
Lattice QCD and hadron structure

Yasumichi Aoki 
KEK & RIKEN BNL Research Center



Preliminaries

• Organizers asked me to review the progress of Lattice QCD and partonic 
structure of nucleons 

• This is a review from a person relatively away from the recent 
development of PDF computation 

• For helping me out, I thank these experts 
• Tomomi Ishikawa 
• Takashi Kaneko 
• Huey-wen Lin 
• Shoichi Sasaki 
• Sergey Syritsyn 

• This is not meant for comprehensive review of the field. But, rather picking 
my like and highlighting some recent developments and related matters.



items

• Lattice QCD basics 

• Lattice QCD low energy example for intro 

• Toward PDF



QCD and Lattice QCD

Lattice Gauge Theory

• Analysis of Quantum Field Theory such as Quantum Chromo Dynamics, needs non-
perturbative calculation.

�(x), Aµ(x), x ⌅ R4: continuous infinity
quantum divergences: needs regularization and renormalization

⇥(n + µ̂)⇥(n)

Uµ(n)

a

• Discretize Euclidean space-time

• lattice spacing a ⇤ 0.1 fm
(UV cut-off |p| ⇥ ⇥/a)

• ⇤(n) : Fermion field (Grassmann number)

• Uµ(n) : Gauge field

1. Accumulate samples of vacuum, typically O(100) ⇥ O(1, 000) files o f gauge
configuration Uµ(n) on disk.

2. Then measure physical observables on the vacuum ensemble.

⇧O⌃ =
�
DUµ Prob[Uµ]�O[Uµ]
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• for some operators in some lattice discretizations 
• c1 = 0  automatically → effectively close to cont. lim. 
• c1 = 0  by engineering = “improvements”

• most of the lattice actions used now → c1 = 0  or c1 ≃ 0
• this applies to those used for PDF computation discussed later
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ideal procedure of computation 

1. do computation with finite V, mq, a 
2. V → ∞ 
3. mq → physical value extrapolation 
4. a → 0 

now 3 is becoming unnecessary



form factor calculation: one example

• Kaon semi-leptonic decay 
• K → π + l + ν

J
H
E
P
0
8
(
2
0
1
3
)
1
3
2

Figure 1. Quark flow diagram for a 3pt function with initial and final states Pi and Pf , respectively.

where E is the energy, m is the meson’s mass and �✓ is the di↵erence of the twist angles

for the two valence quarks in the meson. By varying the twist angles, arbitrary momenta

can be reached. Here we choose the angles such that q2 = 0. In the quark flow diagram of

figure 1, we twist the strange (s) and light quarks (q) coupling to the vector current with

phases ✓K and ✓⇡ in order to give momenta to the kaon and pion respectively. The choice

of twisting angles is discussed further in section 3 and their values are given in table 2.

The matrix element in (2.1) can be extracted from the time dependence of combinations

of Euclidean two- and three-point correlation functions in lattice QCD. The two-point

function is defined by

Ci(t,pi) ⌘
X

x

eipi·xhOi(t,x)O
†
i (0,0) i =

|Zi|2

2Ei

⇣

e�Eit + e�Ei(T�t)
⌘

, (2.5)

where i = ⇡ or K, and Oi are pseudoscalar interpolating operators for the corresponding

mesons, O⇡ = q̄�
5

q and OK = s̄�
5

q. We assume that t and T � t (where T is the temporal

extent of the lattice) are large enough that the correlation function is dominated by the

lightest state (i.e. the pion or kaon). The constants Zi are given by Zi = hPi |O†
i (0,0) | 0 i.

The three-point functions are defined by

C(µ)
PiPf

(ti, t, tf ,pi,pf ) ⌘ ZV

X

xf ,x

eipf ·(xf�x)eipi·xhOf (tf ,xf )Vµ(t,x)O
†
i (ti,0) i

= ZV
Zi Zf

4EiEf
hPf (pf ) |Vµ(0) |Pi(pi) i

⇥
n

✓(tf�t) e�Ei(t�ti)�Ef (tf�t)+cµ✓(t�tf ) e
�Ei(T+ti�t)�Ef (t�tf )

o

,

(2.6)

where Pi,f is a pion or a kaon, Vµ is the vector current with flavour quantum numbers to

allow the Pi ! Pf transition and we have defined Zf = h 0 |Of (0,0)|Pf i. The constant cµ
satisfies c

0

= �1 (time-direction) and ci = +1 for i = 1, 2, 3. Again we assume that all time

intervals are su�ciently large for the lightest hadrons to give the dominant contribution.

We obtain the vector current renormalisation factor ZV as follows. For illustration,

take 0 < t < tf < T/2, in which case ZV is defined by

ZV =
C̃⇡(tf ,0)

C(B,0)
⇡⇡ (ti, t, tf ,0,0 )

. (2.7)

– 3 –

ti tf t 
C

3pt
K⇡

(t
i

, t, t

f

; ~p
i

, ~p

f

) =
X

~xf ,~x

e

i~pf ·(~xf�~x)
e

i~pi·~xhJ
⇡

(t
f

, ~x

f

)V
µ

(t, ~x)J†
K

(t
i

,

~0)i
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Figure 1. Quark flow diagram for a 3pt function with initial and final states Pi and Pf , respectively.

where E is the energy, m is the meson’s mass and �✓ is the di↵erence of the twist angles

for the two valence quarks in the meson. By varying the twist angles, arbitrary momenta

can be reached. Here we choose the angles such that q2 = 0. In the quark flow diagram of

figure 1, we twist the strange (s) and light quarks (q) coupling to the vector current with

phases ✓K and ✓⇡ in order to give momenta to the kaon and pion respectively. The choice

of twisting angles is discussed further in section 3 and their values are given in table 2.

The matrix element in (2.1) can be extracted from the time dependence of combinations

of Euclidean two- and three-point correlation functions in lattice QCD. The two-point

function is defined by
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where i = ⇡ or K, and Oi are pseudoscalar interpolating operators for the corresponding

mesons, O⇡ = q̄�
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q and OK = s̄�
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q. We assume that t and T � t (where T is the temporal

extent of the lattice) are large enough that the correlation function is dominated by the
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C(µ)
PiPf

(ti, t, tf ,pi,pf ) ⌘ ZV

X

xf ,x

eipf ·(xf�x)eipi·xhOf (tf ,xf )Vµ(t,x)O
†
i (ti,0) i

= ZV
Zi Zf

4EiEf
hPf (pf ) |Vµ(0) |Pi(pi) i

⇥
n

✓(tf�t) e�Ei(t�ti)�Ef (tf�t)+cµ✓(t�tf ) e
�Ei(T+ti�t)�Ef (t�tf )

o

,

(2.6)

where Pi,f is a pion or a kaon, Vµ is the vector current with flavour quantum numbers to

allow the Pi ! Pf transition and we have defined Zf = h 0 |Of (0,0)|Pf i. The constant cµ
satisfies c

0

= �1 (time-direction) and ci = +1 for i = 1, 2, 3. Again we assume that all time

intervals are su�ciently large for the lightest hadrons to give the dominant contribution.

We obtain the vector current renormalisation factor ZV as follows. For illustration,

take 0 < t < tf < T/2, in which case ZV is defined by

ZV =
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C(B,0)
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Figure 1. Quark flow diagram for a 3pt function with initial and final states Pi and Pf , respectively.

where E is the energy, m is the meson’s mass and �✓ is the di↵erence of the twist angles

for the two valence quarks in the meson. By varying the twist angles, arbitrary momenta

can be reached. Here we choose the angles such that q2 = 0. In the quark flow diagram of

figure 1, we twist the strange (s) and light quarks (q) coupling to the vector current with

phases ✓K and ✓⇡ in order to give momenta to the kaon and pion respectively. The choice

of twisting angles is discussed further in section 3 and their values are given in table 2.

The matrix element in (2.1) can be extracted from the time dependence of combinations

of Euclidean two- and three-point correlation functions in lattice QCD. The two-point
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q. We assume that t and T � t (where T is the temporal

extent of the lattice) are large enough that the correlation function is dominated by the

lightest state (i.e. the pion or kaon). The constants Zi are given by Zi = hPi |O†
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where Pi,f is a pion or a kaon, Vµ is the vector current with flavour quantum numbers to

allow the Pi ! Pf transition and we have defined Zf = h 0 |Of (0,0)|Pf i. The constant cµ
satisfies c

0

= �1 (time-direction) and ci = +1 for i = 1, 2, 3. Again we assume that all time

intervals are su�ciently large for the lightest hadrons to give the dominant contribution.

We obtain the vector current renormalisation factor ZV as follows. For illustration,

take 0 < t < tf < T/2, in which case ZV is defined by

ZV =
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Figure 1. Quark flow diagram for a 3pt function with initial and final states Pi and Pf , respectively.

where E is the energy, m is the meson’s mass and �✓ is the di↵erence of the twist angles

for the two valence quarks in the meson. By varying the twist angles, arbitrary momenta

can be reached. Here we choose the angles such that q2 = 0. In the quark flow diagram of

figure 1, we twist the strange (s) and light quarks (q) coupling to the vector current with

phases ✓K and ✓⇡ in order to give momenta to the kaon and pion respectively. The choice

of twisting angles is discussed further in section 3 and their values are given in table 2.

The matrix element in (2.1) can be extracted from the time dependence of combinations
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where Pi,f is a pion or a kaon, Vµ is the vector current with flavour quantum numbers to

allow the Pi ! Pf transition and we have defined Zf = h 0 |Of (0,0)|Pf i. The constant cµ
satisfies c

0

= �1 (time-direction) and ci = +1 for i = 1, 2, 3. Again we assume that all time

intervals are su�ciently large for the lightest hadrons to give the dominant contribution.

We obtain the vector current renormalisation factor ZV as follows. For illustration,

take 0 < t < tf < T/2, in which case ZV is defined by

ZV =
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Figure 1. Quark flow diagram for a 3pt function with initial and final states Pi and Pf , respectively.

where E is the energy, m is the meson’s mass and �✓ is the di↵erence of the twist angles

for the two valence quarks in the meson. By varying the twist angles, arbitrary momenta

can be reached. Here we choose the angles such that q2 = 0. In the quark flow diagram of

figure 1, we twist the strange (s) and light quarks (q) coupling to the vector current with

phases ✓K and ✓⇡ in order to give momenta to the kaon and pion respectively. The choice

of twisting angles is discussed further in section 3 and their values are given in table 2.

The matrix element in (2.1) can be extracted from the time dependence of combinations

of Euclidean two- and three-point correlation functions in lattice QCD. The two-point

function is defined by
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where i = ⇡ or K, and Oi are pseudoscalar interpolating operators for the corresponding

mesons, O⇡ = q̄�
5

q and OK = s̄�
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q. We assume that t and T � t (where T is the temporal

extent of the lattice) are large enough that the correlation function is dominated by the

lightest state (i.e. the pion or kaon). The constants Zi are given by Zi = hPi |O†
i (0,0) | 0 i.
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where Pi,f is a pion or a kaon, Vµ is the vector current with flavour quantum numbers to

allow the Pi ! Pf transition and we have defined Zf = h 0 |Of (0,0)|Pf i. The constant cµ
satisfies c

0

= �1 (time-direction) and ci = +1 for i = 1, 2, 3. Again we assume that all time

intervals are su�ciently large for the lightest hadrons to give the dominant contribution.

We obtain the vector current renormalisation factor ZV as follows. For illustration,

take 0 < t < tf < T/2, in which case ZV is defined by

ZV =
C̃⇡(tf ,0)

C(B,0)
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In general, multi-quark operators need to be renormalized. 

There are ton’s of works for renormalization perturbatively/ 
non-perturbatively on the lattice, that makes it possible 

to reliably estimate various hadronic matrix element. 

Such a legacy technique is used for quasi-PDF in a bit involved way.  

(Here Vμ is usually automatically renormalized, due to lattice symmetry.)
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average of [KL e3, KL µ3, KS e3, K± e3 , and K± µ3] by Mouslon 2014 
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Figure 1. Quark flow diagram for a 3pt function with initial and final states Pi and Pf , respectively.

where E is the energy, m is the meson’s mass and �✓ is the di↵erence of the twist angles

for the two valence quarks in the meson. By varying the twist angles, arbitrary momenta

can be reached. Here we choose the angles such that q2 = 0. In the quark flow diagram of

figure 1, we twist the strange (s) and light quarks (q) coupling to the vector current with

phases ✓K and ✓⇡ in order to give momenta to the kaon and pion respectively. The choice

of twisting angles is discussed further in section 3 and their values are given in table 2.
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extent of the lattice) are large enough that the correlation function is dominated by the

lightest state (i.e. the pion or kaon). The constants Zi are given by Zi = hPi |O†
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where Pi,f is a pion or a kaon, Vµ is the vector current with flavour quantum numbers to

allow the Pi ! Pf transition and we have defined Zf = h 0 |Of (0,0)|Pf i. The constant cµ
satisfies c

0

= �1 (time-direction) and ci = +1 for i = 1, 2, 3. Again we assume that all time

intervals are su�ciently large for the lightest hadrons to give the dominant contribution.

We obtain the vector current renormalisation factor ZV as follows. For illustration,

take 0 < t < tf < T/2, in which case ZV is defined by

ZV =
C̃⇡(tf ,0)
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a CKM matrix element Vus is obtained from

h⇡(pf )|Vµ(0)|K(pi)i = f+(q
2)(pf + pi) + f�(q

2)(pf � pi)

Vusf+(0) = 0.2165(4)



form factor calculation: one example 
with unphysical ud mass simulation

Figure 3. Illustration of results for three different fit-models. In each case the fit to the full set of simulation
results is shown.

chiral expansion such effects are compensated by a change in the decay-constant’s contribution at
higher order. Surprisingly, for a value of around f = 100 MeV all the results seem to be reasonably
well described by the NLO-ansatz without any NNLO corrections. We have therefore attempted to
determine the decay constant from a fit to the data of only 1+ f2 (fit A ). The fits were of good
quality (cf. the c2/d.o.f.-values in Table 4). The functional form of fit A is shown in Figure 3
(dashed central line and green error band) and Figure 4 illustrates how the fit result changes for
different choices of the data points included (upside-down green triangles). The top panel shows
how the results depend on variations of the lowest pion mass included into the fit (while including
all heavier data points) and the bottom plot shows how the results change as the mass of the heaviest
pion included into the fit is reduced (while including all results down to the lightest data point).
While the central value of the form factor extrapolated to the physical point remained surprisingly
stable given the simplicity of the fit function the results for the decay constant as a fit-parameter
varied significantly between f = 97 MeV and 101 MeV (not shown). As data points closer to the
SU(3)-symmetric limit are removed from the fit the central value moves a little towards larger
values.

Given the wide range of simulated pion masses the performance of the ansatz 1+ f2 is perhaps
accidental and higher order terms in the chiral expansion play a role. The number of free parameters
in the full NNLO-expression [36] contained in D f is, however, too large to allow for a meaningful
fit without further external constraints (cf. MILC [11] who in their analysis of lattice data for the

– 9 –
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Figure 3. Illustration of results for three different fit-models. In each case the fit to the full set of simulation
results is shown.
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determine the decay constant from a fit to the data of only 1+ f2 (fit A ). The fits were of good
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(dashed central line and green error band) and Figure 4 illustrates how the fit result changes for
different choices of the data points included (upside-down green triangles). The top panel shows
how the results depend on variations of the lowest pion mass included into the fit (while including
all heavier data points) and the bottom plot shows how the results change as the mass of the heaviest
pion included into the fit is reduced (while including all results down to the lightest data point).
While the central value of the form factor extrapolated to the physical point remained surprisingly
stable given the simplicity of the fit function the results for the decay constant as a fit-parameter
varied significantly between f = 97 MeV and 101 MeV (not shown). As data points closer to the
SU(3)-symmetric limit are removed from the fit the central value moves a little towards larger
values.

Given the wide range of simulated pion masses the performance of the ansatz 1+ f2 is perhaps
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Figure 6. Illustration for fit E to all data for the form factor renormalised with Zπ
V . The coefficient

A0 is assumed to agree for ensembles A and C. Note the two sets of error bands, one for ensemble
A and one for ensemble C.

Figure 7. Continuum extrapolation for results from fit E with mass cut-off 600MeV. Left: coeffi-
cients A and A0 differ between ensembles A and C. Right: A0 assumed to be the same for ensembles
A and C.

While our data would allow for taking three independent continuum limits for the form

factors as determined from the vector current renormalised with Zπ
V and ZK

V and from

the scalar current, respectively, we instead analyse their joint continuum limit assuming

universality: we impose that all three extrapolations have to agree in the continuum limit.

The combined extrapolation is shown in figure 7 once without and once with the assumption

of cutoff independence on A0. In table 6 we only show fits for which the χ2/dof in the mass

interpolation was below one. The result is very stable under variation of the fit ansatz.

To underline the stability of our fit ansatz we also show the final result from fits F where

either A1 or A0 and A1 are assumed to be cut-off independent. The gain in statistical error

from assuming A0 to be cut-off independent carries over to the continuum limit.
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di↵erence in central value between this fit result and fit F as the residual model-dependence.

After these considerations our final result is,

fK⇡
+

(0) = 0.9670(20)
stat

(+ 0

�42

)
model

(7)
FSE

(17)
cuto↵

0.2% 0.4% 0.07% 0.2%

= 0.9670(20)(+18

�46

) ,

(6.1)

where in the last line we have added all systematic errors in quadrature. Our previous

result [7] was based on data sets A with fit ansatz (5.3) where we were very cautious about

the curvature suggested by the f
2

-term as one moves away from the SU(3)-symmetric

limit. We varied the value of the decay constant entering f
2

in order to quantify the

induced systematic uncertainty. The result was 0.9599(34)(+31

�43

)(14). The central value is

fully compatible with the same fit applied to the enlarged data set, fit C.
The first applications of our result are predicting the CKM-matrix element |Vus| and

testing the unitarity of the CKM-matrix which is a crucial Standard Model test. In [2] the

experimental data forK ! ⇡ semileptonic decays was analysed. Their result |VusfK⇡
+

(0)| =
0.2163(5) combined with our result for fK⇡

+

(0) gives

|Vus| = 0.2237(+13

� 8

) . (6.2)

Together with the result |Vud| = 0.97425(22) [1] from super-allowed nuclear �-decay and

|Vub| = 4.15(49) · 10�3 [33] we then confirm CKM-unitarity at the sub per mille level,

|Vud|2 + |Vus|2 + |Vub|2 � 1 = �0.0008(+7

�6

) . (6.3)

7 Discussion and Summary

This work constitutes a comprehensive study of the kaon semileptonic decay form factor

in three-flavour lattice QCD. Simulations in large lattice volumes with three values of the

lattice spacing and pion masses in the range from as low as 171MeV up towards the SU(3)-

symmetric point allow for the detailed study of systematic e↵ects. We have analysed the

data using various ansätze for the remaining extrapolation to the physical point and we

have identified a preferred functional form. After the extrapolation to the physical point

we obtain the form factor with a statistical precision of 2 per mille and estimated +2

�5

per

mille systematic errors. The prediction for the form factor, fK⇡
+

(0) = 0.9670(20)(+18

�46

) has

an overall uncertainty of +0.3
�0.5%, where statistical and systematic uncertainties have been

added in quadrature. Our collaboration is currently working on supplementing the data set

by simulations performed directly at the physical point. These additional data will allow

us to reduce the dominant systematic uncertainty, that due to the extrapolation in the

quark mass to the physical point, very significantly. An overview of recent lattice results

for the K ! ⇡ form factor including our new result is given in figure 5.

An immediate phenomenological application of our result is the test of first-row CKM-

matrix unitarity in the Standard Model which we are able to confirm at the sub per

mille level.
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Isospin symmetry. The unitary light quarks in our simulations are isospin symmetric.

We approximate the isospin broken theory by interpolating in the valence sector to the value

of ∆M2 corresponding to the physical point [32]. This still leaves a systematic uncertainty

due to the sea-quark isospin breaking which is difficult to quantify in our setup. We expect

however that these effects are small compared to the other components of our error budget.

Techniques to include such effects in future calculations are being developed [37–40].

