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Introduction to GPDs
°0

Definition of GPDs

® Quark GPD (twist-2, spin-0 hadron): (Miiller et al., 1994; Radyushkin, 1996; Ji, 1997)

1 dz™ . pt,— A A
Hq(&ﬁvt):i/ﬁe F <P+§"J(—Z)’Y+CI(Z)‘P—§>

z+t=0,z, =0

(1)

A+
2P+
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® Similar matrix element for gluons.
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® More GPDs for spin—% hadrons.

® Experimental programs at JLab,
COMPASS.
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® Similar matrix element for gluons.
® More GPDs for spin—% hadrons.

® Experimental programs at JLab,
COMPASS.

t

® |mpact parameter space GPD (at £ = 0): (Burkardt, 2000)

- dQA_' —i N - 2
q(x7 bJ_) :/ (27T)J2' e PLAL I (X,O, -A ) . (2

Nabil Chouika Phenomenology of GPD models built from LFWFs DIS 2018, April 19" 4 /24



Introduction to GPDs
°0

Definition of GPDs

® Quark GPD (twist-2, spin-0 hadron): (Miiller et al., 1994; Radyushkin, 1996; Ji, 1997)

1 dz™ . pt,— A A
Hq(&ﬁvt):i/ﬁe F <P+§"J(—Z)’Y+CI(Z)‘P—§>

z+t=0,z, =0

(1)

A+

— A2 _
E=A% = o

by / x
longitudinal

s

® Similar matrix element for gluons.
® More GPDs for spin—% hadrons.

o001 001 01 x ® Experimental programs at JLab,
COMPASS.

® |mpact parameter space GPD (at £ = 0): (Burkardt, 2000)

- dQA_' —i N - 2
q(x7 bJ_) :/ (27T)J2' e PLAL I (X,O, -A ) . (2

Nabil Chouika Phenomenology of GPD models built from LFWFs DIS 2018, April 19" 4 /24



Introduction to GPDs
oe

Theoretical constraints on GPDs

Main properties:
® Physical region: (x,&) € [-1,1]°.
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» From Lorentz invariance.
® Positivity (in DGLAP): (Pire et al., 1999; Radyushkin, 1999; Diehl, 2003)
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P Cauchy-Schwarz theorem in Hilbert space.
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Introduction to GPDs
°0

Overlap of Light-cone wave functions

® A given hadronic state is decomposed in a Fock basis: (Brodsky et al., 1981)

|H; P, ) /[dx]N (A%, ], Wits (askon, ) [N, Bi ke, ooy ki), (7)

where the Wy, ; are the Light-front wave functions (LFWF).
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» Polynomiality not manifest...
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Double Distributions (DDs)

® DD representation of GPDs:

H(X,f,t)(x/dﬁdah(ﬁ,a,t)é(xfﬂfaf). (10)
Q
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® DD representation of GPDs:
HOx& ) [ asdan(pat) (- p - ag). (10)
Q

® DD h is defined on the support Q = {|8] + |a| < 1}.
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1 Q
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Double Distributions (DDs)

® DD representation of GPDs:

HOx& ) [ asdan(pat) (- p - ag). (10)
Q
® Radon Transform: (Deans, 1983; Teryaev, 2001)
a 3
1
R
1 R | T %
-1 -1
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Outline

@ Phenomenology of Generalized Parton Distributions
@ Experimental access
@ PARTONS framework
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Phenomenology of GPDs
.

Accessing GPDs

® Exclusive processes:

£t £
¢ ¢ Y Y p01 P, Troy

)
7\ 7 P

DVCS TCS DVMP
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B A

DVCS TCS DVMP
® Compton Form Factors: (Belitsky et al., 2002)

' Q
]:(é-ztv Qz) :/ dx C <X7€7a5 (HF)? ;) F(X7£7t7y'f:)’ (12)
-1
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Phenomenology of GPDs
.

