additionally pos-
sibility of direct recombination, although this has only a
roughly 10−4 per cent effect (Chluba & Sunyaev 2007a).

The list of suggested updates on xe is certainly not com-
plete yet, since some additional effects, such as the conver-
gence of including higher excited states and the feedback-
induced corrections due to the He i spectral distortions, may
enhance or cancel other effects. In general we still need to
develop a complete multi-level code for hydrogen, with de-
tailed interactions between the atoms and the radiation field.
However, what is really important here is establishing how
these effects propagate into possible systematic uncertain-
ties in the estimation of cosmological parameters.

Since the uncertainties in cosmological recombination
discussed in the Lewis et al. (2006) paper have been re-
duced or updated, it is time to revisit the topic on how
the new effects or remaining uncertainties might affect the
constraints on cosmological parameters in future experi-
ments. The recent full version of the He i recombination cal-
culation (Switzer & Hirata 2007a,b; Hirata & Switzer 2007)
takes too long to run to be included within the current
Boltzmann codes for Cℓ. So instead, in this paper, we try
to reproduce the updated ionization history by modifying
Recfast (Seager et al. 1999) using a simple parametrization
based on the fitting formulae provided by Kholupenko et al.
(2007). We then use the CosmoMC (Lewis & Bridle 2002)
code to investigate how much this impacts the constraints
on cosmological parameters for an experiment like Planck.

2 RECOMBINATION MODEL

In this paper, we modify Recfast based on the fitting for-
mulae given by Kholupenko et al. (2007) for including the
effect of the continuum opacity of neutral hydrogen for He i

recombination. The basis set of rate equations of the ioniza-

Figure 1. Top panel: Ionization fraction xe as a function of
redshift z. The dotted (red) line is calculated using the origi-
nal RECFAST code. The solid (black) line is the numerical re-
sult from Switzer & Hirata (2007b), while the dashed (blue) and
long-dashed (green) lines are both evaluated based on the modi-
fication given by Kholupenko et al. (2007) – the dashed one has
bHe = 0.97 (the value used in the original paper) and the long-
dashed one has bHe = 0.86. Bottom panel: The visibility func-
tion g(z) versus redshift z. The two curves calculated (dotted
and long-dashed) correspond to the same recombination models
in the upper panel. The cosmological parameters used for these
two graphs are, ΩB = 0.04592, ΩM = 0.27, ΩCDM = 0.22408,
TCMB = 2.728 K, H0 = 71 kms−1 Mpc−1 and fHe = 0.079.

Figure 2. Ionization fraction xe as a function of redshift z cal-
culated based on the modified He i recombination discussed here
with different values of the helium fitting parameter bHe. The
curve with bHe = 0 (dot-dashed, blue) overlaps the line using
Saha equilibrium recombination (solid, black). The cosmological
parameters used in this graph are the same as for Fig. 1.

tion fraction of H and He i used in Recfast are:

H(z)(1 + z)
dxp

dz
=
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Figure 3. The ionization fraction xe as a function of redshift z

calculated with different values of the hydrogen fudge factor FH.
The cosmological parameters used in this graph are the same as
in Fig. 1.

+

„

xHeIIxenHαt
HeI −

gHeI,23s

gHeI,11s

βt
HeI(fHe − xHeII)e

−hν
HeI,23s

/kTM

«

×Ct
HeI , (2)

where

CH =
1 + KHΛHnH(1 − xp)

1 + KH(ΛH + βH)nH(1 − xp)
, (3)

CHeI =
1 + KHeIΛHenH(fHe − xHeII)e

hνps/kTM

1 + KHeI(ΛHe + βHeI)nH(fHe − xHeII)ehνps/kTM
,(4)

Ct
HeI =

1

1 + Kt
HeIβ

t
HeInH(fHe − xHeII)e

hνt
ps/kTM

. (5)

