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Method

Result 1: Small-size clusters at low T

References

Result 4: Effect on kurtosis

Result 2: Four-nucleon clustering and He-4 production

We propose new effects in heavy-ion collisions at the Beam Energy Scan (BES) of the Relativistic
Heavy-Ion Collider which can signal the presence of a possible QCD critical point at a particular collision energy.

We focus on nucleon-nucleon (NN) interaction: at distances ~1 fm is mediated by the σ critical mode.

Beyond mean field, the ω strength is increased to 
reduce the potential depth and make it closer to the 

phenomenological NN Bonn potential.

The shallow potential classically bounds few-nucleons 
close to T=0 (see Results 1). It can also reproduce 

binding energies of bulk nuclear matter in a 
semiclassical approach (see Ref. [1]).  

Walecka-Serot potential between nucleons: 

Close to the critical point T
c
~100 MeV, this potential is 

unable to bind nucleons. However, modifications due to 
the σ mode strongly affects the NN interaction

(see Method).

Nuclear forces appear as a partial cancellation of repulsion and attraction in the mean potential energy,
and Fermi energy, producing binding energies of few MeV in infinite nuclear matter.

We consider several NN potentials with increasing degree of criticality (due to decrease of σ mass close to T
c
):

Result 3: Big clusters close to critical transition

Molecular dynamics + Langevin with V
A’
 potential at T=10-3 MeV with N=4, 6, 8 and 13 nucleons

T is fixed by fast particles (pions, kaons), while nucleon dynamics is dominated by the pairwise potential.
Baryon diffusion constant λ is taken from URASiMA simulations.

We stress the importance of correlations between nucleons for binding and eventual clustering
(Boltzmann’s Stosszahlansatz is not enough to describe this phenomenon).

1) With freeze-out conditions as in experiment, we run N
ev

=105 simulations with N=32 particles in a 

non-expanding frame during Δt=5 fm/c. A final boost matches y and p
T
 distributions. 

A system with noncritical V
A’
 is calibrated to s1/2

NN
=19.6 GeV (close to Poisson expectations). 

We cannot simulate larger energies due to the absence of antiprotons. 

For freeze-out conditions at BES the potential V
A’
 cannot produce clustering of nucleons

However, V
C
 is able to form clusters (e.g. He-4) at temperatures T~100 MeV within a few Fermi/c. 

PDF of distances between nucleons at T=120 MeV for N=4.
At T=0, a Dirac delta sits at the minimum of the potential

These potentials are implemented into a classical molecular dynamics with thermal noise.
We extract physical properties from phase space distribution.

Quantum effects are ignored at T~100 MeV, but needed for infinite matter (see [1]).

Molecular Dynamics + Langevin Equation
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Spatial configurations and binding energies checked against direct minimization of the potential.

Resulting geometries coincide with Platonic solids except for N=8 (as known for Lennard-Jones potential) 

PDF is used to define an 
identification procedure of 
N=4 clusters in simulations 

with more nucleons

N=128
T=120 MeV
n=0.16 fm-3

At long times all 
particles eventually fall 

into a big cluster
(except for outliers 

with high momentum)

Medium at BES only has a 
few Fermi/c to interact.

We can expect few-nucleon 
partially bound systems 

e.g. proto He-4 nuclei
(see Result 2) 

also...
signatures on cumulants of 
(net-)proton distribution at 

freeze-out?
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1) Attractive part of NN potential is very sensitive to the QCD critical mode σ.

2) Phenomenological potentials for infinite nuclear matter are not able to produce binding around T~100 MeV.

3) NN potential reflecting σ-mass suppression close to T
c 
allows for substantial nuclear clustering.

4) In HICs, finite duration and radial expansion prevent big agglomeration, but small clusters can be formed.

ENHANCED HE-4 PRODUCTION IN BES CLOSE TO CRITICAL POINT

5) Clustering induces NN correlations producing an enhancement of kurtosis close to T
c

INCREASE OF KURTOSIS SIGNALS CRITICAL REGION DUE TO CLUSTERING   

2) We rescale our numbers 
to fix average number of 
protons in one cut.

Other proton cumulants 
match well with experiment 
for both cuts.

3) Larger criticality of NN potential we observe an increase of kurtosis.

Clustering → non Gaussian correlations!
STAR data. Two cuts:

0.4 GeV < p
T
 < 0.8 GeV

|y| < 0.5

(from Ref. [3])

0.4 GeV < p
T
 < 2 GeV

|y| < 0.5

(from Ref. [4],
STAR preliminary)

Simulation with N=32, T=120 MeV, Δt=5 fm/c

Motivation
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outline
• RHIC beam energy scan.  STAR data on proton  kurtosis

• Modified nuclear forces in baryon-dense region, and 
especially near the critical point, enhance baryon 
clustering

• Globular clusters in Galaxies, elements of their theory

• Mean field  and strongly correlated baryonic clusters

• Molecular dynamics/Langevin simulations 

• strong dependence of the clustering rate on nuclear 
forces is confirmed



M. A. Stephanov, K. Ra jagopal and E. V. Shuryak, Phys. Rev. Lett. 81, 4816 (1998) [hep-ph/9806219]. 
suggested to look for hypothetical critical point via critical opalescence (enhanced fluctuations)  

and the beam energy scan, 
which is half-completed at RHIC 
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FIG. 11 The QCD phase diagram and data from a chemi-
cal freeze-out analysis in nucleus-nucleus collisions at various
beam energies. The data points closest to the T -axis are from
the highest collision energies. For the other entries see text.

deviate from the predictions of lattice QCD (Fig. 11).
At present it is hotly debated whether this deviation
indicates the existence of a highly compressed hadronic
phase between the QCD phase boundary and the chem-
ical freeze-out line, or whether the calculation of the
phase boundary at large µb will be modified by signif-
icant corrections from realistic quark masses and larger
space-time lattices. Important new insight is expected
from measurements with the ’Compressed Baryonic Mat-
ter’ (CBM) experiment planned at the future ’Facility for
Antiproton and Ion Research’ (FAIR) at GSI in Darm-
stadt, as well as from improved lattice simulations.

The thermalization described above implies that equi-
librated matter is produced in high-energy collisions be-
tween nuclei. In e+e− and hadron-hadron collisions,
such an equilibration, in particular in the strangeness
sector, is not observed (Braun-Munzinger et al., 2004a)
although thermal features are observed in the yields of
produced particles (Becattini, 1996; Becattini and Heinz,
1997). For very recent discussions of differences and
similarities between e+e− and nucleus-nucleus collisions
see (Andronic et al., 2008a; Becattini et al., 2008).

For the high-energy domain accessible with Pb ions
at the LHC the scenario described implies essentially
small changes in hadron production (apart from an over-
all yield factor due to the much larger volume). Any
deviation would be a major surprize and would likely
indicate new physics. For speculations in this direction
see (Rafelski and Letessier, 2008).

C. Medium modifications of vector mesons

As the spontaneously broken chiral symmetry of the
strong interaction gets restored at high temperatures and
large chemical potentials, the quarks loose their ’con-
stituent’ mass and only the ’bare’ masses generated in
the Higgs sector of the Standard Model are left. As
seen from Fig. 3 this effect is most dramatic for up and
down quarks and to a somewhat lesser extent also for
strange quarks. Most naively the mass of a hadron is a
multiple of the constituent quark mass Mq (for baryons
Mb ∼ 3Mq and for mesons Mm ∼ 2Mq) and one would
therefore expect that all hadron masses consisting of light
u,d and s quarks should decrease significantly near the
phase boundary (Brown, 1988). More general arguments
along these lines led to the conjecture of a general scaling
law in which (nearly) all light hadrons consisting of u,d
quarks change with some power of the chiral condensate
ratio (Brown and Rho, 1991) (’Brown-Rho scaling’)22

Mh ∝ (⟨q̄q⟩T,µb/⟨q̄q⟩)α . (15)

Another obvious source of medium modifications of
hadrons is the increased collision rate in a hot and dense
medium. As a consequence, many new decay channels
open, resulting in large widths. Finally, based on chi-
ral symmetry alone and its spontaneous breaking in the
vacuum, it can be argued that the spectral properties
of hadrons with opposite parity become more and more
similar as the chiral phase transition is approached.

Since possible modifications of hadron properties
(masses, decay modes) occur in the hot and dense phase
of a heavy-ion collision, one needs an experimental probe
that is sensitive to this state of the matter. More than
30 years ago it was suggested (Feinberg, 1976; Shuryak,
1978b) that real or virtual23 photons are ideal, since they
interact only electromagnetically with the surrounding
matter and hence leave the reaction zone almost undis-
turbed. Even at the highest temperatures and compres-
sion reached in relativistic heavy-ion collisions the mean
free path of photons is typically 102 − 104 fm, which is
much larger than the size of the fireball.

Both longitudinal and transverse photon polarizations
contribute to the di-lepton rate, while real photons can
only be transversely polarized. According to Fermi’s
Golden Rule the production cross section is directly re-
lated to the (auto)correlation function ⟨jµ

elmjµ
elm⟩ of the

electromagnetic current which involves the charge carri-
ers of the system. Taking quarks as fundamental con-
stituents of strongly interacting matter, jelm is given by

jµ
elm =

!

i=u,d,s

eiq̄iγ
µqi

22 The pion is special because of its ’Goldstone character’ and there-
fore its mass should remain largely unaffected.

23 Virtual time-like photons correspond to the process of di-lepton
(e+e− or µ+µ−) pair production or annihilation.
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Figure 3. Left: Preliminary results for the freeze-out parameters from the WB collaboration.
The colored full and dashed lines are the contours at constant mean/variance ratios of the net
electric charge and net baryon number from lattice simulations. The contours that correspond
to STAR data intersect in the freeze-out points of Ref. [32]. The red band is the QCD phase
diagram shown in Fig. 2. Also shown are the isentropic contours that match the chemical
freeze-out data [14, 15, 16]. Right: Example of comparison between �K

2 /�K
1 from lattice QCD

and the preliminary STAR result at
p
s= 200 GeV shown at the Strangeness in Quark Matter

2016 conference [47]. The blue band corresponds to the statistical error, the orange one shows
statistical and systematic errors summed in quadrature.

which can be easily calculated on the lattice. An example of lattice-to-experiment comparison for
this observable is shown in the right panel of Fig. 3. When the STAR data for this observable are
finalized, it will be possible to extract the freeze-out parameters for kaons from first principles.

5. Conclusions

In conclusion, lattice QCD simulation have reached a new level of accuracy in the last few years.
Precise results are available for QCD thermodynamics at zero and small chemical potentials,
which allow a quantitative comparison with experimental results for the first time. This will
eventually enable us to achieve a comprehensive understanding of bulk properties of QCD matter
from first principles.
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ter’ (CBM) experiment planned at the future ’Facility for
Antiproton and Ion Research’ (FAIR) at GSI in Darm-
stadt, as well as from improved lattice simulations.

The thermalization described above implies that equi-
librated matter is produced in high-energy collisions be-
tween nuclei. In e+e− and hadron-hadron collisions,
such an equilibration, in particular in the strangeness
sector, is not observed (Braun-Munzinger et al., 2004a)
although thermal features are observed in the yields of
produced particles (Becattini, 1996; Becattini and Heinz,
1997). For very recent discussions of differences and
similarities between e+e− and nucleus-nucleus collisions
see (Andronic et al., 2008a; Becattini et al., 2008).

For the high-energy domain accessible with Pb ions
at the LHC the scenario described implies essentially
small changes in hadron production (apart from an over-
all yield factor due to the much larger volume). Any
deviation would be a major surprize and would likely
indicate new physics. For speculations in this direction
see (Rafelski and Letessier, 2008).

