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=
® Chiral kinetic theory

RIK=N

Chiral kinetic theory (CKT): kinetic theory + chiral anomaly

A useful tool to study anomalous transport “in and out of equilibrium” at “weak
coupling”.

Different derivations :

The semi-classical (non-QFT) approach : classical action +[Berry phase} O( h)
D. T. Son and N. Yamamoto, 12

p (quantum correction)

M. Stephanov and Y. Yin, 12 Berry curvature : ﬂp = 3
e 2|p|
X — p + p >< 9 d . .
= E+xxB dt -
: _ (on-shell) (collisionless)
Not manifestly Lorentz covariance :
f is not a Lorentz scalar (frame dependent) J.-Y. Chen, et.l. 14

Modified Lorentz transformation for f : side jumps 7Y €hen B-T. Son, and M. Stephanov, 15

QFT derivation : Wigner-function approach steady state & large p -
J.-W. Chen, S. Pu, Q. Wang, and X.-N. Wang, 13

Collisions? D. T. Son and N. Yamamoto, 13

World-line formalism N Mueller, R. Venugopalan, 16 2
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Outline
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RIK=N

m CKT from QFT (Wigner-function approach, O(h)) :
» Side-jump terms : modified Lorentz (frame) transformation
» Covariant CKT with background fields & collisions
Hidaka, Pu, DY, 16
m Applications : non(near)-equilibrium transport for chiral fluids
» Wigner functions & anomalous transport in global/local
equilibrium

> Non-linear (2"9-order) responses for anomalous transport

Hidaka, Pu, DY, 17
Hidaka, DY, 18

(I will focus on R-handed fermions.)



=
® Wigner functions (WF)

RIK=N

. Im
m less (greater) propagators : _» Dirac or Wey A Imt
S> (x,y) = (Y(2)PUT (AL, 2, 9)9T (y)) ,
S<(z,y) = W' (WPUAL,z, Yo(z)) 2 St e

gauge link (C. Y
(Co)
X=22 y=x—
ﬂ 2 * Y to- 1B
review : J. Blaizot, E. lancu, Phys.Rept. 359 (2002) 355-528
Wigner functions : S<®)(g, X) = /d‘lYeiqﬁY §<(>) (X + %,X - %)

d4q
(2m)*

m  Wigner functions are always covariant : j» — / tr (gﬂ5*<)

m Kadanoff-Baym-like equations up to O(%) : (g » 0 : weak fields)

1 . i \ \
o (q,u, + %/_\“) < — % (E<S> _ E>S<) , A, = 8, + F,,0/0q,

e systematically include collisions

ih N ih /- .
~ 2N, ) 550t = -2 (87 e — 8<%~ .
(q“ 2 “> ’ 2 ( ) (R-handed fermions) 4



=
® Quantum corrections for WF

RIKEN
m WFupto O(h): Hidaka, Pu, DY, 16 CMI% in equilibrium
key (", . 08(¢?
eq. [S<“(q, X) =2mé(q-n) (Q“’5 (@) fS" + (a?) S D, £+ hePq, Fg 5 532) fq(”));

v
Dofi = Agfs" —Cs, Colfl=35f-%5f  side-jump term :
magnetization current

P m— LT CVE or non-equilibrium effects
2(q - n)

spin tensor : S% —

Séﬁ’)&, é”) : break translational inv.

> Frame vector n* : choice of the spin basis ¢° =1 (n* = (1,0)) = nuo* =1
» L.T. of phase-space coordinates is equivalent to inverse L.T. of frames.
"= A" gY, XM= A XY > = (AT nY

m The full WF has to be frame independent == fq("') Is frame dependent
(A8 (¢, X') = S5 (g, X) =0
m  The modified frame transformation :

he”“aﬁqan’ﬁnu
2(q-n)(q-n')

(agrees with J.-Y. Chen, et.al. 14) 5

{fé“” = 1 + vaé”)J




“K:ON Covariant CKT with collisions

m A general form of CKT (for n* = n#(X)) :

