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interaction gets weaker with larger B, can overcome the
magnetic catalyzing e↵ect (see Ref. [22] for a review
and references therein). Such behavior of the interaction
weakened by stronger B may well be consistent with the
asymptotic freedom of QCD if the relevant scale is given
by

p
eB [23, 24]. In other words, the inverse magnetic

catalysis might be a consequence from the confining sec-
tor in which B eases QCD particles of confining forces.
An alternative scenario called the magnetic inhibition is
rather closed in the chiral sector. If the magnetic field is
large enough, the energy dispersion of ⇡0 is also dimen-
sionally reduced, which would destruct the chiral order
especially at finite T [25]. There are also bag-model anal-
yses of thermodynamic phase transitions with B [26].

Inverse Magnetic Catalysis with the Hadron Resonance

Gas Model: None of these model scenarios has been
fully justified nor falsified and all of them su↵er model-
dependent assumptions. Fortunately, however, we have
another theoretical tool, that is, the hadron resonance
gas (HRG) model, which is free from parameter ambigu-
ities. At zero magnetic field (B = 0) and zero baryon
chemical potential (µB = 0) it has been well tested that
the HRG model reproduces the lattice-QCD data very
nicely up to the crossover temperature where the HRG
thermodynamic quantities such as the pressure, the in-
ternal energy density, and the entropy density blow up
(which is regulated by excluded volume e↵ects [27] that
may be important at high temperatures). Interestingly,
such a simple picture of the HRG model has been verified
also from the success of thermal model fit of experimental
data in the heavy-ion collision. In this way the chemical
freezeout points have been located on the phase diagram
on the µB-T plane (see Ref. [28] for a summary of ther-
mal model implications and Ref. [29] for recent studies
on fluctuations to locate the chemical freezeout points).

It has been known that several thermodynamic condi-
tions imposed with the HRG model can reproduce an
experimentally identified curve of the chemical freeze-
out [30, 31]. Among them a physically reasonable con-
dition is E/N = "/n ' 1 GeV where E (and ") is the
internal energy (density) and N (and n) is the thermal
particle number (density) [30]. Here, N counts not only
baryons but also mesons and anti-particles. Therefore,
the chemical freezeout supposedly occurs when the aver-
age energy per one thermal degrees of freedom (i.e. the
rest mass plus thermally distributed energy ⇠ m + 3

2T
for non-relativistic heavy particles) crosses ⇠ 1 GeV. In
Fig. 1 we show bands (with slanting lines) of the chemical
freezeout using the HRG model in the range of E/N =
0.9 ⇠ 1.0 GeV with and without the magnetic field. We
note that E and N are obtained from the HRG pres-
sure given by a superposition of all hadronic (bosonic and
fermionic) contributions, i.e. p =

P
b db · pb +

P
f df · pf

with the degeneracy db/f and the free-gas pressure pb/f .
For the finite magnetic field the pressures of q-charged

FIG. 1. Chemical freezeout bands drawn in the range of
E/N = 0.9 ⇠ 1.0 GeV with and without the magnetic field.
The bands with slanting lines represent results with the charge
conservation taken into account, while the shaded bands rep-
resent results with µQ = µS = 0 fixed.

s-spin hadrons are changed as

pb/f = ±T
sX

sz=�s

1X

n=0

qB

2⇡

Z
dpz
2⇡

ln(1± e�(E�µiQi)/T ) ,

(1)
with µiQi collectively represents µBQB + µSQS + µQQe

with the baryon charge, the strangeness, and the electric
charge of the particle, respectively, and corresponding
chemical potentials. The energy dispersion relation is
E(pz, n, sz) =

p
p2z + 2|qB|(n+ 1/2� sz). We note that

the divergence from the zero-point oscillation is absorbed
in the renormalized magnetic field in the vacuum [32].
In this work we are interested in hadronic thermody-
namics that is relevant to the freezeout, and thus can
safely discard the magnetic field energy terms. Also,
it would be useful to mention that eB (or qB in the
above expression) is a renormalization free combination.
In our HRG model treatment we have adopted the par-
ticle data group list of particles contained in the package
of THERMUS-V3.0 [33] (we used only the list and wrote
our own numerical codes). We should note that we have
introduced the strangeness and the electric charge chem-
ical potentials, µS and µQ, to implement the conserva-
tion laws of strangeness and electric charge for the entire
system. More specifically, µS and µQ should take finite
values to realize NS = 0 and B/(2Q) = 1.2683 where
B and Q represent the baryon number and the electric
charge number, respectively, which is for cold nuclear
matter (Nproton +Nneutron)/2Nproton and 1.2683 is fixed
for heavy nuclei by the �-equilibrium with the Coulomb
interaction.
The boundaries of the freezeout band (indicated by red

lines for B = 0 and green lines for B 6= 0 in Fig. 1) can
be parametrized as a function of µB in the polynomial
form as Tf(µB) = a� bµ2

B � cµ4
B. Then, we find that the

choice of parameters as listed in Tab. I can give a good fit
for the curves in Fig. 1. In fact, for B = 0, these values
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a [GeV] b [GeV�1] c [GeV�3]

B = 0, E/N = 0.9 GeV 0.1519 0.1347 0.05976

B = 0, E/N = 1.0 GeV 0.1618 0.1367 0.04705

eB=(0.5GeV)2, E/N=0.9GeV 0.1418 0.1253 0.1849

eB=(0.5GeV)2, E/N=1.0GeV 0.1555 0.1362 0.0565

TABLE I. Chemical freezeout parameters for E/N = 0.9 GeV
and 1 GeV with and without the magnetic field.

determined from the E/N condition with the HRGmodel
are consistent with the results, a = 00.166± 0.002 GeV,
b = 0.139± 0.016 GeV�1, and c = 0.053± 0.021 GeV�3,
fitted directly with the experimental data [31].

Hereafter we will take the strength of the magnetic field
as eB = (0.5 GeV)2 which may look a bit optimistic esti-
mate but could possibly be sustained with back-reaction
or even strengthened by ferromagnetism of high density
matter. The condition of E/N with eB = (0.5 GeV)2

leads to a band shifted down to a lower temperature as
shown by green lines in Fig. 1. This clearly means that
the HRG model certainly encompasses the inverse mag-
netic catalysis as observed by the chiral condensate in the
lattice-QCD simulation. For a quantitative comparison
we point out that the temperature shift in our results in
0.006 ⇠ 0.01 GeV as read from Tab. I and that in the
lattice-QCD simulation [18] is 0.005 ⇠ 0.01 GeV at the
same magnetic field depending on the pseudo-criticality
prescriptions. We note that Ref. [32] already addressed
how the HRG model can explain the (inverse) magnetic
catalysis, but we should emphasize that it is non-trivial

how the HRG model and the inverse magnetic catalysis

would a↵ect the freezeout curves. One would immedi-
ately understand this from the shaded bands in Fig. 1.
The inverse magnetic catalysis implies that both E and
N rapidly grow up at a lower temperature with stronger
B, but it is not obvious which increases faster. Actually,
if the baryon number density is large, the system is dom-
inated by nucleons, so that N (or the proton influenced
by B directly) increases faster. Thus, if the charge con-
servation is not imposed at high µB, the chemical freeze-
out curve as determined by a contour at constant E/N
should be pushed upward to a higher temperature by
the B e↵ect, which is indicated by the shaded bands in
Fig. 1. Below, we will discuss the e↵ect of the charge
conservation in more details.