These considerations lead to our final result:

fKπ
+ (0) = 0.9685(34)stat(14)finite volume . (6.1)

Using |Vus|fKπ
+ (0) = 0.2163(5), as determined in [3] from experiment in a phenomenological

analysis, we also predict

|Vus| = 0.2233(5)experiment(9)lattice , (6.2)

where the errors are from experiment and from the lattice computation, respectively. With

further input for |Vud| = 0.97425(22) from super-allowed nuclear β-decay the unitarity test

for the first row of the CKM matrix yields

1− |Vud|2 − |Vus|2 = 0.0010(4)Vud(2)V exp
us

(4)V lat
us

= 0.0010(6) , (6.3)

where we have neglected the contribution from |Vub| ≈ 10−3.

7 Discussion and conclusions

Simulations of lattice QCD are now feasible with physical light quark masses. This

step change in simulation quality leads to the reduction if not removal of the often dominant

systematic uncertainty due to the chiral extrapolation. In this paper we have demonstrated

how this can be achieved in practice in the case of the K → π form factor at vanishing

momentum transfer. This is a phenomenologically important quantity allowing for unitar-

ity tests of the CKM matrix and therefore for stringent constraints of beyond SM physics.

Lattice QCD is the only first principles computational tool that can predict this form fac-

tor. An important strategic decision that has been made is in which way to make use of

our previous results for unphysically heavy light quark masses. We have chosen an inter-

mediate path, i.e. we have used the information from the heavier ensembles to correct for

a small mistuning in the average up- and down-quark mass and the strange quark mass

to the physical point. Our choice of fit ansatz and fit range gives the result at the physi-

cal point the heaviest weight and uses earlier simulation results with heavier pion masses

merely for guiding small corrections towards the physical point. In this way any model

dependence in the fit ansatz is reduced to a minimum. We note that by restricting the

set of ensembles entering the fit less (i.e. including ensembles with heavier pion mass) the

statistical error on our final result could have been reduced by around 30%. This would

however have come at the cost of an increased model dependence which we find difficult to

quantify. The remaining dominant systematic is due to finite volume effects for which we

provide an estimate based on effective theory arguments.
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Figure 3. Illustration of results for three different fit-models. In each case the fit to the full set of simulation
results is shown.

chiral expansion such effects are compensated by a change in the decay-constant’s contribution at
higher order. Surprisingly, for a value of around f = 100 MeV all the results seem to be reasonably
well described by the NLO-ansatz without any NNLO corrections. We have therefore attempted to
determine the decay constant from a fit to the data of only 1+ f2 (fit A ). The fits were of good
quality (cf. the c2/d.o.f.-values in Table 4). The functional form of fit A is shown in Figure 3
(dashed central line and green error band) and Figure 4 illustrates how the fit result changes for
different choices of the data points included (upside-down green triangles). The top panel shows
how the results depend on variations of the lowest pion mass included into the fit (while including
all heavier data points) and the bottom plot shows how the results change as the mass of the heaviest
pion included into the fit is reduced (while including all results down to the lightest data point).
While the central value of the form factor extrapolated to the physical point remained surprisingly
stable given the simplicity of the fit function the results for the decay constant as a fit-parameter
varied significantly between f = 97 MeV and 101 MeV (not shown). As data points closer to the
SU(3)-symmetric limit are removed from the fit the central value moves a little towards larger
values.

Given the wide range of simulated pion masses the performance of the ansatz 1+ f2 is perhaps
accidental and higher order terms in the chiral expansion play a role. The number of free parameters
in the full NNLO-expression [36] contained in D f is, however, too large to allow for a meaningful
fit without further external constraints (cf. MILC [11] who in their analysis of lattice data for the
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Figure 6. Illustration for fit E to all data for the form factor renormalised with Zπ
V . The coefficient

A0 is assumed to agree for ensembles A and C. Note the two sets of error bands, one for ensemble
A and one for ensemble C.

Figure 7. Continuum extrapolation for results from fit E with mass cut-off 600MeV. Left: coeffi-
cients A and A0 differ between ensembles A and C. Right: A0 assumed to be the same for ensembles
A and C.

While our data would allow for taking three independent continuum limits for the form

factors as determined from the vector current renormalised with Zπ
V and ZK

V and from

the scalar current, respectively, we instead analyse their joint continuum limit assuming

universality: we impose that all three extrapolations have to agree in the continuum limit.

The combined extrapolation is shown in figure 7 once without and once with the assumption

of cutoff independence on A0. In table 6 we only show fits for which the χ2/dof in the mass

interpolation was below one. The result is very stable under variation of the fit ansatz.

To underline the stability of our fit ansatz we also show the final result from fits F where

either A1 or A0 and A1 are assumed to be cut-off independent. The gain in statistical error

from assuming A0 to be cut-off independent carries over to the continuum limit.
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di↵erence in central value between this fit result and fit F as the residual model-dependence.

After these considerations our final result is,

fK⇡
+

(0) = 0.9670(20)
stat

(+ 0

�42

)
model

(7)
FSE

(17)
cuto↵

0.2% 0.4% 0.07% 0.2%

= 0.9670(20)(+18

�46

) ,

(6.1)

where in the last line we have added all systematic errors in quadrature. Our previous

result [7] was based on data sets A with fit ansatz (5.3) where we were very cautious about

the curvature suggested by the f
2

-term as one moves away from the SU(3)-symmetric

limit. We varied the value of the decay constant entering f
2

in order to quantify the

induced systematic uncertainty. The result was 0.9599(34)(+31

�43

)(14). The central value is

fully compatible with the same fit applied to the enlarged data set, fit C.
The first applications of our result are predicting the CKM-matrix element |Vus| and

testing the unitarity of the CKM-matrix which is a crucial Standard Model test. In [2] the

experimental data forK ! ⇡ semileptonic decays was analysed. Their result |VusfK⇡
+

(0)| =
0.2163(5) combined with our result for fK⇡

+

(0) gives

|Vus| = 0.2237(+13

� 8

) . (6.2)

Together with the result |Vud| = 0.97425(22) [1] from super-allowed nuclear �-decay and

|Vub| = 4.15(49) · 10�3 [33] we then confirm CKM-unitarity at the sub per mille level,

|Vud|2 + |Vus|2 + |Vub|2 � 1 = �0.0008(+7

�6

) . (6.3)

7 Discussion and Summary

This work constitutes a comprehensive study of the kaon semileptonic decay form factor

in three-flavour lattice QCD. Simulations in large lattice volumes with three values of the

lattice spacing and pion masses in the range from as low as 171MeV up towards the SU(3)-

symmetric point allow for the detailed study of systematic e↵ects. We have analysed the

data using various ansätze for the remaining extrapolation to the physical point and we

have identified a preferred functional form. After the extrapolation to the physical point

we obtain the form factor with a statistical precision of 2 per mille and estimated +2

�5

per

mille systematic errors. The prediction for the form factor, fK⇡
+

(0) = 0.9670(20)(+18

�46

) has

an overall uncertainty of +0.3
�0.5%, where statistical and systematic uncertainties have been

added in quadrature. Our collaboration is currently working on supplementing the data set

by simulations performed directly at the physical point. These additional data will allow

us to reduce the dominant systematic uncertainty, that due to the extrapolation in the

quark mass to the physical point, very significantly. An overview of recent lattice results

for the K ! ⇡ form factor including our new result is given in figure 5.

An immediate phenomenological application of our result is the test of first-row CKM-

matrix unitarity in the Standard Model which we are able to confirm at the sub per

mille level.
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Isospin symmetry. The unitary light quarks in our simulations are isospin symmetric.

We approximate the isospin broken theory by interpolating in the valence sector to the value

of ∆M2 corresponding to the physical point [32]. This still leaves a systematic uncertainty

due to the sea-quark isospin breaking which is difficult to quantify in our setup. We expect

however that these effects are small compared to the other components of our error budget.

Techniques to include such effects in future calculations are being developed [37–40].

These considerations lead to our final result:

fKπ
+ (0) = 0.9685(34)stat(14)finite volume . (6.1)

Using |Vus|fKπ
+ (0) = 0.2163(5), as determined in [3] from experiment in a phenomenological

analysis, we also predict

|Vus| = 0.2233(5)experiment(9)lattice , (6.2)

where the errors are from experiment and from the lattice computation, respectively. With

further input for |Vud| = 0.97425(22) from super-allowed nuclear β-decay the unitarity test

for the first row of the CKM matrix yields

1− |Vud|2 − |Vus|2 = 0.0010(4)Vud(2)V exp
us

(4)V lat
us

= 0.0010(6) , (6.3)

where we have neglected the contribution from |Vub| ≈ 10−3.

7 Discussion and conclusions

Simulations of lattice QCD are now feasible with physical light quark masses. This

step change in simulation quality leads to the reduction if not removal of the often dominant

systematic uncertainty due to the chiral extrapolation. In this paper we have demonstrated

how this can be achieved in practice in the case of the K → π form factor at vanishing

momentum transfer. This is a phenomenologically important quantity allowing for unitar-

ity tests of the CKM matrix and therefore for stringent constraints of beyond SM physics.

Lattice QCD is the only first principles computational tool that can predict this form fac-

tor. An important strategic decision that has been made is in which way to make use of

our previous results for unphysically heavy light quark masses. We have chosen an inter-

mediate path, i.e. we have used the information from the heavier ensembles to correct for

a small mistuning in the average up- and down-quark mass and the strange quark mass

to the physical point. Our choice of fit ansatz and fit range gives the result at the physi-

cal point the heaviest weight and uses earlier simulation results with heavier pion masses

merely for guiding small corrections towards the physical point. In this way any model

dependence in the fit ansatz is reduced to a minimum. We note that by restricting the

set of ensembles entering the fit less (i.e. including ensembles with heavier pion mass) the

statistical error on our final result could have been reduced by around 30%. This would

however have come at the cost of an increased model dependence which we find difficult to

quantify. The remaining dominant systematic is due to finite volume effects for which we

provide an estimate based on effective theory arguments.
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form factor calculation: one example 
one big step forward: physical ud mass simulation

Figure 3. Illustration of results for three different fit-models. In each case the fit to the full set of simulation
results is shown.

chiral expansion such effects are compensated by a change in the decay-constant’s contribution at
higher order. Surprisingly, for a value of around f = 100 MeV all the results seem to be reasonably
well described by the NLO-ansatz without any NNLO corrections. We have therefore attempted to
determine the decay constant from a fit to the data of only 1+ f2 (fit A ). The fits were of good
quality (cf. the c2/d.o.f.-values in Table 4). The functional form of fit A is shown in Figure 3
(dashed central line and green error band) and Figure 4 illustrates how the fit result changes for
different choices of the data points included (upside-down green triangles). The top panel shows
how the results depend on variations of the lowest pion mass included into the fit (while including
all heavier data points) and the bottom plot shows how the results change as the mass of the heaviest
pion included into the fit is reduced (while including all results down to the lightest data point).
While the central value of the form factor extrapolated to the physical point remained surprisingly
stable given the simplicity of the fit function the results for the decay constant as a fit-parameter
varied significantly between f = 97 MeV and 101 MeV (not shown). As data points closer to the
SU(3)-symmetric limit are removed from the fit the central value moves a little towards larger
values.

Given the wide range of simulated pion masses the performance of the ansatz 1+ f2 is perhaps
accidental and higher order terms in the chiral expansion play a role. The number of free parameters
in the full NNLO-expression [36] contained in D f is, however, too large to allow for a meaningful
fit without further external constraints (cf. MILC [11] who in their analysis of lattice data for the
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Figure 6. Illustration for fit E to all data for the form factor renormalised with Zπ
V . The coefficient

A0 is assumed to agree for ensembles A and C. Note the two sets of error bands, one for ensemble
A and one for ensemble C.

Figure 7. Continuum extrapolation for results from fit E with mass cut-off 600MeV. Left: coeffi-
cients A and A0 differ between ensembles A and C. Right: A0 assumed to be the same for ensembles
A and C.

While our data would allow for taking three independent continuum limits for the form

factors as determined from the vector current renormalised with Zπ
V and ZK

V and from

the scalar current, respectively, we instead analyse their joint continuum limit assuming

universality: we impose that all three extrapolations have to agree in the continuum limit.

The combined extrapolation is shown in figure 7 once without and once with the assumption

of cutoff independence on A0. In table 6 we only show fits for which the χ2/dof in the mass

interpolation was below one. The result is very stable under variation of the fit ansatz.

To underline the stability of our fit ansatz we also show the final result from fits F where

either A1 or A0 and A1 are assumed to be cut-off independent. The gain in statistical error

from assuming A0 to be cut-off independent carries over to the continuum limit.
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di↵erence in central value between this fit result and fit F as the residual model-dependence.

After these considerations our final result is,

fK⇡
+

(0) = 0.9670(20)
stat

(+ 0

�42

)
model

(7)
FSE

(17)
cuto↵

0.2% 0.4% 0.07% 0.2%

= 0.9670(20)(+18

�46

) ,

(6.1)

where in the last line we have added all systematic errors in quadrature. Our previous

result [7] was based on data sets A with fit ansatz (5.3) where we were very cautious about

the curvature suggested by the f
2

-term as one moves away from the SU(3)-symmetric

limit. We varied the value of the decay constant entering f
2

in order to quantify the

induced systematic uncertainty. The result was 0.9599(34)(+31

�43

)(14). The central value is

fully compatible with the same fit applied to the enlarged data set, fit C.
The first applications of our result are predicting the CKM-matrix element |Vus| and

testing the unitarity of the CKM-matrix which is a crucial Standard Model test. In [2] the

experimental data forK ! ⇡ semileptonic decays was analysed. Their result |VusfK⇡
+

(0)| =
0.2163(5) combined with our result for fK⇡

+

(0) gives

|Vus| = 0.2237(+13

� 8

) . (6.2)

Together with the result |Vud| = 0.97425(22) [1] from super-allowed nuclear �-decay and

|Vub| = 4.15(49) · 10�3 [33] we then confirm CKM-unitarity at the sub per mille level,

|Vud|2 + |Vus|2 + |Vub|2 � 1 = �0.0008(+7

�6

) . (6.3)

7 Discussion and Summary

This work constitutes a comprehensive study of the kaon semileptonic decay form factor

in three-flavour lattice QCD. Simulations in large lattice volumes with three values of the

lattice spacing and pion masses in the range from as low as 171MeV up towards the SU(3)-

symmetric point allow for the detailed study of systematic e↵ects. We have analysed the

data using various ansätze for the remaining extrapolation to the physical point and we

have identified a preferred functional form. After the extrapolation to the physical point

we obtain the form factor with a statistical precision of 2 per mille and estimated +2

�5

per

mille systematic errors. The prediction for the form factor, fK⇡
+

(0) = 0.9670(20)(+18

�46

) has

an overall uncertainty of +0.3
�0.5%, where statistical and systematic uncertainties have been

added in quadrature. Our collaboration is currently working on supplementing the data set

by simulations performed directly at the physical point. These additional data will allow

us to reduce the dominant systematic uncertainty, that due to the extrapolation in the

quark mass to the physical point, very significantly. An overview of recent lattice results

for the K ! ⇡ form factor including our new result is given in figure 5.

An immediate phenomenological application of our result is the test of first-row CKM-

matrix unitarity in the Standard Model which we are able to confirm at the sub per

mille level.
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Isospin symmetry. The unitary light quarks in our simulations are isospin symmetric.

We approximate the isospin broken theory by interpolating in the valence sector to the value

of ∆M2 corresponding to the physical point [32]. This still leaves a systematic uncertainty

due to the sea-quark isospin breaking which is difficult to quantify in our setup. We expect

however that these effects are small compared to the other components of our error budget.

Techniques to include such effects in future calculations are being developed [37–40].

These considerations lead to our final result:

fKπ
+ (0) = 0.9685(34)stat(14)finite volume . (6.1)

Using |Vus|fKπ
+ (0) = 0.2163(5), as determined in [3] from experiment in a phenomenological

analysis, we also predict

|Vus| = 0.2233(5)experiment(9)lattice , (6.2)

where the errors are from experiment and from the lattice computation, respectively. With

further input for |Vud| = 0.97425(22) from super-allowed nuclear β-decay the unitarity test

for the first row of the CKM matrix yields

1− |Vud|2 − |Vus|2 = 0.0010(4)Vud(2)V exp
us

(4)V lat
us

= 0.0010(6) , (6.3)

where we have neglected the contribution from |Vub| ≈ 10−3.

7 Discussion and conclusions

Simulations of lattice QCD are now feasible with physical light quark masses. This

step change in simulation quality leads to the reduction if not removal of the often dominant

systematic uncertainty due to the chiral extrapolation. In this paper we have demonstrated

how this can be achieved in practice in the case of the K → π form factor at vanishing

momentum transfer. This is a phenomenologically important quantity allowing for unitar-

ity tests of the CKM matrix and therefore for stringent constraints of beyond SM physics.

Lattice QCD is the only first principles computational tool that can predict this form fac-

tor. An important strategic decision that has been made is in which way to make use of

our previous results for unphysically heavy light quark masses. We have chosen an inter-

mediate path, i.e. we have used the information from the heavier ensembles to correct for

a small mistuning in the average up- and down-quark mass and the strange quark mass

to the physical point. Our choice of fit ansatz and fit range gives the result at the physi-

cal point the heaviest weight and uses earlier simulation results with heavier pion masses

merely for guiding small corrections towards the physical point. In this way any model

dependence in the fit ansatz is reduced to a minimum. We note that by restricting the

set of ensembles entering the fit less (i.e. including ensembles with heavier pion mass) the

statistical error on our final result could have been reduced by around 30%. This would

however have come at the cost of an increased model dependence which we find difficult to

quantify. The remaining dominant systematic is due to finite volume effects for which we

provide an estimate based on effective theory arguments.
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Figure 6. Illustration for fit E to all data for the form factor renormalised with Zπ
V . The coefficient

A0 is assumed to agree for ensembles A and C. Note the two sets of error bands, one for ensemble
A and one for ensemble C.

Figure 7. Continuum extrapolation for results from fit E with mass cut-off 600MeV. Left: coeffi-
cients A and A0 differ between ensembles A and C. Right: A0 assumed to be the same for ensembles
A and C.

While our data would allow for taking three independent continuum limits for the form

factors as determined from the vector current renormalised with Zπ
V and ZK

V and from

the scalar current, respectively, we instead analyse their joint continuum limit assuming

universality: we impose that all three extrapolations have to agree in the continuum limit.

The combined extrapolation is shown in figure 7 once without and once with the assumption

of cutoff independence on A0. In table 6 we only show fits for which the χ2/dof in the mass

interpolation was below one. The result is very stable under variation of the fit ansatz.

To underline the stability of our fit ansatz we also show the final result from fits F where

either A1 or A0 and A1 are assumed to be cut-off independent. The gain in statistical error

from assuming A0 to be cut-off independent carries over to the continuum limit.
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Isospin symmetry. The unitary light quarks in our simulations are isospin symmetric.

We approximate the isospin broken theory by interpolating in the valence sector to the value

of ∆M2 corresponding to the physical point [32]. This still leaves a systematic uncertainty

due to the sea-quark isospin breaking which is difficult to quantify in our setup. We expect

however that these effects are small compared to the other components of our error budget.

Techniques to include such effects in future calculations are being developed [37–40].

These considerations lead to our final result:

fKπ
+ (0) = 0.9685(34)stat(14)finite volume . (6.1)

Using |Vus|fKπ
+ (0) = 0.2163(5), as determined in [3] from experiment in a phenomenological

analysis, we also predict

|Vus| = 0.2233(5)experiment(9)lattice , (6.2)

where the errors are from experiment and from the lattice computation, respectively. With

further input for |Vud| = 0.97425(22) from super-allowed nuclear β-decay the unitarity test

for the first row of the CKM matrix yields

1− |Vud|2 − |Vus|2 = 0.0010(4)Vud(2)V exp
us

(4)V lat
us

= 0.0010(6) , (6.3)

where we have neglected the contribution from |Vub| ≈ 10−3.

7 Discussion and conclusions

Simulations of lattice QCD are now feasible with physical light quark masses. This

step change in simulation quality leads to the reduction if not removal of the often dominant

systematic uncertainty due to the chiral extrapolation. In this paper we have demonstrated

how this can be achieved in practice in the case of the K → π form factor at vanishing

momentum transfer. This is a phenomenologically important quantity allowing for unitar-

ity tests of the CKM matrix and therefore for stringent constraints of beyond SM physics.