C. Medium modifications of vector mesons

As the spontaneously broken chiral symmetry of the
strong interaction gets restored at high temperatures and
large chemical potentials, the quarks loose their ’con-
stituent’ mass and only the ’bare’ masses generated in
the Higgs sector of the Standard Model are left. As
seen from Fig. 3 this effect is most dramatic for up and
down quarks and to a somewhat lesser extent also for
strange quarks. Most naively the mass of a hadron is a
multiple of the constituent quark mass Mq (for baryons
Mb ∼ 3Mq and for mesons Mm ∼ 2Mq) and one would
therefore expect that all hadron masses consisting of light
u,d and s quarks should decrease significantly near the
phase boundary (Brown, 1988). More general arguments
along these lines led to the conjecture of a general scaling
law in which (nearly) all light hadrons consisting of u,d
quarks change with some power of the chiral condensate
ratio (Brown and Rho, 1991) (’Brown-Rho scaling’)22

Mh ∝ (⟨q̄q⟩T,µb/⟨q̄q⟩)α . (15)

Another obvious source of medium modifications of
hadrons is the increased collision rate in a hot and dense
medium. As a consequence, many new decay channels
open, resulting in large widths. Finally, based on chi-
ral symmetry alone and its spontaneous breaking in the
vacuum, it can be argued that the spectral properties
of hadrons with opposite parity become more and more
similar as the chiral phase transition is approached.

Since possible modifications of hadron properties
(masses, decay modes) occur in the hot and dense phase
of a heavy-ion collision, one needs an experimental probe
that is sensitive to this state of the matter. More than
30 years ago it was suggested (Feinberg, 1976; Shuryak,
1978b) that real or virtual23 photons are ideal, since they
interact only electromagnetically with the surrounding
matter and hence leave the reaction zone almost undis-
turbed. Even at the highest temperatures and compres-
sion reached in relativistic heavy-ion collisions the mean
free path of photons is typically 102 − 104 fm, which is
much larger than the size of the fireball.

Both longitudinal and transverse photon polarizations
contribute to the di-lepton rate, while real photons can
only be transversely polarized. According to Fermi’s
Golden Rule the production cross section is directly re-
lated to the (auto)correlation function ⟨jµ

elmjµ
elm⟩ of the

electromagnetic current which involves the charge carri-
ers of the system. Taking quarks as fundamental con-
stituents of strongly interacting matter, jelm is given by

jµ
elm =

!

i=u,d,s

eiq̄iγ
µqi

22 The pion is special because of its ’Goldstone character’ and there-
fore its mass should remain largely unaffected.

23 Virtual time-like photons correspond to the process of di-lepton
(e+e− or µ+µ−) pair production or annihilation.
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Figure 3. Left: Preliminary results for the freeze-out parameters from the WB collaboration.
The colored full and dashed lines are the contours at constant mean/variance ratios of the net
electric charge and net baryon number from lattice simulations. The contours that correspond
to STAR data intersect in the freeze-out points of Ref. [32]. The red band is the QCD phase
diagram shown in Fig. 2. Also shown are the isentropic contours that match the chemical
freeze-out data [14, 15, 16]. Right: Example of comparison between �K

2 /�K
1 from lattice QCD

and the preliminary STAR result at
p
s= 200 GeV shown at the Strangeness in Quark Matter

2016 conference [47]. The blue band corresponds to the statistical error, the orange one shows
statistical and systematic errors summed in quadrature.

which can be easily calculated on the lattice. An example of lattice-to-experiment comparison for
this observable is shown in the right panel of Fig. 3. When the STAR data for this observable are
finalized, it will be possible to extract the freeze-out parameters for kaons from first principles.

5. Conclusions

In conclusion, lattice QCD simulation have reached a new level of accuracy in the last few years.
Precise results are available for QCD thermodynamics at zero and small chemical potentials,
which allow a quantitative comparison with experimental results for the first time. This will
eventually enable us to achieve a comprehensive understanding of bulk properties of QCD matter
from first principles.
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deviate from the predictions of lattice QCD (Fig. 11).
At present it is hotly debated whether this deviation
indicates the existence of a highly compressed hadronic
phase between the QCD phase boundary and the chem-
ical freeze-out line, or whether the calculation of the
phase boundary at large µb will be modified by signif-
icant corrections from realistic quark masses and larger
space-time lattices. Important new insight is expected
from measurements with the ’Compressed Baryonic Mat-
ter’ (CBM) experiment planned at the future ’Facility for
Antiproton and Ion Research’ (FAIR) at GSI in Darm-
stadt, as well as from improved lattice simulations.

The thermalization described above implies that equi-
librated matter is produced in high-energy collisions be-
tween nuclei. In e+e− and hadron-hadron collisions,
such an equilibration, in particular in the strangeness
sector, is not observed (Braun-Munzinger et al., 2004a)
although thermal features are observed in the yields of
produced particles (Becattini, 1996; Becattini and Heinz,
1997). For very recent discussions of differences and
similarities between e+e− and nucleus-nucleus collisions
see (Andronic et al., 2008a; Becattini et al., 2008).

For the high-energy domain accessible with Pb ions
at the LHC the scenario described implies essentially
small changes in hadron production (apart from an over-
all yield factor due to the much larger volume). Any
deviation would be a major surprize and would likely
indicate new physics. For speculations in this direction
see (Rafelski and Letessier, 2008).

C. Medium modifications of vector mesons

As the spontaneously broken chiral symmetry of the
strong interaction gets restored at high temperatures and
large chemical potentials, the quarks loose their ’con-
stituent’ mass and only the ’bare’ masses generated in
the Higgs sector of the Standard Model are left. As
seen from Fig. 3 this effect is most dramatic for up and
down quarks and to a somewhat lesser extent also for
strange quarks. Most naively the mass of a hadron is a
multiple of the constituent quark mass Mq (for baryons
Mb ∼ 3Mq and for mesons Mm ∼ 2Mq) and one would
therefore expect that all hadron masses consisting of light
u,d and s quarks should decrease significantly near the
phase boundary (Brown, 1988). More general arguments
along these lines led to the conjecture of a general scaling
law in which (nearly) all light hadrons consisting of u,d
quarks change with some power of the chiral condensate
ratio (Brown and Rho, 1991) (’Brown-Rho scaling’)22

Mh ∝ (⟨q̄q⟩T,µb/⟨q̄q⟩)α . (15)

Another obvious source of medium modifications of
hadrons is the increased collision rate in a hot and dense
medium. As a consequence, many new decay channels
open, resulting in large widths. Finally, based on chi-
ral symmetry alone and its spontaneous breaking in the
vacuum, it can be argued that the spectral properties
of hadrons with opposite parity become more and more
similar as the chiral phase transition is approached.

Since possible modifications of hadron properties
(masses, decay modes) occur in the hot and dense phase
of a heavy-ion collision, one needs an experimental probe
that is sensitive to this state of the matter. More than
30 years ago it was suggested (Feinberg, 1976; Shuryak,
1978b) that real or virtual23 photons are ideal, since they
interact only electromagnetically with the surrounding
matter and hence leave the reaction zone almost undis-
turbed. Even at the highest temperatures and compres-
sion reached in relativistic heavy-ion collisions the mean
free path of photons is typically 102 − 104 fm, which is
much larger than the size of the fireball.

Both longitudinal and transverse photon polarizations
contribute to the di-lepton rate, while real photons can
only be transversely polarized. According to Fermi’s
Golden Rule the production cross section is directly re-
lated to the (auto)correlation function ⟨jµ

elmjµ
elm⟩ of the

electromagnetic current which involves the charge carri-
ers of the system. Taking quarks as fundamental con-
stituents of strongly interacting matter, jelm is given by

jµ
elm =
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i=u,d,s

eiq̄iγ
µqi

22 The pion is special because of its ’Goldstone character’ and there-
fore its mass should remain largely unaffected.

23 Virtual time-like photons correspond to the process of di-lepton
(e+e− or µ+µ−) pair production or annihilation.
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Figure 3. Left: Preliminary results for the freeze-out parameters from the WB collaboration.
The colored full and dashed lines are the contours at constant mean/variance ratios of the net
electric charge and net baryon number from lattice simulations. The contours that correspond
to STAR data intersect in the freeze-out points of Ref. [32]. The red band is the QCD phase
diagram shown in Fig. 2. Also shown are the isentropic contours that match the chemical
freeze-out data [14, 15, 16]. Right: Example of comparison between �K

2 /�K
1 from lattice QCD

and the preliminary STAR result at
p
s= 200 GeV shown at the Strangeness in Quark Matter

2016 conference [47]. The blue band corresponds to the statistical error, the orange one shows
statistical and systematic errors summed in quadrature.

which can be easily calculated on the lattice. An example of lattice-to-experiment comparison for
this observable is shown in the right panel of Fig. 3. When the STAR data for this observable are
finalized, it will be possible to extract the freeze-out parameters for kaons from first principles.

5. Conclusions

In conclusion, lattice QCD simulation have reached a new level of accuracy in the last few years.
Precise results are available for QCD thermodynamics at zero and small chemical potentials,
which allow a quantitative comparison with experimental results for the first time. This will
eventually enable us to achieve a comprehensive understanding of bulk properties of QCD matter
from first principles.
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The setting: the Walecka model sigma and omega exchanges only (isospin-neutral)

Baryonic clustering at the critical line and near the hypothetical critical point in high
Energy Heavy Ion Collisions

Edward Shuryak and Juan M. Torres-Rincon
Department of Physics and Astronomy, Stony Brook University, Stony Brook NY 11794-3800, USA

We study clusterization of baryons at the freezeout stage of heavy ion collisions.

I. INTRODUCTION

A. The near-critical fluctuations in heavy ion
collisions

The topic of this paper are phenomena happening at
the final, or the so called freezeout stage of heavy ion col-
lisions. The observed yields of many types of secondaries,
from the lightest mesons ⇡,K to baryons and hyperons
and even light nuclei up to d, t,4 He, are well described by
thermal model. With only three parameters – the chemi-
cal freezeout temperature T

ch

, the baryon number chem-
ical potential µ

B

, and the total volume V
tot

– those yields
are described in a very wide range of collision centralities
and energies. Furthermore, since the empirical values of
those are close to the phase boundary line defined on the
lattice, there is little doubt that excited matter enters
the hadronic phase in a well equilibrated form.

However, as multiple studies of the kinetics near the
phase transitions indicated, there is the so called “critical
slowdown” phenomenon, due to which the assumption
of complete equilibration may not be valid for certain
critical modes.

Furthermore, on the T, µ
B

phase diagram of hadronic
matter there are two types of critical phenomena:
(i) the crossover line, which would be a second order line
(of O(4) universality class) if quarks be massless;
(ii) the hypothetical second order critical point at cer-
tain T

c

, µ
c

, of Ising universality class. The search for it,
using enhanced fluctuations as proposed in Refs [1, 2], is
currently performed at RHIC, via the beam energy scan.

toward its lowest energies, and even to use STAR de-
tector in a fixed target mode, which is currently under
way. While we do not discuss in this paper the STAR
data from the scan in detail, we do focus on one impor-
tant finding: a strong growth of kurtosis of the proton
distribution near mid-rapidity, at the lowest collision en-
ergies.

While the specific critical enhancement of the multi-
particle fluctuations remain the major goal of this pro-
gram, one needs to study also other phenomena which
can lead to those. In this paper we focus on the cluster-

ing of baryons due to their attractive interaction. As we
detail below, significant clustering should in fact occur
due to the usual nuclear forces.

The temperatures of the hadronic phase, ranging from
T
c

⇡ 155MeV down to kinetic freezeout temperature of
baryons T

f

⇡ 100MeV , may appear large compared to
mean nuclear potential ⇠ 50MeV . But the binary po-

tential itself has minimum at |V | ⇠ 100MeV and clus-
tering of several baryons make this value several times
larger. As a result, clusters of trapped baryons would be
produced.

B. The baryonic interaction in the Walecka model

In this subsection we remind the reader a simplified
form of nuclear forces, following a popular model by Serot
and Walecka [4], to be used and modified below. One im-
portant simplification is that it includes only the isoscalar
mesons, scalar � and vector !, so there is no di↵erence
between coupling to protons and neutrons.
Its Lagrangian density is

L =
1

2

�
@
µ

�@µ��m2
s

�2
�� 1

4
F
µ⌫

Fµ⌫ +
1

2
m2

v

V
µ

V µ (1)

+ ̄ [�
µ

(i@µ � g
v

V µ)� (M � g
s

�)] 

where Abelian field strength of the vector field F
µ⌫

⌘
@
µ

V
⌫

� @
⌫

V
µ

is the same as in electrodynamics. There
are thus three fields, Dirac nucleons  , vector omega-
mesons V

µ

and scalar sigma meson �, interacting with
each other in relativistically invariant way. Their masses
are considered to be an input.
The resulting static potential is

Ṽ (r) = � g2
�

4⇡r
e�m�r +

g2
!