Conservation Laws and Electric Charge Fluctuation:

Now that we have identified the chemical freezeout curves
on the phase diagram, we can estimate physical quan-
tities along them predicting what should be seen in
the experiment. Our central message here is that the
fluctuation of electric charge is quite sensitive to the
presence of B 6= 0, where the (dimensionless) electric
charge fluctuation or susceptibility is defined as �Q =
T�2@2p/@µ2

Q [34]. Figure 2 summarizes our results using
the HRG model with and without B and with and with-
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FIG. 2. Electric charge susceptibility along the chemical
freezeout lines, on which the location is indicated as a function
of µB, with and without B. The bands with slanting lines rep-
resent results with the charge conservation taken into account,
while the shaded bands represent results with µQ = µS = 0
fixed.

out the charge conservation. The red band with slanting
lines represents �Q at B = 0 and the band width cor-
responds to that in Fig. 1 with two freezeout conditions
E/N = 0.9 GeV and 1 GeV. The green band with slant-
ing lines represents �Q at eB = (0.5 GeV)2. A magnetic
field increases �Q even at µB = 0, which is testable in
the lattice QCD simulation (see Ref. [35] for results con-
sistent with our present calculation).

At larger µB there are more neutrons and protons in
the system. To keep the ratio, B/(2Q) = 1.2683, as fixed
by the �-stability of heavy nuclei, we should introduce a
negative isospin chemical potential or a negative charge
chemical potential µQ < 0. As long as the isospin sym-
metry approximately holds at B = 0, the charge chemi-
cal potential µQ remains of order of ⇠ 0.01 GeV even at
µB ⇠ 0.6 GeV as seen from µQ [B = 0] in Fig. 3. There-
fore, for B = 0, it should be an acceptable approximation
to neglect the e↵ect of the electric charge conservation
at all. However, the strangeness conservation must be
properly implemented with µS, which is clearly under-
stood from µS [B = 0] in Fig. 3. Actually, for B = 0 and
around T ⇠ 0.2 GeV, we have found µS ⇠ µB/3 (= quark
chemical potential) as expected in the deconfined phase.
(We note that the realization of µS ⇠ µB/3 is physically
natural, but highly non-trivial in the HRG model because
there is no quark degrees of freedom explicitly contained
in the model.) Because strange quarks have S = �1, the
total chemical potential felt by strange quarks becomes
vanishing for µS = µB/3.

Let us consider what happens for a strong-B situation.
Naturally, the isospin symmetry is explicitly broken, and
because the phase-space density is proportional to the
Landau degeneracy factor eB/(2⇡) the proton density is
more favored than the neutron density as B increases.
Then, there are more protons in the system, causing

Fukushima-Hidaka, PRL117, 102301 (2016)

We computed B-dependent freezeout curve and  
electric charge susceptibility using the HRG model.

Susceptibility enhanced… electric conductivity also?
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eB � T � gT
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In preceding works (Hattori, Li, Rischke, Satow, Yee)

as explained later, very problematic!

T ⇠
p
eB � gT
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In the present work (Fukushima-Hidaka)

technically involved, crucial improvements!
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Physics Goal

FIG. 2: Magnetoresistance in field parallel to current ( ~B k a) in ZrTe5. (a) MR at various

temperatures. For clarity, the resistivity curves were shifted by 1.5 m⌦cm (150 K), 0.9 m⌦cm

(100 K), 0.2 m⌦cm (70 K) and �0.2 m⌦cm (5 K). (b) MR at 20K (red symbols) fitted with the

CME curve (blue line); inset: temperature dependence of the fitting parameter a(T ) in units of

S/(cm T2).

observed resistivity can be fitted with a simple quadratic term (Supplementary materials,

Fig. S1). This term is treated as a background and subtracted from the parallel field

component for all MR curves recorded at T  100 K.

A negative MR is observed for T  100 K, increasing in magnitude as temperature

decreases. We found that the magnetic field dependence of the negative MR can be nicely

fitted with the CME contribution to the electrical conductivity, given by �CME = �0 +

a(T )B2, where �0 represents the zero field conductivity. The fitting is illustrated in Fig.

2(b) for T = 20 K, with an excellent agreement between the data and the CME fitting

curve. At 4 Tesla, the CME conductivity is about the same as the zero-field conductivity.

At 9T, the CME contribution increases by ⇠ 400%, resulting in a negative MR that is

much stronger than any conventional one reported at an equivalent magnetic field in a

non-magnetic material.

At very low field, the data show a small cusp-like feature. The origin of this feature is not

completely understood, but it probably indicates some form of anti-localization coming from

the perpendicular ( ~B k b) component. Inset in Fig. 2(b) shows the temperature dependence

of the fitting parameter a(T ), which decreases with temperature faster than 1/T , again

consistent with the CME.

6

CME Signature with  
   Weyl Semimetals

Negative magnetoresistance

Our Results (QCD)

⇢ / 1/B2
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Correct asymptotic behavior

Li et al. Nature Phys. 12, 550 (2016)
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E
jOhm = �E

Only this is external

Induced by current

n5 / E ·B t
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If this linear rise is balanced by “relaxation”

jCME / n5 B / (E ·B)B t
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B

E
jOhm = �E

j = (�Ohm + �CME)E �CME / B2

Only this is external

Son-Spivak (2012)

jCME / B2
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Induced by current
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Relaxation time approximation is a very crude approximation  
violating conservation laws not considering B dependence  
in the interaction etc etc…

Theorists must do theoretical calculations…
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where the allowed range ofp0
z is restricted for the synchrotron

radiation in Eq. (13) as p0
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Two integrands in Eqs. (13) and (14) are identical, i.e.,
Xðn;n0;ξkÞ≔g2NcCF

R
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f
nðpÞγμSfn0ðp−kÞ'
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c − 1Þ=ð2NcÞ, except for the
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Using Eq. (3) and properties of the Laguerre polynomials we
find
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Recovery of the lowest Landau level approximation.—It
would be an instructive check whether the LLLA result is
correctly recovered in the limit of eB ≫ T2 (at μ ¼ 0 ).
Since the synchrotron radiation changes the Landau
level, we can safely discard it. For the pair annihilation
process, Xðn ¼ 0 ; n0 ¼ 0 ; ξÞ given in Eq. (17) simplifies
as Xð0 ; 0 ; ξfþÞ ¼ 4m2

fg
2NcCFðjqfB j=2 πÞe−ξ

0
þ with ξ0þ ¼
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f

q
Þ2 − ðpz þ p0

zÞ2 '=ð2 jqfB jÞ,
which is nothing but ξþ in Eq. (16) with n ¼ n0 ¼ 0 . When
jqfB j is much larger than any other scales, we can
approximate e−ξ