Note that xe is defined as the ratio of free electons per H
atom and so xe > 1 during He recombination. We follow the
exact notation used in Seager et al. (1999) and we do not
repeat the definitions of all symbols, except those that did
not appear in that paper. The last term in equation (2) is
added to the original dxHeII/dz rate for the recombination
of He i through the triplets by including the semi-forbidden
transition from the 23p state to the 11s ground state. This
additional term can be easily derived by considering an extra
path for electrons to cascade down in He i by going from
the continuum through 23p to ground state, and assuming
that the rate of change of the population of the 23p state
is negligibly small. The superscript ‘t’ stands for triplets,
so that, for example, αt

HeI is the Case B He i recombination
for triplets. Based on the data given by Hummer & Storey
(1998), αt

HeI is fitted with the same functional form used for
the αHeI singlets (see equation (4), in Seager et al. 1999),
with different values for the parameters: p = 0.761; q =
10−16.306 ; T1 = 105.114 K; and T2 = 3K. This fit is accurate
to better than 1 per cent for temperatures between 102.8

and 104 K. Here βt
HeI is the photoionization coefficient for

the triplets and is calculated from αt
HeI by

βt
HeI = αt

HeI

„

2πmekBTM

h2

«3/2
2gHe+

gHeI,23s

e−hν
23s,c

/kTM , (6)

where gHe+ and gHeI,23s are the degeneracies of He+ and of

the He i atom with electron in the 23s state, and hν23s,c is
the ionization energy of the 23s state.

The correction factor CHeI accounts for the slow recom-
bination due to the bottleneck of the He i 21p–11s transi-
tion among singlets. We can also derive the corresponding
correction factor Ct

HeI for the triplets. The KH, KHeI and
Kt

HeI quantities are the cosmological redshifting of the H
Lyα, He i 21p–11s and He i 23p–11s transition line photons,
respectively. The factor K used in Recfast is a good ap-
proximation when the line is optically thick (τ ≫ 1) and
the Sobolev escape probability pS is roughly equal to 1/τ .
In general, we can relate K and pS through the following
equations (taking He i as an example):

KHeI =
gHeI,11s

gHeI,21p

1

nHeI,11sA
HeI
21p−11s

pS
and (7)

Kt
HeI =

gHeI,11s

gHeI,23p

1

nHeI,11sA
HeI
23p−11s

pS

, (8)

where AHeI,21p−11s and AHeI,23p−11s are the Einstein A co-
efficients of the He I 21p–11s and He I 23p–11s transitions,
respectively. Note that AHeI,23p−11s = gHeI,23P1

/gHeI,23p ×

AHeI,23P1−11s = 1/3 × 177.58 s−1 (Lach & Pachucki 2001).
For He i 21p–11s, we replace pS by the new escape prob-
ability pesc, to include the effect of the continuum opac-
ity due to H, based on the approximate formula suggested
by Kholupenko et al. (2007). Explicitly this is

pesc = pS + pcon,H , (9)

where

pS =
1 − e−τ

τ
and (10)

pcon,H =
1

1 + aHeγbHe
, (11)

with

γ =

g
HeI,11s

g
HeI,21p

AHeI
21p−11s(fHe − xHeII)c

2

8π3/2σH,1s(νHeI,21p)ν2
HeI,21p

∆νD,21p(1 − xp)
,

where σH,1s(νHeI,21p) is the H ionization cross-section at fre-

quency νHeI,21p and ∆νD,21p = νHeI,21p

p

2kBTM/mHec2 is
the thermal width of the He i 21p–11s line. The γ factor in
pcon,H is approximately the ratio of the He i 21p–11s transi-
tion rate to the H photoionization rate. When γ ≫ 1, the
effect of the continuum opacity due to neutral hydrogen on
the He i recombination is negligible. Here aHe and bHe are
fitting parameters, which are equal to 0.36 and 0.97, based
on the results from Kholupenko et al. (2007).

