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Introduction

Quantum theory

T̂µν =
∂L

∂(∂µψa)
∂νψa − gµνL

Statistical operator ρ̂

Corrispondence principle

Tµν = tr
[
ρ̂ T̂µν

]
= 〈T̂µν〉 jµ = tr

[
ρ̂ ĵµ

]
= 〈ĵµ〉

Hydro equations
∂µT

µν = 0 ∂µ j
µ = 0
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Global Generalized Equilibrium
General covariant density operator for any quantum theory [Zubarev et al. (1979); Van Weert (1982)]

ρ̂(t) =
1

Z
exp

[
−
∫

Σ

dΣµ

(
T̂µν(x)βν(x)− ĵµi (x)ζi(x)

)]
dΣµ is an element of a space-like, 3-dimensional hypersurface Σµ,

∇µ T̂µν(x) = 0 ∇µĵµi (x) = 0

In global equilibrium ρ̂(t) should be independent of time

∇µ
(
T̂µν(x)βν(x)− ĵµi (x)ζi(x)

)
= T̂µν(x)∇µβν(x)−ĵµi (x)∇µζi(x) = 0

Killing equation: ∇µ βν +∇ν βµ = 0 and ∇µ ζi = 0

also used by [Hayata et al. (2015), Hongo (2016), Florkowski et al. (2017), Harutyunyan et al. (2018)]
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Global Generalized Equilibrium (GE)

Solution in Minkowski space: βµ = bµ +$µνx
ν ζi, bµ, $µν are const.

Thermal Vorticity: $µν = −$νµ = ∂νβµ

Then, the global generalized equilib. density operator in Minkowski space is [Becattini et al 2014]

ρ̂GE =
1

ZGE
exp

[
− bµP̂µ +

1

2
$µν Ĵ

µν + ζi Q̂i

]

Lorentz Generators:

Ĵµν =

∫
Σ

dΣλ(xµT̂λν − xν T̂λµ)

Features

10 parameters (as Poincaré generators)

is a local equilibrium with a specific β(x) form

is an actual global equilibrium (time independent)

contains all known form of global equilibrium

$ 6= 0⇒ non-vanishing acceleration and angular velocity
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Global Generalized Equilibrium, Special cases
βµ = bµ +$µνx

ν

Homogeneous equilibrium

bµ = const., $ = 0 ρ̂β =
1

Zβ
exp

(
−β · P̂ + ζiQ̂i

)
Tµνideal = (ρ+ p)uµuν − p gµν

Equilibrium with rotation

bµ = (1/T,0), $µν = ω/T (δ1µδ
2
ν − δ2µδ1ν)

ρ̂ω =
1

Zω
exp

(
−Ĥ/T + ωĴz/T

)
Equilibrium with acceleration

bµ = (1/T, 0, 0, 0), $µν = (a/T )(g0µg3ν − g3µg0ν)

ρ̂a =
1

Za
exp

(
−Ĥ/T + aK̂z/T

)
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Stress energy tensor mean value

βµ(x) = bµ +$µνx
ν

ρ̂GE =
1

ZGE
e−bµP̂

µ+ζi Q̂i+
$µν

2
Ĵµν =

1

ZGE
exp

[
− βµ(x)P̂µ + ζi Q̂i +

1

2
$µν Ĵ

µν
x

]

Ĵµνx ≡ Ĵµν − xµP̂ ν + xν P̂µ

How does thermal vorticity affects hydrodynamic equations?

〈T̂µν(x)〉 = tr
[
ρ̂GE T̂

µν(x)
]

= Tµν

∂µ〈T̂µν(x)〉 = 0

uµ =
βµ√
β2

Tµν = (ρ+ p)uµuν − p gµν+δTµν(∂β)
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Cumulant expansion

ρ̂GE =
1

ZGE
exp

[
− βµ(x)P̂µ + ζi Q̂i +

1

2
$µν Ĵ

µν
x

]

Expansion for $ � 1 (it is adimensional) path ordered expansion [van Weert (1982)]

〈Ô(x)〉= tr
[
ρ̂GE Ô(x)