0
þ ≈1. Then, the linearized kinetic equa-

tions reduce to

qfNc
jqfB j
2 π
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¼ 4m2

fg
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× β
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where εf0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þm2

f

q
and ε0f0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p0
z
2 þm2

f

q
. We need

to keep the current quark mass mf that breaks chiral
symmetry to make the above LLLA expression sensible.
In contrast, we can safely neglect the thermal mass mT ∼
gT ≪ T that does not break chiral symmetry, though the
thermal mass is greater than the current quark mass. Here,
we do not have to consider mixing terms with χ̄p0 . In this
special limit, L is not a matrix and the matrix inversion is
unnecessary. Actually, we can easily solve the above
kinetic equation to obtain χp. Thanks to the charge
conjugation symmetry, the solution for antiquarks is
χ̄p ¼ −χp. Summarizing them, we arrive at the LLLA
result from Eq. (12) as

σk ¼
X

f

Ncβ
g2CFm2

f
q2f

jqfB j
2 π

Z
dpz

2 π
p2
z

εf0

×
feqðpÞ½1 − feqðpÞ'2R dp0
z

2 π
1
ε0f0

f̄eqðp0Þ½1þ geqðkÞ'
; ð20Þ

which is consistent with Ref. [7].
Numerical results and discussions.—Below we will

show numerical results, for which we should write down
the matrix elements of L as a phase space convolution of

FIG. 2. Diagrams of the synchrotron radiation process with a quark (a1), with an antiquark (b1), and with the pair annihilation (c1).
Their inverse processes are (a2), (b2), and (c2), respectively.

PHYSICAL REVIEW LETTERS 120, 162301 (2018)

162301-4
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eB � T � gT
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Strong magnetic field limit simplifies theory a lot…

However !
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Recovery of the lowest Landau level approximation.—It
would be an instructive check whether the LLLA result is
correctly recovered in the limit of eB ≫ T2 (at μ ¼ 0 ).
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level, we can safely discard it. For the pair annihilation
process, Xðn ¼ 0 ; n0 ¼ 0 ; ξÞ given in Eq. (17) simplifies
as Xð0 ; 0 ; ξfþÞ ¼ 4m2

fg
2NcCFðjqfB j=2 πÞe−ξ

0
þ with ξ0þ ¼

½ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þm2

f

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p0
z
2 þm2

f

q
Þ2 − ðpz þ p0

zÞ2 '=ð2 jqfB jÞ,
which is nothing but ξþ in Eq. (16) with n ¼ n0 ¼ 0 . When
jqfB j is much larger than any other scales, we can
approximate e−ξ

0
þ ≈1. Then, the linearized kinetic equa-

tions reduce to

qfNc
jqfB j
2 π

βfeqðpÞ½1 − feqðpÞ'
pz

εf0
¼ 4m2

fg
2NcCF

× β
jqfB j
2 π

1

4 εf0

Z
dp0

z

2 π
1

2 ε0f0
feqðpÞf̄eqðp0Þ½1þ geqðkÞ'χp;

ð19Þ
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q
. We need

to keep the current quark mass mf that breaks chiral
symmetry to make the above LLLA expression sensible.
In contrast, we can safely neglect the thermal mass mT ∼
gT ≪ T that does not break chiral symmetry, though the
thermal mass is greater than the current quark mass. Here,
we do not have to consider mixing terms with χ̄p0 . In this
special limit, L is not a matrix and the matrix inversion is
unnecessary. Actually, we can easily solve the above
kinetic equation to obtain χp. Thanks to the charge
conjugation symmetry, the solution for antiquarks is
χ̄p ¼ −χp. Summarizing them, we arrive at the LLLA
result from Eq. (12) as
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which is consistent with Ref. [7].
Numerical results and discussions.—Below we will

show numerical results, for which we should write down
the matrix elements of L as a phase space convolution of

FIG. 2. Diagrams of the synchrotron radiation process with a quark (a1), with an antiquark (b1), and with the pair annihilation (c1).
Their inverse processes are (a2), (b2), and (c2), respectively.
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No scattering  →  Divergent electric conductivity
(c.f. Free particles  →  Divergent viscosities)



May 16, 2018 @ QM2018, Venezia

Higher Landau Level Contributions

!9

Xðn; n0; ξf"Þ and the distribution functions feq, f̄eq, and geq.
Besides the flavor f and the Landau level n, we should
choose the complete set basis for functions of pz, kz, and
k⊥, which we will take the simplest polynomial form as
p̂zjpzjm for (anti)quarks and k̂zjkzjmkl⊥ for gluons with
integral m and l.
Figure 3 shows our numerical results for the current

quark mass dependence of σk =T for a fictitious single flavor
with q ¼ e at finite T and B but at zero μ. We choose the
QCD charge as g2=ð4πÞ ¼ 0.3 [18]. We clearly see that the
LLLA has artificial enhancement as mq approaches zero.
For the numerical calculation we truncate the Landau level
at nmax. In the eB ¼ 10m2

π case, the convergence of the
Landau level sum is very fast and nmax ¼ 1 already gives a
good approximation, even though the LLLA badly breaks
down in the small mq region. It is interesting that our result
is quantitatively consistent with the lattice-QCD estimate
0.3 ≤ σ=T ≤ 1.0 (for the quark charge squared sum
Cem ¼ 1) [11], which is indicated by the shaded region
in Fig. 3.
The B dependence of σk =T has a nonmonotonic structure

as shown in Fig. 4, for which we adopted a physical

parameter set with u and d quarks. For small nmax or strong
B, the lowest Landau level contribution is dominant, and
then σk is linearly proportional to B (reflecting the fact that
the charge carrier increases), which explains the growing
behavior at large B in Fig. 4. When B is not so large,
contributions from higher Landau levels lead to a larger
interaction cross section due to the phase space factor,
which pushes σk down with larger B. As a result of the
interplay of these competing effects, in an intermediate
region of B, the increasing behavior of σk looks quadratic;
moreover, this nonmonotonic behavior is consistent with
what is seen in the CME experiment in Ref. [3]. Although
quantitative details may depend on the underlying theory,
qualitative features should be the same for general physical
systems (but could be different with different approxima-
tions, say, the relaxation time approximation [2] may lead
to a different B dependence).
Finally, we discuss the dependence of quark chemical

potential μ as shown in Fig. 5. The carrier density is
different from the net particle number but is the sum of
particle and antiparticle numbers. This latter quantity is not
changed by μ, so σk is rather insensitive to μ.
In the future our estimated B dependence of σk could be

tested by the lattice-QCD simulation at finite B, while our
calculation at finite μ would be a unique prediction.
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Misha Stephanov for useful comments and discussions. This
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given by the Kubo formula as follows:
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with the electric current j
µ. Precisely speaking, j

µ in the Kubo formula for the electric
conductivity is not the electric current j

i
em itself but j

i
em � n0T

0i
/(E + Pi) with the energy

momentum tensor T
µ⌫ , the density n0, the energy density E := hT 00i, and the pressure

Pi := hT iii. This subtraction ensures the removal of inferred divergence caused by the
hydrodynamic mode. In our calculation, for the moment, we will discard this subtraction
until the calculation of the longitudinal electric conductivity.