We now try to reproduce these results with our modi-
fied Recfast. Fig. 1 (upper panel) shows the numerical re-
sult of the ionization fraction xe from different He i recom-
bination calculations. The results from Kholupenko et al.
(2007) and Switzer & Hirata (2007b) both demonstrate a
significant speed up of He i recombination compared with
the original Recfast. We do not expect these two curves
to match each other, since Kholupenko et al. (2007) just in-
cluded the effect of the continuum opacity due to hydro-
gen, which is only one of the main improvements stated in
Switzer & Hirata (2007b). Nevertheless, we can regard the
Kholupenko et al. (2007) study as giving a simple fitting
model in a three-level atom to account for the speed-up of
the He i recombination. Fig. 2 shows how the ionization his-
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Figure 4. Marginalized posterior distributions for forecast
Planck data varying the hydrogen recombination only. All the
curves are generated using the original Recfast code. The
solid (black) curve uses fixed FH, while the dotted (red) and
dashed (green) allow for varying FH with Gaussian distributions
centred at 1.14, with σ = 0.1 and 0.01, respectively. Note that us-
ing a flat prior (between 0 and 1.5) for FH gives the same spectra
as the case with σ = 0.1 (the red dotted line).

tory changes with different values of the fitting parameter
bHe (with aHe fixed to be 0.36). When bHe is larger than
1.2, the effect of the neutral H is tiny and the fit returns to
the situation with no continuum opacity. However, if bHe is
smaller than 1, the effect of the continuum opacity becomes
more significant. Note that when bHe = 0, both the escape
probability pesc and the correction factor CHeI are close to
unity. This means that almost all the emitted photons can
escape to infinity and so the ionization history returns to
Saha equilibrium for He i recombination.

This simple fitting formula can reproduce quite well the
detailed numerical result for the ionization history at the
later stages of He i recombination. From Fig. 1, we can see
that our model with bHe = 0.86 matches with the numerical
result at z ! 2000 (Switzer & Hirata 2007b). Although our
fitting model does not agree so well with the numerical re-
sults for the earlier stages of He i recombination, the effect
on the Cℓ is neligible. This is because the visibility function
g(z) ≡ e−τdτ/dz, is very low at z > 2000 (at least 16 orders
of magnitude smaller than the maximum value of g(z)), as
shown in the lower panel of Fig. 1. Our fitting approach also
appears to work well for other cosmological models (Switzer
& Hirata, private communication).

In this paper, we employ the fudge factor FH for
H (which is the extra factor multiplying αH) and the He i

parameter bHe in our model to represent the remaining un-
certainties in recombination. For He i, the factors aHe and
bHe in equation (11) are quite degenerate. We choose to fix
aHe and use bHe as the free parameter in this paper; this
is because it measures the power dependence of the ratio of
the relevant rates γ in the escape probability due to the con-
tinuum opacity pcon,H. For hydrogen recombination, all the
individual updates suggested recently give an overall change
less than 0.5 per cent in xe around the peak of the visibility

Figure 5. Marginalized posterior distributions for forecast
Planck data with hydrogen and helium phonomenological param-
eters both allowed to vary. The solid (black) curve shows the con-
straints using the original Recfast code and allowing FH to be
a free parameter. The other curves also allow for the variation of
FH and use the fitting function for He i recombination described
in Section 2: the dotted (green) line sets bHe equal to 0.86; the
dashed (red) one is with a flat prior for bHe from 0 to 1.5; and the
long-dashed (blue) one is with a narrow prior for bHe, consisting
of a Gaussian centred at 0.86 and with σ = 0.1.

function. Only the effect of considering the separate ℓ-states
causes more than a 1 per cent change, and only for the final
stages of hydrogen recombination (z ! 900). Therefore, we
think it is sufficient to represent this uncertainty with the
usual fudge factor FH, which basically controls the speed of
the end of hydrogen recombination (see Fig. 3). The best-fit
to the current recombination calculation has F ≃ 1.14.