Accessing GPDs

® Exclusive processes:

! ! y Y vt t po, @, o, ...
s
P P p P P P

DVCS TCS DVMP
® Compton Form Factors: (Belitsky et al., 2002)

1

‘F(gvt702) :/ dXC(X,E,CMS(NF),%)F()Qf,t,}l/—‘)- (14)
-1

® (QObservables are convolutions of:

P a soft part, i.e. the GPD, with long distance interactions encoded
(non-perturbative QCD).
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® Exclusive processes:

! ! y Y vt t po, @, o, ...
s
P P p P P P

DVCS TCS DVMP
® Compton Form Factors: (Belitsky et al., 2002)

1
‘F(g,t,Qz):/ dXC<X7£7Q5(NF)7%)F(ngatvﬂf:)' (13)
—1

® (QObservables are convolutions of:

P a soft part, i.e. the GPD, with long distance interactions encoded
(non-perturbative QCD).

P a hard-scattering kernel, calculated with perturbative QCD (short distance
interactions).
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Phenomenology of GPDs
°

PARTONS software

(Berthou et al., 2016) /

® Framework to study GPDs. PAHTdNS
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PARTONS software

(Berthou et al., 2016) /

® Framework to study GPDs. PAHTdNS

» Goal: support the effort of the
GPD community.

» For both theorists and
experimentalists.

® A certain number of built-in physics

developments. | GK11
| MPSSW13
RVl

25t Vinnikov / \
\
15t /
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(Berthou et al., 2016) /

® Framework to study GPDs. PAHTdNS

» Goal: support the effort of the
GPD community.

» For both theorists and
experimentalists.

® A certain number of built-in physics

developments. ..l GK1
| MPSSW13
P Easy addition of your own ol Voo ‘
* Vinnikov 78
models. ﬁ\\
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PARTONS software

(Berthou et al., 2016) /

® Framework to study GPDs. PAHTdNS

» Goal: support the effort of the
GPD community.

» For both theorists and
experimentalists.

® A certain number of built-in physics
// Get EEFYJ(E
developments. e et~ tanca() -»getSarvicelbj ectRegist ry() ->getaPy

Ser\ ce()
> E dd . f /] Create GeD module with the HoduleGbjectfactory
odulex
asy a ition o your own :Paltpons::cetlrs tancel) -gethoduledbjectFactory() ->newcro
odule(MMs13Model: : classId) ;

models. pgreate 3 Grvmemuictr . v . ) vgest B
GPDKinematic gpdKinematic(-.99, 0.99 1.);

GPDResﬂt gpdResult = parDservice->conputeGPDHodel (gpdkinematic,

® C++ library with XML interface for Hodet);
automated tasks.

Nabil Chouika Phenomenology of GPD models built from LFWFs DIS 2018, April 10 / 24


http://partons.cea.fr

Phenomenology of GPDs
°

PARTONS software

(Berthou et al., 2016) /

® Framework to study GPDs. PAHTdNS

» Goal: support the effort of the
GPD community.

» For both theorists and
experimentalists.

® A certain number of built-in physics
developments.

<?xml version="1.8" encoding="UTF-8" standalone="yes" 7>

<scenario date="2016-03-25"
description="This is a test scenario to use the GPD
service"s

» Easy addition of your own <tesk servicesrGbseryice” nethods"conputeGrOadel >
<kinematic typ: Kinemat
models. e

® C++ library with XML interface for <rinenatics

<computation configurations

automated tasks. S Raner classhane" valueraKLIMRdeL" /=
</computation_configuration>
</task>
</scenario> .
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Phenomenology of GPDs
°

PARTONS software

(Berthou et al., 2016)

® Framework to study GPDs. PAHTdNS

» Goal: support the effort of the
GPD community.

» For both theorists and
experimentalists.

S

® A certain number of built-in physics

PARTONS
developments. S ——

GPDModule Class Reference s

» Easy addition of your own
models.