In QCD with multiple quark flavors the electric current is a sum of contributions from
all flavors f , i.e.,

j
µ =

X

f

qf  ̄f�
µ
 f . (2.4)

The external magnetic field makes the electric conductivity anisotropic in space. We de-
compose this anisotropic tensor structure using B̂

i := B
i
/|B| as
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ijk
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k + �k B̂
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j + �? (�ij � B̂
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j) , (2.5)

where �H represents the Hall conductivity for an electric current perpendicular to both B

and an imposed electric field. Without loss of generality we can identify the magnetic field
direction with the z axis, so that we explicitly denote the longitudinal and the transverse
conductivities as �k = �

33 and �? = �
11 = �

22.
It is useful to express the above physical quantities in terms of ± coordinates, that is,

j
± =

1

2
(j1 ± ij2) , (2.6)

and

�
�+ =

1

2
(�? + i�H) . (2.7)

We can readily confirm that other components are vanishing, i.e., �++ = �
�� = 0. Then,

we do not have to compute �? and �H separately but what we need is only ��+.
For our calculation we adopt the real-time Schwinger-Keldysh formalism in the R/A

basis. The propagators in the R/A basis and the standard ones on the Schwinger-Keldysh
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Figure 1. Typical diagram contributing to the leading order calculation of the longitudinal con-
ductivity.
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Figure 2. Illustration of the Bethe-Salpeter equations; the resummed propagator with self-energy
insertions (left) and the resummed vertex with ladder diagrams (right).

the two loop diagrams which are quite complicated and such a higher order calculation is
beyond our present scope. Here, we just give a parametric estimate, that is,

�?
T

⇠ g
2
T
2

|qB| , (3.11)

which is small in our condition of
p

|qB| � gT .
This parametric form can be understood from one self-energy insertion of ⌃ to one of

the fermion propagators, i.e., in the two-loop order the left-hand side of Eq. (3.7) should
be replaced with

lim
k?!0

tr
⇥
�
�
S
f

n(p + k)�+
S
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m(p)⌃f (p)Sf

l
(p)

⇤
. (3.12)

The leading behavior of the self-energy is ⇠ g
2
T , while the propagator is of order 1/�" ⇠

T/|qB|. Thus, the combination of these factors leads to g
2
T · T/|qB| = g

2
T
2
/|qB|.

4 Longitudinal conductivity

Next, we calculate the longitudinal conductivity. To this end we must take account of
the resummation over pinching singularities, which is a common technique used also for
transport coefficient calculations (see calculations in Ref. [14] for example). The pinching
singularities generally appear from the following type of integral,

Z
dk0

(2⇡)
F (k0) · 1

k0 � " + i�
· 1

k0 � " � i�
⇠ F (")

2�
. (4.1)

A typical contribution to the leading order calculation is diagrammatically shown in
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equations, as illustrated schematically in Fig. 2. We can easily confirm that a diagram like

– 7 –

1

= +

1

1

1

1

· · ·· · ·

11

1

Figure 1. Typical diagram contributing to the leading order calculation of the longitudinal con-
ductivity.

1

= +

1

1

1

1

· · ·· · ·

11

1

= + · · ·· · ·

1

1

11

= +

Figure 2. Illustration of the Bethe-Salpeter equations; the resummed propagator with self-energy
insertions (left) and the resummed vertex with ladder diagrams (right).

the two loop diagrams which are quite complicated and such a higher order calculation is
beyond our present scope. Here, we just give a parametric estimate, that is,

�?
T

⇠ g
2
T
2

|qB| , (3.11)

which is small in our condition of
p

|qB| � gT .
This parametric form can be understood from one self-energy insertion of ⌃ to one of
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⇥
�
�
S
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n(p + k)�+
S
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m(p)⌃f (p)Sf

l
(p)

⇤
. (3.12)

The leading behavior of the self-energy is ⇠ g
2
T , while the propagator is of order 1/�" ⇠

T/|qB|. Thus, the combination of these factors leads to g
2
T · T/|qB| = g

2
T
2
/|qB|.
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Higher order diagrams generated by

Fig. 1 is produced by the self-energy insertion and the resummed vertex described by the
processes in Fig. 2. In this section we will elucidate the calculation of �k in details.

4.1 Boltzmann equations

The Bethe-Salpeter equations can be translated to the linearized Boltzmann equations with
the collision term of 1 $ 2 scattering. The corresponding Boltzmann equations are given
as

2P
µ

p

�
@µ + qfF⌫µ@p⌫

�
fp = �C[f ]

2P̄
µ

p0
�
@µ � qfF⌫µ@p0⌫

�
f̄p0 = �C̄[f ]

2k
µ
@µgk = �C̃[f ]

(4.2)

where @p⌫ := @/@p⌫ and C[f ], C̄[f ], and C̃[f ] represent the collision terms. We introduced
notations, 2P

µ
p := ū(p)�µ

u(p) and 2P̄
µ

p0 := v̄(p0)�µ
v(p0), with the wave functions u(p) and

v(p0) for particle and anti-particle, respectively. For these expressions we use a sloppy
notation for the indices; the subscript p, p

0, and k represent not only the momenta but also
the Landau level n, the angular momentum l, the spin s, the color c, and the flavor f .

To solve the Boltzmann equation perturbatively, we expand the distribution functions
around the thermal equilibrium, feq(p) = nF ("fn�µf ), f̄eq(p) = nF ("fn+µf ), and geq(k) =

nB(!k), in response to an external perturbation, where !k = |k| is the energy of gluons.
In the present problem we are interested in the longitudinal conductivity, so we should
consider a homogeneous electric field Ez parallel to the z axis as the external perturbation.
In the linear order of Ez we can plug feq, f̄eq, and geq for fp, f̄p0 , and gk in the left-hand
side of the Boltzmann equations (4.2), which yields

2P
0
p

�
@0 + qfEz @pz

�
fp = ��Wp

⇣
qfEz

pz

"fn
� pz@0uz

⌘
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2P
0
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�
@0 � qfEz @p0z

�
f̄p0 = ��W̄p0

⇣
�qfEz

p
0
z

"fn0
� p

0
z@0uz

⌘
,

2!k @0gk = ��W̃k(�kz@0uz) ,

(4.3)

where uz is the z component of fluid velocity. We assumed homogeneity and no current
flow of x and y directions. We also introduced the following functions:

Wp := 2P
0
p feq(p)[1 � feq(p)] , (4.4)

W̄p0 := 2P
0
p0 f̄eq(p

0)[1 � f̄eq(p
0)] , (4.5)