]
= 〈Ô(0)〉β(x) +

$µν

2
〈〈ĴµνÔ〉〉+

$µν$ρσ

8
〈〈Ĵµν ĴρσÔ〉〉+O($3)

with 〈〈Ĵµν · · · ĴρσÔ〉〉 ≡
∫ |β|

0

dτ1
|β|
· · · dτn
|β|

tr
[
Tτ

(
ρ̂h Ĵ

µν
−iτ1u

· · · Ĵρσ−iτnu
Ô(0)

)]
connected

and

ρ̂h =
1

Zh
exp

[
− βµ(x)P̂µ + ζi Q̂i

]
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Acceleration and vorticity decomposition

Tetrad: {u, α,w, γ} ∂νβµ = $µν = εµνρσw
ρuσ + αµuν − ανuµ

thermal acceleration: αµ =
1

T
aµ |α| = } |a|

c kB T

thermal angular velocity: wµ =
1

T
ωµ |w| = } |ω|

kB T

transverse vector: γµ = εµνρσwναρuσ

Numerical estimate in heavy ions collisions [STAR, Nature (2017)]

T = 200 MeV, |a| ≈ c|ω| ≈ 0.05 c2/fm→ |$| ∼ 10−2

Ĵµν = uµK̂ν − uνK̂µ − uρερµνσĴσ

〈Ô(x)〉 =〈Ô(x)〉β(x) − αρ〈〈 K̂ρÔ 〉〉 − wρ〈〈 ĴρÔ 〉〉+
αρασ

2
〈〈 K̂ρK̂σÔ 〉〉

+
wρwσ

2
〈〈 ĴρĴσÔ 〉〉+

αρwσ
2
〈〈 {K̂ρ, Ĵσ}Ô 〉〉+O($3)
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Even and odd Parity fluid

〈〈 K̂ρÔ 〉〉 〈〈 ĴρÔ 〉〉 〈〈 K̂ρK̂σÔ 〉〉 〈〈 ĴρĴσÔ 〉〉 〈〈 {K̂ρ, Ĵσ}Ô 〉〉

ρ̂h =

ρ̂Even ∝ exp
[
− βµ(x)P̂µ + ζ Q̂

]
ρ̂Odd ∝ exp

[
− βµ(x)P̂µ + ζ Q̂+ ζ5 Q̂5

] Q̂ Q̂5 ρ̂Even ρ̂Odd

P + − + ±
T + + + +
C − + ± ±

Observables Lorentz generators

T̂ 00 T̂ 0i T̂ ij ĵ0
V ĵV ĵ0

A ĵA φ̂ φ̂A K̂ Ĵ (K̂K̂, Ĵ Ĵ) K̂Ĵ
P + − + + − − + + − − + + −
T + − + + − + − + − + − + −
C + + + − − + + + + + + + +

Axial Vortical Effect

〈〈 Ĵ 3 ĵ 3
A 〉〉 −→ tr

[
ρ̂EvenĴ

3 ĵ 3
A

]
6= 0 tr

[
ρ̂OddĴ

3 ĵ 3
A

]
6= 0

Chiral Vortical Effect

〈〈 Ĵ 3 ĵ 3
V 〉〉 −→ tr

[
ρ̂EvenĴ

3 ĵ 3
V

]
= 0 tr

[
ρ̂OddĴ

3 ĵ 3
V

]
6= 0
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P + − + + − − + + − − + + −
T + − + + − + − + − + − + −
C + + + − − + + + + + + + +

Axial Vortical Effect
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V ĵV ĵ0
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P + − + + − − + + − − + + −
T + − + + − + − + − + − + −
C + + + − − + + + + + + + +

Axial Vortical Effect

〈〈 Ĵ 3 ĵ 3
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P + − + + − − + + − − + + −
T + − + + − + − + − + − + −
C + + + − − + + + + + + + +

Axial Vortical Effect
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Stress-energy tensor corrections
Thermodynamic coefficient definitions