3 FORECAST DATA

We use the CosmoMC (Lewis & Bridle 2002) code to per-
form a Markov Chain Monte Carlo (MCMC) calculation for
sampling the posterior distribution with given forecast data.
The simulated Planck data and likelihood function are gen-
erated based on the settings suggested in Lewis et al. (2006).
We use full polarization information for Planck by consider-
ing the temperature T and E-type polarization anisotropies
for ℓ " 2400, and assume that they are statistically isotropic
and Gaussian. The noise is also isotropic and is based on
a simplified model with NTT

ℓ = NEE
ℓ /4 = 2 × 10−4µK2,

having a Gaussian beam of 7 arcminutes (Full Width Half
Maximum, The Planck Collaboration 2006). For our fiducial
model, we adopt the best values of the six cosmological pa-
rameters in a ΛCDM model from the WMAP three-year re-
sult (Spergel et al. 2007). The six parameters are the baryon
densityΩbh2 = 0.0223, the cold dark matter densityΩCh2 =
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0.104, the present Hubble parameter H0 = 73 kms−1Mpc−1,
the constant scalar adiabatic spectral index ns = 0.951, the
scalar amplitude (at k = 0.05 Mpc−1) 1010As = 3.02 and the
optical depth due to reionization (based on a sharp transi-
tion) τ = 0.09. For recombination, we calculate the ioniza-
tion history using the original Recfast with the fudge factor
for hydrogen recombination FH set to 1.14 and the helium
abundance equal to 0.24.

In this study, we only vary the basic six standard cosmo-
logical parameters stated above, together with the hydrogen
fudge factor FH and also the helium bHe factor for the re-
combination process. Of course degeneracies will in general
be worse if one allows for a wider set of parameters.

4 RESULTS

Fig. 4 shows the parameter constraints from our forecast
Planck likelihood function using the original Recfast code
with varying FH and adopting different priors. For the
Planck forecast data, FH can be well constrained away from
zero (the same result as in Lewis et al. 2006) and is bounded
by a nearly Gaussian distribution with σ approximately
equal to 0.1. When we only vary FH with different pri-
ors (compared with fixing it to 1.14), it basically does not
change the size of the error bars on the cosmological parame-
ters, except for the scalar adiabatic amplitude 1010As. From
Fig. 3, we can see that the factor FH controls the speed of
the final stages of H recombination, when most of the atoms
and electrons have already recombined. Changing FH affects
the optical depth τ from Thomson scattering, which deter-
mines the overall normalization amplitude of Cℓ (∝ e−2τ )
at angular scales below that subtended by the size of the
horizon at last scattering (ℓ ! 100). This is the reason why
varying FH affects the uncertainty in As, since As also con-
trols the overall amplitude of Cℓ (see the upper right panel
in Fig. 6 for the marginalized distribution for FH and As).
The modified recombination model also changes the peak
value (but not really the width) of the adiabatic spectral in-
dex ns distribution, as one can see by comparing the dotted
and dashed curves in Fig. 4.

Based on all the suggested effects on H recombination,
the uncertainty in xe is at the level of a few per cent at
z " 900, which corresponds to roughly a 1 per cent change
in FH. In Fig. 4, we have also tried to take this uncertainty
into account by considering a prior on FH with σ = 0.01
(the long-dashed curves). We find that the result is almost
the same as for the case using σ = 0.1 for the FH prior. On
the other hand, the error bar (measured using the 68 per
cent confidence level, say) of As is increased by 40 and 16
per cent with σ = 0.1 and 0.01, respectively.

Fig. 5 shows the comparison of the constraints in the
original and modified versions of Recfast, with both H and
He parameterized. By comparing the solid and dotted curves
in Fig. 5, we can see that only the peaks of the spectra of the
cosmological parameters are changed, but not the width of
the distributions, when switching between the original and
modified Recfast codes. Allowing bHe to float in the mod-
ified recombination model only leads to an increase in the
error bar for spectral index ns among all the parameters, in-
cluding FH. For the dashed curves, we used a very conserva-
tive prior for bHe, namely a flat spectrum from 0 to 1.5 (i.e.
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Figure 6. Projected 2D likelihood for the four parameters ns,
As, FH and bHe. Shading corresponds to the marginalized proba-
bilities with contours at 68 per cent and 95 per cent confidence.