4⇡r
e�m!r (2)

The coupling values selected by Serot and Walecka [4]
are

g2
�

= 267.1

✓
m2

�

m2
N

◆
, g2

!

= 195.9

✓
m2

!

m2
N

◆
(3)

Note that the ! coupling is stronger, thus dominating at
small distances. Note further that these two terms nearly
cancel each other, leaving us with a relatively shallow po-
tential, V < 100MeV ⇠ m

N

/10, see Fig.1 Note further
that the coupling are selected not to fit the binary scat-
tering phases and deuteron binding, as done for all other
phenomenological potentials, but from the fit to nuclear
matter in the mean field approximation.
Considering the case of infinite homogeneous matter of

density n and ignoring correlations between the nucleons,
one get the mean potential energy

hP i = (
n

2
)(� g2

�

m2
�

+
g2
!

m2
!

) (4)
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The nuclear forces are well tuned
two subsequent cancellations

(i)  sigma vs omega 
(attraction versus repulsion)

and (ii) kinetic vs potential energies
result in

small binding (0-16 MeV) 
from light to heavy nuclei

multi-neutron systems are all unbound
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However, as multiple studies of the kinetics near the
phase transitions indicated, there is the so called “critical
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Method

Result 1: Small-size clusters at low T

References

Result 4: Effect on kurtosis

Result 2: Four-nucleon clustering and He-4 production

We propose new effects in heavy-ion collisions at the Beam Energy Scan (BES) of the Relativistic
Heavy-Ion Collider which can signal the presence of a possible QCD critical point at a particular collision energy.

We focus on nucleon-nucleon (NN) interaction: at distances ~1 fm is mediated by the σ critical mode.

Beyond mean field, the ω strength is increased to 
reduce the potential depth and make it closer to the 

phenomenological NN Bonn potential.

The shallow potential classically bounds few-nucleons 
close to T=0 (see Results 1). It can also reproduce 

binding energies of bulk nuclear matter in a 
semiclassical approach (see Ref. [1]).  

Walecka-Serot potential between nucleons: 

Close to the critical point T
c
~100 MeV, this potential is 

unable to bind nucleons. However, modifications due to 
the σ mode strongly affects the NN interaction

(see Method).

Nuclear forces appear as a partial cancellation of repulsion and attraction in the mean potential energy,
and Fermi energy, producing binding energies of few MeV in infinite nuclear matter.

We consider several NN potentials with increasing degree of criticality (due to decrease of σ mass close to T
c
):

Result 3: Big clusters close to critical transition

Molecular dynamics + Langevin with V
A’
 potential at T=10-3 MeV with N=4, 6, 8 and 13 nucleons

T is fixed by fast particles (pions, kaons), while nucleon dynamics is dominated by the pairwise potential.
Baryon diffusion constant λ is taken from URASiMA simulations.

We stress the importance of correlations between nucleons for binding and eventual clustering
(Boltzmann’s Stosszahlansatz is not enough to describe this phenomenon).

1) With freeze-out conditions as in experiment, we run N
ev

=105 simulations with N=32 particles in a 

non-expanding frame during Δt=5 fm/c. A final boost matches y and p
T
 distributions. 

A system with noncritical V
A’
 is calibrated to s1/2

NN
=19.6 GeV (close to Poisson expectations). 

We cannot simulate larger energies due to the absence of antiprotons. 

For freeze-out conditions at BES the potential V
A’
 cannot produce clustering of nucleons

However, V
C
 is able to form clusters (e.g. He-4) at temperatures T~100 MeV within a few Fermi/c. 

PDF of distances between nucleons at T=120 MeV for N=4.
At T=0, a Dirac delta sits at the minimum of the potential

These potentials are implemented into a classical molecular dynamics with thermal noise.
We extract physical properties from phase space distribution.

Quantum effects are ignored at T~100 MeV, but needed for infinite matter (see [1]).

Molecular Dynamics + Langevin Equation

 

Conclusions
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Spatial configurations and binding energies checked against direct minimization of the potential.

Resulting geometries coincide with Platonic solids except for N=8 (as known for Lennard-Jones potential) 

PDF is used to define an 
identification procedure of 
N=4 clusters in simulations 

with more nucleons

N=128
T=120 MeV
n=0.16 fm-3

At long times all 
particles eventually fall 

into a big cluster
(except for outliers 

with high momentum)

Medium at BES only has a 
few Fermi/c to interact.

We can expect few-nucleon 
partially bound systems 

e.g. proto He-4 nuclei
(see Result 2) 

also...
signatures on cumulants of 
(net-)proton distribution at 

freeze-out?
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1) Attractive part of NN potential is very sensitive to the QCD critical mode σ.

2) Phenomenological potentials for infinite nuclear matter are not able to produce binding around T~100 MeV.

3) NN potential reflecting σ-mass suppression close to T
c 
allows for substantial nuclear clustering.

4) In HICs, finite duration and radial expansion prevent big agglomeration, but small clusters can be formed.

ENHANCED HE-4 PRODUCTION IN BES CLOSE TO CRITICAL POINT

5) Clustering induces NN correlations producing an enhancement of kurtosis close to T
c

INCREASE OF KURTOSIS SIGNALS CRITICAL REGION DUE TO CLUSTERING   

2) We rescale our numbers 
to fix average number of 
protons in one cut.

Other proton cumulants 
match well with experiment 
for both cuts.

3) Larger criticality of NN potential we observe an increase of kurtosis.

Clustering → non Gaussian correlations!
STAR data. Two cuts:

0.4 GeV < p
T
 < 0.8 GeV

|y| < 0.5

(from Ref. [3])

0.4 GeV < p
T
 < 2 GeV

|y| < 0.5

(from Ref. [4],
STAR preliminary)

Simulation with N=32, T=120 MeV, Δt=5 fm/c

Motivation

5 5

we modified it a bit to
correspond to other 

binary potentials



The setting: the Walecka model sigma and omega exchanges only (isospin-neutral)
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I. INTRODUCTION

A. The near-critical fluctuations in heavy ion
collisions

The topic of this paper are phenomena happening at
the final, or the so called freezeout stage of heavy ion col-
lisions. The observed yields of many types of secondaries,
from the lightest mesons ⇡,K to baryons and hyperons
and even light nuclei up to d, t,4 He, are well described by
thermal model. With only three parameters – the chemi-
cal freezeout temperature T

ch

, the baryon number chem-
ical potential µ

B

, and the total volume V
tot

– those yields
are described in a very wide range of collision centralities
and energies. Furthermore, since the empirical values of
those are close to the phase boundary line defined on the
lattice, there is little doubt that excited matter enters
the hadronic phase in a well equilibrated form.

However, as multiple studies of the kinetics near the
phase transitions indicated, there is the so called “critical
slowdown” phenomenon, due to which the assumption
of complete equilibration may not be valid for certain
critical modes.

Furthermore, on the T, µ
B

phase diagram of hadronic
matter there are two types of critical phenomena:
(i) the crossover line, which would be a second order line
(of O(4) universality class) if quarks be massless;
(ii) the hypothetical second order critical point at cer-
tain T

c

, µ
c

, of Ising universality class. The search for it,
using enhanced fluctuations as proposed in Refs [1, 2], is
currently performed at RHIC, via the beam energy scan.

toward its lowest energies, and even to use STAR de-
tector in a fixed target mode, which is currently under
way. While we do not discuss in this paper the STAR
data from the scan in detail, we do focus on one impor-
tant finding: a strong growth of kurtosis of the proton
distribution near mid-rapidity, at the lowest collision en-
ergies.

While the specific critical enhancement of the multi-
particle fluctuations remain the major goal of this pro-
gram, one needs to study also other phenomena which
can lead to those. In this paper we focus on the cluster-

ing of baryons due to their attractive interaction. As we
detail below, significant clustering should in fact occur
due to the usual nuclear forces.

The temperatures of the hadronic phase, ranging from
T
c

⇡ 155MeV down to kinetic freezeout temperature of
baryons T

f

⇡ 100MeV , may appear large compared to
mean nuclear potential ⇠ 50MeV . But the binary po-

tential itself has minimum at |V | ⇠ 100MeV and clus-
tering of several baryons make this value several times
larger. As a result, clusters of trapped baryons would be
produced.

B. The baryonic interaction in the Walecka model

In this subsection we remind the reader a simplified
form of nuclear forces, following a popular model by Serot
and Walecka [4], to be used and modified below. One im-
portant simplification is that it includes only the isoscalar
mesons, scalar � and vector !, so there is no di↵erence
between coupling to protons and neutrons.
Its Lagrangian density is
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is the same as in electrodynamics. There
are thus three fields, Dirac nucleons  , vector omega-
mesons V
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and scalar sigma meson �, interacting with
each other in relativistically invariant way. Their masses
are considered to be an input.
The resulting static potential is
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Note that the ! coupling is stronger, thus dominating at
small distances. Note further that these two terms nearly
cancel each other, leaving us with a relatively shallow po-
tential, V < 100MeV ⇠ m

N

/10, see Fig.1 Note further
that the coupling are selected not to fit the binary scat-
tering phases and deuteron binding, as done for all other
phenomenological potentials, but from the fit to nuclear
matter in the mean field approximation.
Considering the case of infinite homogeneous matter of

density n and ignoring correlations between the nucleons,
one get the mean potential energy

hP i = (
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Ṽ (r) = � g2
�

4⇡r
e�m�r +

g2
!

4⇡r
e�m!r (2)

The coupling values selected by Serot and Walecka [4]
are

g2
�

= 267.1

✓
m2

�

m2
N

◆
, g2

!

= 195.9

✓
m2

!

m2
N

◆
(3)

Note that the ! coupling is stronger, thus dominating at
small distances. Note further that these two terms nearly
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that the coupling are selected not to fit the binary scat-
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The nuclear forces are well tuned
two subsequent cancellations

(i)  sigma vs omega 
(attraction versus repulsion)

and (ii) kinetic vs potential energies
result in

small binding (0-16 MeV) 
from light to heavy nuclei

multi-neutron systems are all unbound

But, at the freezeout of
heavy ion collisions, we are

close to critical Tc,
and this delicate balance can

be strongly modified:
a decrease of m(sigma) 

 is expected
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reduce the potential depth and make it closer to the 
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unable to bind nucleons. However, modifications due to 
the σ mode strongly affects the NN interaction
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Nuclear forces appear as a partial cancellation of repulsion and attraction in the mean potential energy,
and Fermi energy, producing binding energies of few MeV in infinite nuclear matter.

We consider several NN potentials with increasing degree of criticality (due to decrease of σ mass close to T
c
):

Result 3: Big clusters close to critical transition

Molecular dynamics + Langevin with V
A’
 potential at T=10-3 MeV with N=4, 6, 8 and 13 nucleons

T is fixed by fast particles (pions, kaons), while nucleon dynamics is dominated by the pairwise potential.
Baryon diffusion constant λ is taken from URASiMA simulations.

We stress the importance of correlations between nucleons for binding and eventual clustering
(Boltzmann’s Stosszahlansatz is not enough to describe this phenomenon).

1) With freeze-out conditions as in experiment, we run N
ev

=105 simulations with N=32 particles in a 

non-expanding frame during Δt=5 fm/c. A final boost matches y and p
T
 distributions. 

A system with noncritical V
A’
 is calibrated to s1/2

NN
=19.6 GeV (close to Poisson expectations). 

We cannot simulate larger energies due to the absence of antiprotons. 

For freeze-out conditions at BES the potential V
A’
 cannot produce clustering of nucleons

However, V
C
 is able to form clusters (e.g. He-4) at temperatures T~100 MeV within a few Fermi/c. 

PDF of distances between nucleons at T=120 MeV for N=4.
At T=0, a Dirac delta sits at the minimum of the potential

These potentials are implemented into a classical molecular dynamics with thermal noise.
We extract physical properties from phase space distribution.

Quantum effects are ignored at T~100 MeV, but needed for infinite matter (see [1]).

Molecular Dynamics + Langevin Equation

 

Conclusions
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Spatial configurations and binding energies checked against direct minimization of the potential.