Lattice QCD is the only first principles computational tool that can predict this form fac-

tor. An important strategic decision that has been made is in which way to make use of

our previous results for unphysically heavy light quark masses. We have chosen an inter-

mediate path, i.e. we have used the information from the heavier ensembles to correct for

a small mistuning in the average up- and down-quark mass and the strange quark mass

to the physical point. Our choice of fit ansatz and fit range gives the result at the physi-

cal point the heaviest weight and uses earlier simulation results with heavier pion masses

merely for guiding small corrections towards the physical point. In this way any model

dependence in the fit ansatz is reduced to a minimum. We note that by restricting the

set of ensembles entering the fit less (i.e. including ensembles with heavier pion mass) the

statistical error on our final result could have been reduced by around 30%. This would

however have come at the cost of an increased model dependence which we find difficult to

quantify. The remaining dominant systematic is due to finite volume effects for which we

provide an estimate based on effective theory arguments.
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Fig. 7 Comparison of lattice results (squares) for f+(0) and fK±/ fπ±
with various model estimates based on χPT (blue circles). The ratio
fK±/ fπ± is obtained in pure QCD including the SU (2) isospin-

breaking correction (see Sect. 4.3). The black squares and grey bands
indicate our estimates. The significance of the colours is explained in
Sect. 2

unknown parameters. The latter can be determined from the
dependence of the lattice results on the masses of the quarks.
Note that any calculation that relies on the χPT formula for
f2 is subject to the uncertainties inherent in NLO results:
instead of using the physical value of the pion decay con-
stant fπ , one may, for instance, work with the constant f0
that occurs in the effective Lagrangian and represents the
value of fπ in the chiral limit. Although trading fπ for f0
in the expression for the NLO term affects the result only
at NNLO, it may make a significant numerical difference in
calculations where the latter are not explicitly accounted for
(the lattice results concerning the value of the ratio fπ/ f0 are
reviewed in Sect. 5.3).

The lattice results shown in the left panel of Fig. 7 indicate
that the higher-order contributions # f ≡ f+(0)−1− f2 are
negative and thus amplify the effect generated by f2. This
confirms the expectation that the exotic contributions are
small. The entries in the lower part of the left panel represent
various model estimates for f4. In Ref. [228] the symmetry-
breaking effects are estimated in the framework of the quark
model. The more recent calculations are more sophisticated,
as they make use of the known explicit expression for the
Kℓ3 form factors to NNLO in χPT [227,229]. The corre-
sponding formula for f4 accounts for the chiral logarithms
occurring at NNLO and is not subject to the ambiguity men-
tioned above.17 The numerical result, however, depends on
the model used to estimate the low-energy constants occur-
ring in f4 [224–227]. The figure indicates that the most recent

17 Fortran programs for the numerical evaluation of the form factor
representation in Ref. [227] are available on request from Johan Bijnens.

numbers obtained in this way correspond to a positive or an
almost vanishing rather than a negative value for# f . We note
that FNAL/MILC 12I [23] have made an attempt at deter-
mining a combination of some of the low-energy constants
appearing in f4 from lattice data.

4.3 Direct determination of f+(0) and fK±/ fπ±

All lattice results for the form factor f+(0) and many avail-
able results for the ratio of decay constants, which we sum-
marize here in Tables 13 and 14, respectively, have been
computed in isospin-symmetric QCD. The reason for this
unphysical parameter choice is that there are only few sim-
ulations of SU (2) isospin-breaking effects in lattice QCD,
which is ultimately the cleanest way for predicting these
effects [16,103,104,110,115,167,206,207]. In the mean-
time one relies either on chiral perturbation theory [107,129]
to estimate the correction to the isospin limit or one calcu-
lates the breaking at leading order in (mu−md) in the valence
quark sector by extrapolating the lattice data for the charged
kaons to the physical value of the up(down)-quark mass (the
result for the pion decay constant is always extrapolated to
the value of the average light-quark mass m̂). This defines
the prediction for fK±/ fπ± .

Since the majority of the collaborations present their
newest results including the strong SU (2) isospin-breaking
correction (as we will see this comprises the majority of
results which qualify for inclusion into the FLAG average),
we prefer to provide in Fig. 7 the overview of the world data
of fK±/ fπ± , at variance with the choice made in the previous
edition of the FLAG review [2]. For all the results of Table 14

123

Flavour Lattice Averaging Group 
WG to provide average of lattice results 
issues: 2010, 2013, 2016,  
so far does not contain any baryonic quantities 
nucleon axial charge to be included in the next



form factor calculation: one example 
to  flavor physics pheno

Eur. Phys. J. C (2017) 77 :112 Page 39 of 228 112

[224]
[225]
[226]
[227]
[228]

Fig. 7 Comparison of lattice results (squares) for f+(0) and fK±/ fπ±
with various model estimates based on χPT (blue circles). The ratio
fK±/ fπ± is obtained in pure QCD including the SU (2) isospin-

breaking correction (see Sect. 4.3). The black squares and grey bands
indicate our estimates. The significance of the colours is explained in
Sect. 2

unknown parameters. The latter can be determined from the
dependence of the lattice results on the masses of the quarks.
Note that any calculation that relies on the χPT formula for
f2 is subject to the uncertainties inherent in NLO results:
instead of using the physical value of the pion decay con-
stant fπ , one may, for instance, work with the constant f0
that occurs in the effective Lagrangian and represents the
value of fπ in the chiral limit. Although trading fπ for f0
in the expression for the NLO term affects the result only
at NNLO, it may make a significant numerical difference in
calculations where the latter are not explicitly accounted for
(the lattice results concerning the value of the ratio fπ/ f0 are
reviewed in Sect. 5.3).

The lattice results shown in the left panel of Fig. 7 indicate
that the higher-order contributions # f ≡ f+(0)−1− f2 are
negative and thus amplify the effect generated by f2. This
confirms the expectation that the exotic contributions are
small. The entries in the lower part of the left panel represent
various model estimates for f4. In Ref. [228] the symmetry-
breaking effects are estimated in the framework of the quark
model. The more recent calculations are more sophisticated,
as they make use of the known explicit expression for the
Kℓ3 form factors to NNLO in χPT [227,229]. The corre-
sponding formula for f4 accounts for the chiral logarithms
occurring at NNLO and is not subject to the ambiguity men-
tioned above.17 The numerical result, however, depends on
the model used to estimate the low-energy constants occur-
ring in f4 [224–227]. The figure indicates that the most recent

17 Fortran programs for the numerical evaluation of the form factor
representation in Ref. [227] are available on request from Johan Bijnens.

numbers obtained in this way correspond to a positive or an
almost vanishing rather than a negative value for# f . We note
that FNAL/MILC 12I [23] have made an attempt at deter-
mining a combination of some of the low-energy constants
appearing in f4 from lattice data.

4.3 Direct determination of f+(0) and fK±/ fπ±

All lattice results for the form factor f+(0) and many avail-
able results for the ratio of decay constants, which we sum-
marize here in Tables 13 and 14, respectively, have been
computed in isospin-symmetric QCD. The reason for this
unphysical parameter choice is that there are only few sim-
ulations of SU (2) isospin-breaking effects in lattice QCD,
which is ultimately the cleanest way for predicting these
effects [16,103,104,110,115,167,206,207]. In the mean-
time one relies either on chiral perturbation theory [107,129]
to estimate the correction to the isospin limit or one calcu-
lates the breaking at leading order in (mu−md) in the valence
quark sector by extrapolating the lattice data for the charged
kaons to the physical value of the up(down)-quark mass (the
result for the pion decay constant is always extrapolated to
the value of the average light-quark mass m̂). This defines
the prediction for fK±/ fπ± .

Since the majority of the collaborations present their
newest results including the strong SU (2) isospin-breaking
correction (as we will see this comprises the majority of
results which qualify for inclusion into the FLAG average),
we prefer to provide in Fig. 7 the overview of the world data
of fK±/ fπ± , at variance with the choice made in the previous
edition of the FLAG review [2]. For all the results of Table 14
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simulations of SU (2) isospin-breaking effects are therefore
required. To remain on the conservative side we add a 100%
error to the correction based on SU (3) chiral perturbation
theory. For further analyses we add (in quadrature) such an
uncertainty to the systematic error.

Using the results of Table 15 for N f = 2 + 1 we obtain

direct, Nf = 2 + 1 + 1 : fK±/ fπ± = 1.193(3)

Refs. [14,26,27], (64)

direct, Nf = 2 + 1 : fK±/ fπ± = 1.192(5)

Refs. [28–31], (65)

direct, Nf = 2 : fK±/ fπ± = 1.205(6)(17)

Ref. [32], (66)

for QCD with broken isospin.
It is instructive to convert the above results for f+(0) and

fK±/ fπ± into a corresponding range for the CKM matrix ele-
ments |Vud | and |Vus |, using the relations (54). Consider first
the results for Nf = 2+1+1. The range for f+(0) in Eq. (58)
is mapped into the interval |Vus | = 0.2231(9), depicted as a
horizontal red band in Fig. 8, while the one for fK±/ fπ± in
Eq. (64) is converted into |Vus |/|Vud | = 0.2313(7), shown
as a tilted red band. The red ellipse is the intersection of
these two bands and represents the 68% likelihood contour,19

obtained by treating the above two results as independent
measurements. Repeating the exercise for Nf = 2 + 1 and
Nf = 2 leads to the green and blue ellipses, respectively. The
plot indicates a slight tension between the N f = 2 + 1 + 1
and the nuclear β decay results.

4.4 Tests of the Standard Model

In the Standard Model, the CKM matrix is unitary. In partic-
ular, the elements of the first row obey

|Vu |2 ≡ |Vud |2 + |Vus |2 + |Vub|2 = 1. (67)

The tiny contribution from |Vub| is known much better than
needed in the present context: |Vub| = 4.13(49) × 10−3

[151]. In the following, we first discuss the evidence for the
validity of the relation (67) and only then use it to analyse
the lattice data within the Standard Model.

In Fig. 8, the correlation between |Vud | and |Vus | imposed
by the unitarity of the CKM matrix is indicated by a dot-
ted line (more precisely, in view of the uncertainty in |Vub|,
the correlation corresponds to a band of finite width, but the
effect is too small to be seen here). The plot shows that there
is a slight tension with unitarity in the data for N f = 2+1+1:

19 Note that the ellipses shown in Fig. 5 of both Ref. [1] and Ref. [2]
correspond instead to the 39% likelihood contours. Note also that in
Ref. [2] the likelihood was erroneously stated to be 68% rather than
39%.

Fig. 8 The plot compares the information for |Vud |, |Vus | obtained
on the lattice with the experimental result extracted from nuclear β
transitions. The dotted line indicates the correlation between |Vud | and
|Vus | that follows if the CKM-matrix is unitary

Numerically, the outcome for the sum of the squares of the
first row of the CKM matrix reads |Vu |2 = 0.980(9), which
deviates from unity at the level of two standard deviations.
Still, it is fair to say that at this level the Standard Model
passes a nontrivial test that exclusively involves lattice data
and well-established kaon decay branching ratios. Combin-
ing the lattice results for f+(0) and fK±/ fπ± in Eqs. (58)
and (64) with the β decay value of |Vud | quoted in Eq. (55),
the test sharpens considerably: the lattice result for f+(0)
leads to |Vu |2 = 0.9988(6), which highlights again a 2σ -
tension with unitarity, while the one for fK±/ fπ± implies
|Vu |2 = 0.9998(5), confirming the first-row CKM unitarity
below the permille level.

The situation is similar for Nf = 2+1: |Vu |2 = 0.984(11)
with the lattice data alone. Combining the lattice results for
f+(0) and fK±/ fπ± in Eqs. (59) and (65) with the β decay
value of |Vud |, the test sharpens again considerably: the lattice
result for f+(0) leads to |Vu |2 = 0.9991(6), while the one
for fK±/ fπ± implies |Vu |2 = 0.9999(6), thus confirming
again CKM unitarity below the permille level.

Repeating the analysis for N f = 2, we find |Vu |2 =
1.029(34) with the lattice data alone. This number is fully
compatible with unity and perfectly consistent with the value
of |Vud | found in nuclear β decay: combining this value
with the result (60) for f+(0) yields |Vu |2 = 1.0003(10),
combining it with the data (66) on fK±/ fπ± gives |Vu |2 =
0.9988(15).

Note that the above tests also offer a check of the basic
hypothesis that underlies our analysis: we are assuming that
the weak interaction between the quarks and the leptons is
governed by the same Fermi constant as the one that deter-
mines the strength of the weak interaction among the leptons
and determines the lifetime of the muon. In certain modifi-
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Fig. 7 Comparison of lattice results (squares) for f+(0) and fK±/ fπ±
with various model estimates based on χPT (blue circles). The ratio
fK±/ fπ± is obtained in pure QCD including the SU (2) isospin-

breaking correction (see Sect. 4.3). The black squares and grey bands
indicate our estimates. The significance of the colours is explained in
Sect. 2

unknown parameters. The latter can be determined from the
dependence of the lattice results on the masses of the quarks.
Note that any calculation that relies on the χPT formula for
f2 is subject to the uncertainties inherent in NLO results:
instead of using the physical value of the pion decay con-
stant fπ , one may, for instance, work with the constant f0
that occurs in the effective Lagrangian and represents the
value of fπ in the chiral limit. Although trading fπ for f0
in the expression for the NLO term affects the result only
at NNLO, it may make a significant numerical difference in
calculations where the latter are not explicitly accounted for
(the lattice results concerning the value of the ratio fπ/ f0 are
reviewed in Sect. 5.3).

The lattice results shown in the left panel of Fig. 7 indicate
that the higher-order contributions # f ≡ f+(0)−1− f2 are
negative and thus amplify the effect generated by f2. This
confirms the expectation that the exotic contributions are
small. The entries in the lower part of the left panel represent
various model estimates for f4. In Ref. [228] the symmetry-
breaking effects are estimated in the framework of the quark
model. The more recent calculations are more sophisticated,
as they make use of the known explicit expression for the
Kℓ3 form factors to NNLO in χPT [227,229]. The corre-
sponding formula for f4 accounts for the chiral logarithms
occurring at NNLO and is not subject to the ambiguity men-
tioned above.17 The numerical result, however, depends on
the model used to estimate the low-energy constants occur-
ring in f4 [224–227]. The figure indicates that the most recent

17 Fortran programs for the numerical evaluation of the form factor
representation in Ref. [227] are available on request from Johan Bijnens.

numbers obtained in this way correspond to a positive or an
almost vanishing rather than a negative value for# f . We note
that FNAL/MILC 12I [23] have made an attempt at deter-
mining a combination of some of the low-energy constants
appearing in f4 from lattice data.

4.3 Direct determination of f+(0) and fK±/ fπ±

All lattice results for the form factor f+(0) and many avail-
able results for the ratio of decay constants, which we sum-
marize here in Tables 13 and 14, respectively, have been
computed in isospin-symmetric QCD. The reason for this
unphysical parameter choice is that there are only few sim-
ulations of SU (2) isospin-breaking effects in lattice QCD,
which is ultimately the cleanest way for predicting these
effects [16,103,104,110,115,167,206,207]. In the mean-
time one relies either on chiral perturbation theory [107,129]
to estimate the correction to the isospin limit or one calcu-
lates the breaking at leading order in (mu−md) in the valence
quark sector by extrapolating the lattice data for the charged
kaons to the physical value of the up(down)-quark mass (the
result for the pion decay constant is always extrapolated to
the value of the average light-quark mass m̂). This defines
the prediction for fK±/ fπ± .

Since the majority of the collaborations present their
newest results including the strong SU (2) isospin-breaking
correction (as we will see this comprises the majority of
results which qualify for inclusion into the FLAG average),
we prefer to provide in Fig. 7 the overview of the world data
of fK±/ fπ± , at variance with the choice made in the previous
edition of the FLAG review [2]. For all the results of Table 14
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simulations of SU (2) isospin-breaking effects are therefore
required. To remain on the conservative side we add a 100%
error to the correction based on SU (3) chiral perturbation
theory. For further analyses we add (in quadrature) such an
uncertainty to the systematic error.

Using the results of Table 15 for N f = 2 + 1 we obtain

direct, Nf = 2 + 1 + 1 : fK±/ fπ± = 1.193(3)

Refs. [14,26,27], (64)

direct, Nf = 2 + 1 : fK±/ fπ± = 1.192(5)

Refs. [28–31], (65)

direct, Nf = 2 : fK±/ fπ± = 1.205(6)(17)

Ref. [32], (66)

for QCD with broken isospin.
It is instructive to convert the above results for f+(0) and

fK±/ fπ± into a corresponding range for the CKM matrix ele-
ments |Vud | and |Vus |, using the relations (54). Consider first
the results for Nf = 2+1+1. The range for f+(0) in Eq. (58)
is mapped into the interval |Vus | = 0.2231(9), depicted as a
horizontal red band in Fig. 8, while the one for fK±/ fπ± in
Eq. (64) is converted into |Vus |/|Vud | = 0.2313(7), shown
as a tilted red band. The red ellipse is the intersection of
these two bands and represents the 68% likelihood contour,19

obtained by treating the above two results as independent
measurements. Repeating the exercise for Nf = 2 + 1 and
Nf = 2 leads to the green and blue ellipses, respectively. The
plot indicates a slight tension between the N f = 2 + 1 + 1
and the nuclear β decay results.

4.4 Tests of the Standard Model

In the Standard Model, the CKM matrix is unitary. In partic-
ular, the elements of the first row obey

|Vu |2 ≡ |Vud |2 + |Vus |2 + |Vub|2 = 1. (67)

The tiny contribution from |Vub| is known much better than
needed in the present context: |Vub| = 4.13(49) × 10−3

[151]. In the following, we first discuss the evidence for the
validity of the relation (67) and only then use it to analyse
the lattice data within the Standard Model.

In Fig. 8, the correlation between |Vud | and |Vus | imposed
by the unitarity of the CKM matrix is indicated by a dot-
ted line (more precisely, in view of the uncertainty in |Vub|,
the correlation corresponds to a band of finite width, but the
effect is too small to be seen here). The plot shows that there
is a slight tension with unitarity in the data for N f = 2+1+1:

19 Note that the ellipses shown in Fig. 5 of both Ref. [1] and Ref. [2]
correspond instead to the 39% likelihood contours. Note also that in
Ref. [2] the likelihood was erroneously stated to be 68% rather than
39%.

Fig. 8 The plot compares the information for |Vud |, |Vus | obtained
on the lattice with the experimental result extracted from nuclear β
transitions. The dotted line indicates the correlation between |Vud | and
|Vus | that follows if the CKM-matrix is unitary

Numerically, the outcome for the sum of the squares of the
first row of the CKM matrix reads |Vu |2 = 0.980(9), which
deviates from unity at the level of two standard deviations.
Still, it is fair to say that at this level the Standard Model
passes a nontrivial test that exclusively involves lattice data
and well-established kaon decay branching ratios. Combin-
ing the lattice results for f+(0) and fK±/ fπ± in Eqs. (58)
and (64) with the β decay value of |Vud | quoted in Eq. (55),
the test sharpens considerably: the lattice result for f+(0)
leads to |Vu |2 = 0.9988(6), which highlights again a 2σ -
tension with unitarity, while the one for fK±/ fπ± implies
|Vu |2 = 0.9998(5), confirming the first-row CKM unitarity
below the permille level.

The situation is similar for Nf = 2+1: |Vu |2 = 0.984(11)
with the lattice data alone. Combining the lattice results for
f+(0) and fK±/ fπ± in Eqs. (59) and (65) with the β decay
value of |Vud |, the test sharpens again considerably: the lattice
result for f+(0) leads to |Vu |2 = 0.9991(6), while the one
for fK±/ fπ± implies |Vu |2 = 0.9999(6), thus confirming
again CKM unitarity below the permille level.

Repeating the analysis for N f = 2, we find |Vu |2 =
1.029(34) with the lattice data alone. This number is fully
compatible with unity and perfectly consistent with the value
of |Vud | found in nuclear β decay: combining this value
with the result (60) for f+(0) yields |Vu |2 = 1.0003(10),
combining it with the data (66) on fK±/ fπ± gives |Vu |2 =
0.9988(15).

Note that the above tests also offer a check of the basic
hypothesis that underlies our analysis: we are assuming that
the weak interaction between the quarks and the leptons is
governed by the same Fermi constant as the one that deter-
mines the strength of the weak interaction among the leptons
and determines the lifetime of the muon. In certain modifi-
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Fig. 7 Comparison of lattice results (squares) for f+(0) and fK±/ fπ±
with various model estimates based on χPT (blue circles). The ratio
fK±/ fπ± is obtained in pure QCD including the SU (2) isospin-

breaking correction (see Sect. 4.3). The black squares and grey bands
indicate our estimates. The significance of the colours is explained in
Sect. 2

unknown parameters. The latter can be determined from the
dependence of the lattice results on the masses of the quarks.
Note that any calculation that relies on the χPT formula for
f2 is subject to the uncertainties inherent in NLO results:
instead of using the physical value of the pion decay con-
stant fπ , one may, for instance, work with the constant f0
that occurs in the effective Lagrangian and represents the
value of fπ in the chiral limit. Although trading fπ for f0
in the expression for the NLO term affects the result only
at NNLO, it may make a significant numerical difference in
calculations where the latter are not explicitly accounted for
(the lattice results concerning the value of the ratio fπ/ f0 are
reviewed in Sect. 5.3).