from Saha recombination to the old Recfast behaviour).
We can see that the value of bHe is poorly constrained, be-
cause the CMB is only weakly sensitive to the details of He i

recombination. Nevertheless, this variation allows for faster
He i recombination than in the original Recfast code and
this skews the distribution of ns towards higher values (see
also the upper left panel in Fig. 6). This is because a faster
He i recombination leads to fewer free electrons before H re-
combination and this increases the diffusion length of the
photons and baryons. This in turn decreases the damping
scale of the acoustic oscillations at high ℓ, which therefore
gives a higher value of ns. In addition, this variation in bHe

increases the uncertainty (at the 68 per cent confidence level)
of ns by 11 per cent.

Based on the comprehensive study of Switzer & Hirata
(2007b), the dominant remaining uncertainty in He i recom-
bination is the 23p–11s transition rate, which causes about
a 0.1 per cent variation in xe at z ≃ 1900. For our fitting
procedure this corresponds to about a 1 per cent change in
bHe. We try to take this uncertainty into account in our cal-
culation by adopting a prior on bHe which is peaked at 0.86
with width (sigma) liberally set to 0.1. From Fig. 5, one can
see that the error bar on ns is then reduced to almost the
same size as found when fixing bHe equal to 0.86 (the dotted
and long-dashed curves). This means that, for the sensitiv-
ity expected from Planck, it is sufficient if we can determine
bHe to better than 10 per cent accuracy.

As well as the individual marginalized uncertainties, we
can also look at whether there are degeneracies among the
parameters. From Fig. 6, we see that FH and bHe are quite
independent. This is because the two parameters govern re-
combination at very different times. As discussed before, bHe

controls the speed of He i recombination, which affects the
high-z tail of the visiblity function, while FH controls the
low-z part.

Look at expected constraints

on cosmological parameters plus 

extra fudge parameters

- biggest effect on n


- also some correlations



9

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 0  500  1000  1500  2000  2500  3000

Δ
C

l/
C

l 
in

 %

multipole l

Temperature (TT)
Polarization (EE)

FIG. 5: Fractional error in the temperature and polarization
angular power spectra between Recfast v1.4 and our

training code. The hydrogen fudge factor in Recfast is set
as fCℓ

H
= 1.065 which minimizes the cosmic variance

weighted error in the power spectra. The two solid black
lines denote our performance benchmark of ∆Cℓ/Cℓ = 3/ℓ

(see Seljak et al. [3]).

spectra we find the optimal value of the hydrogen fudge
factor to be fCℓ

H = 1.065. As shown in Figure 5, using the
modified fudge factor captures some of the changes to the
ionization history. In particular, using fCℓ

H as the fudge
factor improves the fit in the region where the visibility
function is large by sacrificing accuracy at z ! 800. This
gives a factor of 2 improvement in the power spectra (see
Figure 5). The further change in helium recombination
between our code and Recfast v1.4 has only a tiny effect
on the power spectra.

B. Effect of the switches in Recfast

In order to ease the solution of the effective 3-level sys-
tem used in the Recfast code, some switches were intro-
duced [4], that are still present in the current version 1.4.
Starting at redshift ∼ 2800 for the standard cosmology
the Recfast-code only solves the differential equation
for helium, using the Saha solution for hydrogen. Then
when the ratio Np/NH ! 0.99 (for the standard cosmol-
ogy this occurs at z ∼ 1550) also the hydrogen equation
is solved. Depending on the derivative for the matter
temperature, finally also the temperature equation is in-
cluded to the full system (for the standard cosmology this
occurs at z ∼ 820).