® C++ library with XML interface for ——
automated tasks. -

® Open-source:
http://partons.cea.fr
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°

PARTONS software

(Berthou et al., 2016) /

® Framework to study GPDs. PAHTdNS

» Goal: support the effort of the
GPD community.

» For both theorists and
experimentalists.

® A certain number of built-in physics
developments. o 0t

» Easy addition of your own

%*
models. ©@@©

® C++ library with XML interface for
automated tasks. S

FRMS [fm]

® Open-source: .
http://partons.cea.fr

® Global fit of JLab data (ongoing work
by Pawel Snajder).
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Covariant extention of GPDs
.

Outline

© Covariant extention of Generalized Parton Distributions
@ Motivation
@ Inversion of Incomplete Radon Transform
@ Results
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® Experimental access through exclusive processes
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Covariant extension

® For the spatial tomography of hadrons, we need
» GPD at £ =0.
® Experimental access through exclusive processes

P Integrals over x of GPD at £ > 0.
P Extrapolation?

® (Covariant approach?

P Positivity?
P Loss of symmetries...

£0s

q(x)

02 - 04
Nabil Chouika

[

Phenomenology of GPD models built from LFWFs

DIS 2018, April 19* 12 / 24



Covariant extention of GPDs
°

Covariant extension

® For the spatial tomography of hadrons, we need: 3
» GPD at £ =0.

® Experimental access through exclusive processes: ERBL Emax
P Integrals over x of GPD at £ > 0. = = Emin
P Extrapolation? < < x
-1 [G) [G)
® Light-front wave functions approach: @] a
ERBL
-1

Nabil Chouika Phenomenology of GPD models built from LFWFs DIS 2018, April 19* 12 / 24



Covariant extention of GPDs
°

Covariant extension

® For the spatial tomography of hadrons, we need: 3
» GPD at £ =0.
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Experimental access through exclusive processes: ERBL
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® Light-front wave functions approach: o o
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Covariant extention of GPDs
°

Inversion

Problem
Find h (S, «) on square {|a| + |3| < 1} such that

H(x,&)lperap [ d8dah(3,0)8(x — 8 - at).
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Covariant extention of GPDs
°

Inversion

Problem
Find h (S, «) on square {|a| + |3| < 1} such that

H(x,&)lperap [ d8dah(3,0)8(x — 8 - at).
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Covariant extention of GPDs
°

Inversion

® Quark GPD: H (x,£) =0 for =1 < x < — |[¢| = h(B,a) =0 for 8 < 0.
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Covariant extention of GPDs
°

Inversion

® Quark GPD: H(x,£)=0for -1 < x < —|¢| = h(B,a) =0 for 8 < 0.
® Domains 8 < 0 and B > 0 are uncorrelated in the DGLAP region.
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Covariant extention of GPDs
°

Inversion

® Quark GPD: H(x,£)=0for -1 < x < —|¢| = h(B,a) =0 for 8 < 0.
® Domains 8 < 0 and B > 0 are uncorrelated in the DGLAP region.

® Divide and conquer:

» Better numerical stability.
P Lesser complexity: O (NP 4+ NP) < O ((N + N)P).
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Covariant extention of GPDs
°

Inversion

® Quark GPD: H(x,£)=0for -1 < x < —|¢| = h(B,a) =0 for 8 < 0.
® Domains 8 < 0 and B > 0 are uncorrelated in the DGLAP region.

® Divide and conquer:

» Better numerical stability.
P Lesser complexity: O (NP 4+ NP) < O ((N + N)P).