Resulting geometries coincide with Platonic solids except for N=8 (as known for Lennard-Jones potential) 

PDF is used to define an 
identification procedure of 
N=4 clusters in simulations 

with more nucleons

N=128
T=120 MeV
n=0.16 fm-3

At long times all 
particles eventually fall 

into a big cluster
(except for outliers 

with high momentum)

Medium at BES only has a 
few Fermi/c to interact.

We can expect few-nucleon 
partially bound systems 

e.g. proto He-4 nuclei
(see Result 2) 

also...
signatures on cumulants of 
(net-)proton distribution at 

freeze-out?
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1) Attractive part of NN potential is very sensitive to the QCD critical mode σ.

2) Phenomenological potentials for infinite nuclear matter are not able to produce binding around T~100 MeV.

3) NN potential reflecting σ-mass suppression close to T
c 
allows for substantial nuclear clustering.

4) In HICs, finite duration and radial expansion prevent big agglomeration, but small clusters can be formed.

ENHANCED HE-4 PRODUCTION IN BES CLOSE TO CRITICAL POINT

5) Clustering induces NN correlations producing an enhancement of kurtosis close to T
c

INCREASE OF KURTOSIS SIGNALS CRITICAL REGION DUE TO CLUSTERING   

2) We rescale our numbers 
to fix average number of 
protons in one cut.

Other proton cumulants 
match well with experiment 
for both cuts.

3) Larger criticality of NN potential we observe an increase of kurtosis.

Clustering → non Gaussian correlations!
STAR data. Two cuts:

0.4 GeV < p
T
 < 0.8 GeV

|y| < 0.5

(from Ref. [3])

0.4 GeV < p
T
 < 2 GeV

|y| < 0.5

(from Ref. [4],
STAR preliminary)

Simulation with N=32, T=120 MeV, Δt=5 fm/c

Motivation

5 5

we modified it a bit to
correspond to other 

binary potentials



The (so far hypothetical) QCD critical point
is of Ising universality class

and thus should have a long-range critical mode

.  M. A. Stephanov, K. Ra jagopal and E. V. Shuryak, Phys. Rev. Lett. 81, 4816 (1998) [hep-ph/9806219].  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use non-relativistic normalization for all energies and for-
get about the mass, both in energy and in chemical po-
tential. In the former case we study it is not so, the
chemical potential is in the range µ̄ = 500 � 700MeV ,
and thus exp[(m

i

� µ̄)/T
ch

] ⇠ 10 � 1. This makes the
baryon component being approximately a classical Boltz-
mannian gas.

Important feature of the resonance gas is that pop-
ulation of the excited baryon states is significant. For
example, the population of the S = 3/2, I = 3/2
�(1200) resonance relative to that of the nucleon is about
4 ⇤ e(m��mN )/Tch ⇡ 0.7. So, in order to get correct yield
one needs to calculate and includes the “feed-down” from
their decay. Due to large widths of these resonances, how-
ever, the decays happen in a time of the order of 1 fm/c.
In the following we discuss the kinetic freezeout stage,
assuming that these decays had already happened, thus
normalizing the baryon density to those observed in the
final state.

Let us now proceed to the remaining forces between the
baryons. The so called “resonance gas model”, used for
the successful thermodynamical description of the parti-
cle yields at chemical freezeout, does not use any modi-
fications of the particle masses. Yet all dynamical mod-
els do predict significant modifications of their spectral
densities, which indeed are mostly due to an increase
in widths. For vector meson ⇢ such theories have been
directly tested via the dilepton production, and its sig-
nificant widening has indeed been observed.

For ! meson (we will use to model repulsive compo-
nent of nuclear forces) no changes are observed, which is
expected, since due to its longer lifetime most of them
decay outside of the fireball. The sigma meson, on the
contrary, is so wide (even in the original ⇡⇡ scattering)
that its observation in heavy ion collision is but impossi-
ble due to huge combinatorial background.

On general theoretical grounds we know that the sec-
ond order phase transitions have massless modes, which
lead to phenomena like critical opalescence at scales much
larger than the original microscopic scales of matter.
This is also true for versions of QCD with the second
order transitions. In particular, QCD with two massless
quark flavors N

f

= 2 and exact chiral symmetry must
have massless � at the whole critical line in the T, µ
plane. Unfortunately, it is not the case for QCD with
physical quark masses, and the location of the expected
critical point on that line remains unknown.

There are lattice data for the vector and scalar correla-
tion functions at finite T , extrapolated to physical quark
masses. Unfortunately only for zero µ

b

= 0.
For our studies of the baryonic clustering in this work

we will use Walecka model in four di↵erent versions of
the mesonic masses:
(A) the unmodified Walecka model;
(B1) the one in which � mass decreases “half way” (that
is m2

�

! m2
�

/2) , presumed to hold at the critical line for
µ
b

< µ
c

. The “minimal modification” version changes
the coupling as well g2

s

! g2
s

/2, keeping the mean poten-

tial energy constant.;
(B2) This version is the same as (B1) except that the
scalar coupling is not modified. The mean potential from
sigma thus is the factor 2 larger than in B1;
(C) An admixture of the version (B2) potential with the
one with very light critical mode �, m2

�

! m2
�

/6

V
C

(r) = (1� x)V
B2(r) + xV

critical

(r) (11)

In Fig.2 we show the corresponding potentials, multiplied
for convenience by r3. As one can see, these four models
shows progressively increasing depth and range of the
attractive potential.

A. Binding in the mean field

Before we study clustering (the correlation growth)
rates below, it is instructive to illustrate the e↵ect of
di↵erent forces defined above in a simple model.
Let us take a Gaussian-shaped cluster, with the nuclear

matter density n0 = 0.16 fm�3 at its core

n(r) = n0e
� r2

2R2 (12)

and the r.m.s. size R = 2 fm. The integral N =R
d3xn(x) ⇡ 20, so it is a crude model of a medium-size

nucleus.
Using Thomas-Fermi expression for local Fermi

momentum with � degrees of freedom p
f

(r) =
[6⇡2n(r)/�]1/3 one can calculate the kinetic energy per
nucleon. For gamma = 4 it is

K = hpf (r)
2

2M
i ⇡ 17.1MeV (13)
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FIG. 2: V (r)r3 (MeV ⇤fm3) versus r (fm) for the four mod-
els used. The original Walecka potential is shown by the black
solid line, the versions B1 and B2 correspond to the upper and
the lower blue dashed lines, and the version C, with x = 0.1
to the red dash-dotted line.
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 strongly correlated clusters,  crystalline-like structures
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For pure neutron matter, with � = 2, it is K ⇡
27.1MeV .

Now, ignoring binary correlations n(~x1, ~x2) !
n(~x1)n(~x2), one can calculate the potential energy

P =
1

2

Z
d3xd3yn(x)V (~x� ~y)n(y) (14)

corresponding to forces defined in the preceding section.
The results are P = �16.8,�17.35,�69.54,�87.35MeV
per nucleon, for models A,B1,B2 and C, respectively.
The total energy K + P for Walecka model A is, within
the accuracy of about 1 MeV, equal to zero for nuclear
matter(p, n equal mixture), and +10MeV for pure neu-
trons. This crudely corresponds to the real world expec-
tations.

However models B1,B2 and C lead to ever increasing
binding, about 0.2, 42, 70MeV per nucleon each. The
addition of binary correlation function can increase this
binding even more. The main lesson from these ini-
tial calculations is that significant binding (non-negligible
compared to the temperature T

f

⇡ 100MeV ) can be
produced only for significantly modified potential (mod-
els B2 and C).

TABLE I: The potential energy P and the total one K + P

in MeV/nucleon, for all versions of the binary potentials and
the number of nucleons N = 2.5, 8.5, 20., corresponding to
Gaussian density with r.m. radii R = 1, 1.5, 2 fm.

N A B1 B2 C

P 2.5 -12.0 -8.4 -49.1 -58.0

K+P 2.5 +5. +10. -32. -41.

P 8.5 -15.3 -14.3 -62.7 -77.3

K+P 8.5 +12. +13. -45. -50.

P 20 -16.8 -17.35 -69.54 -87.35

K+P 20 +2. -0.3 -52. -70.

B. Binding in specific clusters suggested by
symmetry

In the previous subsection we considered a limit in
which there are no correlations between locations of the
nucleons, so that all of them had the same, Gaussian-like
spatial distribution. Now we turn to the opposite limit,
in which the nucleons are put to specific locations, de-
fined by symmetry considerations, which in turn depend
on the particle number.

The smallest number of particles we consider is four,
N = 4, which form a tetrahedron. As it is known from
studies of few-body nuclei, such correlation between four
nucleons is indeed rather strong inside the 4He, and per-
sists in “alpha-particle nuclei” such as 12C,16 O. All 6
pair distances between the 4 nucleons are in this case the

same, denoted by a below, so the energy per nucleon is
in this simplest case just

< V >4=
6

4
V (a)

Octahedron has N = 6 particles and 15 pairs: 12 of
them of distance a and 3 of distance

p
2a. The energy

per particle is in this case

< V >4=
12

6
V (a) +

3

6
V (

p
2a)

The next cluster to consider, of N = 8 particles is the
cube. It has 12 distances a, 12 distances

p
2a and 4 of

distances
p
3a, 28 in total. The largest particular clus-

ter we discussed is the dodecahedron with 12 corners,
to which we added one particle at the center, making
N = 13. We would not list all the distances as they are
more complicated then in previous cases.

The energy per particle < V >
N

for all four clusters,
as a function of a, is shown in Fig.3. One can see that
the increasing N this potential energy increases, eventu-
ally exceeding the range of temperatures in the problem
T = 100 � 150MeV by a significant factor, of the order
of ⇠ O(3). Experience of working with strongly coupled
Coulomb plasmas before, see [3] and references therein,
tells us that for such range of < V >

N

/T the factor-
ized mean field theory is completely inadequate, and the
correlations are significant. At the same time, this range
of the ratio is also too small to cause solidification of the
system, keeping the system in the strongly correlated but
still liquid phase.
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FIG. 3: The energy per particle< V >N (MeV ) as a function
of a (fm) for four clusters: N = 4 tetrahedron (the upper
thin solid line), N = 6 octahedron (the dashed line), N = 8
cube (the dotted line) andN = 13 dodecahedron+one particle
(the lower thick solid line). This calculation is done with the
original Walecka model parameters.

octahedron
N=6

+1
tetrahedron

N=4

energy/N

these energies should be compared to 
temperature of kinetic freezeout 

 Tf=80-100 MeV
the Boltzmann factor exp(-V/Tf) >>1

conclusion: correlations should be strong

size (fm)

N=12+1



Globular clusters in Galaxies. 
the total number of stars N

tot

⇠ 1011

the number of clusters Nclusters = 102 � 103

the number of stars in a cluster Nstars = 103 � 106
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mass between those due to star collapse and those in the
centers of the Galaxies: but their masses are way too
small to play any role in what follows.

The main parameters of the clusters can be inferred
from their size r ⇠ 10pc and the typical velocity v ⇡
10km/s, resulting in the smallest of relevant time scales,
the crossing time

t
crossing

=
r

v
⇠ 106 yr (B1)

The scattering leads to equilibration of the system, re-
laxing it to certain virial equilibrium in which we see the
observed clusters. The relaxation time of a cluster is

t
relaxation

⇠ 109 yr (B2)

This equilibrium is however quasi-equilibrium, since col-
lisions make small fraction of the stars venture above the
escape velocity and leave the cluster. The largest time
scale is called the “evaporation time” (assuming cluster
is not surrounded by any matter) which is

t
evaporation

⇠ 1010 yr (B3)

It qualitatively coincides with the age of observed clusters
and the lifetime of the Universe.

Considering an object with a unit mass, we define its
energy by

✏ = �v2

2
� �(r) + �0 (B4)

Note the minus signs compared to the usual definition:
so positive ✏ corresponds to binding. The gravitational
potential at distance r from the center �(r) is, as usual,
defined up to a constant, which we will select later. Note
that ✏ = 0 defines the (coordinate dependent) escape
velocity v

e

=
p�2�(r) + 2�0.

Step one is to satisfy the stationary Boltzmann equa-
tion for the star distribution function f(~v, ~x). Putting
@f/@t = 0 and neglecting the collision term, one has

(~v~r
x

)f � (~r
x

�)
@f

@~v
= 0 (B5)

This however is achieved rather easily, for any distribu-
tion of the form f (✏(~v, ~x)).