Q< — N Q>U N> Q<
ASH =358 ) Hidaka, Pu, DY, 17

B - hS’j’: E
Ik:ey:> 5(q2_h-q_s> q-D+ () 'uDu+hSé¢L/)(8pru>8g—I—h<8us(“:))ﬂy fén) -
eq. i I
energy shift from X-dep. of the frame

( previous expression of CKT in e.g. Son & Yamamoto, 12 : n# = (1, 0) & onshell)
Hidaka, Pu, DY, 16

m Energy-momentum tensor and charged four current :

d4q . . d4q .
T,w/ — wQ<v vo<u (7 %) <,u.
[ Gaplas =+ a8l =z [ g



=
Global/local equilibrium

RIK=N

m  Global equilibrium (T, u =const. E = 0) such that C[f] =0

equilibrium f for arbitrary nt - J.-Y. Chen, D. T. Son, and M. A. Stephanov, 15

1.GH spin-vorticity coupling
eq(n - _ (n)
qu( ) — (e9+1)7", g= (ﬁq U= [ 5 8#(Buy)) u™: fluid velocity

m Local equilibrium (T, u #const.) : f can be nontrivially defined in n* = u¥.

1

hq - ! T N :
= foalv) = (exp [B(q-u )+ Qg—ﬂ + 1) Wt = e, (Duuy). Hidaka, Pu, DY, 17

m Near local equilibrium :

TH = ufu"e — p(_),u,u + [T -+ s JH N ut + (Ugon + Ugis? OHY = nﬂLV—u“uV

non dis?

m  Equilibrium anomalous transport :  F,3 = —€,,05B"u” + ugE, — unaEp

Uhon = hopBY + ho W I = hé (W' + W) + hep (B + B )

non

T, =

T? 31 1 T3 s T2 372\ (agree with different approaches,
12 L+ 2 OB = A2’ §w = ( + _): {B = BY) ( _) e.g. Son & Surowka, 09.
K. Landsteiner, et.al. Lect. Notes,

CVE CME Hidaka, Pu, DY, 17 13) ]



WQ RT approximation & matching conditions

m 2"-order anomalous responses : Hidaka, Pu, DY, 17 Hidaka, DY, 18
> Solve CKT for f{") — fea=¢f =3f\+nsfl?
> RTA: O(g, X)f3" = Crun,

v

Cean = ¢"C + h (qu) USLCV + h(9, SP’U)Cﬂ ﬁ Crull = —Tél(q - u)0 fq
» Constrains from hydrodynamic EOM : 9, 7" = F"*.J,, 0,J" = 422 (E-B)

(to satisfy *charge & energy conservation) == DT, Du, Du*. D=u-0

m  Matching conditions of RTA from CKT :

h oJH pv
8 AP = ——E BF — Lt @I = FH], — Bl .
A2 TR TR

*charge & energy conservation ——) [ U 0JH = u, 0T" =0 J

No non-equilibrium corrections on charge density
& energy-density current (same as standard KT)



w-.u Non-equilibrium charged currents
| -
m 2"d-order corrections on currents : VI = PEVY PRV = gV gl
Jo1 | 0(9) 0(6%)
O(h) | opB" +o,w" | T [6“”0‘51@ (’?E@aEg + 4, Eo0s1
+A7Eq 05T + 47, (0aT) (0511))
+oopr0B* + ooyt B,
+d6,, 10w + (55@]{7‘(‘“”&)4
0=0-u key findings: Hidaka, Pu, DY, 17 \ Viscous corrections

T = PHPY(0Pu’+07u” —2nP70/3) /2

Hidaka, DY, 18 for CME/CVE

m 2"9-grder quantum transport coefficients : P, T — odd
m The origin of viscous corrections : time-dep. B

