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Motivations

Relativistic hydrodynamic
o Astrophysic
e Cosmology
e Heavy ions collisions
General equilibrium
o Quantum-relativistic formulation
e Vorticity effects
Chiral matter
e Anomalous transport
@ Chiral Vortical Effect
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Quantum theory

~ oL
THV: al/ a_ /.l/llc
o0y VY

Statistical operator p

Corrispondence principle

T — tr [ﬁ:ﬁW] =(Tm)  jr=tr [ﬁj"] = (")

Hydro equations



General covariant density operator for any quantum theory [Zubarev et al. (1979); Van Weert (1982)]
A 1 ~
) = o |- a5, (@) - T @) |

dX,, is an element of a space-like, 3-dimensional hypersurface ¥,,,

\
=(r) V. T (z)=0  V,jx)=0

In global equilibrium p(¢) should be independent of time

Vo (T @) @) = T @)Gw)) = T (@) VB (@) ~31 (@) Vi) = 0

(7o)

Killing equation: VB +V,5,=0 and V, ;=0

also used by [Hayata et al. (2015), Hongo (2016), Florkowski et al. (2017), Harutyunyan et al. (2018)]




Solution in Minkowski space: (ﬁu = b, + w,“,x"] iy by, @, are const.

Thermal Vorticity: @, = —w,, = 0,8,

Then, the global generalized equilib. density operator in Minkowski space is [Becattini et al 2014]

_ 1 PO
ﬂGEZZ—GEeXP[—bMP”-i-§wWJ” +C¢Qi] j

10 parameters (as Poincaré generators)

Lorentz Generators:

is a local equilibrium with a specific 8(x) form
Tuv SV VA
JH = /2 AXA (2T — 2" T™) is an actual global equilibrium (time independent)

contains all known form of global equilibrium

w # 0 = non-vanishing acceleration and angular velocity
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Global Generalized Equilibrium, Special cases

By = by + @’

H |
)

b, =const., w =0 pg= S ©xP <_5 P+ CiQi)
B

Thea = (p+p)u"'v” —pg"”

| A\

by = (1/T,0), @ =w/T (5,0, — 525,)

Pw = Ziwexp (—ﬁ/T—I—w:fz/T)

| \

b# = (1/T) 0,0, 0)7 Wuv = (a/T)(QOMQBV — gsugou)
~ 1 = =
Pa = Z exp (—H/T RS aKz/T)
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~ 1y Pryc, O+ 2y guv 1 5 ~ 1 =
fow = g B e [ Bu@P* + G Qi+ J T2

JHv = JH gt P 4 gV PH

(T (@) = tr [pow T (2)] = T

0u(T"" () = 0

po B
VR

" = (p + p)uru” — pg""+0T"" ()

u




~ ~ 1 ~
€xXp [_ BM(LE)P” + (@ Qi + §wuu=]£ui|

pGE =
r ZaE

Expansion for @ < 1 (it is adimensional) path ordered expansion [van Weert (1982)]

(O(a)) = tr [pax O(@)]

~ Wy

= (0(0)s(a) + =52 ((J*0)) +

W Tpo

{T* JP70Y) + O(w?)

e Bldr,  dr, . e~
ith JH L JPTOY) = — 2 [T (pn JMY - TP O(0 and
W << >> /0 |ﬂ| |ﬂ| |: <ph i T ( )):|connected
~ 1 = ~
pu= g oxp |~ Bu(@) P+ Q]



Tetrad: {u, o, w, v} ELlbly = @y = Cmas @il U =F @ity = @iy,

. 1 Il

. wo_ Lo _
thermal acceleration: o = ma |a| ke T
thermal angular velocity: wh = —;w“ |lw| = lea '1|“

transverse vector:

T = 200 MeV, |a| ~ c|lw| &~ 0.05¢%/fm — |@| ~ 10>
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Acceleration and vorticity decomposition

Tetrad: {u, o, w,~v} 0By = Wuw = €uupewPu’ + oty — iy, J
. 1 h
thermal acceleration: ot = Ta“ la| = . kde

_ filw|

thermal angular velocity: T =T
B

transverse vector:

T = 200 MeV, |a| = c|w| ~ 0.05¢*/fm — |w| ~ 10>

T = uPRY — u' K" — u,e ],

(0()) =(0@))s(e) — s ((K"0)) = w,((J70)) + 222 (R?R°0))