Step two is the selection of the particular distribution
of such kind. We will discuss the so called King distri-
bution, in which f = 0 for negative ✏ values (that is, the
cluster has no unbound stars), and for positive ✏ it is

f
K

(✏) = const(2⇡�2)�3/2
h
e

✏
�2 � 1

i
(B6)

which is a shifted Maxwell-Boltzmann distribution with
the temperature T = �2.

Step three is a calculation of the corresponding density
of stars, which includes the integration over the velocity.

Note that it is limited by the escape velocity defined via
the potential, so the density obtained is the function of

the potential  = �� �0

⇢
K

( ) =
const

(2⇡�2)3/2

Z p
2 

0

⇣
e( �v

2
/2)/�2 � 1

⌘
d3v (B7)

= �2
p
 (2 + 3�2)

3
p
⇡�3

+ e /�
2

Erf(
p
 /�)

This complicated function is plotted in Fig.14 , and one
can see that it is a monotonously rising one.

FIG. 14: The function ⇢K( /�2) defined in the text is shown
by the solid line, together with its asymptotic form at small
values of the argument 0.30 ⇤ ( /�2)5/2, shown by the blue
dashed line.

The density is the source of the potential itself, so
now we come across the main dynamical equation to be
solved, the Poisson eqn for the potential. In case of spher-
ical symmetry it is

1

r2
d

dr
(r2

d 

dr
) + 4⇡G

N

⇢( (r)) = 0 (B8)

which can be solved numerically starting from the cen-
ter. The value  (0) is the single input parameter, the
derivative needs to be vanishing at the center  0(0) = 0.
Solution can be followed till the point where  = 0: and
as it is clear from the expression above for the density,
at that point the density vanished as well since the in-
tegration region till the escape velocity shrinks to zero.
Substituting the resulting  (r) into the universal ⇢( )
one finally obtains the spatial distribution of the stars in
the cluster.
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centers of the Galaxies: but their masses are way too
small to play any role in what follows.

The main parameters of the clusters can be inferred
from their size r ⇠ 10pc and the typical velocity v ⇡
10km/s, resulting in the smallest of relevant time scales,
the crossing time
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crossing
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laxing it to certain virial equilibrium in which we see the
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lisions make small fraction of the stars venture above the
escape velocity and leave the cluster. The largest time
scale is called the “evaporation time” (assuming cluster
is not surrounded by any matter) which is
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evaporation

⇠ 1010 yr (B3)

It qualitatively coincides with the age of observed clusters
and the lifetime of the Universe.

Considering an object with a unit mass, we define its
energy by

✏ = �v2

2
� �(r) + �0 (B4)

Note the minus signs compared to the usual definition:
so positive ✏ corresponds to binding. The gravitational
potential at distance r from the center �(r) is, as usual,
defined up to a constant, which we will select later. Note
that ✏ = 0 defines the (coordinate dependent) escape
velocity v
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=
p�2�(r) + 2�0.

Step one is to satisfy the stationary Boltzmann equa-
tion for the star distribution function f(~v, ~x). Putting
@f/@t = 0 and neglecting the collision term, one has
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This however is achieved rather easily, for any distribu-
tion of the form f (✏(~v, ~x)).

Step two is the selection of the particular distribution
of such kind. We will discuss the so called King distri-
bution, in which f = 0 for negative ✏ values (that is, the
cluster has no unbound stars), and for positive ✏ it is

f
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(✏) = const(2⇡�2)�3/2
h
e

✏
�2 � 1
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which is a shifted Maxwell-Boltzmann distribution with
the temperature T = �2.

Step three is a calculation of the corresponding density
of stars, which includes the integration over the velocity.

Note that it is limited by the escape velocity defined via
the potential, so the density obtained is the function of
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This complicated function is plotted in Fig.14 , and one
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1

r2
d

dr
(r2

d 

dr
) + 4⇡G

N

⇢( (r)) = 0 (B8)

which can be solved numerically starting from the cen-
ter. The value  (0) is the single input parameter, the
derivative needs to be vanishing at the center  0(0) = 0.
Solution can be followed till the point where  = 0: and
as it is clear from the expression above for the density,
at that point the density vanished as well since the in-
tegration region till the escape velocity shrinks to zero.
Substituting the resulting  (r) into the universal ⇢( )
one finally obtains the spatial distribution of the stars in
the cluster.
How unique are the solutions? Should they be at the
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The density is the source of the potential itself, so
now we come across the main dynamical equation to be
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ical symmetry it is
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which can be solved numerically starting from the cen-
ter. The value  (0) is the single input parameter, the
derivative needs to be vanishing at the center  0(0) = 0.
Solution can be followed till the point where  = 0: and
as it is clear from the expression above for the density,
at that point the density vanished as well since the in-
tegration region till the escape velocity shrinks to zero.
Substituting the resulting  (r) into the universal ⇢( )
one finally obtains the spatial distribution of the stars in
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How unique are the solutions? Should they be at the
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as it is clear from the expression above for the density,
at that point the density vanished as well since the in-
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derivative needs to be vanishing at the center  0(0) = 0.
Solution can be followed till the point where  = 0: and
as it is clear from the expression above for the density,
at that point the density vanished as well since the in-
tegration region till the escape velocity shrinks to zero.
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f
K
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h
e

✏
�2 � 1

i
(B6)

which is a shifted Maxwell-Boltzmann distribution with
the temperature T = �2.

Step three is a calculation of the corresponding density
of stars, which includes the integration over the velocity.

Note that it is limited by the escape velocity defined via
the potential, so the density obtained is the function of

the potential  = �� �0
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This complicated function is plotted in Fig.14 , and one
can see that it is a monotonously rising one.

FIG. 14: The function ⇢K( /�2) defined in the text is shown
by the solid line, together with its asymptotic form at small
values of the argument 0.30 ⇤ ( /�2)5/2, shown by the blue
dashed line.

The density is the source of the potential itself, so
now we come across the main dynamical equation to be
solved, the Poisson eqn for the potential. In case of spher-
ical symmetry it is

1

r2
d

dr
(r2

d 

dr
) + 4⇡G

N

⇢( (r)) = 0 (B8)

which can be solved numerically starting from the cen-
ter. The value  (0) is the single input parameter, the
derivative needs to be vanishing at the center  0(0) = 0.
Solution can be followed till the point where  = 0: and
as it is clear from the expression above for the density,
at that point the density vanished as well since the in-
tegration region till the escape velocity shrinks to zero.
Substituting the resulting  (r) into the universal ⇢( )
one finally obtains the spatial distribution of the stars in
the cluster.
How unique are the solutions? Should they be at the

minimum of the free energy?
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mean-field self-consistent clusters
(keeping only bound nucleons)

5

III. MEAN FIELD CLUSTERS OF BARYONS
AT FREEZEOUT

Before we study clustering phenomenon dynamically, it
is important to see what kind of clusters can in principle

be self-consistent, in the same sense as globular clusters
in Galaxies.

Let us assume there is a homogeneous matter at rest,
with certain mean density (10) and the mean potential V̄ ,
and on top of it a cluster, as a deviation from the mean.
Let us start with the deviation of the potential�V (x) =
V (x) � V̄ . In thermal equilibrium it will add an extra
density of baryons

�n
i

(x) =

�
i

Z
d3p

(2⇡)3
� 1

exp[(m
i

� µ̄+ p2/2m+ �V (x))/T
ch

] + 1

� 1

exp[(m
i

� µ̄+ p2/2m)/T
ch

] + 1

�
(15)

Furthermore, following the setting of the globular clus-
ters in the galaxies described in the Appendix B, we will
consider times at which all all unbound particles has al-
ready left the cluster, and in the phase space integral we
include only the bound particles. This means in the mo-
mentum integral we only integrate over the region where

p2/2m+ �V (x) < 0 (16)

To make cluster self-consistent, this extra potential
�V (x) should be created by the extra density itself . We
write this condition in the integral form

�V (~x) =

Z
d3yV (~x� ~y)�n

i

(~y) (17)

equivalent to the Poisson eqn (B8) for Newtonian poten-
tial in the Appendix B. Two equations (III,17) together
make a system of equations which needs to be solved.

One simplification is that one can ignore +1 in (III),
that is proceed from Fermi to Boltzmann statistics. Note
further, that when �V/T is small, one can expand the
bracket to the first order in it, and then take the mo-
mentum integral using the binding condition (16). The
resulting contribution is �n ⇠ �V 5/2. The exact integral
without expansion can also be done analytically, leading
to the following function of z = �V/T , given below with
its well convergent series

N(z) = ezErf(
p
z)� 2

p
z(3 + 2z)

3
p
⇡

= (18)

8z5/2

15
p
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�
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2z
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63
+

8z3

693
+

16z4

9009
+ ...

�

(see also (B7).

In practice we adopt the following procedure: start
with a certain ansatz for �V (r), e.g. Gaussian one with
two parameters, the amplitude and the radius. Then, via
N(z) function, calculate numerically the r.h.s. of (17),
and tune the parameters to minimize the di↵erence be-
tween the l.h.s., the obtained �V , and the input one. Of
course, inside a given variational ansatz one cannot get a
very good match of the shape, but the overall di↵erence
was kept at a reasonable level, of the order of 15-20 %.
We found it instructive to keep the radius of the cluster

fixed, say r.m.s. radius R = 2.2 fm, and modify only the
potential depth. For di↵erent potentials defined above,
we find the best depth of the potential: the resulting
number of nucleons in the cluster and the mean poten-
tial per nucleon in it, see Table II. One can see that
while the original Walecka potential require quite deep
potential and large number of baryons, the modified po-
tentials B2, C expected near the critical point can, due to
its longer range, bind much smaller number of nucleons.

TABLE II: The parameters of the self-consistent clusters for
various input potentials, all with the same r.m. radius R =
2.2 fm. N is the integrated number of baryons in the cluster,
< V > /N and V (r = 0) are the mean potential per baryon,
and the potential depth at the center

potential N < V > /N, MeV V (r = 0)

Walecka 25.4 -180. -300.

B2 4. -92. -167.

C 3.2 -86. -157.

IV. THE OBSERVABLES

Before we go to specific models, let us have some
generic discussion of observables involved.
The thermodynamical susceptibilities in equilibrium –

the derivatives of the log(Z) over various chemical po-
tentials of three light quarks – are usually recombined
into

c(N
B

, N
Q

, N
s

) =
@NB+NQ+Ns log(Z)

@NBµ
B

@NQµ
Q

@Nsµ
s

(19)

We would call those global observables, because they
correspond to mean correlation functions of the N =
N

B

+ N
Q

+ N
s

fully integrated quark densities. Many
of these quantities, up to N = 6, are currently calcu-
lated on the lattice, see Ref.[]. For their comparison to
the heavy ion data on event-by-event fluctuations see e.g.
Ref.[].
At the opposite end are what we will call local ob-

servables, related to unintegrated local densities. For ex-
ample, it is the so called bi-local distribution n(~x1, ~x2),
which is usually defined in a “mean field plus correlation”
form. In a homogeneous matter it is

hn(~x1, ~x2)i = hn(~x1)ihn(~x2)i+ C2(~x1 � ~x2) (20)

5

III. MEAN FIELD CLUSTERS OF BARYONS
AT FREEZEOUT

Before we study clustering phenomenon dynamically, it
is important to see what kind of clusters can in principle

be self-consistent, in the same sense as globular clusters
in Galaxies.

Let us assume there is a homogeneous matter at rest,
with certain mean density (10) and the mean potential V̄ ,
and on top of it a cluster, as a deviation from the mean.
Let us start with the deviation of the potential�V (x) =
V (x) � V̄ . In thermal equilibrium it will add an extra
density of baryons

�n
i

(x) =

�
i

Z
d3p

(2⇡)3
� 1

exp[(m
i

� µ̄+ p2/2m+ �V (x))/T
ch

] + 1

� 1

exp[(m
i

� µ̄+ p2/2m)/T
ch

] + 1

�
(15)

Furthermore, following the setting of the globular clus-
ters in the galaxies described in the Appendix B, we will
consider times at which all all unbound particles has al-
ready left the cluster, and in the phase space integral we
include only the bound particles. This means in the mo-
mentum integral we only integrate over the region where

p2/2m+ �V (x) < 0 (16)

To make cluster self-consistent, this extra potential
�V (x) should be created by the extra density itself . We
write this condition in the integral form

�V (~x) =

Z
d3yV (~x� ~y)�n

i

(~y) (17)

equivalent to the Poisson eqn (B8) for Newtonian poten-
tial in the Appendix B. Two equations (III,17) together
make a system of equations which needs to be solved.