The lattice results shown in the left panel of Fig. 7 indicate
that the higher-order contributions # f ≡ f+(0)−1− f2 are
negative and thus amplify the effect generated by f2. This
confirms the expectation that the exotic contributions are
small. The entries in the lower part of the left panel represent
various model estimates for f4. In Ref. [228] the symmetry-
breaking effects are estimated in the framework of the quark
model. The more recent calculations are more sophisticated,
as they make use of the known explicit expression for the
Kℓ3 form factors to NNLO in χPT [227,229]. The corre-
sponding formula for f4 accounts for the chiral logarithms
occurring at NNLO and is not subject to the ambiguity men-
tioned above.17 The numerical result, however, depends on
the model used to estimate the low-energy constants occur-
ring in f4 [224–227]. The figure indicates that the most recent

17 Fortran programs for the numerical evaluation of the form factor
representation in Ref. [227] are available on request from Johan Bijnens.

numbers obtained in this way correspond to a positive or an
almost vanishing rather than a negative value for# f . We note
that FNAL/MILC 12I [23] have made an attempt at deter-
mining a combination of some of the low-energy constants
appearing in f4 from lattice data.

4.3 Direct determination of f+(0) and fK±/ fπ±

All lattice results for the form factor f+(0) and many avail-
able results for the ratio of decay constants, which we sum-
marize here in Tables 13 and 14, respectively, have been
computed in isospin-symmetric QCD. The reason for this
unphysical parameter choice is that there are only few sim-
ulations of SU (2) isospin-breaking effects in lattice QCD,
which is ultimately the cleanest way for predicting these
effects [16,103,104,110,115,167,206,207]. In the mean-
time one relies either on chiral perturbation theory [107,129]
to estimate the correction to the isospin limit or one calcu-
lates the breaking at leading order in (mu−md) in the valence
quark sector by extrapolating the lattice data for the charged
kaons to the physical value of the up(down)-quark mass (the
result for the pion decay constant is always extrapolated to
the value of the average light-quark mass m̂). This defines
the prediction for fK±/ fπ± .

Since the majority of the collaborations present their
newest results including the strong SU (2) isospin-breaking
correction (as we will see this comprises the majority of
results which qualify for inclusion into the FLAG average),
we prefer to provide in Fig. 7 the overview of the world data
of fK±/ fπ± , at variance with the choice made in the previous
edition of the FLAG review [2]. For all the results of Table 14
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simulations of SU (2) isospin-breaking effects are therefore
required. To remain on the conservative side we add a 100%
error to the correction based on SU (3) chiral perturbation
theory. For further analyses we add (in quadrature) such an
uncertainty to the systematic error.

Using the results of Table 15 for N f = 2 + 1 we obtain

direct, Nf = 2 + 1 + 1 : fK±/ fπ± = 1.193(3)

Refs. [14,26,27], (64)

direct, Nf = 2 + 1 : fK±/ fπ± = 1.192(5)

Refs. [28–31], (65)

direct, Nf = 2 : fK±/ fπ± = 1.205(6)(17)

Ref. [32], (66)

for QCD with broken isospin.
It is instructive to convert the above results for f+(0) and

fK±/ fπ± into a corresponding range for the CKM matrix ele-
ments |Vud | and |Vus |, using the relations (54). Consider first
the results for Nf = 2+1+1. The range for f+(0) in Eq. (58)
is mapped into the interval |Vus | = 0.2231(9), depicted as a
horizontal red band in Fig. 8, while the one for fK±/ fπ± in
Eq. (64) is converted into |Vus |/|Vud | = 0.2313(7), shown
as a tilted red band. The red ellipse is the intersection of
these two bands and represents the 68% likelihood contour,19

obtained by treating the above two results as independent
measurements. Repeating the exercise for Nf = 2 + 1 and
Nf = 2 leads to the green and blue ellipses, respectively. The
plot indicates a slight tension between the N f = 2 + 1 + 1
and the nuclear β decay results.

4.4 Tests of the Standard Model

In the Standard Model, the CKM matrix is unitary. In partic-
ular, the elements of the first row obey

|Vu |2 ≡ |Vud |2 + |Vus |2 + |Vub|2 = 1. (67)

The tiny contribution from |Vub| is known much better than
needed in the present context: |Vub| = 4.13(49) × 10−3

[151]. In the following, we first discuss the evidence for the
validity of the relation (67) and only then use it to analyse
the lattice data within the Standard Model.

In Fig. 8, the correlation between |Vud | and |Vus | imposed
by the unitarity of the CKM matrix is indicated by a dot-
ted line (more precisely, in view of the uncertainty in |Vub|,
the correlation corresponds to a band of finite width, but the
effect is too small to be seen here). The plot shows that there
is a slight tension with unitarity in the data for N f = 2+1+1:

19 Note that the ellipses shown in Fig. 5 of both Ref. [1] and Ref. [2]
correspond instead to the 39% likelihood contours. Note also that in
Ref. [2] the likelihood was erroneously stated to be 68% rather than
39%.

Fig. 8 The plot compares the information for |Vud |, |Vus | obtained
on the lattice with the experimental result extracted from nuclear β
transitions. The dotted line indicates the correlation between |Vud | and
|Vus | that follows if the CKM-matrix is unitary

Numerically, the outcome for the sum of the squares of the
first row of the CKM matrix reads |Vu |2 = 0.980(9), which
deviates from unity at the level of two standard deviations.
Still, it is fair to say that at this level the Standard Model
passes a nontrivial test that exclusively involves lattice data
and well-established kaon decay branching ratios. Combin-
ing the lattice results for f+(0) and fK±/ fπ± in Eqs. (58)
and (64) with the β decay value of |Vud | quoted in Eq. (55),
the test sharpens considerably: the lattice result for f+(0)
leads to |Vu |2 = 0.9988(6), which highlights again a 2σ -
tension with unitarity, while the one for fK±/ fπ± implies
|Vu |2 = 0.9998(5), confirming the first-row CKM unitarity
below the permille level.

The situation is similar for Nf = 2+1: |Vu |2 = 0.984(11)
with the lattice data alone. Combining the lattice results for
f+(0) and fK±/ fπ± in Eqs. (59) and (65) with the β decay
value of |Vud |, the test sharpens again considerably: the lattice
result for f+(0) leads to |Vu |2 = 0.9991(6), while the one
for fK±/ fπ± implies |Vu |2 = 0.9999(6), thus confirming
again CKM unitarity below the permille level.

Repeating the analysis for N f = 2, we find |Vu |2 =
1.029(34) with the lattice data alone. This number is fully
compatible with unity and perfectly consistent with the value
of |Vud | found in nuclear β decay: combining this value
with the result (60) for f+(0) yields |Vu |2 = 1.0003(10),
combining it with the data (66) on fK±/ fπ± gives |Vu |2 =
0.9988(15).

Note that the above tests also offer a check of the basic
hypothesis that underlies our analysis: we are assuming that
the weak interaction between the quarks and the leptons is
governed by the same Fermi constant as the one that deter-
mines the strength of the weak interaction among the leptons
and determines the lifetime of the muon. In certain modifi-
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and using a similar relation with π and K decay constants (leptonic decay) on  
|Vus|f+(0) = 0.2165(4)

����
Vus

Vud

����
fK
f⇡

unitary line with |Vud|2+|Vus|2+|Vub|2=1 
with better determined |Vub| input

Unitarity satisfied to ~1σ
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Table 1 Summary of the main results of this review, grouped in terms
of Nf , the number of dynamical quark flavours in lattice simulations.
Quark masses and the quark condensate are given in the MS scheme at
running scale µ = 2 GeV or as indicated; the other quantities listed are
specified in the quoted sections. For each result we list the references
that entered the FLAG average or estimate. From the entries in this col-

umn one can also read off the number of results that enter our averages
for each quantity. We emphasize that these numbers only give a very
rough indication of how thoroughly the quantity in question has been
explored on the lattice and recommend to consult the detailed tables
and figures in the relevant section for more significant information and
for explanations on the source of the quoted errors

Quantity Sects. N f = 2 + 1 + 1 Refs. N f = 2 + 1 Refs. N f = 2 Refs.

ms [MeV] 3.1.3 93.9(1.1) [4,5] 92.0(2.1) [6–10] 101(3) [11,12]

mud [MeV] 3.1.3 3.70(17) [4] 3.373(80) [7–10,13] 3.6(2) [11]

ms/mud 3.1.4 27.30(34) [4,14] 27.43(31) [6–8,10] 27.3(9) [11]

mu [MeV] 3.1.5 2.36(24) [4] 2.16(9)(7) a 2.40(23) [16]

md [MeV] 3.1.5 5.03(26) [4] 4.68(14)(7) a 4.80(23) [16]

mu/md 3.1.5 0.470(56) [4] 0.46(2)(2) a 0.50(4) [16]

mc(3 GeV) [GeV] 3.2 0.996(25) [4,5] 0.987(6) [9,17] 1.03(4) [11]

mc/ms 3.2.4 11.70(6) [4,5,14] 11.82(16) [17,18] 11.74(35) [11,132]

mb(mb) [GeV] 3.3.4 4.190(21) [5,19] 4.164(23) [9] 4.256(81) [20,21]

f+(0) 4.3 0.9704(24)(22) [22] 0.9677(27) [23,24] 0.9560(57)(62) [25]

fK±/ fπ± 4.3 1.193(3) [14,26,27] 1.192(5) [28–31] 1.205(6)(17) [32]

fπ± [MeV] 4.6 130.2(1.4) [28,29,31]

fK± [MeV] 4.6 155.6(4) [14,26,27] 155.9(9) [28,29,31] 157.5(2.4) [32]

"1/3 [MeV] 5.2.1 280(8)(15) [33] 274(3) [10,13,34,35] 266(10) [33,36–38]

Fπ/F 5.2.1 1.076(2)(2) [39] 1.064(7) [10,29,34,35,40] 1.073(15) [36–38,41]

ℓ̄3 5.2.2 3.70(7)(26) [39] 2.81(64) [10,29,34,35,40] 3.41(82) [36,37,41]

ℓ̄4 5.2.2 4.67(3)(10) [39] 4.10(45) [10,29,34,35,40] 4.51(26) [36,37,41]

ℓ̄6 5.2.2 15.1(1.2) [37,41]

B̂K 6.1 0.717(18)(16) [42] 0.7625(97) [10,43–45] 0.727(22)(12) [46]

a This is a FLAG estimate, based on χPT and the isospin averaged up- and down-quark mass mud [7–10,13]

fer), the decay constants fK and fπ , and the BK parameter
from neutral kaon mixing. Their implications for the CKM
matrix elements Vus and Vud were also discussed. Further-
more, results were reported for some of the low-energy con-
stants of SU (2)L × SU (2)R and SU (3)L × SU (3)R Chi-
ral Perturbation Theory. The quantities related to D- and
B-meson physics that were reviewed were the B- and D-
meson-decay constants, form factors, and mixing parame-
ters. These are the heavy–light quantities most relevant to
the determination of CKM matrix elements and the global
CKM unitarity-triangle fit. Last but not least, the current sta-
tus of lattice results on the QCD coupling αs was reviewed.

In the present paper we provide updated results for all
the above-mentioned quantities, but also extend the scope of
the review in two ways. First, we now present results for the
charm and bottom quark masses, in addition to those of the
three lightest quarks. Second, we review results obtained for
the kaon mixing matrix elements of new operators that arise
in theories of physics beyond the Standard Model. Our main
results are collected in Tables 1 and 2.

Our plan is to continue providing FLAG updates, in the
form of a peer reviewed paper, roughly on a biennial basis.
This effort is supplemented by our more frequently updated

website http://itpwiki.unibe.ch/flag [3], where figures as well
as pdf-files for the individual sections can be downloaded.
The papers reviewed in the present edition have appeared
before the closing date 30 November 2015.

This review is organized as follows. In the remainder of
Sect. 1 we summarize the composition and rules of FLAG
and discuss general issues that arise in modern lattice calcu-
lations. In Sect. 2 we explain our general methodology for
evaluating the robustness of lattice results. We also describe
the procedures followed for combining results from different
collaborations in a single average or estimate (see Sect. 2.2
for our definition of these terms). The rest of the paper con-
sists of sections, each dedicated to a single (or groups of
closely connected) physical quantity(ies). Each of these sec-
tions is accompanied by an Appendix with explicatory notes.

1.1 FLAG composition, guidelines and rules

FLAG strives to be representative of the lattice community,
both in terms of the geographical location of its members and
the lattice collaborations to which they belong. We aspire to
provide the particle-physics community with a single source
of reliable information on lattice results.
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Table 2 Summary of the main results of this review, grouped in terms
of Nf , the number of dynamical quark flavours in lattice simulations.
The quantities listed are specified in the quoted sections. For each result
we list the references that entered the FLAG average or estimate. From
the entries in this column one can also read off the number of results that

enter our averages for each quantity. We emphasize that these numbers
only give a very rough indication of how thoroughly the quantity in
question has been explored on the lattice and recommend to consult the
detailed tables and figures in the relevant section for more significant
information and for explanations on the source of the quoted errors

Quantity Sects. N f = 2 + 1 + 1 Refs. N f = 2 + 1 Refs. N f = 2 Refs.

fD [MeV] 7.1 212.15(1.45) [14,27] 209.2(3.3) [47,48] 208(7) [20]

fDs [MeV] 7.1 248.83(1.27) [14,27] 249.8(2.3) [17,48,49] 250(7) [20]

fDs / fD 7.1 1.1716(32) [14,27] 1.187(12) [47,48] 1.20(2) [20]

f Dπ
+ (0) 7.2 0.666(29) [50]

f DK
+ (0) 7.2 0.747(19) [51]

fB [MeV] 8.1 186(4) [52] 192.0(4.3) [48,53–56] 188(7) [20,57,58]

fBs [MeV] 8.1 224(5) [52] 228.4(3.7) [48,53–56] 227(7) [20,57,58]

fBs / fB 8.1 1.205(7) [52] 1.201(16) [48,53–55] 1.206(23) [20,57,58]

fBd

√
B̂Bd [MeV] 8.2 219(14) [54,59] 216(10) [20]

fBs

√
B̂Bs [MeV] 8.2 270(16) [54,59] 262(10) [20]

B̂Bd 8.2 1.26(9) [54,59] 1.30(6) [20]

B̂Bs 8.2 1.32(6) [54,59] 1.32(5) [20]

ξ 8.2 1.239(46) [54,60] 1.225(31) [20]

BBs /BBd 8.2 1.039(63) [54,60] 1.007(21) [20]

Quantity Sects. N f = 2 + 1 and N f = 2 + 1 + 1 Refs.

α
(5)
MS

(MZ ) 9.9 0.1182(12) [5,9,61–63]

$
(5)
MS

[MeV] 9.9 211(14) [5,9,61–63]

In order to work reliably and efficiently, we have adopted
a formal structure and a set of rules by which all FLAG
members abide. The collaboration presently consists of an
Advisory Board (AB), an Editorial Board (EB), and seven
Working Groups (WG). The rôle of the Advisory Board is
that of general supervision and consultation. Its members
may interfere at any point in the process of drafting the paper,
expressing their opinion and offering advice. They also give
their approval of the final version of the preprint before it is
rendered public. The Editorial Board coordinates the activi-
ties of FLAG, sets priorities and intermediate deadlines, and
takes care of the editorial work needed to amalgamate the
sections written by the individual working groups into a uni-
form and coherent review. The working groups concentrate
on writing up the review of the physical quantities for which
they are responsible, which is subsequently circulated to the
whole collaboration for critical evaluation.

The current list of FLAG members and their Working
Group assignments is:

• Advisory Board (AB): S. Aoki, C. Bernard, M. Golter-
man, H. Leutwyler, and C. Sachrajda

• Editorial Board (EB): G. Colangelo, A. Jüttner,
S. Hashimoto, S. Sharpe, A. Vladikas, and U. Wenger

• Working Groups (coordinator listed first):

– Quark masses L. Lellouch, T. Blum, and V. Lubicz
– Vus, Vud S. Simula, P. Boyle,1 and T. Kaneko
– LEC S. Dürr, H. Fukaya, and U.M. Heller
– BK H. Wittig, P. Dimopoulos, and R. Mawhinney
– fB(s) , fD(s) , BB M. Della Morte, Y. Aoki, and D. Lin
– B(s), D semileptonic and radiative decays E. Lunghi,

D. Becirevic, S. Gottlieb, and C. Pena
– αs R. Sommer, R. Horsley, and T. Onogi

As some members of the WG on quark masses were faced
with unexpected hindrances, S. Simula has kindly assisted in
the completion of the relevant section during the final phases
of its composition.

The most important FLAG guidelines and rules are the
following:

• the composition of the AB reflects the main geographi-
cal areas in which lattice collaborations are active, with
members from America, Asia/Oceania and Europe;

1 Peter Boyle had participated actively in the early stages of the current
FLAG effort. Unfortunately, due to other commitments, it was impos-
sible for him to contribute until the end, and he decided to withdraw
from the collaboration.

123



FLAG 2016 coverage II
Eur. Phys. J. C (2017) 77 :112 Page 5 of 228 112

Table 2 Summary of the main results of this review, grouped in terms
of Nf , the number of dynamical quark flavours in lattice simulations.
The quantities listed are specified in the quoted sections. For each result
we list the references that entered the FLAG average or estimate. From
the entries in this column one can also read off the number of results that

enter our averages for each quantity. We emphasize that these numbers
only give a very rough indication of how thoroughly the quantity in
question has been explored on the lattice and recommend to consult the
detailed tables and figures in the relevant section for more significant
information and for explanations on the source of the quoted errors

Quantity Sects. N f = 2 + 1 + 1 Refs. N f = 2 + 1 Refs. N f = 2 Refs.

fD [MeV] 7.1 212.15(1.45) [14,27] 209.2(3.3) [47,48] 208(7) [20]

fDs [MeV] 7.1 248.83(1.27) [14,27] 249.8(2.3) [17,48,49] 250(7) [20]

fDs / fD 7.1 1.1716(32) [14,27] 1.187(12) [47,48] 1.20(2) [20]

f Dπ
+ (0) 7.2 0.666(29) [50]

f DK
+ (0) 7.2 0.747(19) [51]

fB [MeV] 8.1 186(4) [52] 192.0(4.3) [48,53–56] 188(7) [20,57,58]

fBs [MeV] 8.1 224(5) [52] 228.4(3.7) [48,53–56] 227(7) [20,57,58]

fBs / fB 8.1 1.205(7) [52] 1.201(16) [48,53–55] 1.206(23) [20,57,58]

fBd

√
B̂Bd [MeV] 8.2 219(14) [54,59] 216(10) [20]

fBs

√
B̂Bs [MeV] 8.2 270(16) [54,59] 262(10) [20]

B̂Bd 8.2 1.26(9) [54,59] 1.30(6) [20]

B̂Bs 8.2 1.32(6) [54,59] 1.32(5) [20]

ξ 8.2 1.239(46) [54,60] 1.225(31) [20]

BBs /BBd 8.2 1.039(63) [54,60] 1.007(21) [20]

Quantity Sects. N f = 2 + 1 and N f = 2 + 1 + 1 Refs.

α
(5)
MS

(MZ ) 9.9 0.1182(12) [5,9,61–63]

$
(5)
MS

[MeV] 9.9 211(14) [5,9,61–63]

In order to work reliably and efficiently, we have adopted
a formal structure and a set of rules by which all FLAG
members abide. The collaboration presently consists of an
Advisory Board (AB), an Editorial Board (EB), and seven
Working Groups (WG). The rôle of the Advisory Board is
that of general supervision and consultation. Its members
may interfere at any point in the process of drafting the paper,
expressing their opinion and offering advice. They also give
their approval of the final version of the preprint before it is
rendered public. The Editorial Board coordinates the activi-
ties of FLAG, sets priorities and intermediate deadlines, and
takes care of the editorial work needed to amalgamate the
sections written by the individual working groups into a uni-
form and coherent review. The working groups concentrate
on writing up the review of the physical quantities for which
they are responsible, which is subsequently circulated to the
whole collaboration for critical evaluation.