2L TP IO + S ({R?, T7Y0)) + O(°)

+
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((Er0))  {(J°0)) (RPROY ((PF70Y  ({R".F7)0Y)

ﬁh _ Z)\Even X exp | — ,Bu(x)ﬁ“ + C@] 5 g %5 | ﬁE-;:en ﬁ(:)sd
Poda o< exp | = Bu(x) P +(Q + G @5} T+ +| +  F
C - +| £ +




(K°0))  (J0)) (KPK°0))  ((J*J°0))  (({K*,J7}0))
~ ~ A @ @5 | ﬁEven ﬁOdd
| Poven xexp | = Bu(@) P+ ¢ Q)] S "
Ph=1 _ ~ PN
podd X exp | — Bu(x)P* 4+ (CQ + (5 Qs} T+ + + +
c - + + +
Observables Lorentz generators
0 79 79|37 3. R 3 8 6a|R I (RR.ID RJ
P + — + [+ — — + + — |-+ - -
T + - + |+ - + - 4+ —|+ - - -
C + + + |- — + + + + |+ + + +




((K*0))  {(J*0)) (KPK70))  ((JPJ70))  (({K*,J7}0))
~ ~ A @ @5 | ﬁEven ﬁOdd
| Poven xexp | = Bu(@) P+ ¢ Q)] S "
Ph=1 _ ~ PN
Poda < exp | — Bu(z)P" +(Q + G5 Qs} T+ +] + +
c - + + +
Observables Lorentz generators
70 0 74|35 R 3. 6 u|R 3 (RRID RI
P + — + [+ - - + + —-|-+ + -
T + - + |+ - + - 4+ -]+ - + -
C + 4+ + |- - 4+ 4+ + + |+ + + +
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(K°0))  (J0)) (KPK°0))  ((J*J°0))  (({K*,J7}0))
~ ~ A @ @5 | ﬁEven ﬁOdd
| Poven xexp | = Bu(@) P+ ¢ Q)] S "
Ph=1 _ ~ PN
podd X exp | — Bu(x)P* 4+ (CQ + (5 Qs} T+ + + +
c - + + +
Observables Lorentz generators
0 79 79|37 3, R 3 8 6a|R 3 (RR.ID RJ
P + — + [+ — — + + — |-+ - -
T + - + |+ - + - 4+ —|+ - - -
C + + + |- — + + + + |+ + + +

tr [ﬁOdij /j\g] #0




(Ty (x))

~ Aewma"uA + Wiwyuu, + Wow,uy, + (p — a?U, — w2Uw)“u“V

—(p— a?D, — szw)AM,, + Aoy, + Ww,w, + Grugy, + Gaupyy,
s f12 _ f21 =3 530 T3 703
A= ((K° —p— Wy = ((J°T) Wy = ((J°T77))
Une %((K3K3T00>> Uw:%((f3j3foo)>
712 4 21
Do= 1((K3K3T11>> 1((K1K2£
2 3 2
1 o 1 f12+f21
Do —((J37371y _ Syt L
w= 5 R 5
o T2 721 oy T2 721
A= (KT K? —— W= (I
G1 = LR, T2} 70 Gz = 3 (R, T T%))



Vector (electric) current

Axial current

Chiral coefficients in red



Results for non-interacting fields

Non chiral coefficients evaluated in [M.B., E. Grossi and F. Becattini (2017)]
for massless and massive charged free Dirac and Scalar field;

Chiral coefficients evaluated in [M.B. in preparation]
for free massless Dirac field;

£= L0 - @i Fo= oo =i 0.3 =0

<7Awu(37)> = A" auy + Wiwtu” + Wow”u! + ...

@ Vilenkin (1979)
@ Holography: Landsteiner et al. (2013)
@ CKT: Chen et al. (2015), Hidaka et al. (2018)

agree with previous determinations @ Kubo Formulae: Landsteiner et al. (2011),
Chowdhury and David (2015)

<5 (7T2 +3<2 + C52)
62|54

Wy =
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- - > . wA
N=0YY = e

w, ja and angular momentum J are axial vectors

Anomaly?