Expansion up to second order on $µν = ∂νβµ

〈T̂µν(x)〉 'A εµνκλακuλ + W1wµuν + W2wνuµ + (ρ− α2Uα − w2Uw)uµuν

− (p− α2Dα − w2Dw)∆µν +Aαµαν +W wµwν +G1 uµγν +G2 uνγµ

A= 〈〈 K̂3 T̂
12 − T̂ 21

2
〉〉 W1 = 〈〈 Ĵ 3 T̂ 30〉〉 W2 = 〈〈 Ĵ 3 T̂ 03〉〉

Uα=
1

2
〈〈 K̂3 K̂3 T̂ 00〉〉 Uw =

1

2
〈〈 Ĵ 3 Ĵ 3 T̂ 00〉〉

Dα=
1

2
〈〈 K̂3 K̂3 T̂ 11〉〉 −

1

3
〈〈 K̂1 K̂2 T̂

12 + T̂ 21

2
〉〉

Dw=
1

2
〈〈 Ĵ 3 Ĵ 3 T̂ 11〉〉 −

1

3
〈〈 Ĵ1 Ĵ2 T̂

12 + T̂ 21

2
〉〉

A= 〈〈 K̂1 K̂2 T̂
12 + T̂ 21

2
〉〉 W = 〈〈 Ĵ 1 Ĵ 2 T̂

12 + T̂ 21

2
〉〉

G1 = −
1

2
〈〈 {K̂1, Ĵ 2} T̂ 03〉〉 G2 = −

1

2
〈〈 {K̂1, Ĵ 2} T̂ 30〉〉
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Currents corrections

Vector (electric) current

〈ĵ µV〉 = nV u
µ +

(
α2NV

α + w2NV
ω

)
uµ +WVwµ +GVγµ +O($3)

NV
α =

1

2
〈〈 K̂3 K̂3 ĵ 0

V〉〉 NV
w =

1

2
〈〈 Ĵ 3 Ĵ 3 ĵ 0

V〉〉

GV =
1

2
〈〈 {K̂1, Ĵ 2} ĵ 3

V〉〉 WV = 〈〈 Ĵ 3 ĵ 3
V 〉〉

Axial current

〈ĵ µA〉 = nA u
µ +

(
α2NA

α + w2NA
ω

)
uµ +WAwµ +GAγµ +O($3)

NA
α =

1

2
〈〈 K̂3 K̂3 ĵ 0

A 〉〉 NA
ω =

1

2
〈〈 Ĵ 3 Ĵ 3 ĵ 0

A 〉〉

GA=
1

2
〈〈{K̂1, Ĵ 2 } ĵ 3

A 〉〉 WA = 〈〈 Ĵ 3 ĵ 3
A 〉〉

Chiral coefficients in red
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Results for non-interacting fields

Non chiral coefficients evaluated in [M.B., E. Grossi and F. Becattini (2017)]
for massless and massive charged free Dirac and Scalar field;

Chiral coefficients evaluated in [M.B. in preparation]
for free massless Dirac field;

L =
i

2

[
ψ̄γµ(∂µψ)− (∂µψ̄)γµψ

]
ĵµV = ψ̄γµψ ĵµA = ψ̄γµγ5ψ ∂µĵ

µ
A = 0

〈T̂µν(x)〉 = A εµνκλακuλ + W1w
µuν + W2w

νuµ + . . .

W2 =
ζ5
(
π2 + 3ζ2 + ζ2

5

)
6π2|β|4

agree with previous determinations

Vilenkin (1979)

Holography: Landsteiner et al. (2013)

CKT: Chen et al. (2015), Hidaka et al. (2018)

Kubo Formulae: Landsteiner et al. (2011),
Chowdhury and David (2015)
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Axial Vortical Effect
Massless field

ĵµA = ̂̄ψγµγ5ψ̂ jA =
WA

T
ω

ω, jA and angular momentum J are axial vectors

Massless field

jA =

(
T 2

6
+

µ2

2π2
+

µ2
5

2π2

)
ω

∂µĵ
µ
A = 0 ∂µ〈 ĵµA 〉 = 0

Anomaly?
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Axial Vortical Effect
Massive field

∂µĵ
µ
A = 2mî̄ψγ5ψ̂ ∂µ〈 ĵµA 〉 = 2mi〈̂̄ψγ5ψ̂〉 jA =

WA

T
ω

WA =
1

2π2|β|

∫ ∞
0

dp

Ep
(nF (Ep − µ) + nF (Ep + µ)) (2p2 +m2)

At T = 0

WA

T
=

µ2

2π2

√
µ2 −m2

µ2

For T � m
WA

T
=

m2

2
√

2π3/2

√
T

m
e−|β|(m−µ)