W̃k := 2!k geq(k)[1 + geq(k)] , (4.6)

which will be used as the weight functions in the inner product. We can make use of the
leading order hydrodynamic equation, @0uz = n0Ez/(E+Pz), to eliminate the fluid velocity.
Here, E is the energy density and Pz is the pressure in the z direction, which are defined,
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Figure 3. Diagrams of the radiation process with a quark (a1) and a anti-quark (b1), the pair
annihilation (c1), and their inverse processes, (a2), (b2), and (c2).

process ⇠ g
4, we only take into account 1 to 2 and 2 to 1 processes. There are several

distinct contributions, i.e.,

C[f ] = Cq!qg[f ] + Cqg!q[f ] + Cqq̄!g[f ] ,

C̄[f ] = C̄q̄!q̄g[f ] + C̄q̄g!q̄[f ] + C̄qq̄!g[f ] ,

C̃[f ] = C̃g!qq̄[f ] + C̃qg!q[f ] + C̃q̄g!q̄[f ] ,

(4.21)

where the subscripts represent each processes illustrated in Fig. 3.
Once the scattering amplitude M is given (which we will compute later), the kinemat-

ical assignments of the distribution functions lead to the following expressions:

Cq!qg[f ] =

Z

k,p0
|Mp!p0+k|2(2⇡)4�(4)(p�k�p

0)
h
fp(1�fp0)(1+gk) � (1�fp)fp0gk

i
, (4.22)

Cqg!q[f ] =

Z

k,p0
|Mp+k!p0 |2(2⇡)4�(4)(p+k�p

0)
h
fpgk(1�fp0) � (1�fp)(1+gk)fp0

i
, (4.23)

Cqq̄!g[f ] =

Z

k,p0
|Mp+p0!k|2(2⇡)4�(4)(p+p

0�k)
h
fpf̄p0(1+gk) � (1�fp)(1�f̄p0)gk

i
, (4.24)

for quarks and

C̄q̄!q̄g[f ] =

Z

k,p0
|Mp!p0+k|2(2⇡)4�(4)(p�k�p

0)
h
f̄p(1�f̄p0)(1+gk) � (1�f̄p)f̄p0gk

i
, (4.25)

C̄q̄g!q̄[f ] =

Z

k,p0
|Mp+k!p0 |2(2⇡)4�(4)(p+k�p

0)
h
f̄pgk(1�f̄p0) � (1�f̄p)(1+gk)f̄p0

i
, (4.26)

C̄qq̄!g[f ] =

Z

k,p0
|Mp+p0!k|2(2⇡)4�(4)(p+p

0�k)
h
f̄pfp0(1+gk) � (1�f̄p)(1�fp0)gk

i
, (4.27)

for anti-quarks and

C̃g!qq̄[f ] =

Z

p,p0
|Mk!p+p0 |2(2⇡)4�(4)(k�p�p

0)
h
gk(1�fp)(1�f̄p0) � (1+gk)fpf̄p0

i
, (4.28)

C̃qg!q[f ] =

Z

p,p0
|Mk+p!p0 |2(2⇡)4�(4)(k+p�p

0)
h
gkfp(1�fp0) � (1+gk)(1�fp)fp0

i
, (4.29)

C̃q̄g!q̄[f ] =

Z

p,p0
|Mk+p0!p|2(2⇡)4�(4)(k+p

0�p)
h
gkf̄p0(1�f̄p) � (1+gk)f̄p(1�f̄p0)

i
, (4.30)

for gluons. Here, fp, f̄p0 , and gk represent the quark, the anti-quark, and the gluon distri-
bution functions with quantum numbers p, p

0, and k, respectively.
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Solve the Boltzmann equations for given collision terms

Expand distribution f around thermal equilibrium feq

Linear deviation     proportional to external E

respectively, as

E := Nc
X

f,n

↵n

|qfB|
2⇡

Z
dpz

2⇡
"fn

⇥
feq(p) + f̄eq(p)

⇤
+ 2(N2

c � 1)

Z
d3

k

(2⇡)3
!k geq(k) , (4.7)

Pz := Nc
X

f,n

↵n

|qfB|
2⇡

Z
dpz

2⇡

p
2
z

"fn

⇥
feq(p) + f̄eq(p)

⇤
+ 2(N2

c � 1)

Z
d3

k

(2⇡)3
k
2
z

!k

geq(k) . (4.8)

The inside of the last brackets in the right-hand side of Eq. (4.3) is expressed as
⇥
J z �

n0/(E + Pz)T 0z
⇤
Ez, where we defined the current and the momentum vectors by

J µ := qf

0

B@
p
µ
/"fn

�p
0µ

/"fn0

0

1

CA , T 0µ :=

0

B@
p
µ

p
0µ

k
µ

1

CA . (4.9)

Let us next turn to the collision terms in the right-hand side, for which perturbative fluc-
tuations around the equilibrium distribution functions are important. We denote these
fluctuations as fp = feq(p) + �fp, f̄p0 = f̄eq(p0) + �f̄p0 , and gk = geq(k) + �gk. Because these
deviations are driven by Ez, it would be a natural parametrization to set

�fp = �feq(p)[1 � feq(p)] Ez �p ,

�f̄p0 = �f̄eq(p
0)[1 � f̄eq(p

0)] Ez �̄p0 ,

�gk = �geq(k)[1 + geq(k)] Ez �̃k .

(4.10)

Then, we can write the Boltzmann equation symbolically as

S = L� , (4.11)

where S := J z � T 0z
/(E + Pz), and we defined � using �p, �̄p0 , and �̃k as

� :=

0

B@
�p

�̄p0

�̃k

1

CA . (4.12)

What we are going to do below is to obtain � by solving the above Boltzmann equation.
In Eq. (4.11), L represents a linear operator acting on � which is defined by

L� :=
1

Ez

0

BBBBB@

1

�Wp

C[f ]

1

�W̄p0
C̄[f ]

1

�W̃k

C̃[f ]

1

CCCCCA
. (4.13)

We will see more concrete and explicit expressions for the collision operator in the next
subsection.

Now, before getting �, let us explain how we compute the longitudinal conductivity
from obtained �. The electric current parallel to B along the z axis reads

jz = �kEz =

Z

p

2P
3
p qf

�
�fp � �f̄p

�
= Nc

X

f

qf |qfB|
2⇡

1X

n=0

↵n

Z
dpz

2⇡

pz

"fn

�
�fp � �f̄p

�
, (4.14)
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Figure 3. Diagrams of the radiation process with a quark (a1) and a anti-quark (b1), the pair
annihilation (c1), and their inverse processes, (a2), (b2), and (c2).

process ⇠ g
4, we only take into account 1 to 2 and 2 to 1 processes. There are several

distinct contributions, i.e.,

C[f ] = Cq!qg[f ] + Cqg!q[f ] + Cqq̄!g[f ] ,

C̄[f ] = C̄q̄!q̄g[f ] + C̄q̄g!q̄[f ] + C̄qq̄!g[f ] ,

C̃[f ] = C̃g!qq̄[f ] + C̃qg!q[f ] + C̃q̄g!q̄[f ] ,

(4.21)

where the subscripts represent each processes illustrated in Fig. 3.
Once the scattering amplitude M is given (which we will compute later), the kinemat-

ical assignments of the distribution functions lead to the following expressions:

Cq!qg[f ] =

Z
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h
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, (4.22)
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h
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, (4.23)

Cqq̄!g[f ] =

Z
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h
fpf̄p0(1+gk) � (1�fp)(1�f̄p0)gk

i
, (4.24)

for quarks and

C̄q̄!q̄g[f ] =

Z

k,p0
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h
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C̄q̄g!q̄[f ] =
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|Mp+k!p0 |2(2⇡)4�(4)(p+k�p
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h
f̄pgk(1�f̄p0) � (1�f̄p)(1+gk)f̄p0
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, (4.26)

C̄qq̄!g[f ] =

Z
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h
f̄pfp0(1+gk) � (1�f̄p)(1�fp0)gk
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, (4.27)

for anti-quarks and

C̃g!qq̄[f ] =

Z
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|Mk!p+p0 |2(2⇡)4�(4)(k�p�p

0)
h
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, (4.28)

C̃qg!q[f ] =

Z
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0)
h
gkfp(1�fp0) � (1+gk)(1�fp)fp0

i
, (4.29)

C̃q̄g!q̄[f ] =

Z
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|Mk+p0!p|2(2⇡)4�(4)(k+p

0�p)
h
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, (4.30)

for gluons. Here, fp, f̄p0 , and gk represent the quark, the anti-quark, and the gluon distri-
bution functions with quantum numbers p, p

0, and k, respectively.

– 11 –

Equilibrium has no current 
Current proportional to      and thus E

respectively, as

E := Nc
X

f,n

↵n

|qfB|
2⇡

Z
dpz

2⇡
"fn

⇥
feq(p) + f̄eq(p)

⇤
+ 2(N2

c � 1)

Z
d3

k

(2⇡)3
!k geq(k) , (4.7)

Pz := Nc
X

f,n

↵n

|qfB|
2⇡

Z
dpz

2⇡

p
2
z

"fn

⇥
feq(p) + f̄eq(p)

⇤
+ 2(N2

c � 1)

Z
d3

k

(2⇡)3
k
2
z

!k

geq(k) . (4.8)

The inside of the last brackets in the right-hand side of Eq. (4.3) is expressed as
⇥
J z �

n0/(E + Pz)T 0z
⇤
Ez, where we defined the current and the momentum vectors by

J µ := qf

0

B@
p
µ
/"fn

�p
0µ

/"fn0

0

1

CA , T 0µ :=

0

B@
p
µ

p
0µ

k
µ

1

CA . (4.9)

Let us next turn to the collision terms in the right-hand side, for which perturbative fluc-
tuations around the equilibrium distribution functions are important. We denote these
fluctuations as fp = feq(p) + �fp, f̄p0 = f̄eq(p0) + �f̄p0 , and gk = geq(k) + �gk. Because these
deviations are driven by Ez, it would be a natural parametrization to set

�fp = �feq(p)[1 � feq(p)] Ez �p ,

�f̄p0 = �f̄eq(p
0)[1 � f̄eq(p

0)] Ez �̄p0 ,

�gk = �geq(k)[1 + geq(k)] Ez �̃k .

(4.10)

Then, we can write the Boltzmann equation symbolically as

S = L� , (4.11)

where S := J z � T 0z
/(E + Pz), and we defined � using �p, �̄p0 , and �̃k as

� :=

0

B@
�p

�̄p0

�̃k

1

CA . (4.12)

What we are going to do below is to obtain � by solving the above Boltzmann equation.
In Eq. (4.11), L represents a linear operator acting on � which is defined by

L� :=
1

Ez

0

BBBBB@

1

�Wp

C[f ]

1

�W̄p0
C̄[f ]

1

�W̃k

C̃[f ]

1

CCCCCA
. (4.13)

We will see more concrete and explicit expressions for the collision operator in the next
subsection.

Now, before getting �, let us explain how we compute the longitudinal conductivity
from obtained �. The electric current parallel to B along the z axis reads

jz = �kEz =

Z

p

2P
3
p qf

�
�fp � �f̄p

�
= Nc

X

f

qf |qfB|
2⇡

1X

n=0

↵n

Z
dpz

2⇡

pz

"fn

�
�fp � �f̄p

�
, (4.14)
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�f
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Once       is determined,       can be computed�f
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Express the electric current with the distribution funcs.
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Fig. 1 is produced by the self-energy insertion and the resummed vertex described by the
processes in Fig. 2. In this section we will elucidate the calculation of �k in details.

4.1 Boltzmann equations

The Bethe-Salpeter equations can be translated to the linearized Boltzmann equations with
the collision term of 1 $ 2 scattering. The corresponding Boltzmann equations are given
as

2P
µ

p

�
@µ + qfF⌫µ@p⌫

�
fp = �C[f ]

2P̄
µ

p0
�
@µ � qfF⌫µ@p0⌫

�
f̄p0 = �C̄[f ]

2k
µ
@µgk = �C̃[f ]

(4.2)

where @p⌫ := @/@p⌫ and C[f ], C̄[f ], and C̃[f ] represent the collision terms. We introduced
notations, 2P

µ
p := ū(p)�µ

u(p) and 2P̄
µ

p0 := v̄(p0)�µ
v(p0), with the wave functions u(p) and

v(p0) for particle and anti-particle, respectively. For these expressions we use a sloppy
notation for the indices; the subscript p, p

0, and k represent not only the momenta but also
the Landau level n, the angular momentum l, the spin s, the color c, and the flavor f .

To solve the Boltzmann equation perturbatively, we expand the distribution functions
around the thermal equilibrium, feq(p) = nF ("fn�µf ), f̄eq(p) = nF ("fn+µf ), and geq(k) =

nB(!k), in response to an external perturbation, where !k = |k| is the energy of gluons.
In the present problem we are interested in the longitudinal conductivity, so we should
consider a homogeneous electric field Ez parallel to the z axis as the external perturbation.
In the linear order of Ez we can plug feq, f̄eq, and geq for fp, f̄p0 , and gk in the left-hand
side of the Boltzmann equations (4.2), which yields

2P
0
p

�
@0 + qfEz @pz

�
fp = ��Wp

⇣
qfEz

pz

"fn
� pz@0uz

⌘
,

2P
0
p0
�
@0 � qfEz @p0z

�
f̄p0 = ��W̄p0

⇣
�qfEz

p
0
z

"fn0
� p

0
z@0uz

⌘
,

2!k @0gk = ��W̃k(�kz@0uz) ,

(4.3)

where uz is the z component of fluid velocity. We assumed homogeneity and no current
flow of x and y directions. We also introduced the following functions:

Wp := 2P
0
p feq(p)[1 � feq(p)] , (4.4)

W̄p0 := 2P
0
p0 f̄eq(p

0)[1 � f̄eq(p
0)] , (4.5)