1 > d
WA= s [ GonlBy )+ (B, ) (257 + ) J

AtT =0
WA_ 12 2 —m2
T 2x2 2
For T <m )
wh 1/ o8l [ BT T)]
Al 2
T 2\/_7['3/2 8 m m
For T > m

WA T2 H2 m2 7(/(_2) m4 0 (m_B)
T 6 ' 272 4x2 8r2 T2




- TN . wV

NEW vE e
w and angular momentum J are axial vectors
jv is a vector, Q5 provides the Parity breaking

Anomaly?




Summary

We have studied quantum relativistic free fields of spin 0 and 1/2 at general thermodynamic
equilibrium with non-vanishing acceleration and vorticity.

e Expressed as correlators of conserved quantities (7),, and Poincaré groups generators)

@ Such corrections may be phenomenologically relevant for system with very high acceleration, such
as in the early stage of relativistic heavy ion collisions

@ These corrections are pure quantum effects

o Chiral coefficients by odd Parity of Axial charge

Axial /Chiral vortical effects without anomaly
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Thanks for the attention!



~

(T () ~ A et o uy + Wiwku” + Wow”ut
+(p— *U, — wQUw)uuuV —(p—a’Dy — wQDw)AW
+Aaya, + Www, + Grupy, + Gauwy,

A generic coefficient can be written as

K/Oo}w(p) [nF(p — pr) + N5 nr(p + pr) + 05 nr(p — pu) +nnr(p + uL)] dp J

Fermi-Dirac distribution function ng(x) = W

G (2432 + )

ASym _ ACan _
0 6ZlpE
2 2 2
Sym __ yySym __ <5 (77- + 3< + CS)
A L
W?an _ (5 (7?'2 + 3<2 + <52) ’ Wgan _ <5 (71'2 + 3<2 + Cg)

2m?| B4 62| B



(fuy(x)) ~ A e o uy + Wiwtu? + Wow”ut
+(p— *U, — w2Uw)uuu,, —(p—a’Dy — w2Dw)AW
+Aaya, + Www, + Grugy, + Gauyy,

_ 307 (2 +¢2) +15 (¢* + 6632 + ) + 7t

p=3p

60m2|5]* ’
.y _3(E+E) 7
Vo =3B ==t
3 (4-2 + <2) + 7.‘.2

Sym _ ~Sym __ 5
e
GCan_2[3(C2+C§)+ﬂ-2] GCan__3(<2+C§)+7T2

b 92| B[+ ’ 2 92| B|*



Vector (electric) current

¢Gs

_ ¢ (43¢ +7°) ¢

’nV =] Vv - v = 22"
2P0 e~ 4n2pp’ 2|6
v < v <
No = 1258 & = &P

Axial current

e B3R a6 wa L 3(E+E)
. smBP e 4n?|g)F 672| 3P
A__ G A__ G
@ 4r?|B)3’ 67253




(T\”,,(a:)) ~A ewma"”uh + Wiw,u, + Waw,uy, + (p — a?U, — wQUw)uHu,, ]

- (p - azDa - w2D’w)A/,LV + Aap,au + Wwp,'wu + Gy Uy Yy + Go Uy Y

o Because are evaluated at global equilibrium they are non-dissipative

|ﬂ|g¥|l +3W1 + W,
__|ﬂ|m(Da+A)_(Da+A)
Uw =—|B] 8‘|9ﬁl(Dw+W) Dy, +2A - 3W
G1+ G2 =2(Da + Dy )+A+|ﬁ|mw+3w




Foliation with 3D spatial hypersurfaces ¥ of normal vector n

Z)\: E exp l— /E(T)dE nu(x) (f‘“’(.’t)ﬂy(-’ﬂ) _3#(1:)4.(‘%))]




Consider a non-relativistic fluid with ;4 = 0 in a gravitational field g = —g2
1
0

The pressure p and the numerical density n are given by

m* om/T(2) (T(z))3/2 b= m* om/T(2) (T(z))5/2

- \/57-‘-3/2 m \/57-‘-3/2 m

The coordinate dependence are completely contained on T'(z)
dp T'(z)1 0 _ 2
3, = mnm Ta(l—l—gz)—i—(’)( ¢*) = —mng+ 0O(g?)

p=po+dgh| dmass density h depth




Scalar R ~
W) ar = (Yi(x))r + a2ks + w2
Pseudoscalar -
(bys(x))or = a - wiFs
Tensor