[
1 +

15

8

T

m
+O

(
T 2

m2

)]
For T � m

WA

T
=
T 2

6
+

µ2

2π2
− m2

4π2
− 7ζ ′(−2)

8π2

m4

T 2
+O

(
m3

T 3

)
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Chiral Vortical Effect
Massless field

ĵµV = ̂̄ψγµψ̂ jV =
WV

T
ω

ω and angular momentum J are axial vectors
jV is a vector, Q̂5 provides the Parity breaking

Massless field

jV =
µµ5

π2
ω

∂µĵ
µ
V = 0 ∂µ〈 ĵµV 〉 = 0

Anomaly?
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Summary

We have studied quantum relativistic free fields of spin 0 and 1/2 at general thermodynamic
equilibrium with non-vanishing acceleration and vorticity.

Expressed as correlators of conserved quantities (Tµν and Poincaré groups generators)

Such corrections may be phenomenologically relevant for system with very high acceleration, such
as in the early stage of relativistic heavy ion collisions

These corrections are pure quantum effects

Chiral coefficients by odd Parity of Axial charge

Axial/Chiral vortical effects without anomaly
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Thanks for the attention!
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Results, massless free Dirac [Odd Parity]

〈T̂µν(x)〉 'A εµνκλακuλ + W1w
µuν + W2w

νuµ

+ (ρ− α2Uα − w2Uw)uµuν − (p− α2Dα − w2Dw)∆µν

+Aαµαν +W wµwν +G1 uµγν +G2 uνγµ

A generic coefficient can be written as

K

∫ ∞
0

PN (p)
[
nF(p− µR) + η η5 nF(p+ µR) + η5 nF(p− µL) + η nF(p+ µL)

]
dp

Fermi-Dirac distribution function nF(x) = 1
exp(|β|x)+1

ASym = 0, ACan =
ζ5
(
π2 + 3ζ2 + ζ2

5

)
6π2|β|4

,

WSym
1 = WSym

2 =
ζ5
(
π2 + 3ζ2 + ζ2

5

)
3π2|β|4

,

WCan
1 =

ζ5
(
π2 + 3ζ2 + ζ2

5

)
2π2|β|4

, WCan
2 =

ζ5
(
π2 + 3ζ2 + ζ2

5

)
6π2|β|4

.
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+ (ρ− α2Uα − w2Uw)uµuν − (p− α2Dα − w2Dw)∆µν

+Aαµαν +W wµwν +G1 uµγν +G2 uνγµ

ρ = 3p =
30π2

(
ζ2 + ζ2

5

)
+ 15

(
ζ4 + 6ζ2ζ2

5 + ζ4
5

)
+ 7π4

60π2|β|4
,

Uα = 3Dα =
3
(
ζ2 + ζ2

5

)
+ π2

24π2|β|4
,

GSym
1 = GSym

2 =
3
(
ζ2 + ζ2

5

)
+ π2

18π2|β|4
,

GCan
1 =

2
[
3
(
ζ2 + ζ2

5

)
+ π2

]
9π2|β|4

, GCan
2 = −

3
(
ζ2 + ζ2

5

)
+ π2

9π2|β|4
.
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Results, massless free Dirac [Odd Parity]

Vector (electric) current

〈ĵ µV〉 = nV u
µ +

(
α2NV

α + w2NV
ω

)
uµ +WVwµ +GVγµ +O($3)

nV =
ζ
(
ζ2 + 3ζ2

5 + π2
)

3π2|β|3
, NV

α =
ζ

4π2|β|3
, WV =

ζζ5
π2|β|3

NV
w =

ζ

4π2|β|3
, GV =

ζ

6π2|β|3
,

Axial current

〈ĵ µA〉 = nA u
µ +

(
α2NA

α + w2NA
ω

)
uµ +WAwµ +GAγµ +O($3)

nA =
ζ5(π2 + 3ζ2 + ζ2

5 )

3π2|β|3
, NA

α =
ζ5

4π2|β|3
, WA =

3
(
ζ2 + ζ2

5

)
+ π2

6π2|β|3

NA
ω =

ζ5
4π2|β|3

, GA =
ζ5

6π2|β|3
.
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Stress-energy tensor corrections
Features