One simplification is that one can ignore +1 in (III),
that is proceed from Fermi to Boltzmann statistics. Note
further, that when �V/T is small, one can expand the
bracket to the first order in it, and then take the mo-
mentum integral using the binding condition (16). The
resulting contribution is �n ⇠ �V 5/2. The exact integral
without expansion can also be done analytically, leading
to the following function of z = �V/T , given below with
its well convergent series

N(z) = ezErf(
p
z)� 2

p
z(3 + 2z)

3
p
⇡

= (18)

8z5/2

15
p
⇡

�
1 +

2z

7
+

4z2

63
+

8z3

693
+

16z4

9009
+ ...

�

(see also (B7).

In practice we adopt the following procedure: start
with a certain ansatz for �V (r), e.g. Gaussian one with
two parameters, the amplitude and the radius. Then, via
N(z) function, calculate numerically the r.h.s. of (17),
and tune the parameters to minimize the di↵erence be-
tween the l.h.s., the obtained �V , and the input one. Of
course, inside a given variational ansatz one cannot get a
very good match of the shape, but the overall di↵erence
was kept at a reasonable level, of the order of 15-20 %.
We found it instructive to keep the radius of the cluster

fixed, say r.m.s. radius R = 2.2 fm, and modify only the
potential depth. For di↵erent potentials defined above,
we find the best depth of the potential: the resulting
number of nucleons in the cluster and the mean poten-
tial per nucleon in it, see Table II. One can see that
while the original Walecka potential require quite deep
potential and large number of baryons, the modified po-
tentials B2, C expected near the critical point can, due to
its longer range, bind much smaller number of nucleons.

TABLE II: The parameters of the self-consistent clusters for
various input potentials, all with the same r.m. radius R =
2.2 fm. N is the integrated number of baryons in the cluster,
< V > /N and V (r = 0) are the mean potential per baryon,
and the potential depth at the center

potential N < V > /N, MeV V (r = 0)

Walecka 25.4 -180. -300.

B2 4. -92. -167.

C 3.2 -86. -157.

IV. THE OBSERVABLES

Before we go to specific models, let us have some
generic discussion of observables involved.
The thermodynamical susceptibilities in equilibrium –

the derivatives of the log(Z) over various chemical po-
tentials of three light quarks – are usually recombined
into

c(N
B

, N
Q

, N
s

) =
@NB+NQ+Ns log(Z)

@NBµ
B

@NQµ
Q

@Nsµ
s

(19)

We would call those global observables, because they
correspond to mean correlation functions of the N =
N

B

+ N
Q

+ N
s

fully integrated quark densities. Many
of these quantities, up to N = 6, are currently calcu-
lated on the lattice, see Ref.[]. For their comparison to
the heavy ion data on event-by-event fluctuations see e.g.
Ref.[].
At the opposite end are what we will call local ob-

servables, related to unintegrated local densities. For ex-
ample, it is the so called bi-local distribution n(~x1, ~x2),
which is usually defined in a “mean field plus correlation”
form. In a homogeneous matter it is

hn(~x1, ~x2)i = hn(~x1)ihn(~x2)i+ C2(~x1 � ~x2) (20)

5

III. MEAN FIELD CLUSTERS OF BARYONS
AT FREEZEOUT

Before we study clustering phenomenon dynamically, it
is important to see what kind of clusters can in principle

be self-consistent, in the same sense as globular clusters
in Galaxies.

Let us assume there is a homogeneous matter at rest,
with certain mean density (10) and the mean potential V̄ ,
and on top of it a cluster, as a deviation from the mean.
Let us start with the deviation of the potential�V (x) =
V (x) � V̄ . In thermal equilibrium it will add an extra
density of baryons

�n
i

(x) =

�
i

Z
d3p

(2⇡)3
� 1

exp[(m
i

� µ̄+ p2/2m+ �V (x))/T
ch

] + 1

� 1

exp[(m
i

� µ̄+ p2/2m)/T
ch

] + 1

�
(15)

Furthermore, following the setting of the globular clus-
ters in the galaxies described in the Appendix B, we will
consider times at which all all unbound particles has al-
ready left the cluster, and in the phase space integral we
include only the bound particles. This means in the mo-
mentum integral we only integrate over the region where

p2/2m+ �V (x) < 0 (16)

To make cluster self-consistent, this extra potential
�V (x) should be created by the extra density itself . We
write this condition in the integral form

�V (~x) =

Z
d3yV (~x� ~y)�n

i

(~y) (17)

equivalent to the Poisson eqn (B8) for Newtonian poten-
tial in the Appendix B. Two equations (III,17) together
make a system of equations which needs to be solved.

One simplification is that one can ignore +1 in (III),
that is proceed from Fermi to Boltzmann statistics. Note
further, that when �V/T is small, one can expand the
bracket to the first order in it, and then take the mo-
mentum integral using the binding condition (16). The
resulting contribution is �n ⇠ �V 5/2. The exact integral
without expansion can also be done analytically, leading
to the following function of z = �V/T , given below with
its well convergent series

N(z) = ezErf(
p
z)� 2

p
z(3 + 2z)

3
p
⇡

= (18)

8z5/2

15
p
⇡

�
1 +

2z

7
+

4z2

63
+

8z3

693
+

16z4

9009
+ ...

�

(see also (B7).

In practice we adopt the following procedure: start
with a certain ansatz for �V (r), e.g. Gaussian one with
two parameters, the amplitude and the radius. Then, via
N(z) function, calculate numerically the r.h.s. of (17),
and tune the parameters to minimize the di↵erence be-
tween the l.h.s., the obtained �V , and the input one. Of
course, inside a given variational ansatz one cannot get a
very good match of the shape, but the overall di↵erence
was kept at a reasonable level, of the order of 15-20 %.
We found it instructive to keep the radius of the cluster

fixed, say r.m.s. radius R = 2.2 fm, and modify only the
potential depth. For di↵erent potentials defined above,
we find the best depth of the potential: the resulting
number of nucleons in the cluster and the mean poten-
tial per nucleon in it, see Table II. One can see that
while the original Walecka potential require quite deep
potential and large number of baryons, the modified po-
tentials B2, C expected near the critical point can, due to
its longer range, bind much smaller number of nucleons.

TABLE II: The parameters of the self-consistent clusters for
various input potentials, all with the same r.m. radius R =
2.2 fm. N is the integrated number of baryons in the cluster,
< V > /N and V (r = 0) are the mean potential per baryon,
and the potential depth at the center

potential N < V > /N, MeV V (r = 0)

Walecka 25.4 -180. -300.

B2 4. -92. -167.

C 3.2 -86. -157.

IV. THE OBSERVABLES

Before we go to specific models, let us have some
generic discussion of observables involved.
The thermodynamical susceptibilities in equilibrium –

the derivatives of the log(Z) over various chemical po-
tentials of three light quarks – are usually recombined
into

c(N
B

, N
Q

, N
s

) =
@NB+NQ+Ns log(Z)

@NBµ
B

@NQµ
Q

@Nsµ
s

(19)

We would call those global observables, because they
correspond to mean correlation functions of the N =
N

B

+ N
Q

+ N
s

fully integrated quark densities. Many
of these quantities, up to N = 6, are currently calcu-
lated on the lattice, see Ref.[]. For their comparison to
the heavy ion data on event-by-event fluctuations see e.g.
Ref.[].
At the opposite end are what we will call local ob-

servables, related to unintegrated local densities. For ex-
ample, it is the so called bi-local distribution n(~x1, ~x2),
which is usually defined in a “mean field plus correlation”
form. In a homogeneous matter it is

hn(~x1, ~x2)i = hn(~x1)ihn(~x2)i+ C2(~x1 � ~x2) (20)

integration over phase space with this condition



Molecular dynamics 
/ Langevin simulations

(with random force from 
the pion heat bath)

We used the MD program written by ES for QGP as strongly coupled plasma
It was re-tested by reproducing liquid Ar near Tc results, where regime is 

similar to freezeout conditions for the baryons

Given long time
In non-expanding matter

most baryons cluster:

  

Baryon clustering near a (hypothetical) 

QCD critical point
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Method

Result 1: Small-size clusters at low T

References

Result 4: Effect on kurtosis

Result 2: Four-nucleon clustering and He-4 production

We propose new effects in heavy-ion collisions at the Beam Energy Scan (BES) of the Relativistic
Heavy-Ion Collider which can signal the presence of a possible QCD critical point at a particular collision energy.

We focus on nucleon-nucleon (NN) interaction: at distances ~1 fm is mediated by the σ critical mode.

Beyond mean field, the ω strength is increased to 
reduce the potential depth and make it closer to the 

phenomenological NN Bonn potential.

The shallow potential classically bounds few-nucleons 
close to T=0 (see Results 1). It can also reproduce 

binding energies of bulk nuclear matter in a 
semiclassical approach (see Ref. [1]).  

Walecka-Serot potential between nucleons: 

Close to the critical point T
c
~100 MeV, this potential is 

unable to bind nucleons. However, modifications due to 
the σ mode strongly affects the NN interaction

(see Method).

Nuclear forces appear as a partial cancellation of repulsion and attraction in the mean potential energy,
and Fermi energy, producing binding energies of few MeV in infinite nuclear matter.

We consider several NN potentials with increasing degree of criticality (due to decrease of σ mass close to T
c
):

Result 3: Big clusters close to critical transition

Molecular dynamics + Langevin with V
A’
 potential at T=10-3 MeV with N=4, 6, 8 and 13 nucleons

T is fixed by fast particles (pions, kaons), while nucleon dynamics is dominated by the pairwise potential.
Baryon diffusion constant λ is taken from URASiMA simulations.

We stress the importance of correlations between nucleons for binding and eventual clustering
(Boltzmann’s Stosszahlansatz is not enough to describe this phenomenon).

1) With freeze-out conditions as in experiment, we run N
ev

=105 simulations with N=32 particles in a 

non-expanding frame during Δt=5 fm/c. A final boost matches y and p
T
 distributions. 

A system with noncritical V
A’
 is calibrated to s1/2

NN
=19.6 GeV (close to Poisson expectations). 

We cannot simulate larger energies due to the absence of antiprotons. 

For freeze-out conditions at BES the potential V
A’
 cannot produce clustering of nucleons

However, V
C
 is able to form clusters (e.g. He-4) at temperatures T~100 MeV within a few Fermi/c. 

PDF of distances between nucleons at T=120 MeV for N=4.
At T=0, a Dirac delta sits at the minimum of the potential

These potentials are implemented into a classical molecular dynamics with thermal noise.
We extract physical properties from phase space distribution.

Quantum effects are ignored at T~100 MeV, but needed for infinite matter (see [1]).

Molecular Dynamics + Langevin Equation

 

Conclusions
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Spatial configurations and binding energies checked against direct minimization of the potential.

Resulting geometries coincide with Platonic solids except for N=8 (as known for Lennard-Jones potential) 

PDF is used to define an 
identification procedure of 
N=4 clusters in simulations 

with more nucleons

N=128
T=120 MeV
n=0.16 fm-3

At long times all 
particles eventually fall 

into a big cluster
(except for outliers 

with high momentum)

Medium at BES only has a 
few Fermi/c to interact.

We can expect few-nucleon 
partially bound systems 

e.g. proto He-4 nuclei
(see Result 2) 

also...
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1) Attractive part of NN potential is very sensitive to the QCD critical mode σ.

2) Phenomenological potentials for infinite nuclear matter are not able to produce binding around T~100 MeV.

3) NN potential reflecting σ-mass suppression close to T
c 
allows for substantial nuclear clustering.

4) In HICs, finite duration and radial expansion prevent big agglomeration, but small clusters can be formed.