The current list of FLAG members and their Working
Group assignments is:

• Advisory Board (AB): S. Aoki, C. Bernard, M. Golter-
man, H. Leutwyler, and C. Sachrajda

• Editorial Board (EB): G. Colangelo, A. Jüttner,
S. Hashimoto, S. Sharpe, A. Vladikas, and U. Wenger

• Working Groups (coordinator listed first):

– Quark masses L. Lellouch, T. Blum, and V. Lubicz
– Vus, Vud S. Simula, P. Boyle,1 and T. Kaneko
– LEC S. Dürr, H. Fukaya, and U.M. Heller
– BK H. Wittig, P. Dimopoulos, and R. Mawhinney
– fB(s) , fD(s) , BB M. Della Morte, Y. Aoki, and D. Lin
– B(s), D semileptonic and radiative decays E. Lunghi,

D. Becirevic, S. Gottlieb, and C. Pena
– αs R. Sommer, R. Horsley, and T. Onogi

As some members of the WG on quark masses were faced
with unexpected hindrances, S. Simula has kindly assisted in
the completion of the relevant section during the final phases
of its composition.

The most important FLAG guidelines and rules are the
following:

• the composition of the AB reflects the main geographi-
cal areas in which lattice collaborations are active, with
members from America, Asia/Oceania and Europe;

1 Peter Boyle had participated actively in the early stages of the current
FLAG effort. Unfortunately, due to other commitments, it was impos-
sible for him to contribute until the end, and he decided to withdraw
from the collaboration.

123

aiming to provide convenient summary  
for non expert



Nucleon form factors and parton distributions



recent developments



recent developments

• nucleon axial charge gA 



recent developments

• nucleon axial charge gA 
• proton spin



recent developments

• nucleon axial charge gA 
• proton spin
• parton distribution in proton 



recent developments

• nucleon axial charge gA 
• proton spin
• parton distribution in proton 

• Note: 
• all are computed from hadronic matrix elements obtained 

in a similar way as Kaon semi leptonic decay 
• calculated from hadronic 3-point function 

• difference 
• external states → here in/out states are nucleons 
• operator 
• complexity of the scheme / additional parameters



Lattice gA summary from PDF “white paper”
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Figure 3.1: Summary of the current status of lattice-QCD calculations of the axial charge, g
A
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The vertical black line represents the current experimental world average g

exp
A

= 1.2723(23) [28]. The light
gray bands for N

f

= 2 + 1 + 1 and N

f

= 2 represent the benchmark results of Eq. (3.1), and the dashed gray
band for N

f

= 2 + 1 + 1 is the fit band of Eq. (3.4).

We plot all lattice results for the axial coupling, listed in Table 3.2, in Fig. 3.1. We show the
world-average experimental value as a vertical black line. The light gray bands for N

f

= 2 + 1 + 1 and
N

f

= 2 represent the benchmark results of Eq. (3.1), and the dashed gray band for N
f

= 2 + 1 + 1 is
the combined fit band given in Eq. (3.4).

In addition to the axial charge, we summarize the zeroth moments of the individual light-quark
total polarized distributions in Table 3.3. We summarize the status of lattice-QCD calculations of the
first moments of the polarized PDF combination hxi�u

���d

� in Table 3.4. We use the same format as
in Table 3.1. All values are at µ2 = 4 GeV2. Available results that have not been extrapolated to the
physical pion mass or quenched results are not reported here, but in Appendix B, Tables B.3–B.4, for
completeness.

In the case of h1i�u

+ and h1i�d

+ , there is only one result available in the literature for each quantity.
Therefore, although the corresponding systematic uncertainties are not completely under control and
possibly underestimated, we take the individual results as our benchmark values. In the case of h1i�s

+

and hxi�u

���d

� , however, several results are available in the literature, although without a full char-
acterization of their systematic uncertainties. We present our lattice-QCD benchmark value for these
quantities as a best-estimate band extending from the mean minus the error of the smallest result to
the mean plus the error of the largest. We include all results with two or more flavors of sea quarks
listed in Tables 3.3 and 3.4, respectively.

The lattice-QCD benchmark numbers for g
A

, h1i�u

+ , h1i�d

+ , h1i�s

+ and hxi�u

���d

� will be further
commented below, where they will be collected together with their global-fit counterparts in Table 3.8.

3.1.3 Appraising global-fit results

The current status of global PDF fit determinations and their uncertainties has been carefully assessed in
dedicated reviews recently [5, 6], and further summarized in Sec. 2.3.2. It is now recognized that PDF
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3 Benchmarking PDF moments

In this section we provide a quantitative comparison between current lattice-QCD and global-fit results
of the lowest moments of unpolarized and polarized PDFs. To this purpose, we identify benchmark
quantities and define the criteria to appraise the determinations available in the literature. For each
benchmark quantity, we specify a prescription to select and combine lattice-QCD calculations and
global-fit determinations. We present our benchmark numbers from each side and compare them.

3.1 Benchmark criteria

We start by describing our benchmark criteria, which include the definition of the benchmark quantities
and the determination of their reference values, based on a careful assessment of the lattice-QCD and
global-fit results available in the literature.

3.1.1 Benchmark quantities

We identify our benchmark quantities with the following moments of unpolarized and polarized PDFs,
or of PDF quark flavor combinations.

• hxi
u

+�d

+ , hxi
u

+ , hxi
d

+ , hxi
s

+ and hxi
g

in the unpolarized case;

• g
A

⌘ h1i�u

+��d

+ , h1i�u

+ , h1i�d

+ , h1i�s

+ and hxi�u

���d

� in the polarized case.

We adopt the conventional notation described in Appendix A. We focus on the above quantities be-
cause current lattice calculations of higher moments and moments of other PDF combinations are not
su�ciently controlled to allow for a meaningful comparison between lattice-QCD and global-fit results.

3.1.2 Appraising lattice-QCD calculations

To accurately assess current lattice-QCD calculations available in the literature, we follow a proce-
dure inspired by the review of low-energy mesons undertaken by the Flavor Lattice Averaging Group
(FLAG) [81]. For each lattice calculation, we characterize each source of uncertainty outlined in Sec. 2.2.
We use a rating system inspired by FLAG, awarding a blue star (F) for sources of uncertainty that are
well controlled or very conservatively estimated, a blue circle (�) for sources of uncertainty that have
been controlled or estimated to some extent, and a red square (⌅) for uncertainties that have not met
our criteria or for which no estimate is given. Specifically, the rating system works as follows.

• Discretization e↵ects and the continuum limit. We assume that the lattice actions are
O(a)-improved, i.e., that the discretization errors vanish quadratically with the lattice spacing.
For unimproved actions, an additional lattice spacing is required. These criteria must be satisfied
in each case for at least one pion mass below 300 MeV.

F At least three lattice spacings with at least two lattice spacings below 0.1 fm and a range of
lattice spacings that satisfies [amax/amin]2 � 2.

� At least two lattice spacings with at least one point below 0.1 fm and a range of lattice
spacings that satisfy [amax/amin]2 � 1.4.

To receive a F or � either a continuum extrapolation must be performed, or the results must
demonstrate no significant discretization e↵ects over the appropriate range of lattice spacings.

• Unphysical pion masses. We define a physical pion mass ensemble to be one with M
⇡

=
135± 10 MeV for the following criteria.
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only those which clear certain quality criteria are shown 
cyan omitted from average due to worse quality score 
lattice gA used to be smaller than experiment, 
state-of-the art calculations are consistent with exp.



Proton spin “puzzle”

• Nucleon Spin and Momentum Decomposition Using Lattice QCD Simulations 
• ETMC: C. Alexandrou et al [PRL 119 (2017) 142002] 
•  using Ji’s  gauge invariant decomposition

agreement is very satisfactory. For the renormalized
strange and charm quark masses, we find mR

s ¼
μs=ZP ¼ 108.6ð2.2Þð5.7Þð2.6Þ MeV and mR

c ¼ μc=ZP ¼
1.39ð2Þð7Þð3Þ GeV, where ZP is the pseudoscalar renor-
malization function determined nonperturbatively
in the modified minimal subtraction scheme (MS) at
2 GeV [17].
Matrix elements.—We use Ji’s sum rule [20], which

provides a gauge invariant decomposition of the nucleon
spin as

JN ¼
X

q¼u;d;s;c$$$

!
1

2
ΔΣq þ Lq

"
þ Jg;

where 1
2ΔΣq is the contribution from the intrinsic quark spin,

Lq is the quark orbital angular momentum, and Jg is the
gluon total angular momentum. The quark intrinsic spin
1
2ΔΣq is obtained from the first Mellin moment of the
polarized parton distribution function (PDF), which is the
nucleonmatrix element of the axial-vector operator. The total
quark angularmomentum,Jq, can be extracted by computing
the second Mellin moment of the unpolarized nucleon PDF,
which is the nucleon matrix element of the vector one-
derivative operator at zero momentum transfer. These matrix
elements in Euclidean space are given by

hNðp; s0ÞjOμ
AjNðp; sÞi ¼ ūNðp; s0Þ½g

q
Aγ

μγ5'uNðp; sÞ;
hNðp0; s0ÞjOμν

V jNðp; sÞi ¼ ūNðp0; s0ÞΛq
μνðQ2ÞuNðp; sÞ;

Λμν
q ðQ2Þ ¼ Aq

20ðQ2ÞγfμPνg

þ Bq
20ðQ2Þ σ

fμαqαPνg

2m

þ Cq
20ðQ2Þ 1

m
QfμQνg; ð1Þ

with Q ¼ p0 − p being the momentum transfer and P ¼
ðp0 þ pÞ=2 the totalmomentum. The axial-vector operator is
Oμ

A ¼ q̄γμγ5q and the one-derivative vector operator

Oμν
V ¼ q̄γfμD

↔ν
gq, where the curly brackets in OV represent

a symmetrization over pairs of indices and a subtraction of
the trace. Λμν

q is decomposed in terms of three Lorentz
invariant generalized form factors Aq

20ðQ2Þ, Bq
20ðQ2Þ, and

Cq
20ðQ2Þ. A corresponding decomposition can also be made

for the nucleonmatrix element of the gluon operatorOμν
g . The

quark (gluon) total angular momentum can be written as
JqðgÞ ¼ 1

2 ½A
qðgÞ
20 ð0Þ þ BqðgÞ

20 ð0Þ', while the average momen-

tum fraction is determined from AqðgÞ
20 ð0Þ ¼ hxiqðgÞ and

gqA ≡ ΔΣq, where gqA is the nucleon axial charge. While
Aq
20ð0Þ can be extracted directly at Q2 ¼ 0, Bq

20ð0Þ needs to
be extrapolated to Q2 ¼ 0 using the values obtained at a
finite Q2.

We compute the gluonmomentum fraction by considering
the Q2 ¼ 0 nucleon matrix element of the operator Oμν

g ¼
2Tr½GμσGνσ', taking the combination Og ≡O44 − 1

3Ojj,

hNðp; s0ÞjOgjNðp; sÞi ¼
!
−4E2

N −
2

3
p⃗2

"
hxig; ð2Þ

where we further take the nucleon momentum p⃗ ¼ 0.
In lattice QCD, the aforementioned nucleon matrix

elements are extracted from a ratio, RΓðts; tinsÞ, of a three-
point function G3-pt

Γ ðts; tinsÞ constructed with an operator Γ
coupled to a quark divided by the nucleon two-point
functionsG2-ptðtsÞ, where tins is the time slice of the operator
insertion relative to the time slice where a state with the
quantum numbers of the nucleon is created (the source). For
sufficiently large time separations ts − tins and tins, the ratio
RΓðts; tinsÞ yields the appropriate nucleonmatrix element. To
determine B20ðQ2Þ, we need the nucleon matrix element for
Q2 ≠ 0, which can be extracted by defining an equivalent
ratio as described in detail in Refs. [21–23]. An extrapolation
of B20ðQ2Þ is then carried out to obtain B20ð0Þ. We employ
three approaches in order to check that the time separations
ts − tins and tins are sufficiently large to suppress higher
energy states with the same quantum numbers with the
nucleon.These are the following. (i) Plateaumethod. Identify
the range of tins for which the ratio RΓðts; tinsÞ becomes time
independent and perform a constant fit. (ii) Summation
method. Sum RΓðts; tinsÞ over tins, to yield

P
tinsRΓðts;tinsÞ¼

Rsum
Γ ðtsÞ¼CþtsMþOðe−ðE1−E0ÞtsÞÞþ$$$, whereC is a con-

stant. The matrix elementM is then obtained from the slope
of a linear fit with respect to ts. (iii) Two-state fit method.We
perform a simultaneous fit to the three- and two-point
function, varying tins for several values of ts, including the
first excited state in the fit function. If excited states are
suppressed, the plateau method should yield consistent
values when increasing ts within a sufficiently large ts range.
We require that we observe convergence of the values
extracted from the plateau method and, additionally, that
these values are compatible with the results extracted from
the two-state fit and the summation method. We take the
difference between the plateau and two-state fit values as a
systematic error due to residual excited states.
The three-point functions for the axial-vector and vector

one-derivative operators entering the ratio RΓðts; tinsÞ
receive two contributions, one when the operator couples
to the valence up and down quarks (referred to as
connected) and when it couples to sea quarks and gluons
(disconnected). The connected contributions are computed
by employing sequential inversion through the sink [24].
Disconnected diagrams are computationally very demand-
ing due to the fact that they involve a closed quark loop and
thus a trace over the quark propagator. A feasible alter-
native is to employ stochastic techniques [25] to obtain
an estimate of the all-to-all propagator needed for an
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• on-physical point simulation 
• only one lattice spacing 
• total J consistent with 1/2 
         claiming  
        “resolving a long standing puzzle” 
• systematic errors not fully investigated 

• twisted mass → isospin violation should be investigated 
• adding another lattice spacing will help!

recent phenomenological value extracted in Ref. [7].
Determinations of hxiu−d within lattice QCD using simu-
lations with larger than physical pion masses have yielded
larger values, an effect that is partly understood to be due to
the contribution of excited states to the ground state matrix
element [48]. We note that our value is in agreement with
that determined by the RQCD Collaboration using Nf ¼ 2
clover fermions at pion mass of 151 MeV [49], and that
lattice QCD results for hxiu−d and Ju−d for ensembles with
larger than physical pion masses including ours are in
overall agreement [40]. Results within lattice QCD for the
individual quark hxiq and Jq contributions are scarce. The
current computation is the first one using dynamical light
quarks with physical masses. A recent quenched calcu-
lation yielded values of hxiu;d consistent with ours.
In Fig. 3, we show schematically the various contribu-

tions to the spin and momentum fraction. Using a different
approach from ours, the gluon helicity was recently
computed within lattice QCD and found to be 0.251(47)
(16) [8]. Although we instead compute the gluon total
angular momentum and the two approaches have different
systematic uncertainties, a non-negligible gluon contribu-
tion to the proton spin is obtained within both approaches
make non-negligible gluon contributions to the proton spin.
Conclusions.—In this Letter, we present a calculation of

the quark and gluon contributions to the proton spin,
directly at the physical point.
Having a single ensemble, we can assess only

lattice systematic effects due to the quenching of the
strange quark, the finite volume, and the lattice spacing
indirectly from other twisted mass ensembles. A direct
evaluation of these systematic errors is currently not
possible and will be carried out in the future. Individual
components are computed for the up, down, strange, and
charm quarks, including both connected (valence) and
disconnected (sea) quark contributions. Our final numbers
are collected in Table II. The quark intrinsic spin from
connected and disconnected contributions is 1

2ΔΣuþdþs¼
0.299ð12Þð3Þjconn−0.098ð12Þð4Þjdisc¼0.201ð17Þð5Þ, while
the total quark angular momentum is Juþdþs ¼
0.255ð12Þð3Þjconn þ 0.153ð60Þð47Þjdisc ¼ 0.408ð61Þð48Þ.

Our result for the intrinsic quark spin contribution agrees
with the upper bound set by a recent phenomenological
analysis of experimental data from the COMPASS
Collaboration [50], which found 0.13 < 1

2ΔΣ < 0.18.
Using the spin sum, one would deduce that Jg ¼ 1

2 − Jq ¼
0.092ð61Þð48Þ, which is consistent with taking Jg ¼
1
2 hxig ¼ 0.133ð11Þð14Þ via the direct evaluation of the
gluon momentum fraction, which suggests that Bg

20ð0Þ is
indeed small. Furthermore, we find that the momentum
sum is satisfied as

P
qhxiq þ hxig ¼ 0.497ð12Þð5Þjconnþ

0.307ð121Þð95Þjdisc þ 0.267ð12Þð10Þjgluon ¼ 1.07ð12Þð10Þ,
as is the spin sum of quarks and gluons giving
JN ¼

P
qJq þ Jg ¼ 0.408ð61Þð48Þ þ 0.133ð11Þð14Þ ¼

0.541ð62Þð49Þ, resolving a long-standing puzzle.
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TABLE II. Our results for the intrinsic spin (12ΔΣ), angular (L),
and total (J) momentum contributions to the nucleon spin and to
the nucleon momentum hxi, in the MS scheme at 2 GeV, from up
(u), down (d), and strange (s) quarks and from gluons (g), as well
as the sum of all contributions (Tot.), where the first error is
statistical and the second systematic due to excited states.