In Fig. 6 we show the effect of these switches, which we
avoided in our version5 of Recfast. For this we changed

5 Note that also the small bug in the differential equation for hy-
drogen present in Recfast v1.2 was corrected. This bug leads
to a ∼ 0.1% decrease in Xe at z ∼ 1450.
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FIG. 6: The effect of switches in Recfast v1.3 and v1.4. For
Recfast v1.4 we have not included any of the recent helium
corrections. In both cases we compared with our version of
Recfast, which avoids the switches (see Sect. IIIB). At
high redshifts one can see the small effect of mHe/mH.

to a solver for stiff differential equations from the Nag-
Library6. The most relevant effect is the switch for the
temperature equation, which is producing a deviation of
the order of ∼ 0.2% at redshifts z ∼ 900, with respect to
our solution in which the temperature equation is solved
at all redshifts. Note that in order to accurately sample
the peaks that result from the switches as well as to main-
tain consistency with CAMB we increased the sampling
of redshift points used by Recfast to 104.

For completeness, Fig. 6 also presents the comparison
with the case in which the corrections due to the new val-
ues of G and mHe/mH, pointed out by Wong and Scott
[26], are not included. These two modifications were in-
troduced in Recfast v1.3. One can see that at z ! 2000
these lead to corrections that are below ∼ 0.05%, and ac-
tually only reach ∼ 0.1% at z " 6000. This modification
was already taken into account in the initial version of
the work by Rubiño-Mart́ın et al. [12].

Note that for the comparisons in this section, our
“Recfast computation” does not take into account any
of the helium corrections, which are incorporated to Rec-

fast v1.4 using fudging.

6 See http://www.nag.co.uk/numeric/
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C. To what extent does fudging work?

In this Section we discuss our perspective of how far
one can go with fudging, and what kind of modification
may help to further improve the result with a simplified

approach similar to Recfast. However, to us ‘fudging’
at some level either becomes equivalent with fitting the
whole problem, or the performance of the corresponding
algorithm would probably also be insufficient for cosmo-
logical parameter estimations. This is the reason why
we decide to take a direct fitting approach (see Sect. IV)
leading to Rico, instead of a detailed investigation of the
possibilities for more sophisticated fudging.

1. Fudging hydrogen recombination

Physically the fudge factor fH introduced to speed up
hydrogen recombination increases the effective recombi-
nation coefficient to the second shell. This implies that
the hydrogen fudge factor can only alter the recombina-
tion history significantly when the recombination dynam-
ics truly depend on this coefficient. However, as Fig. 7
illustrates this is only the case at low redshifts. While
to some extent the differences with our full recombina-
tion calculation can be reduced to optimizing the value
of fH (see Sect. III A), clearly not all the differences can
be erased (see Fig. 4 and 5). In addition there is some
slight dependence of fH on cosmology (see Sect. III A),
which one may still be interested in.

As proposed by Chluba et al. [13], the next level of
fudging is using a redshift dependent function for fH.
Looking at Fig. 7 one can realize that in particular
at z ∼ 1100 this fudge-function should depend rather
strongly on redshift, and that for the high redshift part
this approach will likely not lead to very good results.
Additionally the cosmology dependence of this fudge-
function will probably be significant. In the end it is
equivalent to directly fitting the correction for the stan-
dard concordance model only.

In order to capture some of the corrections from a
more physical point of view, one could think about sim-
ple extensions of the effective 3-level atom. The induced
two-photon decay (see Sect. II A 2) can be incorporated
rather easily, since only the effective decay rate due to
blackbody CMB photons should be replaced [18]. For
the feedback of the Lyman-α distortion on the effective
1s-2s absorption rate (see Sect. II A 3) one should provide
an approximation for the Lyman-α distortion, which in
principle can be done analytically [19]. Including these
two corrections should therefore be possible.

In order to include the Lyman-series feedback (see
Sect. II A 4) one could simply take more shells, say 5−10,
into account, and hence model this process more or less
self-consistently. However, runs with 5 shells will take
longer, and one should provide effective recombination
coefficients for all the additional shells in order to cor-
rectly model the Lyman-series lines. An alternative an-
alytic treatment was recently presented by Kholupenko
et al. [31].