® q-parity of the DD: h(B3,—a) = h(8, ) .
a
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Covariant extention of GPDs
®00

Some examples: Dyson-Schwinger model

—— numerical result
--- analytical result

-

—— numerical result
--- analytical result

0.5
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Figure: Extension of GPDs for the pion DSE model of Refs. (Mezrag, 2015; Mezrag

et al., 2016). Comparison to the analytical result. Left: Plot for fixed & values
0, 0.5 and 1, at t = 0 GeV*. Right: Plot for fixed t values 0, —0.25 and —0.5 GeV?, at

& = 0.5. See (Chouika et al., 2018).
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Covariant extention of GPDs
oe0

Some examples: Spectator di-quark model

—— numerical result

—— numerical result
—--- analytical result

-—-- analytical result

Etx, ¢)

——— " [02 T Y e/
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Figure: Extension of GPD E for the nucleon model of Ref. (Hwang and Mueller, 2008).
Comparison to the analytical result of the authors. Left: Plot for fixed £ values
0,0.5and 1, at t = 0 GeV2. Right: Plot for fixed t values 0, —0.25 and —0.5 GeV?, at
£=0.5.
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Covariant extention of GPDs
ooe

Phenomenology of quark models: application to YQSM
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Figure: Extension of the GPD E of Ref. (Lorce et al., 2011) for the Chiral Quark Soliton
Model. Plot for fixed £ values 0, 0.1 and 0.2, at t = 0.34 GeV>. Preliminary!
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Covariant extention of GPDs
ooe

Phenomenology of quark models: application to YQSM
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Figure: Extension of the GPD E of Ref. (Lorce et al., 2011) for the Chiral Quark Soliton
Model. Plot for fixed £ values 0, 0.1 and 0.2, at t = 0.34 GeV>. Preliminary!

® 3Q Light-front picture of the nucleon: limited to DGLAP.
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Covariant extention of GPDs
ooe

Phenomenology of quark models: application to YQSM
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Figure: Extension of the GPD E of Ref. (Lorce et al., 2011) for the Chiral Quark Soliton
Model. Plot for fixed £ values 0, 0.1 and 0.2, at t = 0.34 GeV>. Preliminary!

® 3Q Light-front picture of the nucleon: limited to DGLAP.
® With extension to ERBL, possible phenomenology:
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Covariant extention of GPDs
ooe

Phenomenology of quark models: application to YQSM
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Figure: Extension of the GPD E of Ref. (Lorce et al., 2011) for the Chiral Quark Soliton
Model. Plot for fixed £ values 0, 0.1 and 0.2, at t = 0.34 GeV>. Preliminary!

® 3Q Light-front picture of the nucleon: limited to DGLAP.
® With extension to ERBL, possible phenomenology:

P beyond dispersion relation approach and Leading Order (e.g. NLO CFFs for
DVCS).
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Covariant extention of GPDs
ooe

Phenomenology of quark models: application to YQSM
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Figure: Extension of the GPD E of Ref. (Lorce et al., 2011) for the Chiral Quark Soliton
Model. Plot for fixed £ values 0, 0.1 and 0.2, at t = 0.34 GeV>. Preliminary!

® 3Q Light-front picture of the nucleon: limited to DGLAP.
® With extension to ERBL, possible phenomenology:

» beyond dispersion relation approach and Leading Order (e.g. NLO CFFs for
DVCS).
» with QCD evolution.
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Covariant extention of GPDs
ooe

Phenomenology of quark models: application to YQSM
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X
Figure: Extension of the GPD E of Ref. (Lorce et al., 2011) for the Chiral Quark Soliton
Model. Plot for fixed £ values 0, 0.1 and 0.2, at t = 0.34 GeV>. Preliminary!

® 3Q Light-front picture of the nucleon: limited to DGLAP.
® With extension to ERBL, possible phenomenology:

» beyond dispersion relation approach and Leading Order (e.g. NLO CFFs for
DVCS).
» with QCD evolution.

® Work in progress with PARTONS...
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Conclusion
°

Summary

® Modeling Generalized Parton Distributions consistently is crucial to achieve
the promised tomography of hadrons!
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» Both polynomiality and positivity!
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P> arxiv:1711.05108.
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® Unified phenomonelogy of GPDs and
TMDs at the level of LFWFs?
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Conclusion
°

Summary

® Modeling Generalized Parton Distributions consistently is crucial to achieve
the promised tomography of hadrons!

® Systematic procedure for GPD modeling from first principles:
» LFWFs — GPD in DGLAP — DD v GPD.