1
2ΔΣ J L hxi

u 0.415(13)(2) 0.308(30)(24) −0.107ð32Þð24Þ 0.453(57)(48)
d −0.193ð8Þð3Þ 0.054(29)(24) 0.247(30)(24) 0.259(57)(47)
s −0.021ð5Þð1Þ 0.046(21)(0) 0.067(21)(1) 0.092(41)(0)
g % % % 0.133(11)(14) % % % 0.267(22)(27)
Tot. 0.201(17)(5) 0.541(62)(49) 0.207(64)(45) 1.07(12)(10)

FIG. 3. (Left panel) Nucleon spin decomposition. (Right panel)
Nucleon momentum decomposition. All quantities are given in
the MS scheme at 2 GeV. The striped segments show valence
quark contributions (connected), and the solid segments the sea
quark and gluon contributions (disconnected).
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We present lattice results for the isovector unpolarized parton distribution with nonperturbative
regularization-invariant momentum-subtraction scheme (RI/MOM) renormalization on the lattice. In
the framework of large-momentum effective field theory (LaMET), the full Bjorken-x dependence of a
momentum-dependent quasidistribution is calculated on the lattice and matched to the ordinary light cone
parton distribution at one-loop order, with power corrections included. The important step of RI/MOM
renormalization that connects the lattice and continuum matrix elements is detailed in this paper. A few
consequences of the results are also addressed here.
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I. INTRODUCTION

Parton distribution functions (PDFs) are probability
densities of quarks and gluons seen by an observer moving
at the speed of light relative to the hadron. They are
universal nonperturbative properties of the hadron. In a
global analysis the hard-scattering cross sections can be
factorized into the PDFs and the short-distance matrix
elements calculable in perturbation theory. Once known,
the PDFs can be used as inputs to predict cross sections
in high-energy scattering experiments, one of the major
successes of QCD. Today, multiple collaborations pro-
vide regular updates concerning the phenomenological
determination of the PDFs [1–6] using the latest exper-
imental results, either focusing on medium-energy QCD

experiments or high-energy ones such as those at the
LHC. After the past half century of theoretical and
experimental efforts, the precision needed in PDFs to
further test the standard model has increased significantly,
and experiments are planned to push further into unex-
plored or less known regions, such as sea-quark and
gluonic structure.
In this work, we continue the first-principles calcu-

lation of the PDFs using lattice QCD. In parton physics,
the PDFs are defined as the nucleon matrix elements of
quark or gluon correlation operators along the light cone
direction. For example, the unpolarized quark distribution
is defined as

qðx; μÞ≡
Z

dξ−

4π
e−ixP

þξ−hPjψ̄ðξ−ÞγþWðξ−; 0Þψð0ÞjPi;

ð1Þ

where μ is the renormalization scale in a given renormali-
zation scheme, such as the MS scheme, the nucleon
momentum Pμ ¼ ðP0; 0; 0; PzÞ, ξ% ¼ ðt% zÞ=

ffiffiffi
2

p
are the

light cone coordinates, and the Wilson line
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unpolarized quark distribution

matrix element of a non-local operator, extended  in light cone 

X. Ji’s idea of relating this with a quasi distribution

Wðξ−; 0Þ ¼ exp
!
−ig

Z
ξ−

0
dη−Aþðη−Þ

"
ð2Þ

is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,

~qðx; Pz; ~μÞ ¼
Z

∞

−∞

dz
4π

eixPzz ~hðz; Pz; ~μÞ;

~hðz; Pz; ~μÞ ¼ hPjOΓjPi; ð3Þ

where OΓ ¼ ψ̄ðzÞΓWzðz; 0Þψð0Þ with Γ ¼ γz or Pz
Pt
γt

[19–22], ~μ is the renormalization scale in a particular
scheme, and the spacelike Wilson line is

Wzðz; 0Þ ¼ exp
!
ig
Z

z

0
dz0Azðz0Þ

"
: ð4Þ

Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:

~qðx; Pz; ~μÞ ¼
Z

þ1

−1

dy
jyj

C
!
x
y
;
~μ
Pz

;
μ
yPz

"
qðy; μÞ

þO
!
M2

N

P2
z
;
Λ2
QCD

P2
z

"
; ð5Þ

where C is the matching kernel, and the OðM2
N=P

2
z ;

Λ2
QCD=P

2
zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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dz
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Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:

~qðx; Pz; ~μÞ ¼
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dy
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!
x
y
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Pz
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μ
yPz

"
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þO
!
M2

N

P2
z
;
Λ2
QCD

P2
z

"
; ð5Þ

where C is the matching kernel, and the OðM2
N=P
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z ;

Λ2
QCD=P
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zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2
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have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
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zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:
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where C is the matching kernel, and the OðM2
N=P

2
z ;

Λ2
QCD=P

2
zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
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the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
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the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
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have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
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zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
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z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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We present lattice results for the isovector unpolarized parton distribution with nonperturbative
regularization-invariant momentum-subtraction scheme (RI/MOM) renormalization on the lattice. In
the framework of large-momentum effective field theory (LaMET), the full Bjorken-x dependence of a
momentum-dependent quasidistribution is calculated on the lattice and matched to the ordinary light cone
parton distribution at one-loop order, with power corrections included. The important step of RI/MOM
renormalization that connects the lattice and continuum matrix elements is detailed in this paper. A few
consequences of the results are also addressed here.
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I. INTRODUCTION

Parton distribution functions (PDFs) are probability
densities of quarks and gluons seen by an observer moving
at the speed of light relative to the hadron. They are
universal nonperturbative properties of the hadron. In a
global analysis the hard-scattering cross sections can be
factorized into the PDFs and the short-distance matrix
elements calculable in perturbation theory. Once known,
the PDFs can be used as inputs to predict cross sections
in high-energy scattering experiments, one of the major
successes of QCD. Today, multiple collaborations pro-
vide regular updates concerning the phenomenological
determination of the PDFs [1–6] using the latest exper-
imental results, either focusing on medium-energy QCD

experiments or high-energy ones such as those at the
LHC. After the past half century of theoretical and
experimental efforts, the precision needed in PDFs to
further test the standard model has increased significantly,
and experiments are planned to push further into unex-
plored or less known regions, such as sea-quark and
gluonic structure.
In this work, we continue the first-principles calcu-

lation of the PDFs using lattice QCD. In parton physics,
the PDFs are defined as the nucleon matrix elements of
quark or gluon correlation operators along the light cone
direction. For example, the unpolarized quark distribution
is defined as

qðx; μÞ≡
Z

dξ−

4π
e−ixP

þξ−hPjψ̄ðξ−ÞγþWðξ−; 0Þψð0ÞjPi;

ð1Þ

where μ is the renormalization scale in a given renormali-
zation scheme, such as the MS scheme, the nucleon
momentum Pμ ¼ ðP0; 0; 0; PzÞ, ξ% ¼ ðt% zÞ=

ffiffiffi
2

p
are the

light cone coordinates, and the Wilson line
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unpolarized quark distribution

matrix element of a non-local operator, extended  in light cone 

X. Ji’s idea of relating this with a quasi distribution

Wðξ−; 0Þ ¼ exp
!
−ig

Z
ξ−

0
dη−Aþðη−Þ

"
ð2Þ

is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,

~qðx; Pz; ~μÞ ¼
Z

∞

−∞

dz
4π

eixPzz ~hðz; Pz; ~μÞ;

~hðz; Pz; ~μÞ ¼ hPjOΓjPi; ð3Þ

where OΓ ¼ ψ̄ðzÞΓWzðz; 0Þψð0Þ with Γ ¼ γz or Pz
Pt
γt

[19–22], ~μ is the renormalization scale in a particular
scheme, and the spacelike Wilson line is

Wzðz; 0Þ ¼ exp
!
ig
Z

z

0
dz0Azðz0Þ

"
: ð4Þ

Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:

~qðx; Pz; ~μÞ ¼
Z

þ1

−1

dy
jyj

C
!
x
y
;
~μ
Pz

;
μ
yPz

"
qðy; μÞ

þO
!
M2

N

P2
z
;
Λ2
QCD

P2
z

"
; ð5Þ

where C is the matching kernel, and the OðM2
N=P

2
z ;

Λ2
QCD=P

2
zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
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Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:
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where C is the matching kernel, and the OðM2
N=P

2
z ;

Λ2
QCD=P

2
zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2
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have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2
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zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
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on the feasibility of computing pion DA with Euclidean
current correlators [16].
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effective field theory (LaMET). According to this
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the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
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kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
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quark distribution fu−d [23–26], including the unpolarized,
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distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
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Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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is inserted to ensure gauge invariance. The main obstacle in
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cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,

~qðx; Pz; ~μÞ ¼
Z

∞

−∞

dz
4π

eixPzz ~hðz; Pz; ~μÞ;

~hðz; Pz; ~μÞ ¼ hPjOΓjPi; ð3Þ

where OΓ ¼ ψ̄ðzÞΓWzðz; 0Þψð0Þ with Γ ¼ γz or Pz
Pt
γt

[19–22], ~μ is the renormalization scale in a particular
scheme, and the spacelike Wilson line is

Wzðz; 0Þ ¼ exp
!
ig
Z

z

0
dz0Azðz0Þ

"
: ð4Þ

Unlike the definition in Eq. (1), which is invariant under a
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the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2
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have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
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zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].

JIUNN-WEI CHEN et al. PHYS. REV. D 97, 014505 (2018)

014505-2

J.-W. Chen et al. / Nuclear Physics B 911 (2016) 246–273 251

Fig. 1. Illustration of the stepwise procedure in Eq. 9.

Going from step (c) to step (d) is nontrivial, but one can instead go from (b), which is identical 
to (c), to (d) and use the boost invariance of λ2 = 0 to bring (d) to the Pz → ∞ frame. Now 
both (b) and (d) have the same hadronic state with Pz → ∞ but with different quark bilinear 
operators: the one in (b) with λ2 < 0 while the one in (d) with λ2 = 0. From the discussion above, 
this difference yields O("2

QCD/P 2
z ) and O(M2/P 2

z ) corrections which vanish as Pz → ∞. The 
remaining correction is the O(αs) Wilson coefficient renormalization in the operator product 
expansion of the quark bilinear. It is governed by short-distance physics and is independent of 
the hadronic state.

The lightlike condition λ2 = 0 in (d) implies that the quark bilinear operator is boost invariant, 
and hence, the Wilson coefficient does not depend on Pz, but this is not the case for (b). This 
is because in the former case Pz is taken above the UV cutoff and is no longer dynamical, 
while in the latter case Pz is below the UV cutoff and is still dynamical. The former can be 
considered as an effective field theory of the latter which is analogous to the relation between 
the heavy-quark effective theory (HQET) and its full theory [20]. In HQET, the heavy-quark 
mass is taken above the UV cutoff and is no longer a dynamical quantity while in the full theory 
the heavy-quark mass is below the UV cutoff and is dynamical. The difference between the two 
theories is compensated by higher-dimensional operators or counterterms in the effective field 
theory which encode the short-distance physics of the full theory that is integrated out in the 
effective theory. This “matching” procedure can be implemented order by order in powers of αs

in perturbation theory.
Summarizing the above discussion, the quasi-distribution q̃(x, ", Pz), which can be com-

puted in Euclidean space with λ = (0, 0, 0, −1) and nucleon momentum Pz, can be related to the 
Pz-independent physical distribution q(y, µ) with λ = (1, 0, 0, −1)/

√
2 through [18]

q̃(x,",Pz) =
∫

dy

|y|Z
(

x

y
,

µ

Pz
,

"

Pz

)
q(y,µ) + O

(
"2

QCD

P 2
z

,
M2

P 2
z

)

+ . . . . (10)

where µ is the renormalization scale, usually in the MS scheme, " will be set by the lattice spac-
ing, and Z is the kernel from the matching. Here, we have concentrated on the flavor nonsinglet 
case such that the mixing with the gluon PDF is not needed.
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extended in equal time plane → Euclidian definition is possible
infinite momentum boost is needed
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We present lattice results for the isovector unpolarized parton distribution with nonperturbative
regularization-invariant momentum-subtraction scheme (RI/MOM) renormalization on the lattice. In
the framework of large-momentum effective field theory (LaMET), the full Bjorken-x dependence of a
momentum-dependent quasidistribution is calculated on the lattice and matched to the ordinary light cone
parton distribution at one-loop order, with power corrections included. The important step of RI/MOM
renormalization that connects the lattice and continuum matrix elements is detailed in this paper. A few
consequences of the results are also addressed here.
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I. INTRODUCTION

Parton distribution functions (PDFs) are probability
densities of quarks and gluons seen by an observer moving
at the speed of light relative to the hadron. They are
universal nonperturbative properties of the hadron. In a
global analysis the hard-scattering cross sections can be
factorized into the PDFs and the short-distance matrix
elements calculable in perturbation theory. Once known,
the PDFs can be used as inputs to predict cross sections
in high-energy scattering experiments, one of the major
successes of QCD. Today, multiple collaborations pro-
vide regular updates concerning the phenomenological
determination of the PDFs [1–6] using the latest exper-
imental results, either focusing on medium-energy QCD

experiments or high-energy ones such as those at the
LHC. After the past half century of theoretical and
experimental efforts, the precision needed in PDFs to
further test the standard model has increased significantly,
and experiments are planned to push further into unex-
plored or less known regions, such as sea-quark and
gluonic structure.
In this work, we continue the first-principles calcu-

lation of the PDFs using lattice QCD. In parton physics,
the PDFs are defined as the nucleon matrix elements of
quark or gluon correlation operators along the light cone
direction. For example, the unpolarized quark distribution
is defined as

qðx; μÞ≡
Z

dξ−

4π
e−ixP

þξ−hPjψ̄ðξ−ÞγþWðξ−; 0Þψð0ÞjPi;

ð1Þ

where μ is the renormalization scale in a given renormali-
zation scheme, such as the MS scheme, the nucleon
momentum Pμ ¼ ðP0; 0; 0; PzÞ, ξ% ¼ ðt% zÞ=

ffiffiffi
2

p
are the

light cone coordinates, and the Wilson line

*yangyibo@pa.msu.edu
†jianhui.zhang@ur.de

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 97, 014505 (2018)

2470-0010=2018=97(1)=014505(10) 014505-1 Published by the American Physical Society

unpolarized quark distribution

matrix element of a non-local operator, extended  in light cone 

X. Ji’s idea of relating this with a quasi distribution

Wðξ−; 0Þ ¼ exp
!
−ig

Z
ξ−

0
dη−Aþðη−Þ

"
ð2Þ

is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,

~qðx; Pz; ~μÞ ¼
Z

∞

−∞

dz
4π

eixPzz ~hðz; Pz; ~μÞ;

~hðz; Pz; ~μÞ ¼ hPjOΓjPi; ð3Þ

where OΓ ¼ ψ̄ðzÞΓWzðz; 0Þψð0Þ with Γ ¼ γz or Pz
Pt
γt

[19–22], ~μ is the renormalization scale in a particular
scheme, and the spacelike Wilson line is

Wzðz; 0Þ ¼ exp
!
ig
Z

z

0
dz0Azðz0Þ

"
: ð4Þ

Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:

~qðx; Pz; ~μÞ ¼
Z

þ1

−1

dy
jyj

C
!
x
y
;
~μ
Pz

;
μ
yPz

"
qðy; μÞ

þO
!
M2

N

P2
z
;
Λ2
QCD

P2
z

"
; ð5Þ

where C is the matching kernel, and the OðM2
N=P

2
z ;

Λ2
QCD=P

2
zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].

JIUNN-WEI CHEN et al. PHYS. REV. D 97, 014505 (2018)

014505-2

Wðξ−; 0Þ ¼ exp
!
−ig

Z
ξ−

0
dη−Aþðη−Þ

"
ð2Þ

is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,
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[19–22], ~μ is the renormalization scale in a particular
scheme, and the spacelike Wilson line is
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Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:
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where C is the matching kernel, and the OðM2
N=P
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zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
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zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,
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Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
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the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,
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Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:
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where C is the matching kernel, and the OðM2
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zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2
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2
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have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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We present lattice results for the isovector unpolarized parton distribution with nonperturbative
regularization-invariant momentum-subtraction scheme (RI/MOM) renormalization on the lattice. In
the framework of large-momentum effective field theory (LaMET), the full Bjorken-x dependence of a
momentum-dependent quasidistribution is calculated on the lattice and matched to the ordinary light cone
parton distribution at one-loop order, with power corrections included. The important step of RI/MOM
renormalization that connects the lattice and continuum matrix elements is detailed in this paper. A few
consequences of the results are also addressed here.
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I. INTRODUCTION

Parton distribution functions (PDFs) are probability
densities of quarks and gluons seen by an observer moving
at the speed of light relative to the hadron. They are
universal nonperturbative properties of the hadron. In a
global analysis the hard-scattering cross sections can be
factorized into the PDFs and the short-distance matrix
elements calculable in perturbation theory. Once known,
the PDFs can be used as inputs to predict cross sections
in high-energy scattering experiments, one of the major
successes of QCD. Today, multiple collaborations pro-
vide regular updates concerning the phenomenological
determination of the PDFs [1–6] using the latest exper-
imental results, either focusing on medium-energy QCD

experiments or high-energy ones such as those at the
LHC. After the past half century of theoretical and
experimental efforts, the precision needed in PDFs to
further test the standard model has increased significantly,
and experiments are planned to push further into unex-
plored or less known regions, such as sea-quark and
gluonic structure.
In this work, we continue the first-principles calcu-

lation of the PDFs using lattice QCD. In parton physics,
the PDFs are defined as the nucleon matrix elements of
quark or gluon correlation operators along the light cone
direction. For example, the unpolarized quark distribution
is defined as

qðx; μÞ≡
Z

dξ−

4π
e−ixP

þξ−hPjψ̄ðξ−ÞγþWðξ−; 0Þψð0ÞjPi;

ð1Þ

where μ is the renormalization scale in a given renormali-
zation scheme, such as the MS scheme, the nucleon
momentum Pμ ¼ ðP0; 0; 0; PzÞ, ξ% ¼ ðt% zÞ=

ffiffiffi
2

p
are the

light cone coordinates, and the Wilson line
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unpolarized quark distribution

matrix element of a non-local operator, extended  in light cone 

X. Ji’s idea of relating this with a quasi distribution

Wðξ−; 0Þ ¼ exp
!
−ig

Z
ξ−

0
dη−Aþðη−Þ

"
ð2Þ

is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,

~qðx; Pz; ~μÞ ¼
Z

∞

−∞

dz
4π

eixPzz ~hðz; Pz; ~μÞ;

~hðz; Pz; ~μÞ ¼ hPjOΓjPi; ð3Þ

where OΓ ¼ ψ̄ðzÞΓWzðz; 0Þψð0Þ with Γ ¼ γz or Pz
Pt
γt

[19–22], ~μ is the renormalization scale in a particular
scheme, and the spacelike Wilson line is

Wzðz; 0Þ ¼ exp
!
ig
Z

z

0
dz0Azðz0Þ

"
: ð4Þ

Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:

~qðx; Pz; ~μÞ ¼
Z

þ1

−1

dy
jyj

C
!
x
y
;
~μ
Pz

;
μ
yPz

"
qðy; μÞ

þO
!
M2

N

P2
z
;
Λ2
QCD

P2
z

"
; ð5Þ

where C is the matching kernel, and the OðM2
N=P

2
z ;

Λ2
QCD=P

2
zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,
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scheme, and the spacelike Wilson line is
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Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:
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where C is the matching kernel, and the OðM2
N=P
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zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
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the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
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posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
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in the lattice calculations [23,25], while the higher-
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Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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I. INTRODUCTION

Parton distribution functions (PDFs) are probability
densities of quarks and gluons seen by an observer moving
at the speed of light relative to the hadron. They are
universal nonperturbative properties of the hadron. In a
global analysis the hard-scattering cross sections can be
factorized into the PDFs and the short-distance matrix
elements calculable in perturbation theory. Once known,
the PDFs can be used as inputs to predict cross sections
in high-energy scattering experiments, one of the major
successes of QCD. Today, multiple collaborations pro-
vide regular updates concerning the phenomenological
determination of the PDFs [1–6] using the latest exper-
imental results, either focusing on medium-energy QCD

experiments or high-energy ones such as those at the
LHC. After the past half century of theoretical and
experimental efforts, the precision needed in PDFs to
further test the standard model has increased significantly,
and experiments are planned to push further into unex-
plored or less known regions, such as sea-quark and
gluonic structure.
In this work, we continue the first-principles calcu-

lation of the PDFs using lattice QCD. In parton physics,
the PDFs are defined as the nucleon matrix elements of
quark or gluon correlation operators along the light cone
direction. For example, the unpolarized quark distribution
is defined as

qðx; μÞ≡
Z

dξ−

4π
e−ixP

þξ−hPjψ̄ðξ−ÞγþWðξ−; 0Þψð0ÞjPi;

ð1Þ

where μ is the renormalization scale in a given renormali-
zation scheme, such as the MS scheme, the nucleon
momentum Pμ ¼ ðP0; 0; 0; PzÞ, ξ% ¼ ðt% zÞ=

ffiffiffi
2

p
are the

light cone coordinates, and the Wilson line
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matrix element of a non-local operator, extended  in light cone 

X. Ji’s idea of relating this with a quasi distribution

Wðξ−; 0Þ ¼ exp
!
−ig

Z
ξ−

0
dη−Aþðη−Þ

"
ð2Þ

is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,

~qðx; Pz; ~μÞ ¼
Z

∞

−∞

dz
4π

eixPzz ~hðz; Pz; ~μÞ;

~hðz; Pz; ~μÞ ¼ hPjOΓjPi; ð3Þ

where OΓ ¼ ψ̄ðzÞΓWzðz; 0Þψð0Þ with Γ ¼ γz or Pz
Pt
γt

[19–22], ~μ is the renormalization scale in a particular
scheme, and the spacelike Wilson line is

Wzðz; 0Þ ¼ exp
!
ig
Z

z

0
dz0Azðz0Þ

"
: ð4Þ

Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:

~qðx; Pz; ~μÞ ¼
Z

þ1

−1

dy
jyj

C
!
x
y
;
~μ
Pz

;
μ
yPz

"
qðy; μÞ

þO
!
M2

N

P2
z
;
Λ2
QCD

P2
z

"
; ð5Þ

where C is the matching kernel, and the OðM2
N=P

2
z ;

Λ2
QCD=P

2
zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:
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where C is the matching kernel, and the OðM2
N=P
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zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
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have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
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zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
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z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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I. INTRODUCTION

Parton distribution functions (PDFs) are probability
densities of quarks and gluons seen by an observer moving
at the speed of light relative to the hadron. They are
universal nonperturbative properties of the hadron. In a
global analysis the hard-scattering cross sections can be
factorized into the PDFs and the short-distance matrix
elements calculable in perturbation theory. Once known,
the PDFs can be used as inputs to predict cross sections
in high-energy scattering experiments, one of the major
successes of QCD. Today, multiple collaborations pro-
vide regular updates concerning the phenomenological
determination of the PDFs [1–6] using the latest exper-
imental results, either focusing on medium-energy QCD

experiments or high-energy ones such as those at the
LHC. After the past half century of theoretical and
experimental efforts, the precision needed in PDFs to
further test the standard model has increased significantly,
and experiments are planned to push further into unex-
plored or less known regions, such as sea-quark and
gluonic structure.
In this work, we continue the first-principles calcu-

lation of the PDFs using lattice QCD. In parton physics,
the PDFs are defined as the nucleon matrix elements of
quark or gluon correlation operators along the light cone
direction. For example, the unpolarized quark distribution
is defined as

qðx; μÞ≡
Z

dξ−

4π
e−ixP

þξ−hPjψ̄ðξ−ÞγþWðξ−; 0Þψð0ÞjPi;

ð1Þ

where μ is the renormalization scale in a given renormali-
zation scheme, such as the MS scheme, the nucleon
momentum Pμ ¼ ðP0; 0; 0; PzÞ, ξ% ¼ ðt% zÞ=

ffiffiffi
2

p
are the

light cone coordinates, and the Wilson line
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is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
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effective field theory (LaMET). According to this
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Unlike the definition in Eq. (1), which is invariant under a
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dynamically under such a boost and depends nontrivially
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moving with finite but large momentum Pz ≫ MN;ΛQCD,
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the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,
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Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:
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the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
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in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed
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Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2
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have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2
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zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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We present lattice results for the isovector unpolarized parton distribution with nonperturbative
regularization-invariant momentum-subtraction scheme (RI/MOM) renormalization on the lattice. In
the framework of large-momentum effective field theory (LaMET), the full Bjorken-x dependence of a
momentum-dependent quasidistribution is calculated on the lattice and matched to the ordinary light cone
parton distribution at one-loop order, with power corrections included. The important step of RI/MOM
renormalization that connects the lattice and continuum matrix elements is detailed in this paper. A few
consequences of the results are also addressed here.