ENHANCED HE-4 PRODUCTION IN BES CLOSE TO CRITICAL POINT

5) Clustering induces NN correlations producing an enhancement of kurtosis close to T
c

INCREASE OF KURTOSIS SIGNALS CRITICAL REGION DUE TO CLUSTERING   

2) We rescale our numbers 
to fix average number of 
protons in one cut.

Other proton cumulants 
match well with experiment 
for both cuts.

3) Larger criticality of NN potential we observe an increase of kurtosis.

Clustering → non Gaussian correlations!
STAR data. Two cuts:

0.4 GeV < p
T
 < 0.8 GeV

|y| < 0.5

(from Ref. [3])

0.4 GeV < p
T
 < 2 GeV

|y| < 0.5

(from Ref. [4],
STAR preliminary)

Simulation with N=32, T=120 MeV, Δt=5 fm/c

Motivation
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Conclusions

Work supported by the U.S. Department of Energy under Contract No. DE-FG-88ER40388

Spatial configurations and binding energies checked against direct minimization of the potential.

Resulting geometries coincide with Platonic solids except for N=8 (as known for Lennard-Jones potential) 

PDF is used to define an 
identification procedure of 
N=4 clusters in simulations 

with more nucleons

N=128
T=120 MeV
n=0.16 fm-3

At long times all 
particles eventually fall 

into a big cluster
(except for outliers 

with high momentum)

Medium at BES only has a 
few Fermi/c to interact.

We can expect few-nucleon 
partially bound systems 

e.g. proto He-4 nuclei
(see Result 2) 

also...
signatures on cumulants of 
(net-)proton distribution at 

freeze-out?
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1) Attractive part of NN potential is very sensitive to the QCD critical mode σ.

2) Phenomenological potentials for infinite nuclear matter are not able to produce binding around T~100 MeV.

3) NN potential reflecting σ-mass suppression close to T
c 
allows for substantial nuclear clustering.

4) In HICs, finite duration and radial expansion prevent big agglomeration, but small clusters can be formed.

ENHANCED HE-4 PRODUCTION IN BES CLOSE TO CRITICAL POINT

5) Clustering induces NN correlations producing an enhancement of kurtosis close to T
c

INCREASE OF KURTOSIS SIGNALS CRITICAL REGION DUE TO CLUSTERING   

2) We rescale our numbers 
to fix average number of 
protons in one cut.

Other proton cumulants 
match well with experiment 
for both cuts.

3) Larger criticality of NN potential we observe an increase of kurtosis.

Clustering → non Gaussian correlations!
STAR data. Two cuts:

0.4 GeV < p
T
 < 0.8 GeV

|y| < 0.5

(from Ref. [3])

0.4 GeV < p
T
 < 2 GeV

|y| < 0.5

(from Ref. [4],
STAR preliminary)

Simulation with N=32, T=120 MeV, Δt=5 fm/c

Motivation

5 5



It is interesting that the clusters do show ``classical shell” structure,
as in fact small drops of liquid argon (and snowflakes) do

Which was expected, since <V>/T>1
(in fact it is several units)

It is ``strongly coupled” or correlated
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We do observe growth of kurtosis with time

Enhanced production of d,t,He3,He4 clusters?5
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FIG. 2. Measured hadron abundances divided by the spin
degeneracy factor (2J + 1) in comparison with a statistical
hadronization analysis based on LQCD predictions. For sim-
plicity, only particles, no anti-particles, are included. The
data are from the ALICE collaboration (as in Fig. 1) for
central Pb–Pb collisions at the LHC. For the statistical
hadronization approach, plotted are the “total” yields, in-
cluding all contributions from high-mass resonances (for the
⇤ hyperon, the contribution from the electromagnetic decay
⌃0 ! ⇤�, which cannot be resolved experimentally, is also
included), and the (“primordial”) yields prior to strong and
electromagnetic decays. For more details see text.

nances discussed above leads to systematic uncertainties
in the statistical hadronization approach. We note, from
Fig. 2, that the yields of the measured lightest mesons
and baryons, (⇡,K, p,⇤) are substantially increased rela-
tive to their primordial thermal production by such decay
contributions. For pions, e.g., the resonance decay con-
tribution amounts to 70%. For resonance masses larger
than 1.5 GeV the individual states start to strongly over-
lap [63]. Consequently, neither their number density nor
their decay probabilities can be determined well. Indeed,
recent LQCD results indicate that there are missing res-
onances compared to what is listed in [63]. The result-
ing theoretical uncertainties are di�cult to estimate but
are expected to be small since T

CF

is very small com-
pared to their mass. A conservative estimate is that
the resulting systematic uncertainty in T

CF

is at most
3%. This is consistent with the determination of T

CF

using only particles whose yields are not influenced by
resonance decays, see above. Until now none of these
systematic uncertainties are taken into account in the
statistical hadronization analysis described here.

The rapidity densities of light (anti)-nuclei and hy-
pernuclei were actually predicted [64], based on the sys-
tematics of hadron production at lower energies. It is

nevertheless remarkable that such loosely bound objects
(the deuteron binding energy is 2.2 MeV, much less than
T
nuclei

⇡ 159 or T
CF

⇡ T
c

⇡ 155 MeV) are produced
with temperatures very close to that of the phase bound-
ary at LHC energy, implying any further evolution of
the fireball has to be close to isentropic. For the (anti-
)hypertriton the situation is even more dramatic: this
object consists of a bound state of (p,n,⇤), with a value
of only 130 ± 30 keV for the energy needed to remove
the ⇤ from it. This implies that the ⇤ particle is very
weakly bound to a deuteron, resulting in a value for the
root-mean-square size for this bound state of close to 10
fm, about the same size as that of the fireball formed in
the Pb–Pb collision.

The detailed production mechanism for loosely bound
states remains an open question. One, admittedly specu-
lative, possibility is that such objects, at QGP hadroniza-
tion, are produced as compact, colorless droplets of
quark matter with quantum numbers of the final state
hadrons3. These states should have a lifetime of 5 fm
or longer, excitation energies of 40 MeV or less, for evo-
lution into the final state hadrons which are measured
in the detector. Since by construction they are initially
compact they would survive also a possible short-lived
hadronic phase after hadronization. This would be a
natural explanation for the striking observation of the
thermal pattern for these nuclear bound states emerging
from Figs. 1 and 2. Note that the observed thermal
nature of their production yields is very di�cult to rec-
oncile with the assumption that these states are formed
by coalescence of baryons, where the yield is proportional
to a coalescence factor introduced as the square of the
nuclear wave function, which actually di↵ers strongly for
the various nuclei [66, 67]. For a recent discussion of
the application of coalescence models to production of
loosely bound states, see [68].

One might argue that composite particles such as light
nuclei and hypernuclei should not be included in the
hadronic partition function described in Eq. 2. We note,
however, that all nuclei, including light, loosely bound
states, should result from the interaction of the funda-
mental QCD constituents. This is confirmed by recent
LQCD calculations, see [69].

The thermal nature of particle production in ultra-
relativistic nuclear collisions has been experimentally
verified not only at LHC energy, but also at the lower
energies of the RHIC, SPS and AGS accelerators. The
essential di↵erence is that, at these lower energies, the
matter-antimatter symmetry observed at the LHC is
lifted, implying non-vanishing values of the chemical po-
tentials. Furthermore, in central collisions at energies
below

p
s
NN

⇡ 6 GeV the cross section for the produc-
tion of strange hadrons decreases rapidly, with the result

3
The concept of possible excitations of nuclear matter into color-

less quark droplets was considered already in [65], although in a

very di↵erent context and with very large excitation energies

ALICE data from LHC
Show perfect equilibration till He4

But at low collision energies in question
 the expansion is much slower 
and the available time longer

Also, critical point should enhance 
The long-distance attraction

We studied 4-nucleon clustering and 
have evidences for tetrahedral correlations,

The rate of their formation and projection to He4 
Wigner function (phase space distribution)

Still needs to be done)
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overcome thermal motion and create clusters of matter. In the following, we will present how this

can be achieve in the nuclear potential thanks to the critical behavior of the sigma field, which

increases the attraction of the potential thanks to it long-range force.

VII. FORMATION OF BARYONIC CLUSTERS NEAR THE CHIRAL TRANSITION

Before analyzing the cluster formation close to a critical point and their influence to kurtosis, we

study how the clustering process becomes more and more important when the original parameters

of the Walecka potential are modified due to the changes in the properties of the � mode.

We will compare the potentials V
B1, VB2, defined previously, each one closer and closer to a

chiral transition.

A. Formation of clusters

All simulations start with randomly placed baryons, and, naturally, the cluster formations

starts with small clusters, which then assemble into larger and large ones. We decided to follow

the process by defining variables in which one can separate clustered and non-clustered baryons in

the most direct way, and then histogram the distributions at di↵erent time moments.

We performed a number of such studies, demonstrating here one example, for 4-particle variable.

The variable S (from sum) is defined as the normalized sum of all distances between particles in a

cluster

S
m1,m2,m3,m4 =

1

6

�
D

m1,m2 +D
m1,m3 +D

m1,m4 +D
m2,m3 +D

m2,m4 +D
m3,m4

�
(26)

The indices run over particle index m
i

2 [1, Npart] in a “nested” way, m4 > m3 > m2 > m1, so

none of the distances are zero.

For potentials A,B1,B2 we observe that the entropy wins over the energy. As one can see from

an example shown in Fig.17 (note the scales), with time the distribution slowly become wider due

to the di↵usion of baryons.

In contrast to that, the potentials C with longer-range attraction show the opposite trend, the

potential wins over the entropy, leading to a rather robust clustering. An example of the time

evolution for the C(x = .05) potential is shown in Fig.18. The clear separation of the distribution

into two peak structure in this case corresponds to a formation of two clusters (in this event, those

have sizes of 10 and 21, with only one particle evaporating out).

one observable:
the average distance between 4 particles 

at different times
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FIG. 17: Distribution over variable S (26), for time equal t = 0 and 4 fm/c,respectively. The calculation is

done for 32 particles and the Walecka (A) potential
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FIG. 18: Distribution over variable S (26), for time equal t = 0, 1, 2, 4 fm/c,respectively. The calculation is

done for 32 particles and the C(x = .05) potential

B. Properties of clusters

Organize this section with better text and figures and repeat calculation with new

Walecka. This is quick to do

We consider a system of N = 128 nucleons at temperature T = 80 MeV, of initial density n =

0.13 fm�3 and finite size (no periodic boundary conditions). After equilibration the temperature

is kept constant, fixed by the e↵ect of the light subsystem. In this case the total energy is not

t=0

t=4 fm/ct=2 fm/c

t=1 fm/c
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FIG. 17: Distribution over variable S (26), for time equal t = 0 and 4 fm/c,respectively. The calculation is

done for 32 particles and the Walecka (A) potential

FIG. 18: Distribution over variable S (26), for time equal t = 0, 1, 2, 4 fm/c,respectively. The calculation is

done for 32 particles and the C(x = .05) potential

B. Properties of clusters

Organize this section with better text and figures and repeat calculation with new

Walecka. This is quick to do

We consider a system of N = 128 nucleons at temperature T = 80 MeV, of initial density n =

0.13 fm�3 and finite size (no periodic boundary conditions). After equilibration the temperature

is kept constant, fixed by the e↵ect of the light subsystem. In this case the total energy is not

rather
stable cluster 

is formed
during only 
2 fm/c time!



We also studied small N=4,6,8,13
taking cold T->0 and 1 MeV, and 100 MeV  runs

and with different potentials22

FIG. 13: Histogram for the distances between pairs of nucleons for N = 8 simulation for T = 1 MeV.

Distances are given in fm on the OX axis. In the right panel we lower the temperature up to 10�3 MeV.
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FIG. 13: Histogram for the distances between pairs of nucleons for N = 8 simulation for T = 1 MeV.

Distances are given in fm on the OX axis. In the right panel we lower the temperature up to 10�3 MeV.

cold run with N=13 histogram of distances
perfectly agrees with Platonic solid 12+1

only N=8 disagrees with both 
cube and twisted cube (?)



the cumulants with different cuts

  

Baryon clustering near a (hypothetical) 

QCD critical point

Juan M. Torres-Rincon and Edward V. Shuryak

Dept. of Physics & Astronomy, Stony Brook University, NY

Method

Result 1: Small-size clusters at low T

References

Result 4: Effect on kurtosis

Result 2: Few-nucleon clustering: light nuclei production

We propose new effects in heavy-ion collisions at the Beam Energy Scan (BES) of the Relativistic
Heavy-Ion Collider which can signal the presence of a possible QCD critical point at a particular collision energy.