8,Fm =

= [u 0B + BP0 -u— B - ou” + u’B"u - auﬂﬁ ePHad (uBaﬁ,,Ea + u, By - au/@) =0

= Recall that AC conductivity of CME is int.-dep. - <harzeev & wamnga, 09

D. Satow & H. U. Yee, 14.
D. Kharzeey, et.al., 17, 9



=
® High-temperature limit

RIK=N
m Viscous corrections on CME/CVE (g < 1):  Jy, =0 B, + 0ol w,,
Hidaka, DY, 18 v [z
o s | puv 10P 0_ 27
A GB h2ﬂ-2 [ + TR ( 0 7 !
B hits . TP 107H
JZ B pro Hv s 7 T
272 oo = M | PR T e 0 e ) |

d,u* <0

us >0 >

10



e
® Conclusions & outlook

RIK=N

Vv v 1 1 [J Vv 1

We have presented a QFT-based derivation for CKT for Weyl fermions.

In WF formalism, Lorentz covariance is manifested and both
background fields and collisions are involved.

Novel 2"d —order non-equilibrium anomalous transport including the
viscous corrections on CME/CVE is found.

Phenomenological applications : HIC, Weyl semimetals, etc.
Realistic collisions beyond RTA

Ongoing studies :

Angular momenta (polarization) of chiral fluids.

Theoretical issues : how to go beyond the weak-field limit?
Landau-level (LL) WF : subjected to constant B (no Lorentz sym.).
Perturbative sol. up to O(h?) : complements the LL WF.

relevant work :

J.-H. Gao, Z.-T. Liang, Q. Wang, and X.-N. Wang, 18 11
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RIK=N

Thank you!

12



v e Non-equilibrium anomalous transport
I -

m CME in thermal equilibrium (BF) : independent of interactions

m Non-equilibrium cases : interactions could be involved

- e.g_ AC Conductivity Of CME : D. Kharzeev & H. Warringa, 09
D. Satow & H. U. Yee, 14.
D. Kharzeey, et.al., 17,