DOI: 10.1103/PhysRevD.97.014505

I. INTRODUCTION

Parton distribution functions (PDFs) are probability
densities of quarks and gluons seen by an observer moving
at the speed of light relative to the hadron. They are
universal nonperturbative properties of the hadron. In a
global analysis the hard-scattering cross sections can be
factorized into the PDFs and the short-distance matrix
elements calculable in perturbation theory. Once known,
the PDFs can be used as inputs to predict cross sections
in high-energy scattering experiments, one of the major
successes of QCD. Today, multiple collaborations pro-
vide regular updates concerning the phenomenological
determination of the PDFs [1–6] using the latest exper-
imental results, either focusing on medium-energy QCD

experiments or high-energy ones such as those at the
LHC. After the past half century of theoretical and
experimental efforts, the precision needed in PDFs to
further test the standard model has increased significantly,
and experiments are planned to push further into unex-
plored or less known regions, such as sea-quark and
gluonic structure.
In this work, we continue the first-principles calcu-

lation of the PDFs using lattice QCD. In parton physics,
the PDFs are defined as the nucleon matrix elements of
quark or gluon correlation operators along the light cone
direction. For example, the unpolarized quark distribution
is defined as

qðx; μÞ≡
Z

dξ−

4π
e−ixP

þξ−hPjψ̄ðξ−ÞγþWðξ−; 0Þψð0ÞjPi;

ð1Þ

where μ is the renormalization scale in a given renormali-
zation scheme, such as the MS scheme, the nucleon
momentum Pμ ¼ ðP0; 0; 0; PzÞ, ξ% ¼ ðt% zÞ=

ffiffiffi
2

p
are the

light cone coordinates, and the Wilson line
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unpolarized quark distribution

matrix element of a non-local operator, extended  in light cone 

X. Ji’s idea of relating this with a quasi distribution

Wðξ−; 0Þ ¼ exp
!
−ig

Z
ξ−

0
dη−Aþðη−Þ

"
ð2Þ

is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,

~qðx; Pz; ~μÞ ¼
Z

∞

−∞

dz
4π

eixPzz ~hðz; Pz; ~μÞ;

~hðz; Pz; ~μÞ ¼ hPjOΓjPi; ð3Þ

where OΓ ¼ ψ̄ðzÞΓWzðz; 0Þψð0Þ with Γ ¼ γz or Pz
Pt
γt

[19–22], ~μ is the renormalization scale in a particular
scheme, and the spacelike Wilson line is

Wzðz; 0Þ ¼ exp
!
ig
Z

z

0
dz0Azðz0Þ

"
: ð4Þ

Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:

~qðx; Pz; ~μÞ ¼
Z

þ1

−1

dy
jyj

C
!
x
y
;
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;
μ
yPz
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z
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z
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where C is the matching kernel, and the OðM2
N=P

2
z ;

Λ2
QCD=P

2
zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
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quark distribution fu−d [23–26], including the unpolarized,
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distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
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approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2
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have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
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zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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We present lattice results for the isovector unpolarized parton distribution with nonperturbative
regularization-invariant momentum-subtraction scheme (RI/MOM) renormalization on the lattice. In
the framework of large-momentum effective field theory (LaMET), the full Bjorken-x dependence of a
momentum-dependent quasidistribution is calculated on the lattice and matched to the ordinary light cone
parton distribution at one-loop order, with power corrections included. The important step of RI/MOM
renormalization that connects the lattice and continuum matrix elements is detailed in this paper. A few
consequences of the results are also addressed here.
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I. INTRODUCTION

Parton distribution functions (PDFs) are probability
densities of quarks and gluons seen by an observer moving
at the speed of light relative to the hadron. They are
universal nonperturbative properties of the hadron. In a
global analysis the hard-scattering cross sections can be
factorized into the PDFs and the short-distance matrix
elements calculable in perturbation theory. Once known,
the PDFs can be used as inputs to predict cross sections
in high-energy scattering experiments, one of the major
successes of QCD. Today, multiple collaborations pro-
vide regular updates concerning the phenomenological
determination of the PDFs [1–6] using the latest exper-
imental results, either focusing on medium-energy QCD

experiments or high-energy ones such as those at the
LHC. After the past half century of theoretical and
experimental efforts, the precision needed in PDFs to
further test the standard model has increased significantly,
and experiments are planned to push further into unex-
plored or less known regions, such as sea-quark and
gluonic structure.
In this work, we continue the first-principles calcu-

lation of the PDFs using lattice QCD. In parton physics,
the PDFs are defined as the nucleon matrix elements of
quark or gluon correlation operators along the light cone
direction. For example, the unpolarized quark distribution
is defined as

qðx; μÞ≡
Z

dξ−

4π
e−ixP

þξ−hPjψ̄ðξ−ÞγþWðξ−; 0Þψð0ÞjPi;

ð1Þ

where μ is the renormalization scale in a given renormali-
zation scheme, such as the MS scheme, the nucleon
momentum Pμ ¼ ðP0; 0; 0; PzÞ, ξ% ¼ ðt% zÞ=

ffiffiffi
2

p
are the

light cone coordinates, and the Wilson line
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unpolarized quark distribution

matrix element of a non-local operator, extended  in light cone 

X. Ji’s idea of relating this with a quasi distribution

Wðξ−; 0Þ ¼ exp
!
−ig

Z
ξ−

0
dη−Aþðη−Þ

"
ð2Þ

is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,

~qðx; Pz; ~μÞ ¼
Z

∞

−∞

dz
4π

eixPzz ~hðz; Pz; ~μÞ;

~hðz; Pz; ~μÞ ¼ hPjOΓjPi; ð3Þ

where OΓ ¼ ψ̄ðzÞΓWzðz; 0Þψð0Þ with Γ ¼ γz or Pz
Pt
γt

[19–22], ~μ is the renormalization scale in a particular
scheme, and the spacelike Wilson line is

Wzðz; 0Þ ¼ exp
!
ig
Z

z

0
dz0Azðz0Þ

"
: ð4Þ

Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:

~qðx; Pz; ~μÞ ¼
Z

þ1

−1

dy
jyj

C
!
x
y
;
~μ
Pz

;
μ
yPz

"
qðy; μÞ

þO
!
M2

N

P2
z
;
Λ2
QCD

P2
z

"
; ð5Þ

where C is the matching kernel, and the OðM2
N=P

2
z ;

Λ2
QCD=P

2
zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,
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scheme, and the spacelike Wilson line is
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Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:
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where C is the matching kernel, and the OðM2
N=P

2
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zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
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momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
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the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].

JIUNN-WEI CHEN et al. PHYS. REV. D 97, 014505 (2018)

014505-2

1) compute on the lattice 
with hadron with momentum Pz

2) non-perturbative renormalization 
UV power divergence subtracted 
mixing resolved

3) lattice to continuum 
matching; a→0no a→0 results available now



parton distribution from quasi distribution on lattice

 

Parton distribution function with nonperturbative renormalization
from lattice QCD

Jiunn-Wei Chen,1 Tomomi Ishikawa,2 Luchang Jin,3 Huey-Wen Lin,4,5 Yi-Bo Yang,4,*

Jian-Hui Zhang,6,† and Yong Zhao7

(Lattice Parton Physics Project (LP3))

1Department of Physics, Center for Theoretical Sciences, and Leung Center for Cosmology
and Particle Astrophysics, National Taiwan University, 106 Taipei, Taiwan

2T. D. Lee Institute, Shanghai Jiao Tong University, Shanghai 200240, People’s Republic of China
3Physics Department, Brookhaven National Laboratory, Upton, New York 11973, USA

4Department of Physics and Astronomy, Michigan State University, East Lansing, Michigan 48824, USA
5Department of Computational Mathematics, Michigan State University,

East Lansing, Michigan 48824, USA
6Institut für Theoretische Physik, Universität Regensburg, D-93040 Regensburg, Germany

7Center for Theoretical Physics, Massachusetts Institute of Technology,
Cambridge, Massachusetts 02139, USA

(Received 27 June 2017; published 19 January 2018)

We present lattice results for the isovector unpolarized parton distribution with nonperturbative
regularization-invariant momentum-subtraction scheme (RI/MOM) renormalization on the lattice. In
the framework of large-momentum effective field theory (LaMET), the full Bjorken-x dependence of a
momentum-dependent quasidistribution is calculated on the lattice and matched to the ordinary light cone
parton distribution at one-loop order, with power corrections included. The important step of RI/MOM
renormalization that connects the lattice and continuum matrix elements is detailed in this paper. A few
consequences of the results are also addressed here.
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I. INTRODUCTION

Parton distribution functions (PDFs) are probability
densities of quarks and gluons seen by an observer moving
at the speed of light relative to the hadron. They are
universal nonperturbative properties of the hadron. In a
global analysis the hard-scattering cross sections can be
factorized into the PDFs and the short-distance matrix
elements calculable in perturbation theory. Once known,
the PDFs can be used as inputs to predict cross sections
in high-energy scattering experiments, one of the major
successes of QCD. Today, multiple collaborations pro-
vide regular updates concerning the phenomenological
determination of the PDFs [1–6] using the latest exper-
imental results, either focusing on medium-energy QCD

experiments or high-energy ones such as those at the
LHC. After the past half century of theoretical and
experimental efforts, the precision needed in PDFs to
further test the standard model has increased significantly,
and experiments are planned to push further into unex-
plored or less known regions, such as sea-quark and
gluonic structure.
In this work, we continue the first-principles calcu-

lation of the PDFs using lattice QCD. In parton physics,
the PDFs are defined as the nucleon matrix elements of
quark or gluon correlation operators along the light cone
direction. For example, the unpolarized quark distribution
is defined as

qðx; μÞ≡
Z

dξ−

4π
e−ixP

þξ−hPjψ̄ðξ−ÞγþWðξ−; 0Þψð0ÞjPi;

ð1Þ

where μ is the renormalization scale in a given renormali-
zation scheme, such as the MS scheme, the nucleon
momentum Pμ ¼ ðP0; 0; 0; PzÞ, ξ% ¼ ðt% zÞ=

ffiffiffi
2

p
are the

light cone coordinates, and the Wilson line
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unpolarized quark distribution

matrix element of a non-local operator, extended  in light cone 

X. Ji’s idea of relating this with a quasi distribution

Wðξ−; 0Þ ¼ exp
!
−ig

Z
ξ−

0
dη−Aþðη−Þ

"
ð2Þ

is inserted to ensure gauge invariance. The main obstacle in
directly computing PDFs from lattice QCD is their light
cone dependence. Since lattice QCD is formulated in
Euclidean space which maps the whole Minkowski light
cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
Recently, Ji [17,18] proposed a new approach for the

direct computation of parton physics, large-momentum
effective field theory (LaMET). According to this
approach, in order to get the normal PDF, one can start
by calculating a “quasi-PDF,” which is defined as a spatial
correlation of partons along, say the z direction, in a
moving nucleon,

~qðx; Pz; ~μÞ ¼
Z

∞

−∞

dz
4π

eixPzz ~hðz; Pz; ~μÞ;

~hðz; Pz; ~μÞ ¼ hPjOΓjPi; ð3Þ

where OΓ ¼ ψ̄ðzÞΓWzðz; 0Þψð0Þ with Γ ¼ γz or Pz
Pt
γt

[19–22], ~μ is the renormalization scale in a particular
scheme, and the spacelike Wilson line is

Wzðz; 0Þ ¼ exp
!
ig
Z

z

0
dz0Azðz0Þ

"
: ð4Þ

Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:

~qðx; Pz; ~μÞ ¼
Z

þ1

−1

dy
jyj

C
!
x
y
;
~μ
Pz

;
μ
yPz

"
qðy; μÞ

þO
!
M2

N

P2
z
;
Λ2
QCD

P2
z

"
; ð5Þ

where C is the matching kernel, and the OðM2
N=P

2
z ;

Λ2
QCD=P

2
zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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the breaking of rotational symmetry on the lattice make it
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Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
LaMET allows us to match the quasi-PDF to the PDF
through a factorization formula [17,18]:
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where C is the matching kernel, and the OðM2
N=P

2
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Λ2
QCD=P
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zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].
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cone to a single point, the ξ− dependence is completely lost.
Early lattice studies of PDFs used the operator product
expansion (OPE) to calculate their moments, which are
matrix elements of local gauge-invariant operators [7–10].
However, discretization error and operator mixing due to
the breaking of rotational symmetry on the lattice make it
hard to go beyond the first few moments. There exist
proposals for obtaining higher moments by using smeared
sources [11] or computing current-current correlators in
Euclidean space [12–15]. Recently, there is a lattice study
on the feasibility of computing pion DA with Euclidean
current correlators [16].
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effective field theory (LaMET). According to this
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Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
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where C is the matching kernel, and the OðM2
N=P
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zÞ terms are power corrections suppressed by

the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
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renormalization factor that only depends on the endpoints,
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We present lattice results for the isovector unpolarized parton distribution with nonperturbative
regularization-invariant momentum-subtraction scheme (RI/MOM) renormalization on the lattice. In
the framework of large-momentum effective field theory (LaMET), the full Bjorken-x dependence of a
momentum-dependent quasidistribution is calculated on the lattice and matched to the ordinary light cone
parton distribution at one-loop order, with power corrections included. The important step of RI/MOM
renormalization that connects the lattice and continuum matrix elements is detailed in this paper. A few
consequences of the results are also addressed here.

DOI: 10.1103/PhysRevD.97.014505

I. INTRODUCTION

Parton distribution functions (PDFs) are probability
densities of quarks and gluons seen by an observer moving
at the speed of light relative to the hadron. They are
universal nonperturbative properties of the hadron. In a
global analysis the hard-scattering cross sections can be
factorized into the PDFs and the short-distance matrix
elements calculable in perturbation theory. Once known,
the PDFs can be used as inputs to predict cross sections
in high-energy scattering experiments, one of the major
successes of QCD. Today, multiple collaborations pro-
vide regular updates concerning the phenomenological
determination of the PDFs [1–6] using the latest exper-
imental results, either focusing on medium-energy QCD

experiments or high-energy ones such as those at the
LHC. After the past half century of theoretical and
experimental efforts, the precision needed in PDFs to
further test the standard model has increased significantly,
and experiments are planned to push further into unex-
plored or less known regions, such as sea-quark and
gluonic structure.
In this work, we continue the first-principles calcu-

lation of the PDFs using lattice QCD. In parton physics,
the PDFs are defined as the nucleon matrix elements of
quark or gluon correlation operators along the light cone
direction. For example, the unpolarized quark distribution
is defined as

qðx; μÞ≡
Z

dξ−

4π
e−ixP

þξ−hPjψ̄ðξ−ÞγþWðξ−; 0Þψð0ÞjPi;

ð1Þ

where μ is the renormalization scale in a given renormali-
zation scheme, such as the MS scheme, the nucleon
momentum Pμ ¼ ðP0; 0; 0; PzÞ, ξ% ¼ ðt% zÞ=

ffiffiffi
2

p
are the

light cone coordinates, and the Wilson line
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current correlators [16].
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Unlike the definition in Eq. (1), which is invariant under a
Lorentz boost along the z direction, the quasi-PDF changes
dynamically under such a boost and depends nontrivially
on the nucleon momentum Pz. For a nucleon of mass MN
moving with finite but large momentum Pz ≫ MN;ΛQCD,
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the nucleon momentum. Here qðy; μÞ for negative y
corresponds to the antiquark contribution. The ~q and q
have the same infrared (IR) divergences, so the matching
kernel C depends on ultraviolet (UV) physics only and,
thus, can be calculated in perturbative QCD.
There has been rapid development following Ji’s pro-

posal. Lattice-QCD calculations of the proton isovector
quark distribution fu−d [23–26], including the unpolarized,
polarized, and transversity cases, as well as the pion
distribution amplitude [27], have been carried out within
the LaMET approach. The one-loop matching kernels were
calculated in the continuum theory for the isovector quark
distributions in a transverse-momentum cutoff scheme in
Ref. [19] and reproduced in Refs. [24,28]; the matching
for GPDs was addressed in Refs. [29,30]. Recently also
studies in lattice perturbation theory are available [31–33].
The nucleon-mass corrections to all orders in M2

N=P
2
z

have already been derived in Refs. [23,25] and included
in the lattice calculations [23,25], while the higher-
twist OðΛ2

QCD=P
2
zÞ correction was numerically removed

by fitting the results at different Pz with a polynomial of
1=P2

z and extrapolating to infinite momentum [23,25].
Despite many promising features in the previous lattice

calculation of PDFs [23–27], one important piece was
missing until recently to form a complete image: the lattice
renormalization of the quasi-PDFs. The UV transverse-
momentum cutoff scheme used in the one-loop matching
computation [19,28] is not the same regularization as used
on the discretized lattice. To reduce systematic uncertain-
ties from this mismatch, a proper renormalization of the
bare lattice matrix elements is required. An alternative
approach is to replace the lattice regularization by the
gradient flow and match the continuum extrapolated results
to the MS PDF [34], where the latter will be rather
complicated due to the new vertices introduced by the
gradient flow [35]. With larger statistics and the momen-
tum-smearing technique, which allows high momentum
with small statistical errors [36], the uncertainty of lattice
simulations will soon be dominated by the renormalization,
which, therefore, need to be properly addressed.
The renormalization of the quasi-PDF has been closely

studied from the perturbative point of view [19,28,37–42].
The bare quasi-PDF suffers from both logarithmic and
linear UV divergences [19,28]. The linear divergence
originates from the self-energy of the spacelike Wilson
line Wzðz; 0Þ and can be absorbed into an exponential
factor expðδmjzjÞ where δm has a mass dimension [43–45].
This linear divergence is not affected when the Wilson line
is inserted between two separated quark fields, so the
exponential factor is capable of removing the same diver-
gence in the quasi-PDF [38,39]. Since the remaining
divergences are logarithmic and can be subtracted by a
renormalization factor that only depends on the endpoints,
the quasi-PDF has been proven to be multiplicatively
renormalizable for ~hðz; Pz; ~μÞ at any individual z [41,42].

JIUNN-WEI CHEN et al. PHYS. REV. D 97, 014505 (2018)
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4) factorization/matching with 
matching: Pz → ∞

J.-W. Chen et al. / Nuclear Physics B 911 (2016) 246–273 251

Fig. 1. Illustration of the stepwise procedure in Eq. 9.

Going from step (c) to step (d) is nontrivial, but one can instead go from (b), which is identical 
to (c), to (d) and use the boost invariance of λ2 = 0 to bring (d) to the Pz → ∞ frame. Now 
both (b) and (d) have the same hadronic state with Pz → ∞ but with different quark bilinear 
operators: the one in (b) with λ2 < 0 while the one in (d) with λ2 = 0. From the discussion above, 
this difference yields O("2

QCD/P 2
z ) and O(M2/P 2

z ) corrections which vanish as Pz → ∞. The 
remaining correction is the O(αs) Wilson coefficient renormalization in the operator product 
expansion of the quark bilinear. It is governed by short-distance physics and is independent of 
the hadronic state.