We focus on nucleon-nucleon (NN) interaction: at distances ~1 fm is mediated by the σ critical mode.

Beyond mean field, the ω strength is increased to 
reduce the potential depth and make it closer to the 

phenomenological NN Bonn potential.

The shallow potential classically bounds few-nucleons 
close to T=0 (see Result 1). It can also reproduce 

binding energies of bulk nuclear matter in a 
semiclassical approach (see Ref. [1]).  

Walecka-Serot potential between nucleons: 

Close to the critical point T
c
~100 MeV, this potential is 

unable to bind nucleons. However, modifications due to 
the σ mode strongly affects the NN interaction

(see Method).

Nuclear forces appear as a strong cancellation of repulsion and attraction in the mean potential energy,
and Fermi energy, producing binding energies of few MeV in infinite nuclear matter.

We consider several NN potentials with increasing degree of criticality (due to decrease of σ mass close to T
c
):

Result 3: Big clusters close to critical transition

Molecular dynamics + Langevin with V
A’
 potential at T=10-3 MeV with N=4, 6, 8 and 13 nucleons

T is fixed by fast particles (pions, kaons), while nucleon dynamics is dominated by the pairwise potential.
Baryon diffusion constant λ is taken from URASiMA simulations.

We stress the importance of correlations between nucleons for binding and eventual clustering
(Boltzmann’s Stosszahlansatz is not enough to describe this phenomenon).

1) With freeze-out experimental conditions, we run N
ev

=105 simulations with N=32 particles in a non-

expanding frame during Δt=5 fm/c. A final boost matches y and p
T
 distributions. 

A system with noncritical V
A’
 is calibrated to s1/2

NN
=19.6 GeV (close to Poisson expectations). 

We cannot simulate larger energies due to the absence of antiprotons. 

For freeze-out conditions at BES the potential V
A’
 cannot produce clustering of nucleons.

However, V
C
 is able to form clusters (e.g. He-4) at temperatures T~100 MeV within a few Fermi/c. 

PDF of distances between nucleons at T=120 MeV for N=4.
At T=0, a Dirac delta sits at the minimum of the potential.

These potentials are implemented into a classical molecular dynamics with thermal noise.
We extract physical properties from phase space distribution.

Quantum effects are neglected at T~100 MeV, but needed for cold nuclear matter (see [1]).

Molecular Dynamics + Langevin Equation

 

Conclusions

Work supported by the U.S. Department of Energy under Contract No. DE-FG-88ER40388

Spatial configurations and binding energies checked against direct minimization of the potential.

Resulting geometries coincide with Platonic solids except for N=8 (as known for Lennard-Jones potential). 

PDF is used to define an 
identification procedure of 
N=4 clusters in simulations 

with more nucleons

N=128
T=120 MeV
n=0.16 fm-3

At long times all 
particles eventually fall 

into a big cluster
(except for outliers 

with high momentum)

Medium at BES only has a 
few Fermi/c to interact.

We can expect few-nucleon 
partially-bound systems

(see Result 2) 

Signatures on 
cumulants/moments of 

(net-)proton distribution at 
freeze-out?
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1) NN potential is very sensitive to the QCD critical mode σ.

2) Usual potentials for infinite nuclear matter are not able to produce binding around T~100 MeV.

3) NN potential reflecting σ-mass suppression close to T
c 
allows for substantial nuclear clustering.

4) In HICs, finite duration and radial expansion prevent big agglomeration, but small clusters can be formed.

ENHANCED LIGHT ION PRODUCTION IN BES CLOSE TO CRITICAL POINT

5) Clustering induces NN correlations producing an enhancement of kurtosis close to T
c
.

INCREASE OF KURTOSIS SIGNALS CRITICAL REGION DUE TO CLUSTERING

2) We rescale our numbers 
to fix average number of 
protons in one cut.

Other proton cumulants 
match well with experiment 
for both cuts.

3) Larger criticality of NN potential produce an increase of kurtosis.

Clustering → many-body correlations! STAR data. Two cuts:

0.4 GeV < p
T
 < 0.8 GeV

|y| < 0.5

(from Ref. [3])

0.4 GeV < p
T
 < 2 GeV

|y| < 0.5

(from Ref. [4],
STAR preliminary)

Simulation with N=32, T=120 MeV, Δt=5 fm/c

Motivation

5 5

only this one
was used as

input, others are 
from calculation

We also simulated ``experimental fireballs” and applied the same cuts
as STAR, calculating the proton distributions

and evaluating  skewness and kurtosis



We also simulated ``experimental fireballs” and applied the same cuts
as STAR, calculating the proton distributions

and evaluating  skewness and kurtosis
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As a preliminary study we will show how, the S� and �2 behave in a pure geometrical cut

under the influcence of these potentials.

x=1
CV

x=0.5
CV

x=0.1
CV

B2V B1V AV
0.6

0.7

0.8

0.9

1

1.1

1.2

σ
S 

 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

6 8 10 12 14 16 18 20 22
 (GeV)NNs

0.5

0.6

0.7

0.8

0.9

1

σ
S 

 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

x=1
CV

x=0.5
CV

x=0.1
CV

B2V B1V AV
0

0.5

1

1.5

2

2
σ 

κ

 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

6 8 10 12 14 16 18 20 22
 (GeV)NNs

0

1

2

3

4

5
2
σ 

κ
 < 0.8 GeV0.4 GeV < p

 < 2.0 GeV0.4 GeV < p

FIG. 21: Scaled skewness (top panels) and kurtosis (lower panels) as a function of the potential used (left)

and in experiment (right).

In Fig. 21 we present the skewness and kurtosis obtained in our simulation for 105 events

(increase to 107) (left panels) and the experimental results as a function of the colliding energy

(right panels). In our simulation there is no clear way to relate each of the potentials to any

particular collision energy, so direct comparison with experimental data. However, the rationale

behind our plot is that a lowering of collision energy should necesarily approach the expanding

system to a the critical region, until some particular value of energy. In our setup this is achieved

by increasing the atraction of the NN potential towards a more critical one.

The increase of the kurtosis is consistent with the presence of a critical point. However, as

a di↵erence with previous results the most critical energy is not signalled by a nonmonotonous

behavior of kurtosis but with the maximum of this quantity. Decreasing even more the collision

energy, the critical area is left behind and the kurtosis is reduced again.

In this document we have proven that the nuclear clustering is a solid phenomenon with rela-

tively consevative assumptions (even against thermal motion and spherical expansion) if the system

is left for large amount of time. We find unreasonable to experimentally find big ch8unks of protons
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As a preliminary study we will show how, the S� and �2 behave in a pure geometrical cut

under the influcence of these potentials.
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FIG. 21: Scaled skewness (top panels) and kurtosis (lower panels) as a function of the potential used (left)

and in experiment (right).

In Fig. 21 we present the skewness and kurtosis obtained in our simulation for 105 events

(increase to 107) (left panels) and the experimental results as a function of the colliding energy

(right panels). In our simulation there is no clear way to relate each of the potentials to any

particular collision energy, so direct comparison with experimental data. However, the rationale

behind our plot is that a lowering of collision energy should necesarily approach the expanding

system to a the critical region, until some particular value of energy. In our setup this is achieved

by increasing the atraction of the NN potential towards a more critical one.

The increase of the kurtosis is consistent with the presence of a critical point. However, as

a di↵erence with previous results the most critical energy is not signalled by a nonmonotonous

behavior of kurtosis but with the maximum of this quantity. Decreasing even more the collision

energy, the critical area is left behind and the kurtosis is reduced again.

In this document we have proven that the nuclear clustering is a solid phenomenon with rela-

tively consevative assumptions (even against thermal motion and spherical expansion) if the system

is left for large amount of time. We find unreasonable to experimentally find big ch8unks of protons

and observe that their values are indeed quite sensitive to the potentials used
the kurtosis can grow by factor 3 or so, matching STAR data



• Near the critical line, and especially near the (hypothetical)
critical point,  one expect cancellations in nuclear forces
 be broken in favor of stronger and longer-range attraction
which leads to enhance clustering of baryons

• Globular clusters in galaxies is instructive example 
of out-of-equilibrium state made of bound stars only.
Mean field calculations for nucleon clusters are done

• MD/Langevin simulations show clustering, its dependence
 on nuclear forces is very strong

• Growth of kurtosis observed, a fit of all cumulants
to STAR data done

Summary



additional slides



preliminary model without correlations: 
Gaussian-shape clusters

4

For pure neutron matter, with � = 2, it is K ⇡
27.1MeV .

Now, ignoring binary correlations n(~x1, ~x2) !
n(~x1)n(~x2), one can calculate the potential energy

P =
1

2

Z
d3xd3yn(x)V (~x� ~y)n(y) (14)

corresponding to forces defined in the preceding section.
The results are P = �16.8,�17.35,�69.54,�87.35MeV
per nucleon, for models A,B1,B2 and C, respectively.
The total energy K + P for Walecka model A is, within
the accuracy of about 1 MeV, equal to zero for nuclear
matter(p, n equal mixture), and +10MeV for pure neu-
trons. This crudely corresponds to the real world expec-
tations.

However models B1,B2 and C lead to ever increasing
binding, about 0.2, 42, 70MeV per nucleon each. The
addition of binary correlation function can increase this
binding even more. The main lesson from these ini-
tial calculations is that significant binding (non-negligible
compared to the temperature T

f

⇡ 100MeV ) can be
produced only for significantly modified potential (mod-
els B2 and C).

TABLE I: The potential energy P and the total one K + P

in MeV/nucleon, for all versions of the binary potentials and
the number of nucleons N = 2.5, 8.5, 20., corresponding to
Gaussian density with r.m. radii R = 1, 1.5, 2 fm.

N A B1 B2 C

P 2.5 -12.0 -8.4 -49.1 -58.0

K+P 2.5 +5. +10. -32. -41.

P 8.5 -15.3 -14.3 -62.7 -77.3

K+P 8.5 +12. +13. -45. -50.

P 20 -16.8 -17.35 -69.54 -87.35

K+P 20 +2. -0.3 -52. -70.

B. Binding in specific clusters suggested by
symmetry

In the previous subsection we considered a limit in
which there are no correlations between locations of the
nucleons, so that all of them had the same, Gaussian-like
spatial distribution. Now we turn to the opposite limit,
in which the nucleons are put to specific locations, de-
fined by symmetry considerations, which in turn depend
on the particle number.

The smallest number of particles we consider is four,
N = 4, which form a tetrahedron. As it is known from
studies of few-body nuclei, such correlation between four
nucleons is indeed rather strong inside the 4He, and per-
sists in “alpha-particle nuclei” such as 12C,16 O. All 6
pair distances between the 4 nucleons are in this case the

same, denoted by a below, so the energy per nucleon is
in this simplest case just
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The next cluster to consider, of N = 8 particles is the
cube. It has 12 distances a, 12 distances

p
2a and 4 of

distances
p
3a, 28 in total. The largest particular clus-

ter we discussed is the dodecahedron with 12 corners,
to which we added one particle at the center, making
N = 13. We would not list all the distances as they are
more complicated then in previous cases.

The energy per particle < V >
N

for all four clusters,
as a function of a, is shown in Fig.3. One can see that
the increasing N this potential energy increases, eventu-
ally exceeding the range of temperatures in the problem
T = 100 � 150MeV by a significant factor, of the order
of ⇠ O(3). Experience of working with strongly coupled
Coulomb plasmas before, see [3] and references therein,
tells us that for such range of < V >

N

/T the factor-
ized mean field theory is completely inadequate, and the
correlations are significant. At the same time, this range
of the ratio is also too small to cause solidification of the
system, keeping the system in the strongly correlated but
still liquid phase.

FIG. 3: The energy per particle< V >N (MeV ) as a function
of a (fm) for four clusters: N = 4 tetrahedron (the upper
thin solid line), N = 6 octahedron (the dashed line), N = 8
cube (the dotted line) andN = 13 dodecahedron+one particle
(the lower thick solid line). This calculation is done with the
original Walecka model parameters.
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