W̃k := 2!k geq(k)[1 + geq(k)] , (4.6)

which will be used as the weight functions in the inner product. We can make use of the
leading order hydrodynamic equation, @0uz = n0Ez/(E+Pz), to eliminate the fluid velocity.
Here, E is the energy density and Pz is the pressure in the z direction, which are defined,
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Figure 3. Diagrams of the radiation process with a quark (a1) and a anti-quark (b1), the pair
annihilation (c1), and their inverse processes, (a2), (b2), and (c2).

process ⇠ g
4, we only take into account 1 to 2 and 2 to 1 processes. There are several

distinct contributions, i.e.,

C[f ] = Cq!qg[f ] + Cqg!q[f ] + Cqq̄!g[f ] ,

C̄[f ] = C̄q̄!q̄g[f ] + C̄q̄g!q̄[f ] + C̄qq̄!g[f ] ,

C̃[f ] = C̃g!qq̄[f ] + C̃qg!q[f ] + C̃q̄g!q̄[f ] ,

(4.21)

where the subscripts represent each processes illustrated in Fig. 3.
Once the scattering amplitude M is given (which we will compute later), the kinemat-

ical assignments of the distribution functions lead to the following expressions:

Cq!qg[f ] =

Z

k,p0
|Mp!p0+k|2(2⇡)4�(4)(p�k�p

0)
h
fp(1�fp0)(1+gk) � (1�fp)fp0gk

i
, (4.22)

Cqg!q[f ] =

Z

k,p0
|Mp+k!p0 |2(2⇡)4�(4)(p+k�p

0)
h
fpgk(1�fp0) � (1�fp)(1+gk)fp0

i
, (4.23)

Cqq̄!g[f ] =

Z

k,p0
|Mp+p0!k|2(2⇡)4�(4)(p+p

0�k)
h
fpf̄p0(1+gk) � (1�fp)(1�f̄p0)gk

i
, (4.24)

for quarks and

C̄q̄!q̄g[f ] =

Z

k,p0
|Mp!p0+k|2(2⇡)4�(4)(p�k�p

0)
h
f̄p(1�f̄p0)(1+gk) � (1�f̄p)f̄p0gk

i
, (4.25)

C̄q̄g!q̄[f ] =

Z

k,p0
|Mp+k!p0 |2(2⇡)4�(4)(p+k�p

0)
h
f̄pgk(1�f̄p0) � (1�f̄p)(1+gk)f̄p0

i
, (4.26)

C̄qq̄!g[f ] =

Z

k,p0
|Mp+p0!k|2(2⇡)4�(4)(p+p

0�k)
h
f̄pfp0(1+gk) � (1�f̄p)(1�fp0)gk

i
, (4.27)

for anti-quarks and

C̃g!qq̄[f ] =

Z

p,p0
|Mk!p+p0 |2(2⇡)4�(4)(k�p�p

0)
h
gk(1�fp)(1�f̄p0) � (1+gk)fpf̄p0

i
, (4.28)

C̃qg!q[f ] =

Z

p,p0
|Mk+p!p0 |2(2⇡)4�(4)(k+p�p

0)
h
gkfp(1�fp0) � (1+gk)(1�fp)fp0

i
, (4.29)

C̃q̄g!q̄[f ] =

Z

p,p0
|Mk+p0!p|2(2⇡)4�(4)(k+p

0�p)
h
gkf̄p0(1�f̄p) � (1+gk)f̄p(1�f̄p0)

i
, (4.30)

for gluons. Here, fp, f̄p0 , and gk represent the quark, the anti-quark, and the gluon distri-
bution functions with quantum numbers p, p

0, and k, respectively.
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Linearize and solve them!

This involves the inversion of a huge matrix. 
(If hydromodes not subtracted, no inversion possible)
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Figure 3. Diagrams of the radiation process with a quark (a1) and a anti-quark (b1), the pair
annihilation (c1), and their inverse processes, (a2), (b2), and (c2).

process ⇠ g
4, we only take into account 1 to 2 and 2 to 1 processes. There are several

distinct contributions, i.e.,

C[f ] = Cq!qg[f ] + Cqg!q[f ] + Cqq̄!g[f ] ,

C̄[f ] = C̄q̄!q̄g[f ] + C̄q̄g!q̄[f ] + C̄qq̄!g[f ] ,

C̃[f ] = C̃g!qq̄[f ] + C̃qg!q[f ] + C̃q̄g!q̄[f ] ,

(4.21)

where the subscripts represent each processes illustrated in Fig. 3.
Once the scattering amplitude M is given (which we will compute later), the kinemat-

ical assignments of the distribution functions lead to the following expressions:

Cq!qg[f ] =

Z

k,p0
|Mp!p0+k|2(2⇡)4�(4)(p�k�p

0)
h
fp(1�fp0)(1+gk) � (1�fp)fp0gk

i
, (4.22)

Cqg!q[f ] =

Z

k,p0
|Mp+k!p0 |2(2⇡)4�(4)(p+k�p

0)
h
fpgk(1�fp0) � (1�fp)(1+gk)fp0

i
, (4.23)

Cqq̄!g[f ] =

Z

k,p0
|Mp+p0!k|2(2⇡)4�(4)(p+p

0�k)
h
fpf̄p0(1+gk) � (1�fp)(1�f̄p0)gk

i
, (4.24)

for quarks and

C̄q̄!q̄g[f ] =

Z

k,p0
|Mp!p0+k|2(2⇡)4�(4)(p�k�p

0)
h
f̄p(1�f̄p0)(1+gk) � (1�f̄p)f̄p0gk

i
, (4.25)

C̄q̄g!q̄[f ] =

Z

k,p0
|Mp+k!p0 |2(2⇡)4�(4)(p+k�p

0)
h
f̄pgk(1�f̄p0) � (1�f̄p)(1+gk)f̄p0

i
, (4.26)

C̄qq̄!g[f ] =

Z

k,p0
|Mp+p0!k|2(2⇡)4�(4)(p+p

0�k)
h
f̄pfp0(1+gk) � (1�f̄p)(1�fp0)gk

i
, (4.27)

for anti-quarks and

C̃g!qq̄[f ] =

Z

p,p0
|Mk!p+p0 |2(2⇡)4�(4)(k�p�p

0)
h
gk(1�fp)(1�f̄p0) � (1+gk)fpf̄p0

i
, (4.28)

C̃qg!q[f ] =

Z

p,p0
|Mk+p!p0 |2(2⇡)4�(4)(k+p�p

0)
h
gkfp(1�fp0) � (1+gk)(1�fp)fp0

i
, (4.29)

C̃q̄g!q̄[f ] =

Z

p,p0
|Mk+p0!p|2(2⇡)4�(4)(k+p

0�p)
h
gkf̄p0(1�f̄p) � (1+gk)f̄p(1�f̄p0)

i
, (4.30)

for gluons. Here, fp, f̄p0 , and gk represent the quark, the anti-quark, and the gluon distri-
bution functions with quantum numbers p, p

0, and k, respectively.
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One example of complication…