The lightlike condition λ2 = 0 in (d) implies that the quark bilinear operator is boost invariant, 
and hence, the Wilson coefficient does not depend on Pz, but this is not the case for (b). This 
is because in the former case Pz is taken above the UV cutoff and is no longer dynamical, 
while in the latter case Pz is below the UV cutoff and is still dynamical. The former can be 
considered as an effective field theory of the latter which is analogous to the relation between 
the heavy-quark effective theory (HQET) and its full theory [20]. In HQET, the heavy-quark 
mass is taken above the UV cutoff and is no longer a dynamical quantity while in the full theory 
the heavy-quark mass is below the UV cutoff and is dynamical. The difference between the two 
theories is compensated by higher-dimensional operators or counterterms in the effective field 
theory which encode the short-distance physics of the full theory that is integrated out in the 
effective theory. This “matching” procedure can be implemented order by order in powers of αs

in perturbation theory.
Summarizing the above discussion, the quasi-distribution q̃(x, ", Pz), which can be com-

puted in Euclidean space with λ = (0, 0, 0, −1) and nucleon momentum Pz, can be related to the 
Pz-independent physical distribution q(y, µ) with λ = (1, 0, 0, −1)/

√
2 through [18]

q̃(x,",Pz) =
∫

dy

|y|Z
(

x

y
,

µ

Pz
,

"

Pz

)
q(y,µ) + O

(
"2

QCD

P 2
z

,
M2

P 2
z

)

+ . . . . (10)

where µ is the renormalization scale, usually in the MS scheme, " will be set by the lattice spac-
ing, and Z is the kernel from the matching. Here, we have concentrated on the flavor nonsinglet 
case such that the mixing with the gluon PDF is not needed.

Factorization formula

Ji, Xion et al, Ma and Qiu, Ishikawa et al, Lin et al, Chen et al

O(1/Pz2) subtracted or removed by Pz→∞
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physical quark mass already be in use ! 

1. Improved Parton Distribution Functions at Physical Pion Mass 
• LP3: Lin et al   [1708.05301]                (unpolarized and helicity) 

2. Reconstruction of light-cone parton distribution functions from lattice 
QCD simulations at the physical point 
• ETMC: Alexandrou et al [1803.02685]  (unpolarized and helicity) 

3. Lattice Calculation of Parton Distribution Function from LaMET at 
Physical Pion Mass with Large Nucleon Momentum 
• LP3: Chen et al   [1803.04393 ]   (unpolarized with larger momentum) 

all are computed on single lattice spacing 
• a → 0  study yet to be done 
• this is very important:  power divergence properly removed ? etc. 
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1. Improved Parton Distribution Functions at Physical Pion Mass 
• LP3: Lin et al   [1708.05301]                (unpolarized and helicity) 
• HISQ sea quark (Nf=2+1+1) with Clover-Wilson valence quark 

• in-depth investigation of the unphysical “oscillation” observed before 
• likely due to truncation of Fourier transformation 

• comes up with 2 methods to ease the problem (derivative / filter ) 6

Pz � 8 π /L
12 π /L
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FIG. 5. The unpolarized (left) and polarized (right) isovector nucleon PDFs as functions of x; in both cases, a comparison with
global-fit PDFs of the corresponding distribution from largest nucleon boosted momentum Pz = {8, 12}⇡/L. The unpolarized
distribution is plotted using the derivative method while the helicity distribution is obtained from the filter method; both
results look promising. Higher momenta are needed to achieve more consistent results.
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2. Reconstruction of light-cone parton distribution functions from lattice 
QCD simulations at the physical point 
• ETMC: Alexandrou et al [1803.02685]  (unpolarized and helicity) 
• twisted mass sea (Nf=2)  twisted mass valence quark 
• Pz ≤ 1.4 GeV 

• oscillation behavior persists → authors admit they are unphysical 
• larger Pz  makes less problematic  
→ hoping it to disappear for even larger momentum → future 
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FIG. 4: Comparison of unpolarized PDF at momenta 6⇡
L

(green band), 8⇡
L (orange band), 10⇡

L (blue band), and
ABMP16 [39] (NNLO), NNPDF [40] (NNLO) and CJ15 [38]
(NLO) phenomenological curves.

well as the phenomenological determinations CJ15 [38],
ABMP16 [39] and NNPDF31 [40]. We find that as the
momentum increases, the data approach phenomenolog-
ical results. In particular, increasing the nucleon mo-
mentum from 6⇡

L

to 8⇡
L

has a large e↵ect on the PDFs
shape, with the latter approaching the phenomenologi-
cal curve. Furthermore, we find a saturation of PDFs
for 8⇡

L

and 10⇡
L

, indicating that LaMET may be appli-
cable for P � 8⇡

L

. The interplay of real and imaginary
parts of renormalized MEs leads to unphysical oscilla-
tions in quasi-PDFs, resulting from the periodicity of the
Fourier transform, and propagated through the match-
ing procedure to light-cone PDFs. The e↵ect is natu-
rally suppressed for large nucleon boosts, when MEs de-
cay to zero fast enough, before e�ixPz becomes negative.
For the currently attained momenta, the decay of renor-
malized ME is still relatively slow (cf. Fig. 3), which
manifests itself in distorted approach of the PDF to zero
for x & 0.5 and unphysical minimum in the antiquark
part, for x ⇡ �0.2. The oscillations, as expected, are
smoothened out as the momentum increases (which is vis-
ible particularly at the level of quasi-PDFs), and are more
severe in the negative region. Nevertheless, this is the
first time when clear convergence is demonstrated with
simulations using a physical pion mass value. Clearly,
momentum 6⇡

L

is not high enough to reconstruct light-
cone PDFs. However, we observe a similar behavior of
the lattice data at momentum 10⇡

L

as compared to phe-
nomenological results, with some overlap in the small-x
region. The slope of the two curves is compatible for the
positive-x region, and both curves go to zero for x . �0.3
and x & 1. Compatible results are extracted for h

�3 , but
with increased uncertainties.

In Fig. 5, we present polarized PDFs for the three mo-
menta, together with DSSV08 [41] and JAM17 [42] phe-
nomenological data. We find a milder dependence on
the nucleon momentum, and 10⇡

L

is much closer to phe-
nomenological curves with significant overlap with the
JAM17 data for 0 < x < 0.5. For the region 0.5 < x < 1,
the slope of the lattice data changes, possibly due to oscil-

lations mentioned above, but it approaches zero around
x = 1. For the negative-x region, the lattice data also
approach zero, with a dip at small-x and large uncertain-
ties, another consequence of oscillations.
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FIG. 5: Comparison of polarized PDF at momenta 6⇡
L (green

band), 8⇡
L (orange band), 10⇡

L (blue band), DSSV08 [41] and
JAM17 NLO phenomenological data [42].

Simulating at the physical point is crucial for obtain-
ing data that are close to the global analyses data. This
is demonstrated in Fig. 6. In the top panel, we compare
phenomenological estimates with results from Ref. [17] at
m

⇡

=375 MeV and volume 323⇥64 (B55). As the nucleon
momentum increases, one observes that the B55 data
saturate away from phenomenological curves, wrongfully
leading to discouraging conclusions for quasi-PDFs ap-
proach. In the lower panel of Fig. 6, we plot data from
this work with the B55 ensemble, both at momentum
⇠1.4 GeV. As can be seen, there is a clear pion mass
dependence and the B55 data are away from the global
analyses curves.
Conclusions:
We present the first ever lattice calculation of un-

polarized and helicity PDFs where long-standing ob-
stacles, such as large momenta, physical pion mass
and non-perturbative renormalization have been ad-
dressed. To investigate the nucleon momentum de-
pendence, we employed three values corresponding to
0.83, 1.11, 1.38 GeV, with appropriately increased num-
ber of measurements for the latter ones to keep statistical
uncertainties under control.
Lattice MEs are renormalized non-perturbatively in

the RI0 scheme and are converted to the MS-scheme
at µ=2 GeV. Light-cone PDFs are reconstructed upon
Fourier transform and matching with target mass cor-
rections. Our final results for PDFs are highlighted in
Figs. 4,5. We are able to compare with phenomenolog-
ical results for the first time, as all necessary steps of
extracting physical PDFs have been applied and no chi-
ral extrapolation is needed. As shown in Fig. 6, there
is strong pion mass dependence and a similar behavior
between lattice and phenomenology is only established
at the physical pion mass ensemble. A further investiga-
tion of possible discretization and volume e↵ects, as well
as an improved treatment of the unphysical oscillations,
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FIG. 4: Comparison of unpolarized PDF at momenta 6⇡
L

(green band), 8⇡
L (orange band), 10⇡

L (blue band), and
ABMP16 [39] (NNLO), NNPDF [40] (NNLO) and CJ15 [38]
(NLO) phenomenological curves.

well as the phenomenological determinations CJ15 [38],
ABMP16 [39] and NNPDF31 [40]. We find that as the
momentum increases, the data approach phenomenolog-
ical results. In particular, increasing the nucleon mo-
mentum from 6⇡

L

to 8⇡
L

has a large e↵ect on the PDFs
shape, with the latter approaching the phenomenologi-
cal curve. Furthermore, we find a saturation of PDFs
for 8⇡

L

and 10⇡
L

, indicating that LaMET may be appli-
cable for P � 8⇡

L

. The interplay of real and imaginary
parts of renormalized MEs leads to unphysical oscilla-
tions in quasi-PDFs, resulting from the periodicity of the
Fourier transform, and propagated through the match-
ing procedure to light-cone PDFs. The e↵ect is natu-
rally suppressed for large nucleon boosts, when MEs de-
cay to zero fast enough, before e�ixPz becomes negative.
For the currently attained momenta, the decay of renor-
malized ME is still relatively slow (cf. Fig. 3), which
manifests itself in distorted approach of the PDF to zero
for x & 0.5 and unphysical minimum in the antiquark
part, for x ⇡ �0.2. The oscillations, as expected, are
smoothened out as the momentum increases (which is vis-
ible particularly at the level of quasi-PDFs), and are more
severe in the negative region. Nevertheless, this is the
first time when clear convergence is demonstrated with
simulations using a physical pion mass value. Clearly,
momentum 6⇡

L

is not high enough to reconstruct light-
cone PDFs. However, we observe a similar behavior of
the lattice data at momentum 10⇡

L

as compared to phe-
nomenological results, with some overlap in the small-x
region. The slope of the two curves is compatible for the
positive-x region, and both curves go to zero for x . �0.3
and x & 1. Compatible results are extracted for h

�3 , but
with increased uncertainties.

In Fig. 5, we present polarized PDFs for the three mo-
menta, together with DSSV08 [41] and JAM17 [42] phe-
nomenological data. We find a milder dependence on
the nucleon momentum, and 10⇡

L

is much closer to phe-
nomenological curves with significant overlap with the
JAM17 data for 0 < x < 0.5. For the region 0.5 < x < 1,
the slope of the lattice data changes, possibly due to oscil-

lations mentioned above, but it approaches zero around
x = 1. For the negative-x region, the lattice data also
approach zero, with a dip at small-x and large uncertain-
ties, another consequence of oscillations.
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FIG. 5: Comparison of polarized PDF at momenta 6⇡
L (green

band), 8⇡
L (orange band), 10⇡

L (blue band), DSSV08 [41] and
JAM17 NLO phenomenological data [42].

Simulating at the physical point is crucial for obtain-
ing data that are close to the global analyses data. This
is demonstrated in Fig. 6. In the top panel, we compare
phenomenological estimates with results from Ref. [17] at
m

⇡

=375 MeV and volume 323⇥64 (B55). As the nucleon
momentum increases, one observes that the B55 data
saturate away from phenomenological curves, wrongfully
leading to discouraging conclusions for quasi-PDFs ap-
proach. In the lower panel of Fig. 6, we plot data from
this work with the B55 ensemble, both at momentum
⇠1.4 GeV. As can be seen, there is a clear pion mass
dependence and the B55 data are away from the global
analyses curves.
Conclusions:
We present the first ever lattice calculation of un-

polarized and helicity PDFs where long-standing ob-
stacles, such as large momenta, physical pion mass
and non-perturbative renormalization have been ad-
dressed. To investigate the nucleon momentum de-
pendence, we employed three values corresponding to
0.83, 1.11, 1.38 GeV, with appropriately increased num-
ber of measurements for the latter ones to keep statistical
uncertainties under control.
Lattice MEs are renormalized non-perturbatively in

the RI0 scheme and are converted to the MS-scheme
at µ=2 GeV. Light-cone PDFs are reconstructed upon
Fourier transform and matching with target mass cor-
rections. Our final results for PDFs are highlighted in
Figs. 4,5. We are able to compare with phenomenolog-
ical results for the first time, as all necessary steps of
extracting physical PDFs have been applied and no chi-
ral extrapolation is needed. As shown in Fig. 6, there
is strong pion mass dependence and a similar behavior
between lattice and phenomenology is only established
at the physical pion mass ensemble. A further investiga-
tion of possible discretization and volume e↵ects, as well
as an improved treatment of the unphysical oscillations,
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3. Lattice Calculation of Parton Distribution Function from LaMET at 
Physical Pion Mass with Large Nucleon Momentum 
• LP3: Chen et al   [1803.04393 ]   (unpolarized) 
• same set up as 1, but, larger statistics and larger momentum 
• Pz ≤ 3 GeV 
• other improved items,  see paper 

• lattice result now reproduces global fit  including x~-0.1 asymmetry

4

Using the “two-twoRR” renormalized PDF and apply-
ing the �

t

matching, we show in Fig. 2 one of the three
nucleon boost momenta, P

z

= 2.2 GeV, before and after
applying the matching formula of Eq. 5. The matching
raises the antiquark (i.e. negative-x region) asymmetry
for x < �0.05, and lowers the positive mid-x to large x
quark distribution, compared with our exploratory study
and heavier-pion PDF. After matching, we study the de-
pendence on the nucleon boost momentum, shown in
Fig. 3. Within the statistical errors, the distribution
seems to converge across the three momenta. However,
the central values shift noticeably from 2.2 to 3.0 GeV,
moving the antiquark distribution toward the asymmetry
measured in experiment: d̄(x) > ū(x).

FIG. 2. The quasi-PDF and matched PDF with nucleon
boost momentum 2.2 GeV. The matching process lowers the
quasi-PDF at large positive x and enhances the small-x re-
gion’s quark asymmetry. It significantly changes the anti-
quark asymmetry at this nucleon momentum.

Pz � 3.0 GeV
Pz � 2.6 GeV
Pz � 2.2 GeV
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FIG. 3. Nucleon boost momentum dependence of the matched
unpolarized isovector PDFs. For quark asymmetry, the shape
is consistent throughout most x regions. However, in the
antiquark region, there is a significant change in distribution
as momentum increases.

The final result from this paper, shown in Fig. 4, sig-
nificantly improves on our previous results at physical
pion mass [32]. We increase the nucleon momenta used
in the calculation from 0.4, 0.8, 1.3 GeV to 2.2, 2.6 and

3.0 GeV. We use O
�t operator here rather than the O

�z

used in Ref. [28]. (Though we showed in Ref. [28] that
the final PDF is consistent when including the scalar ma-
trix elements.) We extend our matrix element analysis
to include an extra term due to the excited states. We
increase at least a factor of 10 in statistics. We also in-
clude the complete matching needed from the RI/MOM
quasi-PDF to MS lightcone PDF.
While finalizing our analysis, another PDF result at

physical pion mass was reported by ETMC [47]. There
are a number of di↵erences between their work and ours,
including the matching and renormalization. They use
slightly smaller lattice spacing, around 0.08 fm, while
ours is 0.09 fm. Our M

⇡

L is close to 4 while ETMC’s
is less than 3, meaning there is smaller finite-volume ef-
fects in our results. Their nucleon boost momentum is
limited to less than half of ours. They use 5–10 steps
of stout smearing on the O

�t to improve their signals,
but we did not use any additional smearing except the 1-
step overall HYP smearing on the configuration and avoid
over-smearing. They also omit any excited-state system-
atics from their analysis; on top of the smaller boosted
nucleon momentun, their distribution has smaller statis-
tical errors. Their smaller zP

z

also indicates less reliable
x-regions in their distribution. It is perhaps notable that
their results do not agree on the sea quark asymmetry
seen experimentally. This is possibly due to the oscil-
lation induced by truncation of the Fourier transform,
which is not treated in their work; they see oscillation
that continues into the |x| > 1 regions. As for the lattice
artifact in h̃R of Eq.(3), although both of us have studied
it by changing µ

R

to remove the (µ
R

a)2 type lattice ar-
tifact, however, this could not remove other types of lat-
tice artifacts such as the pR

z

a dependent ones. Also, µ
R

dependence could also come from neglecting the higher
order matching coe�cient which has nothing to do with
a.
Other possible sources of systematic uncertainty in-

clude: 1) Mass correction: We find the target-mass cor-
rection from Ref. [22] to be extremely small for all three
nucleon boost momenta (less than 1%). 2) Higher-twist
corrections: Taking P

z

= 3.0 GeV, we estimate the
higher-twist correction to be no more than 3%. In addi-
tion, we do not see significant di↵erence in the |x| > 0.2
regions, indicating that the correction is even smaller.
3) Truncation e↵ects: At our largest nucleon boost mo-
mentum, our largest z

max

P
z

is around 27.5. When we
reconstruct a known PDF, there is significant di�culty
in reproducing small-x regions for |x| < 0.15. Note that
other lattice PDF calculations use smaller z

max

P
z

, yield-
ing smaller reliable regions in x-space. By extending to
large displacement z or large momentum P

z

on finer lat-
tice spacing in future work, this can be improved straight-
forwardly.
We have presented new lattice-QCD results for the

isovector unpolarized PDF (that is, the up-down quark
asymmetry in the proton), which has much potential im-
pact on current PDF estimates in the near future: 1)

5

The isovector PDF at large x can be used as a con-
straint in global PDF analysis. The large-x experimental
data are often contaminated by nuclear e↵ects, which
are hard to cleanly remove. Many current PDF analyses
rely on extrapolation in these regions. There are ongoing
LHCb measurements that can potentially improve and
constrain the PDF in the large-x region, but the precision
of these data are not yet good enough to make a di↵er-
ence. A recent community whitepaper among lattice and
global analysis practitioners [60] predicted that a calcu-
lation of the large-x isovector with 10% final error can
improve on the current PDF, especially in the antiquark
regions where experimental inputs are even scarcer. Cur-
rently, we are able to reproduce the global PDF results;
the next step will be to plan improved calculations with
total uncertainty less than 10%. 2) With the promising
results shown here, we can proceed with similar analy-
ses for the less known polarized PDFs, such as helicity
and transversity (the longitudinal and transversely polar-
ized PDFs), where the isovector PDFs needed to make
impacts for global analysis are less demanding than the
unpolarized ones.

-0.4 -0.2 0 0.2 0.4 0.6 0.8 1.0
-1

0

1

2

3

4

x

qu
-
d

CT14
matched PDF

FIG. 4. Our final PDF renormalized at 3 GeV and compared
with CT14 [61] which is consistent with NNPDF3.1 distribu-
tion [62] and CJ15 [63]. Our results agree nicely with the
global-analysis PDF.

Summary and Outlook: In this work, we report the
state-of-the-art isovector unpolarized quark distribution
using lattice QCD directly at physical pion mass. We
use nucleon boosted momenta as large as 3 GeV with
high-statistics analysis. We carefully study excited-state
systematics whose error is reflected in our final distri-
bution uncertainty. We renormalize our nucleon matrix

element using the nonperturbative RI/MOM renormliza-
tion, and perform the LaMET one-loop finite-momentum
matching and conversion to MS-scheme to connect lattice
quasi-distribution to lightcone distribution. We found
our final distribution agree well with the global analysis
distribution. We carefully examine all possible system-
atics which will give us better guideline to improve our
future calculations and provide better precision distribu-
tions. Future direction will be investigating smaller lat-
tice spacing ensembles for reaching even higher boosted
momentum such that we can push toward smaller-x re-
gion.
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Summary

• Now is the prime time for Lattice QCD computation 
• especially physical quark mass simulations in hand  
• harvesting from many efforts done in past ~40 years 
• gold plated quantities obtained with sub-percent total error 

• More difficult quantities with involved procedures under development
• PDF is one of them 

• lots of efforts poured into developments of quasi PDF 
• two groups so far leading the computation (LP3 and ETMC) 

• seemingly very good and healthy competition 
• involved steps critically reviewed each other 

• other activities are underway → see “white paper” 
• further efforts underway aiming for more precision 

• larger nucleon momentum with multiple lattice spacing
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