<3aﬂ(37)>GE = (Uaol/s - ’U:ﬂaa) AT + ea[gpAwpuAWT



Ty = 0,8'0,6 + 8,070,0 — 9, (08 - 9 — m?¢§) — 26(0 — 9,8,)9"d

T, = & [344(@9) — @ D))

T, = 1 [31(@0) + v @"0) - @D - @ D7)

Blary, Bl fo
Ua :/0 T/o dT?/d Z/d y(Too (X) Top (V) Too(0))1,c T3y3
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Ty () =(p — a?U, — szw)uMu,, —(p— a’D,, — szw)AW
+ Aoy, + Ww,w, + Grugy, + Gauyy,

A generic coefficient can be written as

7r2152 /0°° %—Z ( Br(Ep — 1) + ngp(Ep -|—,u)> (Ap* + Bm2p? + Cm?) J
Bose-Einstein/Fermi-Dirac distribution function ng /F(ZL“) = SoEE= (Iﬂllm)—n
Bose Field Dirac Field
S A=W =0
Coeff. depends on & GY™ = GY™

th:an — _2G(2Ian



~

Ty () =(p — a?U, — szw)uMu,, —(p— a’D,, — szw)AW
+ Aoy, + Ww,w, + Grugy, + Gauyy,

A generic coefficient can be written as

7r2152 /0°° %—Z ( Br(Ep — 1) + ngp(Ep -|—,u)> (Ap* + Bm2p? + Cm?) J
Bose-Einstein/Fermi-Dirac distribution function ng /F(ZL“) = SoEE= (Iﬁllm)—n
Bose Field Dirac Field
S A=W =0
Coeff. depends on & GY™ = g™
W = [Moore and Sohrabi 2011] Gesn — _gcean

W # [Moore and Sohrabi 2011]
A and W =[Megias and Valle 2014]
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SR

Dirac case:

0 5 10

15 20°

peit = (L) u u’ = p = a*Uy — w’Us,

1
Deft = _g

_ 5
1472

(® + 3w2)r(C)] = 3peﬁ']

By} 5 = p— oDy — D,



%0 » 08 \\—’/
i i — Udp o i
Dirac Field o oo
0.25 » :
W=A=0 — Db ol \ Scalar Field ¢=1/6 Ul
— — o X i _D /
0.20 . lep ) p
— G Du/p
0.15 P o
Alp
0.10
-W/p —
0.05
. , , | | .
0 1 2 3 " s oI

Figure: The coefficients divided by the energy p or the pressure p with m > 0,u =0

Values: kpT = 300 MeV, a = 10302 — @ls ~ 103
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<j—\‘I—LV(x)> 2(p - a2UO¢ - w2Uw)uuuV - (p - a2Doc - wQ-Dw)AMV
+ Aaya, + Ww,w, + Grugy, + Gauwy,

Every coefficient

1 dp 4 2 2 4
71.252/0 Ep (nB/F(E )+ng/F(Ep+/i)> (Ap® + Bmp* +Cm”)

dN
in the limit m/T > 1 becomes mys f(m/T)

where f remains finite and d/N/dz? is the classical expression of particle density in Boltzmann limit

o = T2l = L
B Ck?B T, o kBT
Quantum effects



Peft = P — azUa - w2Uw: Peff =P — a2Da - wQDw
At T =0 we have np(E — p) =0(u — E)

Ultra relativistic limit Non relativistic limit (uN® =y —m)
Vs _ 1 (MY a®Us _ 1 (o] \* m
P 2\n R (u_) pNR
wly _ 3 <M>2 w, 3 2
P2\ P B2 (u_)
o?’Dy 1 (] 2 a’D, 5 “m
p 2 (7) P __4 (M_> pNR
w?’D,, 3 (|<,u|)2 szw lw| \?
P 2\n P 32 (TR)

For white dwarfs and neutron stars these corrections are negligible: 10740 = 10759



w, ja and angular momentum J are axial vectors.

N wr 18l

G == [ dr(Ty (P 74(0) )z
181 Jo
Massless field
}K = 7/;’)’”’)’572; 8#35( =0 8#<JK> =0
Propagator with rotation [Vilenkin 1980]

wizZ —i"(x+u) —ivp
(X + p)? + p?

WP, @) = 5(x — ¥, p— a) €

2t = e L, m]

-~

(38 ) oc tr [Y79"9P9 79" = diehre
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