In order to include changes close to decoupling one
could also modify the H i Lyman-α escape rate, or alter-
natively the effective two-photon decay rate of the the 2s

Some problems with RECFAST

Switches in code Low z fudge



(1 + z)
dTM

dz
=

(TM − TR)

HtC
+ 2TM

tC =
3mec

8σTa
R
T 4

R

1 + fHe + xe

xe

TM = TR − ϵ TR ∝ (1 + z)

dTM

dz
=

TR

(1 + z)
+ ϵ

!

1 + fHe

1 + fHe + xe

dxe/dz

xe

+

"

3

(1 + z)
−

dH/dz

H

#$

Matter temperature

Basic equation:

with

Solve with and

which can be used to follow matter until ε not small

→



2 Douglas Scott and Adam Moss

TR − TM

TR

≃ 60
1
xe

(1 + z)−5/2, (4)

where we have converted to our notation. This has the ap-
proximately right redshift dependence and ionization depen-
dence, although differences in assumptions about the cos-
mological model make it difficult to compare the coefficient.
Still, this result is essentially correct.

The difference between matter and radiation tempera-
tures was also included in the textbook of Peebles (1971).
He writes a version of equation (1) and states ‘Because the
coefficient in the last term is so very large we get a good ap-
proximation to the solution by setting T ′

M = 0’ (converting
to our notation), hence finding that

TR − TM

TR

≃
3
2
H

mec
σTaRT 4

R

. (5)

This is a good order of magnitude estimate, agreeing (in
essence) with Weymann (1966), but it is worth pointing out
that T ′

M = T ′

R would be a much better approximation than
T ′

M = 0.
Let us write TM = TR − ϵ at early times, with ϵ having

the dimensions of temperature and fixing TR ∝ (1 + z) at
all times. Then the solution to equation (1) is simply

ϵ
TR

= HtC. (6)

In the limit xe → 1 (and ignoring helium) this is half of the
expression in Peebles (1971). We note that the same result is
obtained in a rather different way in the Appendix of Hirata
(2008).

With this approximation in hand we can write down an
expression for the evolution of the matter temperature by
differentiating equation (1):

T ′

M =
TR

(1 + z)
+ϵ

!

1 + fHe

1 + fHe + xe

x′

e

xe

+

"

3
(1 + z)

−
H ′

H

#$

.(7)

This expression is useful for improving the numerical ac-
curacy of the solution to the matter temperature. The last
two terms (in square brackets) are of similar magnitude and
track each other at high redshift, hence can be combined.
The second term depends on the derivative of the ionization
fraction, and so contributes differently as a function of red-
shift. Together the derivative in equation (7) can be used to
evolve the matter temperature to quite high accuracy until
the departure of TM from TR stops being small.

In solving the coupled recombination equations one does
not really need to follow TM explicitly at early times. In
the commonly used code recfast (Seager, Sasselov & Scott
1999, 2000; Wong, Moss & Scott 2008) TM is set to TR until
HtC reaches some predefined value, and the full equation (1)
is switched on afterwards (typically at z ≃ 850). This leads
to a ‘glitch’ in the solution (pointed out in Fendt et al. 2008).
We found that this glitch is easily removed by following
equation (7) instead of just T ′

M = TM/(1 + z) before the
switch, and then solving the full equation (1) afterwards.
The results are shown in Fig. 1. The change in ionization
fraction, roughly 0.2% at z = 850, leads to a ≃ 0.2% correc-
tion to the CMB power spectrum Cℓs when using recfast

in a Boltzmann code. It may seem that unnecessary calcu-
lations are being carried out by explicitly integrating the
matter temperature at early times, but in fact the integra-

Figure 1. Percentage change in the matter temperature (solid
line) and the ionization fraction (dashed line) when using the
approximate derivative before switching to the full derivative at
z ≃ 850.

tor is already so fast that there is negligible effect on the
speed at which recfast runs.
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We can also see that the effect of electron scattering (dotted
curve) is very small, leading to a correction ! 1% at z ! 1800.
Close to the maximum of the Thomson visibility function the ef-
fect of electron scattering is negligible. This curve was computed
using the numerical results in which we switched off electron
scattering and then compared it to the one where it was included.