(time-dep. B field) blue : real part

chw) red : imaginary part
1_0}? _______________ solid : kinetic theory
~~~~~~~~~~~ dashed : AdS/CFT
\ 2
a(w):oro(l—— w 1)
3wty

(2 — flavor QCD)

13



® Solving WF perturbatively
RIK=N

To derive anomalous(quantum) corrections .  Hidaka, Pu, DY, 16
work in Weyl bases ( §< = 5&%’5, for R-handed fermions).
solve for the perturbative solution : 57 = 271q,0(q%) f + hoS;;
usually choosing a basis for ¢® = I.

a more general choice : n,a* = I with n* being a frame vector.

B VvV VvV v Vv 1

The frame vector can be regarded as the zeroth component of a vierbein.
Local coordinates: 5% — ([J o-i) ) Global spacetime : ot = GgO'a

" = (I,—c") nt =l flat ef(X) = o
(local spin direction) n?2 =1 n* = (1,0)

m Global spacetime coordinate transf. «— Frame transf. n" — n't
m KB eq. . D . SY< — O7 q - SY< — 0’ Dﬁfén) _ Aﬁf(gn) _ Cﬁ,

7(6) (4 1Dy — qun - D) f = ~2eopuon®q 65<9, S = 00+ Fudlon

ave Colf] =S5 -5

WF 2T €30 (*)nq"DP f = 2 (q : ncSS; —q,mn - 55‘<) .
14



R"EON Origin of side-jumps

m  An alternative way to derive WF (no background fields & no collisions) with
a “scalar f”. Hidaka, Pu, DY, 16

m  Nontrivial phase for massless particles with helicity:/ Helicity dep. phase
S. Weinberg, QFT, Vol. | ) P (. A
LT vy (Ap) = @2 (A, (p)

L d*p b
- _ —"Lp.:L
m  Second quantization : ¥ (x) = / 2n)? 2|p|e vy(p)ap (neglect anti-fermions)

d3 dd ! ’ iln’ —p)- X — % (p’ .
(27r)3\2;ﬁ/(%)%iﬁm(pm(p)<C‘Lfap>€(p Py
_—» Helicity dep. phase
= Underthe LT.: N(p/,p) = (a,ap) — e_i(q’(A’p)_‘D(AW’j)(a,;r),a,p)

m Could we define a scalar distribution function?

Introduce a phase field : ¢(p) — ¢'(Ap) = &(p)—P(p, A)
Reparametrize the wave function and annihilation operator :

vy (p) = €W (p)

5<(a,y) = (W (y)(a) = f

15



=
® Manifestation of Lorentz symmetry

RIK= N

From a, — e~ ?*®)q, , we may define a scalar distribution function :
scalar non -scalar Hldaka, Pu, DY, 16

N(p,ap) (#(e)- = (g, )/ (qz_jqurg)e—iﬁ.X

2
N(p',p) = (aff ap)
The derivation of WF implicitly involves the contribution from anti-fermions.
0 1
T Bk ki3

Keyeq.: Im [Ci(Q)UkaTqﬁci(Q)] Falot = 5o Bu; from ey (p)ct (p) + c—(p)el (p) =T

(2m)?

= 57(q, X) = (2w>9(q°>6<q2>[(qﬂ (1= (326 — a*)d,) +h(5mez—jk%ak)}f (4: ).

covariant scalar

m  Compare to the previous expression :

Ny 0 . i ijk 4
S<H = 270(¢°)6(¢?) ( o+ hoHe 2q |8 ) f(q’le “the origin of side-jumps’

= f(Q3 X) = f (q/“ Xﬂ[— h@gcb( ) -+ ha%) non-scalar
m Choices of phase field corresponds to the gauge degrees of freedom for the
Berry connection.
m  The perturbative solution could be uniquely determined by Lorentz symmegrg/.




® A no-jump frame
RIK=N

m Conservation of the angular momentum : COM frame = no-jump frame
J.-Y. Chen, D. T. Son, and M. A. Stephanov, 15

m A phenomenological argument for side jumps in collisions :

—> 3
ggrr'\lﬂe + T i O(IB)
Sin =0 / R side-jump
- > — Sl i = corrections for C
BXp
2|p|

N
E.g. 2-2 Coulomb scattering ( n* = (¢" +q¢'*)/\/s ) : Y — M %
- %

|

1 / M [ 703 g o) (') Fone () F (i) — =) (g O (g ) = g ) ()]

#Oul1) = 3

Hidaka, Pu. DY, 16 no side-jump corrections .



=
® The no-jump frame in 2-2 scattering

'lll{-

h

%—_uﬁﬁwaﬁuyqa (aﬁf +E>ﬁf - 2<ﬁf)}

m Introducing a frame : S; = 274(¢°) [q,uf -

m Conservation of the angular momentum : COM frame = no-jump frame
J.-Y. Chen, D. T. Son, and M. A. Stephanov, Phys. Rev. Lett. 115, 021601 (2015)