Overlap Inverse Radon Transform
»> Both polynomiality and positivity!
» arxiv:1711.05108.
® Unified phenomonelogy of GPDs and
TMDs at the level of LFWFs?

® Phenomenology with PARTONS software,
arXiv:1512.06174.
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Conclusion

Summary

® Modeling Generalized Parton Distributions consistently is crucial to achieve
the promised tomography of hadrons!

® Systematic procedure for GPD modeling from first principles:
» LFWFs — GPD in DGLAP — DD v GPD.

Overlap Inverse Radon Transform
»> Both polynomiality and positivity!
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® Unified phenomonelogy of GPDs and
TMDs at the level of LFWFs?

® Phenomenology with PARTONS software,
arXiv:1512.06174.

® Thank you!
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Conclusion
°

Summary

® Modeling Generalized Parton Distributions consistently is crucial to achieve
the promised tomography of hadrons!

® Systematic procedure for GPD modeling from first principles:
» LFWFs — GPD in DGLAP — DD v GPD.

Overlap Inverse Radon Transform
»> Both polynomiality and positivity!
> arxiv:1711.05108.

® Unified phenomonelogy of GPDs and
TMDs at the level of LFWFs?

® Phenomenology with PARTONS software,
arXiv:1512.06174.

® Thank you!
» Any questions?
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Discretization

® Expansion of the DD into basis functions {v;}:

h(B.2) = hv(B,a), (15)

P Piece-wise constant, piece-wise linear, etc.
P n columns of the matrix.

® Sampling:

» Random couples (x,£) —> m > n lines of the matrix.
® Linear problem: AX = B where B; = H(x;,&;) and A; = Rv; (x;,&).
® Regularization necessary: discrete ill-posed problem.

P Trade-off between noise and convergence.
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lll-posed problems and Regularization

® |ll-posed problems?
P For example the inversion of a Fredholm equation of the first kind:

/K(x,y)f(y)dy=g(X)~ (16)

P The inverse is not continuous: an arbitrarily small variation Ag of the rhs can lead
to an arbitrarily large variation Af of the solution.
® The corresponding discrete problem needs to be regularized.

P E.g Tikhonov regularization: min {||AX —B|?+¢ ||X||2}

L-curve

1435 | A8000
0000

000

-\ less filtering

. %
» £
- g 1425
] 5
= more filtering 3 2
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115
I 0.032 0.0325 0.033 0.0335 0.034 0.0345
4 residual norm || A x-b ||,
logl[Ax-b],
Theoretical “L-curve”: curve parameterized L-curve with the iteration number as

by the regularization factor. regularization factor.
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D-term considerations

° Polynomiality property:

1 m+1
/ dxx™H (x, £, t) = Zci’")(r)gk. (17)
-1 k=0

k even

® Recast polynomiality property for H — D:

1 m
/ dxx™ (H(x,g,r) -D (%t)) =) dmMek, (18)

1 k=0
k even
where D (%, t) is the so-called D-term with support on —¢§ < x < &.
® H _ Dis a Radon Transform:
X
H(x, €)= D (E’ r) = /dﬂda hpw (B,0)8 (x — B — af) . (19)
Q

| The DGLAP region gives no information on the D-term.

®  With other DD representations, we can generate intrinsic D-terms, e.g. Pobylitsa representation:

H(X,Eyt):(l—x)/dﬁdahp(ﬂ,a)fs(x—ﬂ—aé)~ (20)
Q

P> il freedom of extra D-term.
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Some examples (Regge behavior)

—— numerical result
—-- analytical result

Figure: Extension of GPD for a nucleon toy model with Regge behavior. Plot for fixed £
values 0, 0.5 and 1.

® |Integrable singularity for the GPD at x ~ 0: H (x,&) %
® Equivalent to an integrable singularity for the DD at 8 ~ 0: h(3,a) x ﬁ

P We solve for /B h(B,a) instead of h(j3,a)!
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