Lq̄q̄

f1n1l1;f2n2l2

= �f1f2

⇣
��n1n2

2

n1�1X

n0=0

Z
dpz

2⇡

1

2"f1n1

Z 0 dp
0
z

2⇡

1

2"f1n0
X(n1, n

0
, ⇠�)f̄eq(p)[1�f̄eq(p

0)][1+geq(k)]

⇥ dl1(pz)dl2(pz)

� �n1n2

2

1X

n=n2+1

Z
dpz

2⇡

1

2"f1n

Z 0 dp
0
z

2⇡

1

2"f1n2

X(n, n2, ⇠�)f̄eq(p)[1�f̄eq(p
0)][1+geq(k)]

⇥ dl1(p
0
z)dl2(p

0
z)

+
�n1n2

2

1X

n=0

Z
dpz

2⇡

1

2"f1n

Z
dp

0
z

2⇡

1

2"f1n2

X(n, n2, ⇠+)feq(p)f̄eq(p
0)[1+geq(k)]

⇥ dl1(p
0
z)dl2(p

0
z)

+
#(n1 � n2�1)

2

Z
dpz

2⇡

1

2"f1n1

Z 0 dp
0
z

2⇡

1

2"f1n2

X(n1, n2, ⇠�)f̄eq(p)[1�f̄eq(p
0)][1+geq(k)]

⇥ dl1(pz)dl2(p
0
z)

+
#(n2 � n1�1)

2

Z
dpz

2⇡

1

2"f1n2

Z 0 dp
0
z

2⇡

1

2"f1n1

X(n2, n1, ⇠�)f̄eq(p)[1�f̄eq(p
0)][1+geq(k)]

⇥ dl1(p
0
z)dl2(pz)

⌘
,

(4.61)

and

Lgg

m1l1;m2l2

= �1

2

X

f

1X

n=1

n�1X

n0=0

Z
dpz

2⇡

1

2"fn

Z 0 dp
0
z

2⇡

1

2"fn0
X(n, n

0
, ⇠�)feq(p)[1 � feq(p

0)][1 + geq(k)]

⇥ dl1(kz)dl2(kz)bm1(k?)bm2(k?)

� 1

2

X

f

1X

n=1

n�1X

n0=0

Z
dpz

2⇡

1

2"fn

Z
dp

0
z

2⇡

1

2"fn0
X(n, n

0
, ⇠�)f̄eq(p)[1 � f̄eq(p

0)][1 + geq(k)]

⇥ dl1(kz)dl2(kz)bm1(k?)bm2(k?)

+
1

2

X

f

1X

n=0

1X

n0=0

Z
dpz

2⇡

1

2"fn

Z
dp

0
z

2⇡

1

2"fn0
X(n, n

0
, ⇠+)feq(p)f̄eq(p

0)[1 + geq(k)]

⇥ dl1(kz)dl2(kz)bm1(k?)bm2(k?) .

(4.62)

In the same way we have the off-diagonal parts as

Lqq̄

f1n1l1;f2n2l2

=
�f1f2

2

Z
dpz

2⇡

1

2"f1n1

Z
dp

0
z

2⇡

1

2"f1n2

X(n1, n2, ⇠+)feq(p)f̄eq(p
0)[1 + geq(k)] dl1(pz)dl2(p

0
z) ,

(4.63)
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This is “just” a gg diagonal component and more and more…
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Xðn; n0; ξf"Þ and the distribution functions feq, f̄eq, and geq.
Besides the flavor f and the Landau level n, we should
choose the complete set basis for functions of pz, kz, and
k⊥, which we will take the simplest polynomial form as
p̂zjpzjm for (anti)quarks and k̂zjkzjmkl⊥ for gluons with
integral m and l.
Figure 3 shows our numerical results for the current

quark mass dependence of σk =T for a fictitious single flavor
with q ¼ e at finite T and B but at zero μ. We choose the
QCD charge as g2=ð4πÞ ¼ 0.3 [18]. We clearly see that the
LLLA has artificial enhancement as mq approaches zero.
For the numerical calculation we truncate the Landau level
at nmax. In the eB ¼ 10m2

π case, the convergence of the
Landau level sum is very fast and nmax ¼ 1 already gives a
good approximation, even though the LLLA badly breaks
down in the small mq region. It is interesting that our result
is quantitatively consistent with the lattice-QCD estimate
0.3 ≤ σ=T ≤ 1.0 (for the quark charge squared sum
Cem ¼ 1) [11], which is indicated by the shaded region
in Fig. 3.
The B dependence of σk =T has a nonmonotonic structure

as shown in Fig. 4, for which we adopted a physical

parameter set with u and d quarks. For small nmax or strong
B, the lowest Landau level contribution is dominant, and
then σk is linearly proportional to B (reflecting the fact that
the charge carrier increases), which explains the growing
behavior at large B in Fig. 4. When B is not so large,
contributions from higher Landau levels lead to a larger
interaction cross section due to the phase space factor,
which pushes σk down with larger B. As a result of the
interplay of these competing effects, in an intermediate
region of B, the increasing behavior of σk looks quadratic;
moreover, this nonmonotonic behavior is consistent with
what is seen in the CME experiment in Ref. [3]. Although
quantitative details may depend on the underlying theory,
qualitative features should be the same for general physical
systems (but could be different with different approxima-
tions, say, the relaxation time approximation [2] may lead
to a different B dependence).
Finally, we discuss the dependence of quark chemical

potential μ as shown in Fig. 5. The carrier density is
different from the net particle number but is the sum of
particle and antiparticle numbers. This latter quantity is not
changed by μ, so σk is rather insensitive to μ.
In the future our estimated B dependence of σk could be

tested by the lattice-QCD simulation at finite B, while our
calculation at finite μ would be a unique prediction.
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FIG. 3. Mass dependence of σk for a single flavor at
T ¼ 200 MeV, μ ¼ 0, eB ¼ 10m2

π , and g2=ð4πÞ ¼ 0.3. The
shaded region is the lattice-QCD estimate from Ref. [11].

FIG. 4. Magnetic and nmax dependence of σk =T.

FIG. 5. Quark chemical potential dependence for nmax ¼ 2.
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Non-monotonic !?

For large B LLL dominant 
and s grows with B linearly

For small B the cross section 
increases with B and thus 
s decreases with B

Quadratic dependence is “accidental” 
Negative magnetoresistance still CME smoking-gun
Finite baryon / isospin density, see our full paper (soon!)
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Conclusions / Outlooks

We have done the electric conductivity calculation 
at intermediate magnetic field and at finite density. 

We found weak dependence on the quark mass, 
the magnetic field, and the chemical potential, 
consistent with the lattice QCD constraints. 

Adjust some parameters corresponding to not 
QCD but chiral media in the laboratory, and try to 
fully reproduce the experimental data.
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Conclusions / Outlooks

Remember : not only the longitudinal but also the 
transverse conductivity arises. 

Observable effects on the ellipticity?  Yes!?
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B

Ej�H =
n0

B

Longitudinal fields  
from longitudinal expansion  
and/or Glasma fluxes