〈T̂µν(x)〉 'A εµνκλακuλ + W1wµuν + W2wνuµ + (ρ− α2Uα − w2Uw)uµuν

− (p− α2Dα − w2Dw)∆µν +Aαµαν +W wµwν +G1 uµγν +G2 uνγµ

Because are evaluated at global equilibrium they are non-dissipative

∂µ〈T̂µν〉 = 0 implies relations between coefficients

−2A = |β|∂W1

∂|β| + 3W1 + W2

Uα = − |β| ∂

∂ |β|
(
Dα +A

)
−
(
Dα +A

)
Uw = − |β| ∂

∂ |β|
(
Dw +W

)
−Dw + 2A− 3W

G1 +G2 = 2
(
Dα +Dw

)
+A+ |β| ∂

∂ |β|W + 3W
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Local Thermal Equilibrium

Foliation with 3D spatial hypersurfaces Σ of normal vector n

nµ〈T̂µν(x)〉 = nµT
µν(x)

nµ〈 ĵµ(x)〉 = nµ j
µ(x)

ρ̂ =
1

Z
exp

[
−
∫

Σ(τ)

dΣ nµ(x)
(
T̂µν(x)βν(x)− ĵµ(x)ζ(x)

)]
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Stevin law

Consider a non-relativistic fluid with µ = 0 in a gravitational field g = −gẑ

βµ =
1

T0
(1 + gz, 0, 0, gt)

1

T (z)
=
√
β2 ' 1

T0
(1 + gz) +O(g2)

The pressure p and the numerical density n are given by

m n =
m4

√
2π3/2

e−m/T (z)

(
T (z)

m

)3/2

p =
m4

√
2π3/2

e−m/T (z)

(
T (z)

m

)5/2

The coordinate dependence are completely contained on T (z)

∂p

∂z
' −m2n

T (z)

m

1

T0

∂

∂z
(1 + gz) +O(g2) = −m ng +O(g2)

p = p0 + d g h d mass density h depth
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Dirac Bilinears

Scalar
〈̂̄ψψ̂(x)〉GE = 〈̂̄ψψ̂(x)〉T + α2ks + w2js

Pseudoscalar
〈̂̄ψγ5ψ̂(x)〉GE = α · w lPS

Tensor
〈σ̂αβ(x)〉GE = (uααβ − uβαα) AT + εαβρλw

ρuλWT
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Free fields

Charged free scalar field

T̂µν = ∂µφ̂
†∂ν φ̂+ ∂ν φ̂

†∂µφ̂− gµν(∂φ̂† · ∂φ̂−m2φ̂†φ̂)− 2ξ(�− ∂µ∂ν)φ̂†φ̂

Free Dirac field

T̂µνcan =
i

2

[̂̄ψγµ(∂νψ̂)− γµ(∂ν ̂̄ψ)ψ̂
]

T̂µνsym =
i

4

[̂̄ψγµ(∂νψ̂) + ̂̄ψγν(∂µψ̂)− (∂ν ̂̄ψ)γµψ̂ − (∂µ ̂̄ψ)γνψ̂
]

Example coefficient

Uα =

∫ |β|
0

dτ1

2

∫ |β|
0

dτ2

∫
d3x

∫
d3y〈T̂ sym

00 (X) T̂ sym
00 (Y ) T̂00(0)〉T ,c x3y3
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Results [Even Parity]

〈T̂µν(x)〉 '(ρ− α2Uα − w2Uw)uµuν − (p− α2Dα − w2Dw)∆µν

+Aαµαν +W wµwν +G1 uµγν +G2 uνγµ

A generic coefficient can be written as

1

π2β2

∫ ∞
0

dp

Ep

(
n′′B/F(Ep − µ) + n′′B/F(Ep + µ)

)
(Ap4 +Bm2p2 + Cm4)

Bose-Einstein/Fermi-Dirac distribution function nB/F(x) = 1
exp(|β|x)−η

Bose Field

Gsym
1 = Gsym

2

Coeff. depends on ξ
W = [Moore and Sohrabi 2011]

Dirac Field

A = W = 0

Gsym
1 = Gsym

2

Gcan
1 = −2Gcan

2

W 6= [Moore and Sohrabi 2011]
A and W =[Megias and Valle 2014]
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Massless fields