Finally, we also computed the contribution that can be at-
tributed to the effect of Doppler boosting and Doppler broaden-
ing (dash-dotted curve). For this we computed the escape proba-
bility when neglecting electron scattering and atomic recoil, but
only including the line diffusion term. We then took the differ-
ence to result obtained in the no scattering approximation, as
given earlier (Chluba & Sunyaev 2009b). One can see that the
diffusion term results in a decrease of the escape probability at
low redshifts. However, this decrease is about 3 times smaller
than the increase in the escape probability due to atomic recoil.
Therefore the net effect due to resonance scattering is an increase
in the escape probability, reaching ∆P/P ∼ +4% at z ∼ 600. As
explained in Sect. 3.2, this shows that the decrease in the red
wing escape probability due to the return of photons towards
the Doppler core by line diffusion is more important than the
increase of the escape fraction from within the Doppler core
caused by Doppler broadening.

We would like to mention that the small variability in the dif-
fusion contribution at z ∼ 600 is likely due to some details in our
numerical treatment. However, we expect that the corresponding
result is converged at the ∼ 10% level of the correction, which is
sufficient for our purposes here.

4.2. Effect of the thermodynamic corrections factor

If we now in addition include the frequency-dependent asym-
metry between the emission and absorption profile due to the
thermodynamic correction factor which was introduced earlier
(Chluba & Sunyaev 2009b,a), we obtain the results presented in
Fig. 9. The dashed line again shows the correction in the no scat-
tering approximation (Chluba & Sunyaev 2009a). The main cor-
rection do to the redistribution of photons over frequency again
is due to the line recoil term (thin solid line). One can see that it
is practically the same as in the previous case (see Fig. 8). Also
the total correction due to electron scattering did not change very
much. In both cases the difference was smaller than ∼ 5% on the
correction. However, the correction due to the line diffusion term
seems to be slightly increased, suggesting a fν induced correc-
tion to the correction that is not completely negligible.

4.3. Corrections due to the shape of the emission profile

Finally, we also ran the code including the correct shape of
the 3d/3s-1s emission and absorption profile (Chluba & Sunyaev
2009a). The results of these computations are shown in Fig. 10.
The dashed line again shows the correction in the no scatter-
ing approximation (Chluba & Sunyaev 2009a). The dotted line
in addition indicates the correction that was associated with the
effect of the emission profile in the no scattering approximation
(Chluba & Sunyaev 2009a). We also computed the pure profile
correction using the numerical results obtained when including
the redistribution of photons and obtained the dash-dotted curve.
As one can see the difference to the no redistribution case is very
small. Therefore we did not compute the pure recoil correction,
the line diffusion correction or the correction due to electron
scattering, since they should also be very similar to the contribu-
tions shown in Fig. 9.
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Fig. 10. Changes in the Lyman α escape probability due to the
shape of the emission profile. The dashed line shows the result
obtained in the no scattering approximation (Chluba & Sunyaev
2009a).
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Fig. 11. Changes in the Lyman α escape probability due to
the different processes under discussion here. The dashed line
shows the result obtained in the no scattering approximation
(Chluba & Sunyaev 2009a).

5. Corrections to the ionization history

In this Section we now give the expected correction to the ioniza-
tion history when including the processes discussed in this paper.
For this we modified the Recfast code (Seager et al. 1999), so
that we can load the pre-computed change in the Sobolev escape
probability studied here.

In Fig. 11 we present the final curves for ∆P/P as obtained
for the different processes discussed in this paper. In Fig. 12
we show the corresponding correction in the free electron frac-
tion computed with the modified version of Recfast. The atomic
recoil effect alone (thin solid line) leads to ∆Ne/Ne ∼ −1.2%
at z ∼ 900. This is in very good agreement with the result
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