m Choosing the COM frame : u* = (q¢+¢' )" /\/s

1 1 2
P(d kK _464( + ) .
@, ) (q—if)2 (g—Fk)2) ~

f /dS 'dSkdk’ Vg+q —k—K)
a’ kK 8Ey EpEy '

= 57y = 2mb(e?) / P kK (k- ) (a- ') x f (q)f(“c () f (k) F L (k)

q’ .k Kk’

5= / P(d', k, )52 () (85 (k) - 8<(K')),
g’k k!

= No “explicit” O(h) corrections in C, : 0,S"< =218(¢*)¢"C, [f(“«)],

i / kk[WQ ><[f(““)(QJf(“c)(q’)f(“")(k) ) () — £ () £ () ) (k) f(u,.-)(k/)ﬁ
q’ .k,

N no side-jumps

¢"Cu ] =

m The final expression is concise but not pragmatic.

m u,. is momentum-dependent : hard to write down f®c) with different ¢’
18



=
® Anomalous Hydrodynamics

RIK=N
= Anomalous hydro : (T, =, u": free parameters)  ggpB: n'F — E,,
1 Lo 1
constrains : 9,7 = F*°J,  9,J" = 4—72(E .B) 5€n, Fog = B
™

T _ - _
— 80T = ne - (TyB+TwT), oi=he - (B +iwT), & =B, +T0,f

in the local
rest frame 0)
u* %~ (1,0) dou = Gou™” + hdpou, Hidaka, Pu, DY, 17
VT  NyE ~ -~ Ex VT -
oou® = — 2= 4 02 pasu=h| TuV X E 4 Uit L T,E x Vi
T 4p s

m Free to choose a different frame in hydrodynamics :
h&wwu + gBB'u

e.g. Landau frame :

w = ut + :
€+ P
MY ~p~V NV
Tletzl_UJT"’E p® ) 801]:_VTT—|—‘]ZUS—ZJMLUXB
- - - p P
J{éq = Nou" + ho,w" + hop B, (yields Chiral Alfven waves)

N. Yamamoto, Phys. Rev. Lett. 115, 141601 (2015) 19



WQ Non-equilibrium distribution functions

m Solving CKT for non-equilibrium fluctuations of £ : ) — fi4 =6f, = 6 £\ + ho f\?
.LW classical quantum

f(u) = Cfuu, 8”8&13 = ﬂllj + ﬂg

q

S . .
q- A+h( )A v 4 WS (0, F )00 + (1T +115) A,

Nz
()1

(q-u)
i (q-w)u" (g -w)g"
q-u (q-u)?

1
Cral = —— (q U+
TR

gtAy
PR

G’U'VQ-‘B Uyq qp
+ (QOZK:BV - . (0',6’,9 + KSp))

" Crunt Con=q"Cu+ Co + 19,50 ) Cu )

RTA

1
0,50 = =
(u) 2

2q - u q-u

m The perturbative solution : Hidaka, Pu, DY, 17

v

S E . .
q-A+h (((;.) u; A, + hS{ (0, F,,)0) + (11 + 115)

A, | o

m Different contributions for hdfé@;vdff—kcsz+5f§

from CKT from hydro EOM  from collisions

N (neglect nonlinear classical responses)
m  The non-equilibrium four current :

/) d4q - 1 vas Yrda vo aV c
(5Jé = 275,/ WE(Q : u)(g(q?) [q%fq@) _ - (e“ 6—Ag + e BFQB%) 5f(§ )]

2 q-u 20



"
® Anomalous Hall currents

RIK=N

m  Non-equilibrium (quantum) charge currents : Hidaka, Pu, DY, 17

hTR 7MR/L 1 12#R/L _
0Jor/L = ey pr/LV X E + 5T — §E X Vg1 + n EVMR/L) X (VT)] . prip <1
e
emerge from hydro.
hrg | 72T? 2pR/L 2 Q”R:} 1
STop = + V x E - ——E Vi — [v VT],‘ >
QR/L 7 | 3 bt = 3B X Vg — == (Viryr) x ( HR/L

m Some observations :
B and w do not contribute to nonlinear corrections in the inviscid case.

The transport coefficients are parity-odd (charged currents from chiral
imbalance).

m A caveat : part of anomalous Hall currents vanishes without hydro in the “naive”

RT (tz = const.) approximation. __, exist without hydro.
TR(TMM) : 6JTR —

= 192 (([L@TTR — [laﬁ’TR{(V/L) < (VT)] (could exist in Weyl semimetals?)
0

+ [(j105TR — TaT’TR — 1(0uR)E X V,u)

21



w-.u Matching Conditions & Entropy Production
I =

m From CKT :

h 2
O J" = —(E-B) + 2/ [6(q2)9‘“‘ +he' P, 5 OO\ )]Cu
A q 4

heonap

7 (?73 (4300 + Fap) + 4" aﬁaqo)}cﬂ

0, T"" = F"" ], + 2/5((12) {q”q” +
q

m Matching conditions for the classical RT approximation : u,0J" =0,

u, 01" =0
= Entropy currents : gn _ %(pu” Ty, — uju) +h(DpB* + Dyt
T = utu’e — pPPY 4 115 4 TIEY
m 2" |aw is protected by classical parts :
9 s = % W Duuy — (B + TOmSI"|

22