Bose µ = 0 Dirac

Uα
1−6ξ

6 T 4 1
24

(
1 + 3β2µ2

π2

)
T 4

Dα
6ξ−1

9 T 4 1
72

(
1 + 3β2µ2

π2

)
T 4

A 1−6ξ
6 T 4 0

Uw
1−4ξ

6 T 4 1
8

(
1 + 3β2µ2

π2

)
T 4

Dw
ξ
3T

4 1
24

(
1 + 3β2µ2

π2

)
T 4

W 2ξ−1
6 T 4 0

G 1+ξ
18 T

4 1
18

(
1 + 3β2µ2

π2

)
T 4

0 5 10 15 20
Ζ

0.2

0.4

0.6

0.8

1.0
r

ρeff ≡ 〈T̂µν〉uµ uν = ρ− α2Uα − w2Uw,

peff ≡ −
1

3
〈T̂µν〉∆µν = p− α2Dα − w2Dw

Dirac case:

ρeff = ρ

[
1− 5

14π2
(α2 + 3w2)r(ζ)

]
= 3peff
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Uα/ρ

Uw/ρ

Dα/p

Dw/p

G/p

W=A=0

Dirac Field

0 1 2 3 4 5

T

m

0.05

0.10

0.15

0.20

0.25

0.30

Uα/ρ

Uw/ρ

-Dα/p

Dw/p

G/p

A/p

-W/p

Scalar Field ξ = 1 /6

0 1 2 3 4 5

T

m

0.2

0.4

0.6

0.8

Figure: The coefficients divided by the energy ρ or the pressure p with m > 0,µ = 0

Quark gluon plasma

Values: kBT = 300 MeV, a = 1030 m
s2 → α2Uα

ρ ∼ 10−3
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Non relativistic limit

〈T̂µν(x)〉 '(ρ− α2Uα − w2Uw)uµuν − (p− α2Dα − w2Dw)∆µν

+Aαµαν +W wµwν +G1 uµγν +G2 uνγµ

Every coefficient

1

π2β2

∫ ∞
0

dp

Ep

(
n′′B/F(Ep − µ) + n′′B/F(Ep + µ)

)
(Ap4 +Bm2p2 + Cm4)

in the limit m/T � 1 becomes m
dN

dx3
f(m/T )

where f remains finite and dN/dx3 is the classical expression of particle density in Boltzmann limit

|α| = } |a|
c kB T

, |w| = } |ω|
kB T

Quantum effects
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Massive Dirac field at zero temperature

ρeff = ρ− α2Uα − w2Uw, peff = p− α2Dα − w2Dw

At T = 0 we have nF(E − µ) = θ(µ− E)

Ultra relativistic limit

α2Uα
ρ

= −1

2

(
|a|
µ

)2

w2Uw
ρ

= −3

2

(
|ω|
µ

)2

α2Dα

p
= −1

2

(
|a|
µ

)2

w2Dw

p
= −3

2

(
|ω|
µ

)2

Non relativistic limit (µNR = µ−m)

α2Uα
ρ

=
1

64

(
|a|
µNR

)2
m

µNR

w2Uw
ρ

= − 3

32

(
|ω|
µNR

)2

α2Dα

p
= − 5

64

(
|a|
µNR

)2
m

µNR

w2Dw

p
= −15

32

(
|ω|
µNR

)2

For white dwarfs and neutron stars these corrections are negligible: 10−40 ÷ 10−50
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Axial Vortical Effects

ω, jA and angular momentum J are axial vectors.

〈ĵµA(x)〉 =
wµ

|β|

∫ |β|
0

dτ〈Tτ
(
Ĵ3
−iτ ĵ

3,A(0)
)
〉T,c

Massless field

ĵµA = ̂̄ψγµγ5ψ̂ ∂µĵ
µ
A = 0 ∂µ〈 ĵµA 〉 = 0

Propagator with rotation [Vilenkin 1980]

〈ψ̂(χ,p)̂̄ψ(χ′,q)〉ω = δ̄(χ− χ′,p− q) eω
1

2
Σ ∂
∂χ
−iγ0(χ+ µ)− iγp

(χ+ µ)2 + p2

Σi = εijk i
4 [γj , γk]

〈 ĵµA 〉ω ∝ tr
[
γ5γµγργσγν

]
= 4i εµρσν
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